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Abstract

We investigate ways of representing ordered sets as algebras and

how the order relation is reflected in the algebraic properties of the
variety (equational class) generated by these algebras. In particular we

consider two different but related methods for constructing an algebra
with one binary operation from an arbitrary ordered set with a top

element. The two varieties generated by all these algebras are shown
to be well-behaved in that they are locally finite, finitely based, and

have an equationally definable order relation. We exhibit a bijection
between the subdirectly irreducible algebras in each variety and the
class of all ordered sets with top element. We determine the structure

and cardinality of the free algebra on n free generators and provide
sharp bounds on the number of n-generated algebras in each variety.

These enumeration results involve the number of quasi-orders on an
n-element set.

Keywords: ordered set, quasi-order, semilattice, equationally definable order
relation, algebra, subdirectly irreducible, free algebra, Hilbert algebra, order
algebra.

1



1 Introduction

We are interested in algebraic interpretations of ordered sets. For a familiar
example, if the ordered set S = 〈A,≤〉 is a join semilattice, then an algebraic
counterpart is A = 〈A,∨〉 and the order relation ≤ of S and the algebraic
operation ∨ of A are related by

x ≤ y if and only if y = x ∨ y.

The class of algebras that arise in this way form the equational class, or
variety, of semilattices and thus the class is closed under the formation of
homomorphisms, subalgebras and direct products. Every algebra in the class
is determined by and determines a unique semilattice order.

A more recent example of this phenomenon is the class of order algebras

presented by Freese, Ježek et al. in [8]. Here, for every ordered set P = 〈A,≤〉
an algebra 〈A, ·〉 is formed where the binary operation · is defined by

a · b =

{

a if a ≤ b,
b if a /≤ b.

This algebra is called the order algebra obtained from P. Let O be the class
of all order algebras. Unlike the join semilattice example, the class O is not a
variety. However, V = V(O) = HSP(O), the variety of algebras generated by
O, has the property that every algebra A ∈ V has an equationally definable
order relation given by x ≤ y if and only if x · y = x for all x, y ∈ A.

The coding of ordered sets can also start on the algebraic side. Let A be
an algebra with universe A and operation symbols in a language L. Suppose
E = {pi(x, y) ≈ qi(x, y), i ∈ I} is a set of equations involving binary terms
of L such that the binary relation ≤ defined on A by

a ≤ b iff pA

i (a, b) = qA

i (a, b) i ∈ I (1)

is an order. In this case we say E defines the order ≤ on A and that ≤ is an
equationally defined order for the algebra A. If K is a class of algebras in the
language L and E defines an order ≤ on every algebra in K, then we say ≤ is
an equationally defined order for the class K. Moreover, in this case the order
≤ is equationally defined for the quasivariety Q(K) generated by K, that is,
for the class SPPU(K), since reflexivity, antisymmetry, and transitivity can
all be formulated as universal Horn sentences.
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In the following we will endow classes of ordered sets with a binary oper-
ation, defined by conditions involving the order relation and possibly some
additional constants, in such a way that the order relation becomes equa-
tionally definable. In the quasivariety generated by the resulting algebras
the order relation is then definable as well, by the same set of equations; the
quasivariety will however contain algebras in which the binary operation is
not defined by the original condition.

More precisely, let K be a class of ordered sets, possibly with constants,
and suppose there is a universal formula ϕ(x, y, z) (in the language containing
≤ together with the constant symbols of K) which defines on every P ∈ K a
binary operation · on P . Let Al(P) denote the algebra 〈P, ·〉, and Al(K) the
class of algebras Al(P) for P ∈ K. Suppose furthermore that the relation
≤ of P is equationally definable in the algebra Al(P), i.e., there are terms
pi(a, b) = qi(a, b), i ∈ I in the language of K such that for all P and all
a, b ∈ P we have

a ≤ b iff p
Al(P)
i (a, b) = q

Al(P)
i (a, b), i ∈ I. (2)

We will call such a class, as well as its members, pure—a pure algebra Al(P) is
thus determined completely by the ordered set P. Observe that pure classes
are closed under the formation of subalgebras.

Let Al(K) be a class of pure algebras. As previously observed the quasiva-
riety Q(Al(K)) generated by Al(K) also has an equationally definable order,
determined by the same condition (2). But the operation · is no longer de-
termined by the order of the underlying ordered set. For example, the class
O of order algebras is pure but if P is a nontrivial ordered set and A is the
order algebra obtained from P, then the algebra A2 is not pure although it
does have an equationally definable order.

We are interested in varieties generated by families of pure algebras. Of
special concern are the finitely generated free algebras in such varieties.

Definition 1.1. Let V be a locally finite variety with FV(n) denoting the

free algebra for V on n free generators. The sequence of cardinalities |FV(n)|
for n = 0, 1, 2, . . . is called the free spectrum of V. The number of pairwise

nonisomorphic homomorphic images of FV(n), which is also the number, up

to isomorphism, of at most n-generated algebras in V, is denoted GV(n). The

G-spectrum of V is the sequence GV(n), for n = 0, 1, 2, . . . .

In this paper we consider the class P of all ordered sets with a top element
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1. For each P = 〈P,≤, 1〉 ∈ P we investigate two similar binary operations
→ and · that can be defined on P :

a → b =

{

1 if a ≤ b,
b if a /≤ b;

and a · b =

{

b if a ≤ b,
1 if a /≤ b.

Thus, for every P the algebras 〈P,→〉 and 〈P, ·〉 are pure algebras in the
sense previously described.

We let H and J denote the varieties generated by all 〈P,→〉 and by all
〈P, ·〉 as P ranges over P . In Section 2 we investigate some important vari-
etal properties of H and in Section 3 we do the same for J . We show that
both varieties H and J are locally finite and have finite equational bases.
We completely characterize the subdirectly irreducible algebras in each va-
riety and show that every subdirectly irreducible algebra is pure and the
subdirectly irreducible algebras in H and J are precisely the class of pure
algebras obtained from ordered sets of the form P ⊕ 1 for P ∈ P . That
is, there are natural bijections between the class P of ordered sets and the
classes of subdirectly irreducible algebras in H and in J . Despite these struc-
tural similarities between H and J there are some surprising differences. We
show that whereas H has 2ℵ0 subvarieties and is not finitely generated, the
variety J has only one proper nontrivial subvariety and J is generated by a
3-element pure algebra. Section 4 describes a general method for decompos-
ing free algebras in arbitrary varieties into canonically defined subalgebras.
This decomposition provides an inclusion-exclusion type formula for the car-
dinality of the free algebra on n free generators in a variety. We then consider
n-generated algebras in both H and J . For each we obtain a detailed de-
scription of the free algebras FH(n) and FJ (n) and sharp bounds on the free
spectrum and on the G-spectrum of these two varieties. Section 5 contains
this analysis for J and Section 6 deals with H.

There are various ways ordered sets manifest themselves algebraically in
this setting. As already mentioned, there are one-to-one correspondences
between members of P and the subdirectly irreducibles in H and in J . In
the case of H, which is a congruence distributive variety, finite subdirectly
irreducible algebras generate distinct subvarieties and each such subvariety
has a finite equational basis. Thus, to every finite ordered set P ∈ P there
is a unique subvariety of H and a set of identities in the language {→, 1}
associated with P. For the variety J there is no such correspondence. How-
ever, we exhibit a natural connection between elements of the free algebra
FJ (n) and quasi-orders defined on subsets of an n-element set. It is by means
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of this correspondence that we describe the structure of FJ (n) and provide
a formula for |FJ (n)| in terms of the values of qk, the number of distinct
quasi-orders on a k-element set.

In general our terminology and notation follow that of [5] or [14]. For a
class K of algebras, by KFIN and KSI we denote all finite algebras and all
subdirectly irreducible algebras in K. The equational class or variety gen-
erated by K is denoted V(K) and the quasivariety is Q(K). By Birkhoff’s
Theorem V(K) = HSP(K) where the operators H, S and P form all homomor-
phic images, subalgebras and direct products of algebras in the class. We
also have Q(K) = SPPU(K), where PU(K) is the class of all ultraproducts of
algebras in K.

We use the phrases ordered sets and partially ordered sets and posets

interchangeably.

2 Hilbert algebras

Let P denote the set of all posets P = 〈P,≤, 1〉 with largest element 1. For
P ∈ P we will write Hi(P) for the pure algebra 〈P,→, 1〉 where → is the
binary operation defined by

a → b =

{

1 if a ≤ b,
b if a /≤ b.

For any P ∈ P the algebra Hi(P) is a Hilbert algebra; i.e., a →-subreduct
of a Heyting algebra. It is known that the class of Hilbert algebras can be
defined as the class of algebras A = 〈A,→, 1〉 satisfying the identities and
quasi-identity

(i) x → (y → x)) ≈ 1,
(ii) (x → (y → z)) → ((x → y) → (x → z)) ≈ 1,
(iii) if x → y ≈ 1 and y → x ≈ 1, then x ≈ y.

In fact, it has been shown in [6] that the class of all Hilbert algebras forms
a variety. From identity (i) it follows that the constant 1 in any Hilbert
algebra is equationally definable. Thus it is not critical that 1 is specified
in the similarity type, i.e., we may write a Hilbert algebra A as 〈A,→〉 or
〈A,→, 1〉.

It is easy to see that for any poset P with 1 the algebra Hi(P) satisfies (i),
(ii) and (iii); i.e., Hi(P) is a Hilbert algebra.

5



Definition 2.1. Let HI denote the class of all Hilbert algebras, HIp the class

of all pure Hilbert algebras, and H the variety generated by all pure Hilbert

algebras.

In any Hilbert algebra A the relation x ≤ y if and only if x → y ≈ 1 is
a partial order, with largest element 1. We will denote this poset by Po(A).
Not every Hilbert algebra is pure, however: in general x /≤ y does not imply
x → y = y. The smallest example of a non-pure Hilbert algebra is the
algebra 22, where 2 is the {→, 1}-reduct of the 2-element Boolean algebra.
Note that for any poset P with 1 we have Po(Hi(P)) = P, while for Hilbert
algebras A we have Hi(Po(A)) = A if and only if A is pure.

The variety HI is locally finite, congruence distributive, and has the Con-
gruence Extension Property (CEP) — hence, it has Equationally Definable
Principal Congruences (EDPC). HI is also 1-regular, i.e., a congruence Θ on
a Hilbert algebra A is determined by the class 1/Θ. The classes of the form
1/Θ are filters, i.e., subsets F ⊆ A containing 1 and closed under ‘modus
ponens’: if a, a → b ∈ F , then b ∈ F ; filters are in particular always upwardly
closed. Conversely, every filter F of a Hilbert algebra A is the 1-class of a
(unique) congruence Θ(F ) of A; in fact, Θ(F ) = {(a, b) : a → b ∈ F, b →
a ∈ F}. From this description of the congruences it can be easily seen that a
Hilbert algebra A is subdirectly irreducible if and only if there is an element
e ∈ A such that e < 1, and for all x ∈ A, x /= 1, we have x ≤ e. Let P⊕1

denote the class of all posets with 1 that contain an element e < 1 such that
x ≤ e for all x /= 1.

In a pure Hilbert algebra Hi(P) every non-empty upwardly closed set is
a filter. Given such an upwardly closed set F ⊆ P , the congruence Θ(F )
of Hi(P) has at most one non-trivial block, viz. the filter F . Note that
Hi(P)/Θ(F ) is the pure Hilbert algebra on the poset P/F . The class of pure
Hilbert algebras is thus closed under the operation H of forming homomorphic
images.

Given a poset P with 1, every subposet Q (with 1) gives rise to a subalge-
bra of Hi(P) with domain Q, and the subalgebra is pure as well. Conversely,
as we have already observed, every subalgebra Q of a pure algebra Hi(P) is
pure, with underlying poset Q a subposet of P. The class of pure Hilbert
algebras is thus also closed under the operation S of forming subalgebras.

We have already seen that the class of pure Hilbert algebras is not closed
under the operation of forming products: the algebra 2 is pure, but 22 is not.
However, since it is an elementary class, the class of pure Hilbert algebras is
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closed under the operation PU of forming ultraproducts.

Theorem 2.2. The subdirectly irreducible algebras in H are pure Hilbert

algebras.

Proof. Since H = V(HIp), and HIp is included in the congruence distributive
variety HI , by Jónsson’s Lemma the subdirectly irreducible algebras in H
are in HSPU(HIp). By the above remarks, HSPU(HIp) ⊆ HIp.

For a semilattice or Heyting algebra A, let A→ be the Hilbert algebra
reduct of A. Let B denote the Brouwerian semilattice in Figure 1.
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Figure 1

Since in B we have a /≤ 0, but a → 0 = b /= 0, it follows that B→ is not
pure. Thus by the above theorem B ∈ (HI \ H)SI , and thus H is a proper
subvariety of HI .

The class HIp consists of all Hilbert algebras satisfying the first order
sentence:

∀x∀y[(x → y ≈ 1) ∨ (x → y ≈ y)],

and forms thus an elementary positive universal class. In [4, Theorem 2.5] an
algorithm is presented that produces for any elementary positive universal
class of algebras included in a variety with EDPC a finite set of equations that
axiomatizes the variety generated by the class. Since the variety of Hilbert
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algebras has EDPC, and H is the variety generated by the elementary positive
universal class HIp, the result is applicable here and we have

Theorem 2.3. The variety H is finitely based.

Given a variety V ⊆ H, let Vp = {Po(A) : A ∈ VSI, A finite } ⊆
P⊕1

FIN . Note that V = V(Vp), so the map V 7→ Vp is 1-1 on the collection of
subvarieties of H into the ‘powerset’ of P⊕1. We say that a class K ⊆ P⊕1

is closed under the formation of P⊕1-substructures if every substructure of a
poset P ∈ K that belongs to P⊕1 belongs also to K.

Theorem 2.4. The lattice of subvarieties of H is isomorphic to the lattice

of subclasses of P⊕1
FIN closed under the formation of P⊕1-substructures.

Proof. Clearly for every subvariety V of H the class Vp is closed under the
formation of P⊕1-substructures. Conversely, if K ⊆ P⊕1

FIN is closed under
P⊕1-substructures, then for V = V(Hi(K)) ⊆ H we have Vp = K. Firstly,
clearly Vp ⊇ K. Conversely, if P ∈ Vp, then P = Po(A) for some finite
subdirectly irreducible algebra A ∈ V . Then A ∈ HSPU(Hi(K)) by Jónsson’s
lemma, but since HI has EDPC we even have A ∈ HS(Hi(K)). From earlier
remarks it follows that HS(Hi(K)) = S(Hi(K)). Since K is closed under P⊕1-
substructures we conclude, again by earlier remarks, that S(Hi(K)) ⊆ Hi(K).
Thus the finite subdirectly irreducible algebras of V are in Hi(K), and hence
Vp ⊆ K.
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Corollary 2.5. H has 2ℵ0 subvarieties.

Proof. Let Cn denote the crown on 2n elements with the two element chain
{e < 1} added on top. Figure 2 represents C3. Note that if n < m then
Cn /∈ S(Cm). For I a set of natural numbers let CI = {Cn : n ∈ I}. Then
for sets of natural numbers I, J such that I /= J we have S(CI) ∩ P⊕1

FIN /=
S(CJ ) ∩ P⊕1

FIN . Thus there is a continuum of subsets of P⊕1
FIN closed under

P⊕1-substructures, and hence, by Theorem 2.4 a continuum of subvarieties
of H.

3 Join algebras

We continue to let P denote the class of all posets P = 〈P,≤, 1〉 with largest
element 1. For P ∈ P define a binary operation · on P by

a · b =

{

b if a ≤ b,
1 if a � b.

We write Jo(P) for the algebra 〈P, ·〉. Let J be the variety generated by all
such algebras Jo(P) and we call each A ∈ J a join algebra. A join algebra
A ∈ J is pure if it is of the form Jo(P), for some P ∈ P .

For example, if we let P be the 2-element chain, then the pure join algebra
Jo(P) is the 2-element join semilattice. The variety generated by Jo(P) is the
variety of all join semilattices, which is a subvariety of J . An easy argument
shows that the only join semilattices that are pure join algebras are those of
the form Jo(Q ⊕ 1) where Q is an antichain.

If A is a pure join algebra and S ⊆ A, then the subuniverse of A generated
by S is either S or S ∪ {1}. From this observation it follows that every pure
join algebra is locally finite and that J is a locally finite variety.

Every pure join algebra Jo(P) satisfies each of the following identities:

(1) x1 ≈ 1x ≈ 1

(2) xx ≈ x

(3) (xy)(yx) ≈ (yx)(xy)

(4) (xy)z ≈ x((xy)z)

(5) x(xy) ≈ xy
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(6) y(xy) ≈ xy

(7) (xz)((xy)(yz)) ≈ ((xy)z)(yz)

We prove (7); the proofs of the others are similar. In any pure join algebra
the left side of (7) evaluates to 1 or z as does the right side. The left side
will evaluate to z if and only if y ≤ z, x ≤ y and x ≤ z. The right side will
evaluate to z if and only if y ≤ z and x ≤ y. But then by transitivity, x ≤ z
as well. So the left side evaluates to z if and only if the right side does.

These identities also hold for every A ∈ J since the variety J is generated
by its pure members. Note that 1 is not in the similarity type of J , however.

We define a binary relation ≤ on algebras A ∈ J as follows. For all
a, b ∈ A,

a ≤ b iff a · b = b.

The relation ≤ is indeed a partial order. To see this, observe that ≤ is
reflexive since J |= xx ≈ x. Transitivity follows from (4) since if a ≤ b and
b ≤ c, then ab = b, bc = c and thus c = bc = (ab)c = a((ab)c) = ac. A similar
argument using (3) shows that ≤ is antisymmetric.

For A ∈ J we let Po(A) denote the ordered set 〈A,≤〉.

The order ≤ on Po(A) is equationally definable on A by x ≤ y iff x·y = y,
which is also the equational definition of order for join semilattices. This
definition of the order on join algebras is another way that the variety J
may be viewed as a natural extension of the variety of semilattices.

Note that for an arbitrary join algebra A, if a � b, then all we can say
about the value of a · b is that it is not b. However, if A is a pure join algebra
Jo(P), then the operation · of A is completely determined by the underlying
poset P.

Lemma 3.1. Let a, b, c be elements in a join algebra A.

1. a ≤ ab

2. b ≤ ab

3. If a ≤ b, then ac ≤ bc

Proof. The first two claims follow from identities (5) and (6). For the third,
replace x, y and z in identity (7) by a, b and c. By use of ab = b, (5) and
(2) the left side becomes (ac)(bc) and the right side simplifies to bc. So
bc = (ac)(bc), which gives ac ≤ bc.
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Lemma 3.2. Let A be a join algebra with U a nonempty, upwardly closed

subset of Po(A) = 〈A,≤〉. Then U is a subuniverse of A and the equivalence

relation θ defined on A whose blocks are U and singleton a for each a ∈ A−U
is a congruence relation of A.

Proof. If a, b ∈ U and c ∈ A, then by Lemma 3.1 the elements ac, bc, ca and
cb will also be in U .

Congruence relations on pure join algebras are especially well-behaved. If
A is pure and θ ∈ Con A with (a, b) ∈ θ for a � b, then (aa, ab) = (a, 1) ∈ θ.
So θ has at most one congruence class that is not a singleton, and such
a class will be 1/θ. Thus, the congruence lattice of a pure join algebra is
isomorphic to the lattice of nonempty, upwardly closed subsets of the ordered
set Po(A) = 〈A,≤〉.

Suppose A ∈ J is a subdirectly irreducible algebra with monolith µ and
(c, d) ∈ µ with c /= d. For each a ∈ A, let θa ∈ Con A be the congruence
relation in which the upwardly closed subset {x ∈ A : x ≥ a} is one congru-
ence class and all other congruence classes are singletons. If a is not the top
element of 〈A,≤〉, then (c, d) ∈ θa, that is, a ≤ c and a ≤ d. From this it
follows that {c, d} = {1, e}, where e ≺ 1 and b ≤ e for all b < 1. Moreover,
µ = θe. So if A ∈ J is subdirectly irreducible, then the poset Po(A) is of the
form P ⊕ 1 for some P ∈ P . We will eventually argue that every subdirectly
irreducible algebra in J is pure.

The description of subdirectly irreducible algebras in J given in the pre-
vious paragraph allows us to determine the set of types, in the sense of tame
congruence theory [12], that appear in finite algebras in J . If A ∈ J is a
finite subdirectly irreducible algebra having monolith µ, then the type of the
covering pair 0 ≺ µ is 5 since {1, e} is the only nontrivial congruence class
of µ and {1, e} is polynomially equivalent to a semilattice. It follows that
typ{J } = {5}. One consequence of this is that the variety J satisfies no
nontrivial congruence identity but J is congruence meet semi-distributive.

Every subalgebra of a pure join algebra is pure. The product of two
nontrivial join algebras will not be pure. The order relation on the product
of two join algebras is the product of the two orders on the factors. If θ is a
congruence relation on a pure join algebra A, then the set (A − 1/θ) ∪ {1}
is the universe of a subalgebra B of A for which B is isomorphic to A/θ. So
every homomorphic image of a pure join algebra is pure. In fact, if K is a
class of pure join algebras closed under isomorphism, then HS(K) ⊆ S(K).
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Lemma 3.3. Let A be a finite join algebra.

1. For each congruence relation θ on A and every a ∈ A the congruence

class a/θ is a convex subset of 〈A,≤〉 and has a largest element m(a, θ).

2. The function θ 7→ {m(a, θ) : a ∈ A} is one-to-one from Con A into 2A.

Proof. Let a ∈ A and θ ∈ Con A be arbitrary. For any b, c ∈ a/θ we have
bc ∈ a/θ, bc ≥ b, and bc ≥ c. From these facts it follows that the product
of all the elements of a/θ, regardless of how they are associated, will be the
largest element of a/θ. For a ∈ A let m(a, θ) denote the largest element in
a/θ. If θ is understood from the context we write ma for m(a, θ).

We show that for every a ∈ A, if a ≤ c ≤ ma, then c ∈ a/θ. Suppose,
to the contrary, that there are a ∈ A for which this is not the case. Choose
a so that ma is maximal among all such ma. There exists a < c < ma with
(a, ma) ∈ θ but (a, c) /∈ θ. Since θ is a congruence relation, (ac, mac) ∈ θ.
From ac = c and mac > ma we have (c, mac) ∈ θ with c < ma < mac and
(c, ma) /∈ θ. Thus ma < mac ≤ mc, which violates the maximality of ma. So
all the sets a/θ are convex.

For every congruence relation θ the map a 7→ m(a, θ) uniquely determines
θ; indeed θ is the kernel of this map. Let Mθ = {m(a, θ) : a ∈ A}. We show
that the set Mθ determines the map a 7→ m(a, θ). To prove this, it suffices
to show that for every a ∈ A the element m(a, θ) is the greatest lower bound

of {m ∈ Mθ : a ≤ m}. If a, b ∈ A with a ≤ mb, then mb = amb
θ
≡ mamb.

This implies mb = mamb, so ma ≤ mb, that is, ma ≤ m for all m ∈ Mθ with
a ≤ m. Thus, the function θ 7→ Mθ is one-to-one.

Let S = 〈{1, e, a}, ·〉 be the pure join algebra in which a < e < 1.

Theorem 3.4. Every pure subdirectly irreducible algebra in J is in HSP(S).

Proof. Let A ∈ J be subdirectly irreducible. We have 〈A,≤〉 = P ⊕ m ⊕ 1
for some poset P. The subset {a, e} of S is a 2-element chain in 〈S,≤〉.
Thus, there exists an index set I and an order embedding h of P ∪ {m}
into {a, e}I with h(m) = ē. Let B be the subalgebra of SI generated by
h(P ) ∪ {ē, 1̄}. Note that if x, y ∈ h(P ), then either xy = y or xy has at
least one coordinate with value 1. Also, ēx has at least one coordinate 1
and xē = ē. Let U be the set of all b ∈ B that have at least one coordinate
with value 1. Then U is an upwardly closed subset of B. Let θ denote the
congruence relation on B whose only nonsingleton congruence class is U . If
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C denotes B/θ, then the elements of C are U, {ē} and {h(r)} for each r ∈ P .
In C we have {h(r)} < {ē} < U for every r ∈ P . If r, s ∈ P , then in C the
value of {h(r)} · {h(s)} is {h(s)} if r ≤ s and is U otherwise. Hence C is
isomorphic to A.

Corollary 3.5. J = HSP(S).

Proof. The variety J is generated by pure join algebras. As observed imme-
diately before Lemma 3.3, every homomorphic image of a pure join algebra
is pure. Hence every pure join algebra is a subdirect product of pure subdi-
rectly irreducible algebras in J . An application of Lemma 3.4 completes the
proof.

For a directed graph G = 〈V, E〉 form an algebra AG = 〈V ∪ {∞}, ·〉 in
which the binary operation · is given by xy = y if (x, y) ∈ E and xy = ∞
otherwise. AG is called a directed graph algebra. Every pure join algebra
is a directed graph algebra with the top element serving as the element
∞. B. Walter has shown in [16] that the variety of directed graph algebras
generated by S has a finite basis for its equational theory. Actually, Walter
works with directed graph algebras in which the element ∞ is a constant in
the language, but he points out that his results carry over to the algebras in
which ∞ is not in the language. Thus by the previous corollary we have

Corollary 3.6. The variety J is finitely based.

We next investigate subdirectly irreducible join algebras and quasivari-
eties contained in J .

Theorem 3.7. Every subdirectly irreducible algebra in J that has at least

three elements contains a subalgebra isomorphic to S.

Proof. Let A ∈ J be subdirectly irreducible, |A| ≥ 3. We know A has a top
element 1 which covers an element e, and a ≤ e for all a < 1. Let b < e be
arbitrary. For every x ∈ A we have xx = x, 1x = x1 = 1, and xy = y if and
only if x ≤ y. These facts allow us to fill in the table for · when restricted to
{1, e, b} as follows:

· 1 e b

1 1 1 1
e 1 e
b 1 e b
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The entry eb is the only entry that is not determined. We do know that
eb must have value e or 1. If eb = 1, then we have a 3-element subalgebra
isomorphic to S. So suppose that for all b < e we have eb = e. For all b ≤ e
and c ≤ e we have bc ≤ ec = e by Lemma 3.1. That is, if b, c ≤ e, then
bc ≤ e. From this it follows that if θ is the equivalence relation on A with
equivalence classes {x : x ≤ e} and {1}, then θ will be a congruence relation
on A. But (1, e) /∈ θ, which violates the assumption that A is subdirectly
irreducible.

Corollary 3.8. The only proper, nontrivial subvariety of J is the variety of

semilattices.

Lemma 3.9. If A ∈ J is a finite subdirectly irreducible algebra, then A is

pure.

Proof. From Corollary 3.5 there is an integer n and a subalgebra B of Sn such
that A is isomorphic to B/α for some congruence relation α on B. For the
remainder of the proof we identify A with B/α. Recall that the elements of
S are ordered by a < e < 1. Let d ∈ B be such that d/α ≺ 1/α in A and d is
the largest element in d/α. Such a d exists by virtue of the form of subdirectly
irreducible algebras in J and Lemma 3.3. The subdirectly irreducible algebra
A = B/α is (1/α, d/α)-irreducible. We have 1/α = {b ∈ B : b � d}

Let ∆ = {i : di /= 1}.
We have b � d if and only if there exists 1 ≤ i ≤ n with i ∈ ∆ and bi > di.
Consider the following equivalence relation γ on B:

(i) if r � d, then (r, s) ∈ γ iff s � d, and
(ii) if r ≤ d, then (r, s) ∈ γ iff ri = si for all i ∈ ∆.

So for all r ∈ B we have
(i) r � d implies r ∈ 1/γ, and
(ii) r ≤ d implies r/γ = {s ∈ B : ri = si for all i ∈ ∆}.

Note that 1/γ = 1/α.
We argue that γ is a congruence relation on B. Let (r, s) ∈ γ and b ∈ B.

If (r, 1) ∈ γ, then rb ≥ r and br ≥ r by Lemma 3.1. So br ≡ rb ≡ 1(γ) since
1/γ is upwardly closed. Hence (rb, sb) and (br, bs) are in γ. If r ≤ d and
s ≤ d, then (br)i = (bs)i for all i ∈ ∆ and (rb)i = (sb)i for all i ∈ ∆. So
again (rb, sb) and (br, bs) are in γ. So γ is indeed a congruence relation.

If α ∨ γ > α, then in Con A we have (α ∨ γ)/α > 0A. However, the class
1/(α ∨ γ) = 1/α, which violates the (1/α, d/α)-irreducibility of A. Thus,
α ∨ γ = α.

14



Finally, suppose A is not pure. Then there exist r, s ∈ B such that
r/α · s/α /∈ {s/α, 1/α}. In particular, r � s for otherwise rs = s would
imply r/α · s/α = s/α.

We have r/α · s/α ≤ d/α, so r ≤ d and s ≤ d. We argue that (rs, s) ∈ γ
and that (rs, s) /∈ α, thereby contradicting α ∨ γ = α. So A must be pure.

Clearly (rs, s) /∈ α since rs/α = r/α · s/α /= s/α. If it were the case that
(rs, s) /∈ γ, then there would exist i ∈ ∆ with risi /= si ≤ di ≤ e. If si = e,
then ri = e or ri = a. In either case, ri · si = si. Similarly if si = a. So no
such i can exist, that is, (rs, s) ∈ γ.

Theorem 3.10. Every subdirectly irreducible algebra in J is pure.

Proof. The variety J of join algebras is locally finite. Let φ be a quasi-
identity that fails in J . Then it fails in a finite join algebra, say A. Write A

as a subdirect product of subdirectly irreducible algebras Ai. These are all in
J , and hence (being finite and subdirectly irreducible) they are pure by the
previous lemma. The quasi-identity φ must fail in one of these algebras Ai,
for if it did not, it would hold in all of them, and hence also in A. This shows
that J is the quasivariety generated by the class K of all finite subdirectly
irreducible algebras in J , that is, J = SPPU(K). Every member of K is
pure. An arbitrary subdirectly irreducible A ∈ J is therefore in SPPU(K),
hence in SPU(K), and thus is pure since subalgebras and ultraproducts of
pure algebras are pure.

Note that J is finitely generated as a variety by the 3-element algebra S

but as a quasivariety the class J is not finitely generated since J contains
arbitrarily large finite subdirectly irreducible algebras.

Although J contains only one proper nontrivial subvariety – the variety
of semilattices – it does have a rich collection of subquasivarieties.

Theorem 3.11. The variety J contains 2ℵ0 quasivarieties.

Proof. We use the ordered sets Cn of Corollary 2.5. For every positive n let
An = Jo(Cn). Then An is a subdirectly irreducible algebra in J . If I is a
set of natural numbers with m /∈ I , then Am /∈ SPPU({An : n ∈ I}). So for
arbitrary sets I and K of natural numbers with I /= K, the quasivarieties
Q({An : n ∈ I}) and Q({An : n ∈ K}) are distinct.
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4 Decomposition of free algebras

We describe a method for decomposing free algebras in an arbitrary variety
into overlapping canonically defined subalgebras and show how the cardinal-
ity of the free algebras can be obtained using an inclusion-exclusion argument
involving these subalgebras. In subsequent sections we apply this general
decomposition method to the varieties H and J . For these two varieties
the order structure of these canonical subalgebras of the free algebras are
amenable to analysis and by means of this analysis we obtain sharp results
concerning the free spectra and G-spectra of H and J .

Let X be a set and L a set of operation symbols. By TL(X) we denote
the set of all terms that can be built recursively from X using the symbols
in L. If L is clear from the context we write T(X). The free term algebra for
L generated by X has universe TL(X) and is denoted TL(X). We usually
consider a fixed positive integer n with X = {x1, . . . , xn} and in this case we
may write TL(n) and T(n) for TL(X) and T(X) respectively. For t ∈ TL(X)
we denote by var(t) the set of all elements of X that appear in t.

Let V be a variety having L as its set of operation symbols. Elements
of the free algebra in V on n free generators may be represented as s̄ where
s ∈ TL(n) and for s, t ∈ TL(n) we have

s̄ = t̄ if and only if V |= s ≈ t.

For 1 ≤ n < ω let FV(n) denote the free algebra in V freely generated by the
elements x̄1, . . . , x̄n. The universe of FV(n) is denoted FV(n) and consists of
{s̄ : s ∈ TL(n)}. Thus for s ∈ TL(n) we have

sFV(n)(x̄1, . . . , x̄n) = s(x1, . . . , xn).

Definition 4.1. A valuation into an algebra A is a map v : {x1, . . . , xn} → A
or its natural homomorphic extension v : TL(n) → A with the property that

the set {v(x1), . . . , v(xn)} generates A.

Valuations are related to identities by the fact that in any variety V and
for terms s, t ∈ T(X)

V |= s ≈ t iff v(s) = v(t) for every valuation v into A ∈ V .

For the next series of definitions we require that L not contain any nullary
symbols. For any term s ∈ TL(X) we define the right-most variable of s,
denoted rv(s), inductively as follows:
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rv(s) =

{

xi if s = xi

rv(tm) if s = f(t1, . . . , tm) for f ∈ L and t1, . . . , tm ∈ TL(X).

For 1 ≤ i ≤ n let

Ti(n) = {s ∈ TL(n) : rv(s) = xi}

and
Ti(n) = {s̄ ∈ FV(n) : s ∈ Ti(n)}.

The set Ti(n) is a subuniverse of FV(n) and by Ti(n) we denote the corre-
sponding subalgebra. For 1 ≤ ` ≤ n we write

T≤`(n) =
⋂

1≤i≤`

Ti(n) and T≤`(n) =
⋂

1≤i≤`

Ti(n).

An earlier version of the following theorem is given in [1].

Theorem 4.2. Let V be a locally finite variety in a language that has no

nullary operation symbols. For 1 ≤ n < ω we have

|FV(n)| =
n
∑

`=1

(−1)(`−1)

(

n

`

)

|T≤`(n)|. (3)

Proof. The set FV(n) is finite since V is locally finite. There are no nullary
constant symbols so every term in T(n) has a right-most variable. Hence
FV(n) =

⋃n
i=1 Ti(n). Applying the inclusion-exclusion principle we see that

|FV(n)| =
∑

1≤`≤n
1≤i1<i2<···<i`≤n

(−1)`−1 |Ti1(n) ∩ Ti2(n) ∩ · · · ∩ Ti`(n)|. (4)

Every permutation of X extends to an automorphism of FV(n) so all of the
subalgebras Ti(n) are isomorphic. Likewise for every choice of 1 ≤ i1 < i2 <
· · · < i` ≤ n the algebra Ti1(n)∩Ti2(n)∩· · ·∩Ti`(n) is isomorphic to T≤`(n).
Therefore

|Ti1(n) ∩ Ti2(n) ∩ · · · ∩ Ti`(n)| = |T≤`(n)|.

For 1 ≤ ` ≤ n there are
(

n
`

)

choices for 1 ≤ i1 < i2 < · · · < i` ≤ n. Hence
from (4) we obtain (3).

Theorem 4.2 is completely general. Its usefulness depends on the variety
V and how much structure can be found for the algebras Ti(n) and their
intersections. We next show that for H and J the structure of the Ti(n) can
be determined sufficiently so as to successfully apply Theorem 4.2.
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5 Free join algebras

In this section we describe FJ (n), the free algebra on n free generators for
the variety of join algebras. We find an explicit formula for the cardinality
of FJ (n) in terms of the number qn of quasi-orders on an n-element set. We
use known bounds on qn to obtain sharp upper and lower bounds on the
free spectrum and on the G-spectrum, GJ (n), of J . In the next section we
provide a similar analysis for the variety H.

We apply the material of Section 4 to the variety J of join algebras.
Throughout this section the language L = {·} consists of one binary opera-
tion symbol and as usual we write T (n) for TL(n). We describe the subal-
gebras Ti(n) of FJ (n) and determine the cardinality of FJ (n) by means of
Theorem 4.2.

Definition 5.1. Let t be an arbitrary member of T (n). The binary relation

re(t) on var(t) is defined inductively by:

re(t) =

{

{(xi, xi)} if t = xi

re(p) ∪ re(q) ∪ {(rv(p), rv(q))} if t = p · q.

The transitive closure of re(t) is denoted qo(t).

A quasi-order on a set Z is any reflexive transitive binary relation on Z.
For a quasi-order σ on Z and a ∈ Z let

a/σ = {b ∈ Z : (a, b) ∈ σ and (b, a) ∈ σ}.

If σ is a quasi-order on Z, then the quotient Z/σ is always an ordered set in
which a/σ ≤ b/σ if and only if (a, b) ∈ σ. The ordered set Z/σ has a top
element if and only if there exists z ∈ Z such that (a, z) ∈ σ for all a ∈ Z.
For every L consisting of one binary operation · and for every t ∈ T(n), the
relation qo(t) is a quasi-order on the set var(t) in which rv(t)/qo(t) is the
top element of the ordered set var(t)/qo(t).

Lemma 5.2. Let τ be a quasi-order on a set Y ⊆ X such that Y/τ has a

top element. Then there exists t ∈ T(X) such that qo(t) = τ .

Proof. Let (xi1, xj1), (xi2, xj2), (xi3, xj3), . . . , (xik , xjk
) be any list of the ele-

ments of τ subject only to the constraint that xj1/τ is the top element of
Y/τ . Let

t = (xikxjk
)(. . . (xi3xj3)((xi2xj2)(xi1xj1)) . . . ).
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Clearly var(t) = Y . It is immediate from the recursive definition of the
operator qo that qo(t) = τ .

Definition 5.1 and Lemma 5.2 apply to any TL(n) for a language L con-
sisting of one binary operation symbol. We now show how the equational
theory of join algebras can be represented using the quasi-orders qo(t) as t
ranges over join algebra terms. We exhibit a bijection between the collection
of quasi-orders on subsets of X and the elements of the free join algebra
FJ (X).

Lemma 5.3. Let v be a valuation into a pure join algebra A and let t ∈ T(n).

1. v(t) = v(rv(t)) or 1.

2. If t = p · q, then v(t) = v(rv(p)) · v(rv(q)) or 1.

3. v(t) < 1 iff v(xi · xj) < 1 for all (xi, xj) ∈ qo(t).

Proof. The first claim is an easy consequence of the fact that in any pure
join algebra, if ab /= 1, then ab = b. The second claim follows from the first
and from that v(p · q) = v(p) · v(q) for any terms p and q.

Suppose v(t) < 1. Then for every xi ∈ var(t) we have v(xi) < 1 and
therefore v(xi · xi) = v(xi) < 1. If (xi, xj) ∈ re(t) with i /= j, then there
exists a subterm p · q of t with rv(p) = xi and rv(q) = xj. Since v(t) < 1 we
have v(p · q) < 1. By (2) we have v(xi ·xj) < 1. If (xi, xj) ∈ qo(t) with i /= j,
then there exist xk0 . . . xkm with xi = xk0, xj = xkm and (xk`

, xk`+1
) ∈ re(t)

for 0 ≤ ` < m. We have already seen that v(xk`
· xk`+1

) < 1 for each `, so
v(xk`

) ≤ v(xk`+1
). The transitivity of the order on A gives v(xi) ≤ v(xj) and

therefore v(xi · xj) < 1.
Conversely, suppose v(xi · xj) < 1 for all (xi, xj) ∈ qo(t). We argue

by induction that v(s) < 1 for every subterm s of t. If xi ∈ var(t), then
v(xi) < 1 since v(xi ·xi) < 1. Let p ·q be a subterm of t and suppose v(p) < 1
and v(q) < 1. By part (1) we have v(p) = v(rv(p)) and v(q) = v(rv(q)).
Moreover, (rv(p), rv(q)) ∈ qo(t) so v(rv(p) · rv(q)) < 1. Therefore v(p · q) =
v(p) · v(q) = v(rv(p)) · v(rv(q)) = v(rv(p) · rv(q)) < 1.

Lemma 5.4. Let s, t ∈ T(n).

1. J |= s ≈ t iff qo(s) = qo(t).

2. J |= st ≈ t iff qo(s) ⊆ qo(t).

19



Proof. Suppose J /|= s ≈ t. There must exist a valuation v into either S or
the 2-element semilattice for which, say, v(s) = 1 and v(t) < 1. But then
qo(s) = qo(t) would contradict Lemma 5.3 (3). For the other direction in
(1), suppose qo(s) /= qo(t). If var(s) /= var(t), then we must have J /|= s ≈ t.
So we may as well assume at the outset that var(s) = var(t) = Y ⊆ X.
Suppose (x`, xm) ∈ qo(s) − qo(t). Form the poset Pt = (Y/qo(t)) ⊕ 1 and
the pure join algebra At = Jo(Pt). Let v be the valuation into At for
which v(xi) = xi/qo(t) for all xi ∈ Y . For every (xi, xj) ∈ qo(t) we have
xi/qo(t) ≤ xj/qo(t) < 1 in Pt. Hence v(xi · xj) = xj/qo(t) < 1. Therefore
v(t) < 1 by Lemma 5.3 (3). But v(x`) /≤ v(xm) in Pt, which implies that
v(x` · xm) = 1. So v(s) /= v(t) in At and therefore V /|= s ≈ t.

If J |= st ≈ t, then qo(st) = qo(t) by (1). Since qo(st) is the tran-
sitive closure of qo(s) ∪ qo(t) ∪ {(rv(s), rv(t))}, we have qo(s) ⊆ qo(t).
On the other hand, if qo(s) ⊆ qo(t), then var(s) ⊆ var(t) and therefore
(rv(s), rv(t)) ∈ qo(t). So the transitive closure of qo(s)∪qo(t)∪{(rv(s), rv(t))}
is qo(t). Therefore qo(st) = qo(t), which from (1) gives J |= st ≈ t.

Recall that Ti(n) = {s̄ ∈ FJ (n) : rv(s) = xi} and that Ti(n) is the
subalgebra of FJ (n) with universe Ti(n). Note that if J |= s ≈ t, then
var(s) = var(t). In particular, if s̄ ∈ Ti(n), then xi ∈ var(s).

For 1 ≤ i ≤ n define

Qi(n) = {σ : ∃Y ⊆ X, xi ∈ Y, σ is a quasi-order on Y,

and xi/σ is the top element of Y/σ}.

For σ1 and σ2 ∈ Qi(n) with σk defined on Yk ⊆ X for k = 1, 2, let σ1 · σ2

denote the smallest quasi-order on Y1 ∪ Y2 that contains both σ1 and σ2.
Then necessarily σ1 ·σ2 ∈ Qi(n) and σ1 ·σ2 is the transitive closure of σ1∪σ2.
Let Qi(n) denote the algebra 〈Qi(n), ·〉.

Theorem 5.5. The map t̄ 7→ qo(t) is an isomorphism from Ti(n) onto

Qi(n).

Proof. Lemmas 5.4 and 5.2 show the map is well-defined, one-to-one and
onto Qi(n). It remains to show that qo(s · t) = qo(s) · qo(t) for all s̄ and t̄
in Ti(n). Let rv(s) = x` and rv(t) = xm. By the definition of qo we have
that qo(s · t) is the transitive closure of qo(s) ∪ qo(t) ∪ {(x`, xm)}. Clearly
(x`, xi) ∈ qo(s) since s̄ ∈ Ti(n). Also (xi, xm) ∈ qo(t) since t ∈ Ti(n) and
rv(t) = xm. So (x`, xm) is in the transitive closure of qo(s)∪qo(t). Hence the
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transitive closure of qo(s) ∪ qo(t) ∪ {(x`, xm)} is the same as the transitive
closure of qo(s) ∪ qo(t), which is qo(s) · qo(t).

From Theorem 5.5 it follows that Qi(n) is a join algebra. The induced
order on Qi(n) is that of containment. Therefore, s̄ ≤ t̄ in Ti(n) if and
only if qo(s) ⊆ qo(t). Actually, from Lemma 5.4 we see that for arbitrary
s̄, t̄ ∈ FJ (n) it is the case that s̄ ≤ t̄ if and only if qo(s) ⊆ qo(t).

Let qk denote the number of quasi-orders on {1, 2, . . . , k}. It is known that
qk is also equal to the number of topologies on {1, 2, . . . , k}. For example,
the values of qk for k = 1, 2, 3, 4 are 1, 4, 29, 355 respectively. The paper [10]
by Heitzig and Reinhold contains background and recently obtained values
for the sequence qk. We let q0 = 1.

Theorem 5.6.

|FJ (n)| =
n−1
∑

i=0

qi

(

n

i

)

(2n−i − 1).

Proof. We have

|FJ (n)| =

n
∑

`=1

(−1)(`−1)

(

n

`

)

|T≤`(n)|

by Theorem 4.2. The cardinality of T≤`(n) is equal to |Q1(n) ∩ · · · ∩ Q`(n)|
by Theorem 5.5. Let σ be a quasi-order on a set Y ⊆ X for which Y/σ has a
top element. Let Z ⊆ Y be the set of all xi for which xi/σ is the top element
in Y/σ. Then σ = τ ∪(Y ×Z) where τ is a quasi-order on Y −Z. Conversely,
if ∅ /= Z ⊆ Y ⊆ X and τ is a quasi-order on Y − Z, then σ = τ ∪ (Y ×Z) is
a quasi-order on Y for which Y/σ has a maximal element consisting of xk/σ
for every xk ∈ Z. For σ ∈ Q1(n) ∩ · · · ∩Q`(n) there are

(

n−`
i

)

choices for the
set Y − Z if |Y − Z| = i. For a given i, with 0 ≤ i ≤ n − `, there are qi

choices for a quasi-order on Y − Z. The set Z must contain {x1, . . . , x`} so
there are 2n−`−i ways to choose the remaining elements of Z. Therefore

|Q1(n) ∩ · · · ∩ Q`(n)| =

n−
∑̀

i=0

qi

(

n − `

i

)

2n−`−i.

This implies

|FJ (n)| =
n
∑

`=1

(−1)(`−1)

(

n

`

)

(

n−
∑̀

i=0

qi

(

n − `

i

)

2n−`−i

)

.
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We interchange the order of summation and use the formula
(

n
`

)(

n−`
i

)

=
(

n
i

)(

n−i
n−`−i

)

to obtain

|FJ (n)| =
n−1
∑

i=0

qi

(

n

i

)

(

n−i
∑

`=1

(−1)`−1

(

n − i

n − ` − 1

)

2n−`−i

)

.

The inner summation simplifies to 2n−i − 1. Thus,

|FJ (n)| =

n−1
∑

i=0

qi

(

n

i

)

(2n−i − 1).

For example, if we use the previously mentioned values of qi for 1 ≤ i ≤ 4,
then we see that the values of |FJ (n)| for 1 ≤ n ≤ 5 are 1, 5, 28, 231 and
3031 respectively.

Let pn denote the number of partially ordered sets on {1, 2, . . . , n}. For
example, the values of pn for 1 ≤ n ≤ 4 are 1, 3, 19, and 219 respectively.
Clearly pn ≤ qn for all n. Erné [7, Satz 4.6] shows that pn and qn are
asymptotically equal functions. In [13] Kleitman and Rothschild show that
there exists a positive constant c such that for all sufficiently large n

n2

4
+

3n

2
− c lg n ≤ lg(pn) ≤

n2

4
+

3n

2
+ c lg n.

Here lg denotes log base 2. From Erné’s result we have similar bounds
on lg(qn). That is, there is a positive constant c such that for all large n,

n2

4
+

3n

2
− c lg n ≤ lg(qn) ≤

n2

4
+

3n

2
+ c lg n. (5)

For 0 ≤ i ≤ n− 1 let t(n, i) denote the term qi

(

n
i

)

(2n−i − 1) that appears
in the formula for |FJ (n)| in Theorem 5.6.

Lemma 5.7. For all sufficiently large n and all 1 ≤ i ≤ n− 1 the inequality

t(n, i − 1) ≤ t(n, i) holds.

Proof. For i ≥ 2 and any quasi-order σ on {1, . . . , i − 1} we can form three
distinct quasi-orders on {1, . . . , i}:

σ ∪ {(k, i) : 1 ≤ k ≤ i}, σ ∪ {(i, k) : 1 ≤ k ≤ i} and σ ∪ {(i, i)}.
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Since σ can be uniquely recovered from each of these quasi-orders, we get
qi ≥ 3qi−1. For all 1 ≤ i ≤ n/2 we have

(

n
i−1

)

≤
(

n
i

)

and 2n−(i−1) − 1 ≤

3(2n−i − 1). Since qi−1 ≤ qi/3 we have t(n, i− 1) ≤ t(n, i) for i ≤ n/2. Next,
we consider the ratio t(n, n − i)/t(n, n − (i + 1)) for 1 ≤ i ≤ n/2 and for n
sufficiently large that the inequalities in (5) hold. This gives

t(n, n − i)

t(n, n − (i + 1))
=

qn−i

qn−(i+1)

(

n
i

)

(

n
i+1

)

2i − 1

2i+1 − 1
≥

qn−i

qn−(i+1)

(i + 1)

(n − i)

1

3
≥

qn−i

qn−(i+1)

1

3(n − i)
.

We have from (5)

lg(
qn−i

qn−(i+1)

) ≥
n

2
−

i

2
+

5

4
− c(lg(n − (i + 1)) + lg(n − i))

≥
n − i

2
− c(lg(n − (i + 1)) + lg(n − i)).

For n large enough so that

n − i

2
≥ c(lg(n − (i + 1)) + lg(n − i)) + lg(3(n − i))

we have t(n, n − i)/t(n− (i + 1)) ≥ 1, as desired.

It follows that

nqn−1 = t(n, n − 1) ≤ |FJ (n)| =
n−1
∑

i=0

t(n, i) ≤ n t(n, n − 1) = n2qn−1 (6)

for all sufficiently large n.
If we apply the bounds in (5) to qn−1 and use them in (6), then we obtain

the following bounds for the size of FJ (n).

Theorem 5.8. There exists a positive constant c such that for all sufficiently

large n,

2
n2

4
+n−c lgn ≤ |FJ (n)| ≤ 2

n2

4
+n+c lgn.

We next investigate the G-spectrum of the variety of join algebras and
provide upper and lower bounds for GJ (k).

For any variety V an upper bound for GV(k) is the cardinality of the
congruence lattice of the free algebra for V on k free generators. If A is any
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finite join algebra, then by part (2) of Lemma 3.3 we have |Con A| ≤ 2|A|.
In what follows we write f(n) for the cardinality of FJ (n). Thus, we have
GJ (k) ≤ 2f(k).

We next consider a lower bound for the G-spectrum of J . For every
element t̄ of FJ (n) we have from Definition 5.1 the quasi-order qo(t) on
var(t). For s̄, t̄ ∈ FJ (n), by Lemma 5.4, s̄ ≤ t̄ if and only if qo(s) ⊆ qo(t).
So n(n − 1) is an upper bound for the length of the longest chain in FJ (n).
If s̄ and t̄ are distinct elements of FJ (n) such that qo(s) and qo(t) have the
same number of elements, then they are incomparable. Therefore, there is an
antichain Z in the poset of FJ (n) of cardinality at least f(n)/n2. If S ⊆ Z,
then let θS be the congruence relation on FJ (n) having {t̄ ∈ FJ (n) : t̄ ≥
s̄ for some s̄ ∈ S} as one congruence class and all other congruence classes of
θS are singletons. Then x̄i/θS = {x̄i} for each free generator x̄i. Therefore,
the number of congruence relations on FJ (n) for which each free generator
is in a singleton congruence class is at least 2Z , which is at least 2f(n)/n2

.
Each x̄i in FJ (n) has the property that if p̄ · q̄ = x̄i, then p̄ = q̄ = x̄i. From
these observations an argument as in [3] or in [8] shows that there are at least
2f(n)/n2

/n! congruences on FJ (n) having pairwise nonisomorphic quotients.
Thus, for all n

2
f(n)

n2

n!
≤ GJ (n) ≤ 2f(n).

The bounds for f(n) given in Theorem 5.8 also apply to f(n)/n2, possibly
with a different value of c. By adjusting the value of c to absorb the n! divisor
in the lower bound for GJ (n) we obtain the following.

Theorem 5.9. There exists a positive constant c such that for all sufficiently

large n,

22
n2

4 +n−c lg n

≤ GJ (n) ≤ 22
n2

4 +n+c lg n

.

Thus, for the variety of join algebras the G-spectrum is one level of ex-
ponentiation higher than that of the free spectrum. For the subvariety of
semilattices there is a similar gap between the G-spectra and free spectra,
e.g. [2].

6 Free H algebras

In this section we consider the free spectra and G-spectra for H and some
of its subvarieties. The structure and cardinality of finitely generated free
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algebras for the variety HI of all Hilbert algebras have been investigated in
papers such as Diego [6], Urquhart [15], and Hendriks [11]. In [9], F. Guzmán
and C. Lynch consider free algebras in varieties of Hilbert algebras generated
by a single finite pure Hilbert algebra. They provide an explicit formula for
the cardinality of the free algebra in the variety generated by a pure Hilbert
algebra that is a finite chain. Our paper [1] investigates the structure of free
algebras for some varieties of Hilbert algebras.

Throughout this section we use the notation developed in Section 4 and
we apply Theorem 4.2. In order to satisfy the condition that there not be any
constant symbols in the similarity type we consider Hilbert algebras using
the language L = {→}. We can represent 1 by the term xi → xi so there is
no loss of generality in suppressing the constant symbol 1. For a variety V
of Hilbert algebras we write V |= s ≤ t if V |= st ≈ 1.

In a variety V of Hilbert algebras the subuniverses Ti(n) of FV(n) can
have significant overlap. For example, if t = (x1 → x2) → ((x2 → x1) → x1),
then t̄ is in T1(n) but t̄ is also in T2(n) since HI |= t ≈ (x1 → x2) → ((x2 →
x1) → x2). Indeed, in any pure Hilbert algebra A, we have tA(a, b) = 1 if
a /= b and tA(a, b) = a if a = b. Note that the term x̄k → x̄k is in Ti for all
1 ≤ k ≤ n.

The following facts are easily established.

Lemma 6.1. Let v be a valuation into a pure Hilbert algebra A and t a

Hilbert term with rv(t) = xi.

1. v(t) ∈ {1, v(rv(t))}.

2. If t̄ ∈ Ti ∩ Tj and v(t) /= 1, then v(xi) = v(xj).

3. HI |= rv(t) ≤ t.

4. For every a, b ∈ A

(a → b) → b =

{

b if a ≤ b,

1 if a /≤ b.

Although rv(t) ≤ t holds for all terms t, the converse, that xi ≤ t implies
t̄ ∈ Ti, does not hold in general. For example, x̄1 ≤ ((x̄1 → x̄2) → x̄2) /∈ T1.
However, for the subvariety of H generated by the 2-element implication
algebra, it is the case that x̄i ≤ t̄ if and only if t̄ ∈ Ti.

For every t ∈ T(n) we have H |= rv(t) ≤ t. Thus every x̄i is minimal in
the order of FV(n), and for every element t̄ of FV(n) there is an x̄i ≤ t̄.
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Definition 6.2. If v : {x1, . . . , xn} → A and v′ : {x1, . . . , xn} → A′ are two

valuations into subdirectly irreducible algebras A and A′ in a subvariety V
of H, we say that v and v′ are equivalent if there exist homomorphisms

h : A → A′ and h′ : A′ → A such that v′ = hv and v = h′v′. Let

E = E(n,V) be a set containing precisely one valuation from each equivalence

class of this equivalence relation.

Recall that a subdirectly irreducible Hilbert algebra A has an element
e ≺ 1 with a ≤ e for all a ∈ A, a /= 1. If v is a valuation mapping X to the
subdirectly irreducible algebra A, then it is easily seen that that e ∈ v(X).

Definition 6.3. For 1 ≤ ` ≤ n define E≤` to be the set of all valuations

v ∈ E that map {x1, . . . , xn} into a subdirectly irreducible algebra A such

that v(xi) = e for 1 ≤ i ≤ `.

The next result is a consequence of Theorem 2.9 in [1].

Lemma 6.4. For any variety V of Hilbert algebras the algebra T≤`(n) is

isomorphic to C
|E≤`|
2 where C2 = Hi(P) for P the 2-element chain e < 1.

Theorem 4.2 and Lemma 6.4 provide the following expression for the
cardinality of finitely generated free algebras in V .

Theorem 6.5. For every variety V ⊆ H

|FV(n)| =
n
∑

`=1

(−1)`−1

(

n

`

)

2|E≤`|.

We use Theorem 6.5 to determine the cardinality of the finitely generated
free algebras for V = H. We first describe E≤`. Let v ∈ E≤` with v : X → A.
Then A is a subdirectly irreducible algebra and is therefore pure by Theorem
2.2. The algebra A ∈ H is generated by the element e and the v(xj), for
` + 1 ≤ j ≤ n, and has at most n − ` elements strictly below e. Let R =
{xj ∈ X : v(xj) < e} and T = {xj ∈ X : v(xj) = 1}. For this valuation v we
form a quasi-order σv consisting of the union of these sets:

• R × (X −R),

• a quasi-order ρ on R given by ρ = {(xj, xk) ∈ R2 : v(xj) ≤ v(xk)},

• X × T ,

26



• the diagonal {(xj, xj) : xj ∈ X}.

If |R| = r and qr is the number of quasi-orders on an r-element set, then
the number of ways the set R and the quasi-order ρ on R can be chosen is
(

n−`
r

)

qr. Having chosen r of the v(xj) to have value strictly less than e there
are at most 2n−`−r ways to choose the set T . Hence

|E≤`| ≤
n−
∑̀

r=0

(

n − `

r

)

qr2
n−`−r .

This upper bound is actually obtained since for every set R ⊆ {x`+1, . . . , xn}
of cardinality r and every quasi-order ρ defined on R, and for every choice
of a set T ⊆ {x`+1, . . . , xn} −R with the quasi-order τ on X given by

τ = {(xj, xk) : xj ∈ R, xk ∈ X − R}

∪ {(xj, xk) : xj ∈ X, xk ∈ T}

∪ {(xj, xj) : xj ∈ X}.

there is a subdirectly irreducible algebra A = Hi(P) for P the poset X/(ρ∪τ ).
For this A, the element 1 is T/(ρ∪τ ), the element e is (X− (R∪T ))/(ρ∪τ ),
and each xj/(ρ∪ τ ) for xj ∈ R is strictly below e. If v : X → A is defined by
v(xi) = xi/(ρ ∪ τ ), then v(X) generates A, v ∈ E≤`, and σv = ρ ∪ τ . Thus,

|E≤`| =
n−
∑̀

r=0

(

n − `

r

)

qr2
n−`−r . (7)

Theorem 6.5 gives the following.

Theorem 6.6. For every n ≥ 1

|FH(n)| =

n
∑

`=1

(−1)`−1

(

n

`

)

2
∑n−`

r=0 (n−`

r )qr2n−`−r

.

The values for n = 1, 2, and 3 are 2, 14 and 12266 respectively.
Note that FH(n) and FHI(n) are the same for n ≤ 2. However, FHI(3) is

known to have cardinality 3∗ 223 − 3 ∗ 23 +21 = 25, 165, 802 (see [11], or [1]).

Theorem 6.7. For every nontrivial subvariety V of H the cardinality of

FV(n) is asymptotic to n2|E≤1|. That is,

lim
n→∞

|FV(n)|

n2|E≤1|
= 1.
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Proof. For every 1 < ` ≤ n we have |E≤1|−|E≤`| ≥ 2n−2 since every valuation
v with v(x1) = e and v(x2) = 1 is in E≤1 but not in E≤`. Therefore

2|E≤`|

2|E≤1|
≤ 2−2n−2

.

Thus, for large n,
(

n
`

)

2|E≤`|

n2|E≤1|
≤ 2−2n−3

.

Hence by Theorem 6.5,

lim
n→∞

|FV(n)|

n2|E≤1|
= 1 + lim

n→∞

n
∑

`=2

(−1)`−1

(

n
`

)

2|E≤`|

n2|E≤1|
= 1.

We next consider GH(n), the G-spectrum of the variety H.
Recall that for every finite A ∈ H, each congruence relation θ on A is

uniquely determined by the filter 1/θ, and this filter is determined by the
minimal elements in it. We use this fact to bound the size of the congruence
lattice of a free algebra.

Lemma 6.8. Let F = FV(X) for V a subvariety of H and X = {x1, . . . , xn}.

Suppose that θ is an arbitrary congruence relation on F. Then for every i
the subset Ti ∩ 1/θ has a least element.

Proof. Let p̄, q̄ ∈ Ti ∩ 1/θ be incomparable. We show that r̄ = (p̄ → (q̄ →
xi)) → xi is such that r̄ ≤ p̄ and r̄ ≤ q̄. Since r̄ ∈ Ti ∩ 1/θ and Ti

is finite, the existence of r̄ will justify the claim. Let v be any valuation
into a subdirectly irreducible algebra A ∈ H. By Lemma 6.1(1) we know
that v(p), v(q), v(r) ∈ {v(xi), 1} An examination of the four possible values
that v(p) and v(q) may assume shows that in all cases, v(p) ≤ v(r) and
v(q) ≤ v(r).

This lemma shows that for each congruence relation θ on F and every
1 ≤ i ≤ n, there exists a least element mi ∈ Ti ∩ 1/θ. The congruence θ is
uniquely determined by the n elements m1, . . . , mn. Hence |Con F| ≤ |T1|n =
|T≤1|n = 2n|E≤1|. Since the cardinality of Con F is an upper bound for GV(n),
we have

GV(n) ≤ 2n|E≤1|.
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For V = H we see from (7) that

|E≤1| =
n−1
∑

r=0

(

n − 1

r

)

qr2
n−1−r .

This sum is bounded above by the expression for |FJ (n)| in Theorem 5.6.
We may therefore invoke the upper bound for |FJ (n)| given in Theorem 5.8
to conclude that there is a constant b such that for all large n,

GH(n) ≤ 22
n2

4 +n+b lg n

. (8)

Next we consider a lower bound for the G-spectrum of H. In [2] there is
an argument that provides a lower bound on the G-spectrum of the variety
of implication algebras by means of a lower bound on the G-spectrum of the
variety of semilattices. We use that argument now to give a lower bound on
GH(n) in terms of the lower bound on the G-spectrum of the variety J of
join algebras.

If A = 〈A,→〉 ∈ H, then let Aj denote the algebra 〈A, j(x, y)〉 where
j(x, y) is the term (x → y) → y. If A is a pure Hilbert algebra, then Aj is
a pure join algebra as observed in Lemma 6.1. Moreover, every subdirectly
irreducible algebra join algebra is of the form Aj for some subdirectly irre-
ducible algebra A ∈ H. Therefore, in the language of [2] the variety J of join
algebras is a residual reduct of H, and so Lemma 4.2 of that paper applies.
This means that for F = FH(X), the subalgebra B of Fj generated by the
set X using only the operation jF(x, y) has the following properties:

• B is isomorphic to FJ (X),
• for every θ ∈ Con B there exists θ ∈ Con F for which θ|B = θ,
• θ is generated as a congruence relation by θ.

Now for each congruence relation θS on FJ (X) that was formed in the ar-
gument used to prove Theorem 5.9 we form the congruence relation θS on
FH(X). An argument virtually identical to that given on page 333 of [2]
shows that the collection of at least 2f(n)/n2

/n! congruences of the form θS

on FJ (n) that has the quotients F/θS all pairwise non-isomorphic extends
to a family of congruence relations θS on FH(n) that also have pairwise non-
isomorphic quotients. If we use the lower bound given in Theorem 5.9 and
the upper bound in (8) we have the following.

Theorem 6.9. There is a constant b such that for all sufficiently large n,

22
n2
4 +n−b lg n

≤ GH(n) ≤ 22
n2
4 +n+b lg n

.
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