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1. Introduction

There have been profound ideas on how to measure risk which have influenced the financial market.
Shortfall risk minimization is one of these methods which has attracted considerable attention. This
problem has been studied for the binomial model in Runggaldier et al (2000) and Runggaldier et al
(2002) and for the trinomial model in Scagnelatto and Vargiolu (2002). In this paper, we investigate
the shortfall risk minimization in a discrete regime switching model. In the model, we have two
possible regimes, which are both binomial. To fix the ideas, we can think of the second regime
as being the consequence of the presence of inside information, but this can also be due to other
factors. Explicit solutions for one-period models are given.

The binomial model has as limiting case the Black-Scholes model, c.f. Musiela and Rutkowski
(1997), while the trinomial model has limiting case a stochastic volatility model, c.f. Avallaneda
et al (1995). The discrete model used in this paper was introduced in Guo (1999) and was shown
to have as limiting case, the Black-Scholes model with Markov-modulated volatility, i.e. the Black-
Scholes model in which the mean and volatility are assumed to depend on a discrete-time finite-state
Markov chain. The Markov chain may be taken to model the presence of inside information or to
capture market trends as well as various economic factors.

The paper is organized as follows: In the first section, we introduce the discrete model in the context
of inside information and recall the concept of shortfall risk minimization. An alternative is to
locally minimize the expected shortfall by adopting myopic strategies, i.e. minmize the expected
shortfall over the following period. In the second section, we give explicit formulas for the local
expected shortfall and a numerical example in the multiperiod case of the difference between the
shortfall risk when the market is normal and the shortfall risk in the presence of inside information.
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2. Model and Shortfall risk

The fluctuations of stock prices are modeled in a discrete time economy with trading datesn =
0, 1, 2, . . . , N and with two primary traded securities: the stock and a risk-free asset, a bond. A tree
diagram can be found in [2], p. 9.

We begin by assuming that the distribution of information among investors is modeled as a discrete
time homogeneous Markov chainε = εt which moves among two states;εt may model more
complex information structures if it is assumed to move among more states. We letεt = 0 at
those times when people believe that they are well informed andεt = 1, when there is information
asymmetry and that a group of people may have inside information. Put

a1 = P (εt+1 = 1|εt = 1) and
a0 = P (εt+1 = 0|εt = 0).

We also assume that the rate of return of the risky asset isui− 1 with probabilitypi anddi− 1 with
probability1 − pi when the market is normal,i = 0, and when there is inside information,i = 1.

It follows that if we denote byη(εk,εk−1)
k the appreciation rates of the stock price, andXk the stock

price at timek, we have

Xεk
k = η

(εk,εk−1)
k X

εk−1

k−1 ,

whereηi,jk are i.i.d. random variables taking valuesui with probability

pi(δi,1−j + (−1)δi,1−jaj)

anddi with probability
(1− pi)(δi,1−j + (−1)δi,1−jaj).

Hereδi,j = 1 if i = j andδi,j = 0 if i 6= j. We will use the notation

Φ(i, j) = δi,1−j + (−1)δi,1−jaj .

Throughout the paper, we will assume that

0 < d0 < d1 < 1 < u1 < u0, (1)

which implies that the rate of return is smaller when there is inside information.

In addition to the stock with priceXεk
k , we are also interested in a risk-free asset with priceBk. We

will assume zero interest rate andB0 = 1 so thatBk = 1 for all k.

The underlying probability space(Ω,F ,P) is discrete with a filtrationIF = (Fn)n=0,...,N . We
let FN = F andFn be theσ-algebra generated byXεk

k , k = 0, . . . , n. A portfolio strategy is an
adapted pairφ = (ηn, ψn)n=0,...,N , whereηn is the number of units of bonds,ψn the number of units
of the stock, the investor carries in the period[n, n + 1). We will assume thatφ is self-financing,
c.f. Pliska (1997). Under the self-financing assumption,(ψn)n, is enough to characterize the trading
strategyφ. Denoting byVn the value of the portfolio in the period[n, n+ 1)

Vn+1 = ηn+1 + ψn+1X
εn+1

n+1 = Vn + ψn(Xεn+1

n+1 −X
εn
n ),

c.f. Runggaldier et al (2002).

LetH be a liability to be hedged at some fixed future timeN . The model considered in this paper
will be shown below to be incomplete. Hence it might not be possible to hedge exactly the claim.
On the other hand superhedging might require an initial capitalV0 = V0(ψ) too high sinceVN =
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V0 +
∑N−1

k=0 ψk(X
εk+1

k+1 − X
εk
k ). An alternative is to minimize the expected shortfall for an initial

capitalV0 < V0 that is

J(ε0, X0, V0) = infψ∈AEP
X
ε0
0 ,V0

{
[HN − VN (ψ)]+

}
, (2)

for a given initial distribution of informationε0, an initial priceXε0
0 of the stock and a given initial

capitalV0.

In particular we will be interested in the difference

J(1, X0, V0)− J(0, X0, V0)

between the shortfall risk when the market is normal and the shortfall risk in the presence of inside
information.

3. Local expected shortfall risk minimization

A classical approach to solve the optimization problem (2) is the use of dynamic programming. In
the binomial and trinomial models (which are special cases of the model considered here) explicit
solutions of the dynamic programming algorithm can be given under more or less restrictive as-
sumptions. However this is not possible for the regime switching model in the multiperiod case. We
have identified, with the help of numerical experiments, conditions under which explicit formulas
can be given in a one-period model. A numerical example in the multiperiod case is given at the
end of this section. As mentionned in the introduction, one can also adopt myopic strategies by
minimizing the local expected shortfall, that is the expected shortfall over the following period

J(εn−1, Xn−1, Vn−1) = infψn−1E
P
X
εn−1
n−1 ,Vn−1

{
[H(Xn)− Vn(ψ)]+

}
,

We first give explicit formulas for one-period models, or the local expected shortfall. The analysis
reveals a number of measures which can be shown to be on the boundary of the set of equiva-
lent martingale measures. Defineq∗0 = 1−d0

u0−d0
, q∗1 = 1−d1

u1−d1
, r∗0 = 1−d1

u0−d1
, r∗1 = 1−d0

u1−d0
, s∗0 =

1−u1
u0−u1

ands∗1 = 1−d0
d1−d0

, and set

EQ0 [H(XN )|FN−1] = q∗0H(XN−1u0) + (1− q∗0)H(XN−1d0)

and similar formulas forEQ1 [H(XN )|FN−1], ER0 [H(XN )|FN−1], ER1 [H(XN )|FN−1],

ES0 [H(XN )|FN−1] andES1 [H(XN )|FN−1] with q∗0 replaced respectively byq∗1, r∗0, r∗1, s∗0 ands∗1.

3.1. Explicit formulas in One-Period Models

Explicitly J(0, Xn−1, Vn−1) is the minimizer over admissible strategiesψ of

j(0, Xn−1, Vn−1, ψ) = p0Φ(0, 0)[H(Sn−1u0)− Vn−1 − ψSn−1(u0 − 1)]+

+ (1− p0)Φ(0, 0)[H(Sn−1d0)− Vn−1 − ψSn−1(d0 − 1)]+

+ p1Φ(1, 0)[H(Sn−1u1)− Vn−1 − ψSn−1(u1 − 1)]+

+ (1− p1)Φ(1, 0)[H(Sn−1d1)− Vn−1 − ψSn−1(d1 − 1)]+.
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This functional ofψ is the sum of piecewise linear functions so the minimum is reached at the zeros
of these functions. They are

ψn−1,1 =
H(Sn−1u0)− Vn−1

Sn−1(u0 − 1)
, ψn−1,2 =

H(Sn−1d0)− Vn−1

Sn−1(d0 − 1)
,

ψn−1,3 =
H(Sn−1u1)− Vn−1

Sn−1(u1 − 1)
, ψn−1,4 =

H(Sn−1d1)− Vn−1

Sn−1(d1 − 1)
.

We simply need to compute the value ofj at those points. Recalling thatu0 > u1 > 1 > d1 > d0,
we have (omitting lengthy computational details):

j(0, Xn−1, Vn−1, ψn−1,1) = Φ(0, 0)
1− p0

1− q∗0
[EQ0 [H(Sn)|Fn−1]− Vn−1]+

+ Φ(1, 0)
p1

1− s∗0
[ES0 [H(Sn)|Fn−1]− Vn−1]+

+ Φ(1, 0)
1− p1

1− r∗0
[ER0 [H(Sn)|Fn−1]− Vn−1]+,

j(0, Xn−1, Vn−1, ψn−1,2) = Φ(0, 0)
p0

q∗0
[EQ0 [H(Sn)|Fn−1]− Vn−1]+

+ Φ(1, 0)
p1

r∗1
[ER1 [H(Sn)|Fn−1]− Vn−1]+

+ Φ(1, 0)
1− p1

s∗1
[ES1 [H(Sn)|Fn−1]− Vn−1]+,

j(0, Xn−1, Vn−1, ψn−1,3) = −Φ(0, 0)
p0

s∗0
[Vn−1 − ES0 [H(Sn)|Fn−1]]+

+ Φ(0, 0)
1− p0

1− r∗1
[ER1 [H(Sn)|Fn−1]− Vn−1]+

+ Φ(1, 0)
1− p1

1− q∗1
[EQ1 [H(Sn)|Fn−1]− Vn−1]+ and

j(0, Xn−1, Vn−1, ψn−1,4) = Φ(0, 0)
p0

r∗0
[ER0 [H(Sn)|Fn−1]− Vn−1]+

− Φ(0, 0)
1− p0

1− s∗1
[Vn−1 − ES1 [H(Sn)|Fn−1]]+

+ Φ(1, 0)
p1

q∗1
[EQ1 [H(Sn)|Fn−1]− Vn−1]+.

Remark 1.In the above formulas, if the term in front of the minus sign is nonzero, the expression
inside the brackets turns out to be positive.

Recalling thatd0 < d1 < 1 < u1 < u0, we have the following theorem

Theorem 1.LetH be a convex function. Fori, j = 0, 1 we have

ESi [H(Sn)|Fn−1] ≤ EQ1 [H(Sn)|Fn−1] ≤ ERj [H(Sn)|Fn−1]

≤EQ0 [H(Sn)|Fn−1].

In generalESi [H(Sn)|Fn−1], i = 0, 1 andERj [H(Sn)|Fn−1], j = 0, 1 are not ordered.
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Proof. Let f : I → R be a convex function and leta, b, c ∈ I with a < b < c. Then

f(b)− f(a)
b− a

≤ f(c)− f(a)
c− a

≤ f(c)− f(b)
c− b

.

This implies thatf(a) ≥ a−c
b−c f(b) + b−a

b−c f(c), f(c) ≥ b−c
b−af(a) + c−a

b−af(b) andf(b) ≤ c−b
c−af(a) +

b−a
c−af(c). Using1 < u1 < u0 andd0 < d1 < 1, we haveH(Sn−1) ≥ ES0 [H(Sn)|Fn−1] andH(Sn−1) ≥
ES1 [H(Sn)|Fn−1]. Next usingd1 < 1 < u1 we getH(Sn−1) ≤ EQ1 [H(Sn)|Fn−1]. It follows
thatESi [H(Sn)|Fn−1] ≤ EQ1 [H(Sn)|Fn−1], i = 1, 2. Next it can be easily checked that for
a, b, c, d ∈ I with a < b < c < d we have

c− b
d− b

f(d) +
d− c
d− b

f(b) ≤ c− a
d− a

f(d) +
d− c
d− a

f(a)

b− a
c− a

f(c) +
c− b
c− a

f(a) ≤ b− a
d− a

f(d) +
d− b
d− a

f(a).

Using the first inequality withd0 < d1 < 1 < u0 andd0 < d1 < 1 < u1, we obtainER0 [H(Sn)|Fn−1] ≤
EQ0 [H(Sn)|Fn−1] and EQ1 [H(Sn)|Fn−1] ≤ ER1 [H(Sn)|Fn−1]. Finally usingd1 < 1 < u1 <
u0 andd0 < 1 < u1 < u0 we getER1 [H(Sn)|Fn−1] ≤ EQ0 [H(Sn)|Fn−1] andEQ1 [H(Sn)|Fn−1] ≤
ER0 [H(Sn)|Fn−1]. ut

A consequence of the previous theorem is that ifVn−1 ≥ EQ0 [H(Sn)|Fn−1], then the local ex-
pected shortfall risk is zero.

We can now give an explicit formula for the local expected shortfall assuming that the initial capital
is not too small.

Theorem 2.Assume that

max (ER1 [H(Sn)|Fn−1], ER0 [H(Sn)|Fn−1]) < Vn−1 <E
Q0 [H(Sn)|Fn−1],

then the shortfall risk in the last stage of the dynamic programming is given by

J(0, Xn−1, Vn−1) = Φ(0, 0) min
(

1− p0

1− q∗0
,
p0

q∗0

)
[EQ0 [H(Sn)|Fn−1]− Vn−1].

Proof. We only need to compareJ1, J2, J3 andJ4 where

J1 = Φ(0, 0)(1− p0)
u0 − d0

u0 − 1
[EQ0 [H(Sn)|Fn−1]− Vn−1]

J2 = Φ(0, 0)p0
u0 − d0

1− d0
[EQ0 [H(Sn)|Fn−1]− Vn−1]

J3 = Φ(0, 0)p0
u0 − u1

u1 − 1
[Vn−1 − ES0 [H(Sn)|Fn−1]]

J4 = Φ(0, 0)(1− p0)
d1 − d0

1− d1
[Vn−1 − ES1 [H(Sn)|Fn−1]]

Next it can be checked that

J3 ≥ J2 ⇐⇒ Vn−1 ≥ ER1 [H(Sn)|Fn−1] and J4 ≥ J1 ⇐⇒ Vn−1 ≥ ER0 [H(Sn)|Fn−1]. ut
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The optimal strategy is given byΨn−1,1 or Ψn−1,2 depending on the mimimum of1−p0

1−q∗0
and p0

q∗0
. It is

immediate that in general under the assumptions of the theorem,

J(εN−1, Xn−1, Vn−1) = Φ(0, εN−1) min
(

1− p0

1− q∗0
,
p0

q∗0

)
[EQ0 [H(Sn)|Fn−1]− Vn−1].

4. Numerical example for the shortfall in the multiperiod case

LetN = 2 and consider an European call option with strike priceK = $45 on a stock whose value
at time 0 isX0 = $50 independent of the value ofε0. With an initial capitalV0 = 6, take

a0 = 0.9, a1 = 0.3, p0 = 0.7, p1 = 0.3, u0 = 1.1, d0 = 0.8, u1 = 1.05, andd1 = 0.9.

When the inital state is normal, the shortfall is found to be 0.7472 and in the first period one should
hold 0.8 units of the stock and in the second period depending on the values of the stock price
X0u0, X0d0, X0u1 orX0d1, the holdings are respectively 1, 0.5, 0.9048 and 0.4444. In the presence
of inside information, the shortfall is 0.6619 and the corresponding holdings are 0.6001 in the first
period and 1.1817, 0.0002, 1 and 0.3334 in the second. The difference betweenJ(1, 45, 6) and
J(0, 45, 6) gives an indication of the value of the informationε0, thus giving an edge if one can
determine that a group of people have inside information. We chose the initial capital high enough
to haveJ(1, 45, 6) < J(0, 45, 6).

5. Conclusion

We have investigated the problem of shortfall risk minimization in the presence of inside informa-
tion. It appears that the investor can take different positions which correspond to different amounts
of risk. It seems more practical due to the complexity of the problem to use instead local risk min-
imization. We believe that the discrete model investigated here should receive more attention since
regime switching models are gaining popularity in finance.
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