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Main Result

Let SO(2) =T, A(T) is an explicit abelian category, with injective
dimension 1, and dA(T) is the associated category with differentials.

Theorem (BGKS, The classification of rational T-spectra)

There is a (zig—zag) of symmetric monoidal Quillen equivalences
between rational T-equivariant spectra and d A(T).

T Spg o dA(T) and Ho(T Spg) = DA(T).

Corollary (BGKS, Rings and modules)

T Spg -rings Q:E dA(T)-rings

E-mod in T Spg = ©E-mod in d A(T)
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Main Result

Existing work

Original Outline for G = T, without monoidal structure

Greenlees 1999 S. 2002
Ho(’]I‘SpQ) % DA(T) — T Spg &E dA(T)
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Existing work

Revised Outline

Greenlees 1999
Ho(T SpQ) >~ DA(T)

¢

BGKS, with monoidal structure
~ T
T Spg 5 dA(T)

Greenlees-S.
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i Revised Outline
Main Result
Greenlees 1999 Greenlees-S.
>~ A n ~ n
Ho(TSpQ) DA(T) T SpQ 56 dA(T")

i |

BGKS, with monoidal structure
T Spg 5 dA(T)

— Ho(T Spg) % DA(T)
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Corollary (S. 2002)

The model category of rational T-equivariant spectra is rigid:

Ho(%) 'i’ Ho(TSpy) = ¢ é'JTSpQ

Can compute All Toda brackets here (use injective dimension 1).

Model as differential graded modules over an explicit rational DGA .

Appendix (S. 2002)

Toda brackets are determined by the triangulated structure on the
homotopy category.
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For each compact Lie group G, find a simple algebraic category A(G)
which is symmetric monoidally Quillen equivalent to G Spg.

Existing monoidal work

o G finite (Barnes, 2009; Kedziorek, 2014)
o G=T=S0(2) (BGKS, 2017)

”
Existing non-monoidal work

o G = O(2) (Barnes, 2016)
@ G = SO(3) (Kedziorek, to appear, preprint 2016)
o G =T" (Greenlees- S., preprint 2016)

Main Result

A\




Cohomology theories and equivariance

Rational
SO(2)
equivariant
ring spectra

Brooke
Shiple

Background

Let G be group, X a based topological space with G action and let F*
be a cohomology theory.

We need equivariant cohomology theories

e F*(X) has a G-action.
o Consider EG the contractible, universal free G-space, EG/G = BG.
@ ET =5 c C*, BT = CP*.

v
Examples

@ The borel construction: F* (X Ag EG,).
e Equivariant K—theory.

@ Equivariant cobordism.




Rational
SO(2)
equivariant
ring spectra

Brooke
Shiple

Background

Equivariant cohomology theories

For V a representation of G, define SV as the one-point
compactification of V. Note, if V = R", then SV = §".

Definition

A G-equivariant cohomology theory F: consists of cohomology
theories such that

(F& =) (8% A X) = (F{)"(X).

Here F¢ as an RO(G)-graded cohomology theory.

Theorem (Equivariant Brown representability)

A G-equivariant cohomology theory F(. is represented by a G-spectrum
Fo. That is F£(A) = [E®A, F¢]C.
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Definition

For G a compact Lie group, a G-spectrum X is a collection of based
G-spaces X( V) for each finite dimensional real representation V of G,
along with structure maps

X(V)ASY — X(Vae W)

For each V there is an equivalence of categories

o

— A SV:Ho(G Sp) — Ho(G Sp)

For a G-space A, let Z°A be the spectrum with (X°A)(V) =AASY.
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Definition

The model category of rational G-spectra G Sp, is the category
G Sp with weak equivalences those maps f such that 7//(f) ® Q is an
isomorphism for all closed subgroups H of G.

Theorem (Rational equivariant Brown representability)

A rational G-equivariant cohomology theory F(. is represented by a
rational G-spectrum F¢.
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— General aim

For each compact Lie group G, find a simple algebraic category A(G)
which is symmetric monoidally Quillen equivalent to G Spg,.

V.

Existing monoidal work

o G finite (Barnes, 2009; Kedziorek, 2014)
e G=T=S50(2) (BGKS, 2017)
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Let WH = NgH/H.

Finite G Let G be a finite group. The category of rational G-spectra is
symmetric monoidally Quillen equivalent to the product category

GSpy 2, 11 CholweH]

(H)<6G
Greenlees-May 1992: homotopy level equivalence
Schwede-S. 2003: Quillen equivalence

Barnes 2009 and Kedziorek 2014: symmetric monoidal equivalence



The finite case from Barnes 2009.
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Facts for finite G
° [S,S]$? = A(G) ® Q= [[(1)<c @
@ The homotopy category is generated by eyX>°G/H,. for varying H.

Proposition (Barnes 2009)

There is a symmetric monoidal Quillen equivalence

A
GSPQ H LeHSG SPQ
IT (H)<G

Le,sG Spg is the model category with weak equivalences those f with
ey (f) @ Q an isomorphism for all K < G.
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The finite case from Barnes 2009.

Let WgH = NGH/H
The model category Le,sG Spg is generated by eyX>°G/H,. The
homotopy of the self maps of this generator are concentrated in degree

Zero:
7. F(enG/Hy, enG/H,)C ~ WeH.,

Proposition (Barnes 2009)

There is a Morita-type Quillen equivalence:

Le,sG Spg QﬁE F(eHG/H+,eHG/H+)G—modSpQ Q:ESpQ[WgH]

SpQ[W(;H] Q:E ChQ[WGH]



The finite case from Kedziorek 2014
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Proposition (Kedziorek 2014)

Let G be a finite group and WgH = NgH/H. There are symmetric
monoidal Quillen equivalences

Finite G

LeESG SpQ QEE SpQ[WGH] Q:E ChQ[WG H]

Theorem (Kedziorek 2014)

Let G be a finite group. The category of rational G-spectra is
symmetric monoidally Quillen equivalent to the following product.

GSpy =, II CholweH]
(H)<G




T—spectra
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Stipley @ The homotopy category is generated by T/H, for varying H.
o [XZ®°T/H,,x>T/K.]T is not concentrated in degree zero.
° [S,S[I°=A(G)2Q=Q.

T-spectra

Next, decompose S. Let F be the family of finite subgroups of T.
Consider the cofibre sequence:

EF, +S° > EF
There is a pullback square of T-spectra

S%DE.F_F

i ¢

EF — DEF,. NEF
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A pullback of model categories:

5°®-mod DEF, —-mod

| |

Lg;TSpg — L DEF, —mod

DEF,AEF

Definition

S*—mod has objects (X 5 Y & 2),
fXANDEF. — Y and g:Z — Y maps in DEF_ —mod.

For X € TSpg, (X A EF — X A EF A DEF; < X ADEFy) is in
S® —-mod.
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There is a Quillen adjunction, not a Quillen equivalence.
S*A—
T Spg 5° —mod
pullback
Derived unit map:

X — pullback(X A EF — X A EF A DEF, < X A DEFY).

Since it is a weak equivalence for S and X A — commutes with
pullbacks, it is a weak equivalence for all X.
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T-spectra

There is a Quillen adjunction, not a Quillen equivalence.
T Spg S® —mod
pullback
For all X,
X =5 pullback(X A EF — X A EF A DEF, « X A DEF,).

So, S®* A — is full and faithful.

We make it essentially surjective by using cellularization.



Cellularization

Rational
SO(2)
equivariant
ring spectra

T-spectra

Consider the “cells” K ={S* A(T/Cp)+ | n=1}U{S* A(T/T)4}.

Definition

In K —cell-5®*-mod, a map f:M — N is a weak equivalence if for all
ke K N
[k, MI*" — [k, NJ®

Replacing Ho(S® —mod) by the full subcategory generated by the
images of K.

There is a Quillen equivalence (STEP 1)

S*A—
T Spg K —cell-5° —mod
pullback
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T-spectra

Taking fixed points induces Quillen equivalences:

LzzTSpg =~ Spg
DEF,-mod =~ (DEF,)"-mod
Lper, ngrDEFr—-mod =~ Liper  gryw(DEFL)T -mod
Define S7,, using the right hand side of the above.

There is a Quillen equivalence

S5®-mod Stop

)"

—mod
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T-spectra

Taking fixed points induces Quillen equivalences:

Lz-TSpg =~ Spg
DEF,-mod =~ (DEF,)"-mod
Lper, ngrDEF;—mod =~ L(DE_FMEF)T(DE}'JF)T—mod
Define Sf,, using the right hand side of the above.

There is a Quillen equivalence by the cellularization principle [Greenlees
and S. 2013] (STEP 2)

K —cell- S®* —mod KT —cell- S
()"

top




Algebraicization
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Translate to DGAs

Theorem

There is a diagram of model categories of differential graded modules
St = (6DEF; -mod — La(©DEF})-mod « Chg)

such that the model categories below are symmetric monoidally Quillen
equivalent. (STEP 3)

K™ —cell- S5, —mod ~ K —cell- S -mod

We have isomorphisms of commutative rings

H.(ODEF}) = m (DEF.) = OF = [ [ Qlci]

n>1

hence GDE}'E ~ Ox by a formality argument.



Formality
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This simplifies S¢ —mod to:
Or-mod — L4Ox-mod < Chg
with A a ring object such that
H.(A) = £710F = colim, Ox[c; Y, ... ¢ Y]
Or — £E710F is formal and hence
LaOx-mod ~ £ 'O x —mod

Name the images of K as K, under these simplifications.



Removing cellularization
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(STEP 4)

KT —cell- S¢ -mod ~

K, —cell-(Ox —-mod — £710x-mod < Chg) = dA

d A has objects (M — N + V) with maps
EIM = N+ E0r2q V
Originally, (1999) dA(T) has objects morphisms of O z-modules
BM — E710F @g V

such that § is an isomorphism after inverting £.
Include dA(T) into d.A by taking N = £IM.



Completing the proof

Rational
SO(2)
equivariant
ring spectra

Use formality to identify the cells. Then cellularization implies structure
maps of d.A are homology isomorphisms.

T-spectra

The model categories d.A and d A(T) are Quillen equivalent. (STEP 5)

Theorem (BGKS, The classification of rational T-spectra)

There is a (zig—zag) of symmetric monoidal Quillen equivalences
between rational T-equivariant spectra and d A(T).




The algebraic model for T = S?
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il Let Or =[], Qlc,] and £710F = colim, OF[c;t,..., ¢, 1], with
deg(c,) = —2.

Definition (The algebraic model A(T))

Let A(T) be the category whose objects are morphisms of Ox-modules
of the form
T-spectra ﬁM 5—10]: ®Q V

such that § is an isomorphism after inverting &.

A morphism is a pair (6, ¢) which makes the following square commute

B

M—>5710}' ®q V
l/e ¢£710F®Q¢
M’ & 5_10_7: 0V0) v/

Let d A(T) be the associated category with differentials.
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