RECTANGULAR MIXED ELEMENTS FOR ELASTICITY WITH
WEAKLY IMPOSED SYMMETRY CONDITION

GERARD AWANOU

ABSTRACT. We present new rectangular mixed finite elements for linear elasticity.
The approach is based on a modification of the Hellinger-Reissner functional in
which the symmetry of the stress field is enforced weakly through the introduction
of a Lagrange multiplier. The elements are analogues of the lowest order elements
described in Arnold, Falk and Winther | Mixed finite element methods for linear
elasticity with weakly imposed symmetry. Mathematics of Computation 76 (2007),
pp. 1699-1723]. Piecewise constants are used to approximate the displacement and
the rotation. The first order BDM elements are used to approximate each row of
the stress field.

1. INTRODUCTION

The theory of elasticity is used to predict the response of a material to applied forces.
The unknowns in the equations are the stress field, a symmetric matrix field which
encodes the internal forces and the displacement, a vector field. For various reasons,
mixed finite elements where one approximates both the stress and displacement are
the methods of choice. One seeks the stress in the space of symmetric matrix fields
with components square integrable and with divergence, taken row-wise, also square
integrable. The displacement is sought in the space of square integrable vector fields.
The pair forms a unique saddle point of the Hellinger-Reissner functional. It is very
difficult to construct at the discrete level, finite element spaces which satisfy Brezzi’s
stability conditions. These conditions provide sufficient conditions for the stability of
mixed finite element methods. Indeed for several decades before the work of Arnold
and Winter [10, 11] the existence of such elements was an open problem. These
elements have been extended to rectangular meshes in two dimension [3, 17], three
dimension [13] and on tetrahedral meshes [5, 1]. Despite their relative complexity,
mixed finite elements with symmetric stress fields are useful in certain situations [25].
If one desires simpler elements, one is forced to turn to nonconforming elements. Non-
conformity can be introduced by weakening the symmetry condition or by weakening
the requirement that the stress field is L? integrable. We refer to [12] for a review on
nonconforming elements with symmetric stress fields and other approaches to linear
elasticity.

Stable mixed finite elements with weakly imposed symmetry have been introduced
in [2, 6, 26, 28, 27, 24, 7, 9, 15, 23, 22, 19|, The purpose of this paper is to present
elements with weakly imposed symmetry for rectangular meshes. Precisely, we will
use piecewise constants to approximate the displacement and the rotation and 18 or
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12 dimensional spaces to approximate the stress field. The simplest older element on
rectangular meshes in two dimensions is the one of [24] with 11 degrees of freedom for
the stress, piecewise constants to approximate the displacement but a 4 dimensional
space to approximate the rotation. The advantage of our element is that the rotation
can be eliminated by static condensation. In three dimensions as well, our elements
are simpler than Morley’s elements.

The paper is organized as follows: after some preliminaries in the next section, we
present our low order elements in two dimension and then in three dimension. We
conclude with some remarks on higher order elements.

2. PRELIMINARIES

Let €2 be a simply connected polygonal domain of R", n = 2, 3, occupied by a linearly
elastic body which is clamped on 9. We denote as usual by L*(2, R") the space of
square integrable vector fields with values in R™ and H*(K, X) the space of functions
with domain K C R", taking values in the finite dimensional space X, and with
all derivatives of order at most k square integrable. We let H(div, (2, X)) be the
space of square-integrable fields taking values in X and which have square integrable
divergence. For our purposes, X will be either M the space of n x n matrices, S
the space of n x n symmetric matrices, R", or R, and in the latter case, we simply
write H*(X). The divergence operator is the usual divergence for vector fields which
produces a matrix field when acting on a matrix field by taking the divergence of each
row. We will also need the space H(curl, 2, R") of square-integrable fields with square
integrable curl. We recall that in two dimension for a scalar function ¢, curl(q) =
(O2q, —01q) and in three dimension

curl(ql, q2, Q3) = (82% — 03q2, —01q3 + 031, 01q2 — 32(]1)-

For a vector field in two dimension or a matrix field in three dimension, the curl
operator produces a matrix field by taking the curl of each row. The norms in
H*(K, X) and H*(K) are denoted respectively by |||+ and || - ||5. We use the usual
notations of Py (K, X) for the space of polynomials on K with values in X of total
degree less than k and Py, 1, (K, X) for the space of polynomials of degree at most
ki in « and of degree at most ks in y. Similarly, Py, x, (K, X) denotes the space of
polynomials of degree at most k1 in x, of degree at most ks in y and of degree at most
ks in z. We write Py, Py, x, and Py, i, k, respectively when X = R.

The solution (o,u) € H(div,Q,S) x L*(Q2,R") of the elasticity problem can be char-
acterized as the unique critical point of the Hellinger-Reissner functional

J(o,v) :/ (%AT—FdiVT'U—f-U) dx.
0

The compliance tensor A = A(x) : S — S is given, bounded and symmetric positive
definite uniformly with respect to x € €2, and the body force f is also given. In the
homogeneous and isotropic case,

1 A
Ao = — g — —2 I
7 21 (0 21+ 2)\tr () )

where [ is the identity matrix and A and p are the positive Lame constants.
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To treat both two and three dimensional problems in a unified framework, one pos-
sibility is to use finite element differential forms [8]. However, for n = 2,3 a simple
device will suffice. We define P to be R when n = 2 and P = R? for n = 3. Then we
define ast = T12 — T21 for a 2 x 2 matrix and as7 = (7'32 — 723,713 — 731,721 — Tlg)/
in three dimension. For a symmetric matrix field, as7 = 0. Next, we define H to be
R? when n = 2 and H = M for n = 3. For the formulation with weakly imposed
symmetry condition, a critical point of the extended functional

j(a,v)+/n~as7'
Q
is sought over H(div,,M) x L*(Q,R") x L?(2,P). The unique solution (o, u,~)
satisfies
(Ao, 7) + (divr,u) + (as7,7) =0, 7€ H(div,Q, M),
2.) (divo,w) = (f,0), ve QR
(aso,q) =0, q¢€ L*Q,P).

For the associated discrete system with finite element spaces X5, x Vj, xQy, C H (div, Q, M) x
L*(,R") x L*(Q,P), the symmetry condition will be enforced only weakly. The
Brezzi’s conditions for stability are

e There exists a positive constant ¢; independent of h such that ||7||g i) <
c1(Ar, 1), if 7 € Xy, (divr,v) =0 for all v € V}, and (asT,q) = 0,Yq € Qp,
e There exists a positive constant ¢y independent of A such that ¥V (v,q) € V}, x
|C|2h|,| (v), q) # (0,0),37 € Xy, 7 # 0 with (div 1,v)+(as7,q) > ca|7||aaiv) (||v]| 2+
qllr2)-

To fulfill these conditions, we construct Y, V} and @)} such that

1- div, C V,
2- Given (v,q) € Vi, X Qp, (v,q) # (0,0),37 € Xp, 7 # 0 such that

(2.2) 171y < C(lvllz2 +[lgll2),

and divT = v, Py, asT = ¢, where P, is the L? projection operator.

The first Brezzi condition follows from the condition div ¥, C V},. It is easy to see
that the second follows from condition (2) above. To construct elements which satisfy
(1) and (2), we follow the constructive approach of Arnold, Falk and Winther, [7, 9],
using discrete versions of the de Rham sequence. In addition to the spaces ¥, V}, and
Qn, we also construct finite element spaces Ry, C H(div, Q,H) and ©;, C H(curl, 2, H)
in such a way that the following diagrams commute:

div

H(div,Q,H) — L*(Q,P) — 0

s

Rh ﬂ Qh — 07
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H(curl, Q,H) 2% H(div, Q,M) 2% L2(Q,R") — 0

[, [, [,

curl div
© h — b h e Vh — 0.

We note that the commutativity of the far left side of the diagram above will not be
used. For a finite dimensional space X}, Ilx, is a bounded projection operator. We
recall that

(2.3) IIx,v=uv, Yve X,

Next, we define an operator S : C*(Q,H) — C*(,H) which connects the two
diagrams above. In two dimension, S is simply the identity operator, while in three
dimension, for ¢ = (g;j); j=1,.,3, we define

.....

q22 + q33 —(o1 —(s1
(2.4) S(q) = —q12 q11 + 33 —q32
—{q13 —q23 q11 + g22

In that case, S is also invertible with S(q) = tr(¢)I — ¢*, S (q) = 1/2tr(q)I — ¢,
[15], where ¢ denotes the transpose of ¢, I is the 3 x 3 identity matrix and tr(q)
denotes the trace of q. The following fundamental relation holds in both dimension:

(2.5) ascurlg = —div S(q).

We summarize the elements of the constructive approach of [7, 9] in the following
theorem, the proof of which is reproduced below for convenience.

Theorem 2.1. Under the commutativity assumptions

(2.6) Iy, div g = divIlg,q, Vg € C*(Q, H),
(2.7) divIly, o =1y, dive, Vo € C°(Q,M),
and

(2.8) Ig, STle, S = Ilg,,

(2.9) s, ullze < cllullg:, ¥ € H'Y(Q,M),
2.10) lewr Tlo, pllz2 < ellplln, Vp € H'(Q,H).

the second Brezzi condition holds.

Proof. By elliptic regularity, given v € V;,,3n € H'(2,M) such that

(2.11) divnp=v and |\n|lm <||v||z-
Given q € Q;, C L*(Q,P), there exists ¢ € H'(Q, H) such that
(2.12) divp = ¢ — g, asIly,n and ||¢||g < C||lq¢ — g, asls, n||L2.

We set 7 = Iy, n + curl[lg, S~'¢ and by (2.7) and (2.3) we have
divr = divily, n = Iy, divy = Iy, v = v.
By (2.5) and (2.6) it follows that
1y, ascurlq = Ilg, div Sq = div1lg, Sq,



We therefore have using (2.8), (2.6) and (2.3),
Iy, asT = Mg, as s, n + Iy, ascurl g, S~ "¢
= Iy, asIly, n + div HRhSH@hS_1¢
= Ilg, aslly, n + divIlg, ¢
= Ilg, aslly, n + Ilg, dive
= Iy, asIly, n + 1o, q — g, aslly, n
=q.
It remains to prove the inequality (2.2). We have by (2.11) and (2.9)
Mg, 1llz2 < Cllnllm < Clo]]z,
and by (2.11), (2.3), (2.11), (2.9) and (2.12)
leurl Tle, 57612 < 1S llin < Cllll < llq - g, asTls,
< Cllallze + [las g, nl[2) < C(llqll 2 + |
< Cllgllzz + [Ivll2)-

It follows that ||7||2 = ||IIx, n + curlllg, ¢||2 < C(||¢l||L2 + ||v||z2). Since div T = v,
this proves the result. O

|2

nl|a)

Let 7, denote a conforming partition of {2 into rectangles of diameter bounded by h,
which is quasi-uniform in the sense that the aspect ratio of the rectangles is bounded
by a fixed constant. Let R = [0,1]" be the reference rectangle and let F' : R — R
be an affine mapping onto R, F'(#) = BZ + b, with b € R" and B a n x n diagonal
matrix. Our goal in the next section is to construct spaces Y5,V and ©; such that
the conditions of Theorem (2.1) hold. If (¢, u, p) denotes the solution of problem (2.1)
and (op, up, pr) € Xp X Vi, X Oy, is the solution of the associated discrete system, the
optimality condition

(2 13) ||U - Oh||H(diV) + ||u - uh||L2 + ||/7 - 7h||L2 < CinfThEEhyththphth

' (Il = Tullzai) + [lu = vnllL2 + [y = pullr2),
holds.

As with [7, 5, 15], the following refined error estimates hold

|2 + {17 = mllez < Clllo = s, ollm@iv + (|7 = o),
lu = unllzz < Cllo = s, ollm@v) + llv = T, lzz + llu — Ty ul|2),

llo = onllaaiv) + [lun =Ty, u
|| div(o — op)||r2 = || dive — Iy, diva||e.

3. TWO DIMENSIONAL ELEMENTS

We recall the lowest order BDM element,
(3.1) BDM(K)={q|q=pi(z,y)+ Tcurl(mQy) + scurl(myQ),pl € Py x Py},

and an element ¢ € BDM;(K) is uniquely determined by the conditions | ¢ -
np; ds, for each edge e of K, Vp; € Py(e).
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We choose V}, = Po(71), Qn = Po(71), with degrees of freedom the value at an interior
point in each element K and

Y ={77(x,y) € M, (7;1,72) € BDM(K),i =1,2}.

A matrix field 7 € ¥ is uniquely determined by the first two moments of 7n on each
edge, (2 X 2 x 4 = 16 degrees of freedom). The stress field space ¥, is therefore the
space of matrix fields which belong piecewise to > and have normal components
which are continuous across mesh edges.

We will also need the serendipity finite element space S}, defined on a single element
K by
Sk = Po(K) + span{z’y, zy°},

and with degrees of freedom for ¢ € S

(1) the values of ¢ at the vertices (4 degrees of freedom),
(2) the average of g on each edge (4 degrees of freedom).

It is not difficult to check that the sequence

curl div

0 — R = Sk =5 BDM(K) =% Py(K) — 0.

is exact. One checks that each space is mapped in the one that follows. Then one
notes that the alternating sum of the dimensions is zero and that the polynomial de
Rham sequence is exact.

We therefore define the space ©,, as follows: on each element K, O = Sk X Sk
and the space 0y, is the space of vector fields which belong piecewise to © and are
continuous across mesh edges.

Finally we take for R, the lowest order Raviart-Thomas element, i.e. R, = RTy(7},).
We recall that RTy(K) = Py o(K) X Po1(K) with degrees of freedom the average of
the normal component of ¢ € RTy(K) on each edge.

The projection operator IIy, is taken as the canonical interpolation operator and
defined by

/th(a)n cqds = /cm ~qds, for all edges e and for all g € P;(e) x Py(e).

€ €

Similarly we define Il, by

/HRh(q) ‘nds = /q -nds, for all edges e.

€ €

It remains to define the interpolation operator Ilg,. For this we first define IT% :
H'(K,R?*) — O by

%4 (v) = 0 for each vertex v of K,
/H%w(s) ds = /1/1(5) ds for each edge e C 0K,

and 119 : H'(Q,R?) — Oy, by (II'7)|x = I1%7. Next, let L; be a Clement interpola-
tion operator [14, 18] which maps L*(2,R) into

{0, € C°(Q) | Onjx € P11, VK € Ty },
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and denote as well by Lj the corresponding operator which maps L*(£2, R?) into the
subspace Oy, of continuous vector fields whose components are piecewise in P; ;. We
have

(3.2) 1Za7 = 7l < ch™ 7w, 0<j<1, j<m<2
with ¢ independent of h. We define our interpolation operator Ilg, by
(3.3) Mo, = (I — Ly) + Ly,

Theorem 3.1. For the triple (X, Vi, ©y) the conditions of Theorem (2.1) hold and
we have the optimality condition (2.13). Moreover if o and u are sufficiently smooth,

(3-4) llo = onllmaiv) + [Ju = wnllez + Iy = ez < Chllulls.

Proof. Let ¢ € C*°(€, R?). We have using the definition of ITz, and Green’s theorem,

/divHthdx:Z/ divHthd:c:Z/ g, q-nds
Q K K K oK

:Z/ q~nds:/divq,
~ Jox Q
which proves (2.6).

Next, let 0 € C*°(£2,M). Again using the definition of IIy, and Green’s theorem,

/ dive —divlly, o dx = Z/ div(c — IIg,0) doz = Z/ (0 — Iy, 0)nds =0,
Q ~ JK < Jok

which proves (2.7).
For ¢ € C*(Q,R?), put u = [19g. We have using the definition of TI9

/e(u—q)-nds=/(ngq—q)-nds=o.

e

It follows that g, (u — ¢) = 0 i.e. T, [I%q = Ilg, q. Finally, [g, g, = g, 15 (1 —
Lh) + HRth = HRh([ — Lh) -+ HRth = HRh, that is (28) holds.

By the trace theorem, one shows that (IIy, )| is bounded on H'(K,M). Moreover
if we define for a matrix field M, Pp(M)(x) = 1/det(B)M (2)BT,x = F(&), then it
is not difficult to verify that Pr((Ily,)|z0) = (Ils,)|x Pro, hence (2.9) follows from
a standard scaling argument.

Let p € HY(K,R?). We define its Piola transform by Pgp = (Pppy, Prps) where for
a scalar function @, Ppti = 1o F'=1,

Since cﬁrll’[%ﬁ € X,

Y

1
leur T Al oy < C Y- Y / cwlll’ - 73" dé
ecoR =0 "¢
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where € is an edge of OK. Next, curlq-n = dq /0s and using the definition of T1% B

/ecurll_IKp nds—/aSHKpds—O

/curlH(}{ﬁ-ﬁ sds /8 D § ds = /Hoﬁdé /ﬁdé.
é § é é

By the trace theorem, it follows that
[leurl T | 27y < ClAll g4
and scaling to an arbitrary rectangle K, we get
|| curl T pl |2y < C(h™plox + Clplix)-
We therefore have
|| curl e, pl|z2 < || curl I (I — Lp)p||z2 + || curl Ly,pl |12
< (AT = Lu)pllez + I(1 = La)pllmr) + el Lnpl|
< cllpllm,

that is (2.10) holds. Since divY, C Vj, the Brezzi conditions hold and the error
estimates follow from the optimality error estimate from the theory of mixed methods,
properties of the canonical interpolation operator for BDM elements, [16] p. 132, and
error estimates of the L? projection operator. U]

3.1. Simplified element of low order. Analogous to the simplified element of [7],
we can develop elements simpler than the lowest order BDM type elements. The key
point is that for (2.8) to hold, we only need ©,, to have normal components continuous
across edges. We start the construction by taking as © the rectangular version of a
space introduced by Fortin, [20] and [21] p. 153. The spaces Ry, V} and @y, are the
same. To define the space Oy, let 7,7 be the unit vectors in the x and y directions
respectively. We put

pr=—z(l—z)(1—-y)i
pe=—y(l—y)(1—2z)j
ps=x(1—2x)yi
pa=zy(l —y)J,
and define on each element K,
O = P11(K) x Pr1(K) @ span { p1,p2, p3, pa }
with degrees of freedom

(1) the values of ¢ at the vertices (4 x 2 = 8 degrees of freedom),
(2) the average of ¢ - n on each edge (4 degrees of freedom).

The stress space Y is defined as

Pro(K) Poa(K
(PigEKg PgiEKD @ span { curl py, curl po, curl ps, curl py },
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where <£igg§; zgiggb is the space of matrix fields with components in the in-

dicated spaces. Explicitly, we have curl p; = z(1 O_ z) (1 23:3(1 B y))’ curlp, =

(1o o) ) cwtrn = (U5 ) and ety -

( 0 0
r(1-2y) —y(l—y)

For 7 € (giggg; ggng;)’ ™ € Py(e) x Po(e) on each edge e but (curlp;)n -t €
Pi(e),i =1,...,4. The following degrees of freedom are unisolvent:

1 ) J,n - nds for each edge e
2) [ mn-tpds for each edge e and p € P;(e).

To see this, let 7 = n+ay curl p; + a9 curl ps + ag curl ps + a4 curl py € Y such that all
the above degrees of freedom vanish. Since the normal component of (7,1, 7i2),7 = 1,2
vanish on each edge, we have

Ti1 = l’(]_ — l‘)Cil,TZQ = y(l — y)CiQ,i = 1, 2,02‘7]‘ < R,i,j = 1, 2.
Since
1 =N+ ax(l —x) + azz(l — x),ny € Pro(K)
T12 = N2 + a1(1 — 21‘)(1 — y) — a3(1 — 2:6‘)2/,7712 € 7)01([()
To1 = 121 + (lg(—l + 2y)(1 — ZL’) — CL4{L‘<1 — 2y),n21 c Plo(K)
Toz = o1 — auy(1 —y) — agy(1 — y), M2 € Por(K),

we conclude that a; = ay = ag3 = a4 = 0 and n = 0, that is: 7 = 0 and the claim
follows.

From the approximation properties of the lowest order Raviart-Thomas element, the
estimate (3.4) still holds.

4. THREE DIMENSIONAL ELEMENTS

The de Rham complex in three dimensions is

div

R -5 C=(Q,R) 22 0x(Q,R}) 2 0o(Q,R}) L% 0%(Q,R) — 0.
We choose the following form of BDM elememt, [16], p.124

0 0 Y2z yz? 0
BDM,(K) = Py(K,R?) + curl span{ o, 0,0 |, O0],[z?],[=
x1y? %y 0 0 0

Clearly div BDM;(K) = Py(K). We define Vi = Py(K)? and
Yk ={77(x,y,2) € M, (i1, Ti2,Ti3) € BDM;(K),i=1,2,3}.
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The degrees of freedom on Vi are the values of each component at an interior point
while a matrix field 7 in X is uniquely determined by the moments of order 0 and
1 of 7n on each face (3 x 3 x 6 degrees of freedom).

We now define two spaces Sk and Uy such that the sequence below is exact.

R S Sk 2% Ux 2L BDM(K) 25 Py(K,R) — 0.
The space Sk is not directly used in the construction but helped discover Ux. We
take the space Sk as the three dimensional serendipity space of order 2 defined as

with degrees of freedom

(1) the values of ¢ € Sk at the vertices (8 degrees of freedom),
(2) the average of ¢ € Sk on each edge (12 degrees of freedom).

The unisolvency of these degrees of freedom is proven for example in [4]. We define
the space Uk as

2

UK = Pl,l,l(Kv Rg) + Span{ y227 yZ27 y27 22 } X span{ xQZv Tz ,ZL’2, 22 } X Span{ :L,Zy’ l’y2, 1'2, y2 }7

with degrees of freedom for u € Uk,

(1) the first two moments of u - ¢ on each edge, where ¢ is a tangential vector to
the edge (12 x 2 = 24 degrees of freedom),

(2) the average of u A n on each face with unit outward normal n (6 x 2 = 12
degrees of freedom).

It is not very difficult to verify that the sequence above is exact. One checks that
each space is mapped in the one that follows. Then one notes that the alternating
sum of the dimensions is zero and that the polynomial de Rham sequence is exact.
We then only need to verify either that the kernel of the curl operator is the image
of the grad operator or that the kernel of the div operator is the image of the curl
operator. We verify the last one. Let w € BDM;(K) such that divu = 0. We
write u = w + curl z,w € P;(K,R3) and z in the span of the extra monomials in
the definition of BDM;(K). Note that z € Ux and divu = divw = 0. By the
exactness of the polynomial de Rham sequence, w = curla, a € Py(K,R?). Since for
a, 3,7 € R, curl(ax?, fy?,vz?) = 0, we may assume that a € Ux which completes the
proof of the claim.

We can now describe the space ©) as
On =1{q,q9(x,y,2) €M, (¢i1, qi2, @s3) € Un,i=1,2,3},
with the degrees of freedom for ¢ € ©,
(1) feqtsi,z' = 0,1 for each edge e, where t is a tangential vector to the edge

(12 x 2 x 3 = 72 degrees of freedom),
(2) ff gA\ndxy for each face f with unit outward normal n (6 x 2 x 3 = 36 degrees

of freedom). For a matrix field ¢ with row vectors ¢;,7 = 1,2, 3, ¢An is defined
as the matrix field with rows ¢; An,1 = 1,2, 3.
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Next we define the space Q. We take Qx = Py(K)? with degrees of freedom the
values of each component at an interior point.

Finally we describe the space Rj, as
{a.q(x,y,2) € M, (gi1, ¢i2; @i3) |, € RT6(K),i=1,2,3},
where
RTH(K) = Proo(K) X Poao(K) x Pooa(K),

is the lowest order Raviart-Thomas element in three dimensions with degrees of free-
dom the average of the normal component on each face, (1 x 1 x 6=6 degrees of
freedom).

4.0.1. Unisolvency. The unisolvency of the degrees of freedom for Vi, ¥ and Sk
are well known. Similarly unisolvency for the degrees of freedom of R) is immediate.
We only study the case of Ug. Let v = (vy,v9,v3) € Ug and assume that all degrees
of freedom vanish. We show that v; = 0. On each edge e, v -t € P;(e) and hence we
get v -t = 0 on each edge. This implies that on the face z = 0 for example,

v =y(1 —y)wy,ws € Prg

v = x(1 — x)wa, we € Py ;.
However, if w; has a linear term in z, xy? would be the highest degree monomial in
v1. We conclude that w; is constant. The face degrees of freedom imply that the

average of w; vanish on the face z = 0, that is: w; = 0. Similarly wy = 0. We
conclude that v has expression

v =yl —y)z(1— 2)ry,
ve = z(l —x)z(1 — 2)ry,
v3 = 2(1 = 2)y(1 —y)rs,

for constants rq, 79 and r3 which must vanish given the form of the highest degree
monomial in the expression of v;,7 =1, 2, 3.

4.0.2. Definition of interpolation operators. For ¢ € C*°(§2, M), we define Ilg, by

/(Hth)n dr = /qn dx, for all faces f.
f f

The interpolation operator Ily, is defined by

/th(a)n ~qds = /on -qds, for all faces f and for all ¢ € Pi(f) x P1(f) x P1(f).
f f

It remains to define the interpolation operator Ilg,. For this we first define IT% :
H'(K,M) — ©g by

/(H%q)tsi ds=0,7=0,1 for each edge e C 0K,

e

/f(H(I){q) Andxy = /fq/\ndxf, for each face f C 0K
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and I : H'(Q, M) — ©,, by (II07)|x = I1%7. Next, let Lj, be a Clement interpolation
operator [14, 18] which maps L?*(2,R) into
{60h € C°(Q) |0 € Pr11,VK € Ty },
and denote as well by L, the corresponding operator which maps L?(€2, M) into the

subspace of ©;, of continuous matrix fields whose components are piecewise in Py ; ;.

We have

(4.1) ILam = 7l; < ™ |7, 0<5<1, j<m<2,
with ¢ independent of h. We define our interpolation operator Ilg, by
(4.2) Mo, = (I — Ly) + Ly.

4.0.3. Commutativity and surjectivity assumptions. The commutativity assumption
(2.6) and (2.7) are proven as in the 2D case. We verify the surjectivity assumption
IIg, Sllg, = Ik, S. We first show that Ilg, SIlg, = Ilg, S. For this let ¢ € C*°(Q2, M),
put w = g — I1%. We need to show that IIp, Sw = 0, that is

/(Sw)(w)n dry =0, for each face f.
f

Since IMw = 0,

/w An =0, for each face f.
!

Next for ¢ = (gij)ij=123,

q13M1 — q11n3 11Nz — qi2N1 qi12M3 — q13N2
gAN = | q3ng — @aNng Qq21M2 — G22M1  G22M3 — Ga3N2 | ,
G331 — 3113 G312 — 32T §3273 — 3372

and
G22M1 + @331 — G21N2 — G31M3 —(gAn)w+(gAn)s
(Sq)n = | —qiani + quaina + @zsne —gsens | = | (@ An)12 — (@A n)ss
—(@13M1 — ¢23N2 + q11Nn3 + G22M3 —(gAn)in+ (gAn)s

This shows that [,w An = 0 implies [, (Sw)n = 0 and the result follows using the
definition of II;,.

We notice that for ¢ € O, for the surjectivity assumption to hold, the following de-
grees of freedom were not used: ff Qrans—qiang dry = ff(Q/\n)13, ff Qo3 —qoins3 dry =
ff(q An)ia, ff ¢31M2 — Qzeny dxy = ff(q A n)se. However since the faces of a rectangle

are parallel to the axes, one of these degrees of freedom is identically zero for each
face, hence two degrees of freedom per face are unnecessary.

4.0.4. Boundedness of the mterpolqtian operators. By the trace theorem, one shows
that (Ily, )|z is bounded on H'(K,M). Moreover if we define for a matrix field

M, Pp(M)(x) = 1/det(B)M ()BT, z = F(&), then it is not difficult to verify that
Pr((Ils,)|;0) = (Ils,,) |k Pro, hence (2.9) follows from a standard scaling argument.

Let p € HI(IA(, R3). We define its Piola transform by Prp = (Prp1, Prps, Prps) where
for a scalar function @, Ppi = o F~ 1.
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Since cﬁrll’[%ﬁ €Xg,

1
el pll oy <C > >
fcok =0

where f is a face of K. Next, using the definition of H%, for g € Pia(f) x Pra(f) x
Pra(f),

) curlH%ﬁ -ns' ds|,

/(curl(l‘[0 p)n) - qd.zz:f:/(HO p)Aandxf—[ﬁAﬁqumf.
f f f

By the trace theorem, it follows that
[leurlTI%ll 27y < ClIAll 74
and scaling to an arbitrary rectangle K, we get

[ curl I3 pl| 2 (x) < C(h™plo.e + Clplii).
We therefore have
|| curl Ie, pl| 2 < || curl TIO(I — Ly)p||12 + || curl Lyp]| 2

< c(h (L = Lu)pllzz + (I = Lu)pllar) + cl|Lnpl |

< dlpl|ar,
that is (2.10) holds. Since div, C V},, the Brezzi conditions hold. From the op-
timality error estimate from the theory of mixed methods (2.13), properties of the

canonical interpolation operator for BDM elements, [16] p. 132, and error estimates
of the L? projection operator, we have the following error estimate.

Theorem 4.1. For the triple (X, Vi, ©y) the conditions of Theorem (2.1) hold and
we have the optimality condition (2.13). Moreover if o and u are sufficiently smooth,

(4.3) llo = anllmaiv) + [lu = wnlle2 + [y = ez < Chllulls.

5. HIGHER ORDER ELEMENTS

Except the simplified element in two dimension, the elements we have described do
not have optimal rate of convergence for the stress. It does not seem possible to
simplify the three dimensional element using the framework described here. In two
dimension, for higher order approximation, H(div) elements can be constructed based
on the sequence,

curl div
0 — R = Priig+1 — Prrig X Pegy1 — Prrp — O.

Take V), to be the space of piecewise continuous vector fields which belong locally
to Prr(K) X Pri(K), Qp the space of piecewise continuous functions which belong
locally to QK = Pk—l,k:—l(K> and X = {7' e M, (Til,TZ‘Q) € Pk—l—l,k; X ,Pk,k;—&-lyi =1, 2}
with degrees of freedom

1) [ mn-ppds, for each edge e of K, Vpi € Pi(e),

_ Pres1(K) Proin(K)
2) [T odr, Vo€ <73:,:—1(K) 77:_1,:(1())’



14

GERARD AWANOU

for £k > 1. The space R}, is taken to be the Raviart-Thomas space of order & — 1
and finally the space ©), is the space of continuous vector fields with components in
Pr+16+1(K) on each element K. Again, there one does not have optimal convergence
rate for the stress. We leave the details of the three dimensional analogue to the
interested reader.
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