AVERAGE TWIN PRIME CONJECTURE FOR ELLIPTIC CURVES

ANTAL BALOG, ALINA-CARMEN COJOCARU AND CHANTAL DAVID

ABSTRACT. Let E be an elliptic curve over Q. In 1988, N. Koblitz conjectured a precise asymptotic for the
number of primes p up to « such that the order of the group of points of E over Fp is prime. This is an
analogue of the Hardy—Littlewood twin prime conjecture in the case of elliptic curves.

Koblitz’s Conjecture is still widely open. In this paper we prove that Koblitz’s Conjecture is true on
average over a two-parameter family of elliptic curves. One of the key ingredients in the proof is a short
average distribution result of primes in the style of Barban-Davenport-Halberstam, where the average is
taken over prime differences and over arithmetic progressions.
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1. INTRODUCTION

A well-known open problem in number theory is the twin prime conjecture, which states that there exist
infinitely many primes p such that p + 2 is also a prime. This conjecture was generalized by A. de Polignac
in 1849 to the statement that, for any even integer r # 0, there exist infinitely many primes p such that p+1r
is also a prime. In 1922, G.H. Hardy and J. Littlewood [HaLi] made this statement precise, predicting that,
as T — 00,

#{p <x:p+ris prime} ~ &(r) 332 ,
log” x
where
0L —2) -1
2 H H if 2| r,
(1) S(r) = ££2 (€—1)2 o|r 042 (=2

0 otherwise.

Here and everywhere in the paper, p and ¢ are used to denote primes.

A. Balog was supported by Hungarian OTKA grants K49693 and K72731. A.C. Cojocaru was partially supported by NSF
grants DMS-0636750 and DMS-0747724. C. David was partially supported by an NSERC Discovery Grant 155635-2008.

1



Even though still inaccessible by current methods, the twin prime conjecture has generated tremendous
advances in number theory. In particular, in 1915-1919, V. Brun developed what is now known as the theory
of the Brun sieve to prove that Z ! < 00, as well as upper bounds of the right order of magnitude for

p+2 f)rirne b
the number of twin primes p < x. Brun’s methods opened the way to sieve theory, leading to the important
achievement of J. Chen from 1966 that #{p < z:p+r =P} > 1%%7 where, for an integer k, Py denotes
the product of at most k primes. This result relies on other major achievements of sieve theory, such as
applications of the large sieve to averages of primes in an arithmetic progression. Subsequently, further
important work has been done concerning average versions of the twin prime conjecture, the size of the set
of exceptions to the twin prime conjecture, and the size of small gaps between consecutive primes.

The twin prime conjecture can be generalized in many directions. For instance, the Hardy-Littlewood
heuristic can be used to predict the (same) asymptotic formula for the number of primes p < 2 such that %
is also a prime. This question may be reformulated as counting the number of primes p < x such that the
group F /{£1} is of prime order. Such a reformulation may then be easily generalized to other groups, such
as the group of points of an elliptic curve: given an elliptic curve E/Q over the field of rational numbers,
count the number of primes p <  of good reduction for E such that the group E(F,)/E(Q)tors is of prime
order, where E(F,) denotes the reduction of E modulo p and E(Q)crs denotes the torsion subgroup of E/Q.
This question has theoretical relevance to elliptic curve cryptography and was first considered by N. Koblitz
in 1988:

Koblitz’s Conjecture Ko
Let E/Q be an elliptic curve without complex multiplication defined over the field of rational numbers. Then
there exists a constant C(E) such that, as © — oo,

WtEWin(.'lf) = # {p <x: |E(Fp)‘ 28 prime} ~ C(E) T

log2 T

We remark that the constant C'(F) in Koblitz’s Conjecture can be zero, and the asymptotic relation is
then interpreted to mean that there are only finitely many primes p such that |E(F,)| is prime. This happens
for curves isogenous to a curve with non-trivial rational torsion, but not exclusively. It also happens, for
example, for the curve with Weierstrass equation Y2 = X3 +9X + 18 which is not isogenous to a curve with
rational torsion, but has the property that (|E(F,)|,6) > 1 for any prime p. This example is due to N. Jones
and is discussed in [Zy2]; for other examples, see [Jo3].

A candidate for the explicit constant C'(E) was given by Koblitz in his paper and was later corrected by D.
Zywina [Zy2] in the generic case of an elliptic curve E/Q without complex multiplication; in this case, it will
also be described in detail in Section 2. For the case of an elliptic curve E/Q with complex multiplication,
we refer the reader to [Ko] , [Jo2], and [Zy2].

To investigate Koblitz’s Conjecture, it is useful to write the number of points of £ over F, as
[E(Fp)|l =p+1—ap(E),

where a,(E) satisfies the Hasse bound |a,(E)| < 2,/p. In particular, this makes the analogy between
Koblitz’s Conjecture and the twin prime conjecture more apparent.

Based on this analogy, one can employ sieve methods to find partial results towards Koblitz’s Conjecture.
This approach was initiated by S.A. Miri and V.K. Murty [MiMu] and further refined by A. Steuding and J.
Weng [StWe], the second author [Co|, H. Iwaniec and J. Jiménez Urroz [IwJU], [JU], and the third author
and J. Wu [DaWu]. Consequently, we currently know: upper bounds of the right order of magnitude for
7N (z), provided a Generalized quasi-Riemann Hypothesis holds if F/Q is without complex multiplication
and unconditional otherwise [Co], [Zy1]; various lower bounds in the style of Chen’s result [MiMu], [StWe],
[Co], IwJU], [JU], [DaWu], again conditional if E/Q is without complex multiplication and unconditional
otherwise. Regarding lower bounds, the best result was obtained in [JU] for elliptic curves with complex
multiplication; namely,

#{p<a LIBEN =P >
e log”
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where tg is the least common multiple of |E'(Q)sors|, with E’ varying over all elliptic curves over Q which
are Q-isogenous to F.

The main purpose of our paper is to prove the validity of Koblitz’s Conjecture on average over a set of
elliptic curves E/Q:

Theorem 1. Let x > 0 be a variable and let € > 0. Let A = A(x),B = B(x) be parameters such that
A, B > x° and AB > zlog'®z. Let C = C(A, B) be the set of elliptic curves E(a,b) : Y? = X3 +aX +b,
where a,b € Z with |a| < A,|b] < B. Then, as x — o0,

1 in T T
LS e o),

2 3
Fee log” x log” x
where € is the non-zero constant

2 o 0 — 203 — 02 43¢ 2 —0—-1
¢ = - = 1——— ] =~ 0.505166168239435774.
5wy - o)

As will be explained in Section 2, the average constant € gives further evidence for the conjectural constant
of Koblitz’s Conjecture. In particular, it leads to the following “almost all” result:

Corollary 2. We keep the above notation and consider a family C = C(A, B) of elliptic curves for which

7
A,B > x°, AB > :1:210g14a: and limy g oo % =0 .

o(log x), with at most
2
. (f @ IC|)
log” x

exceptions, the curves E € C satisfy the refined Koblitz conjecture

Then, for any real positive function f(x) =

xT x

f(z) log® z”

Thus, even though we do not construct any particular elliptic curve E/Q for which Koblitz’s Conjecture
holds, we provide strong evidence that the conjecture is indeed true.

<

mg"" (x) — C(B)

log2 T

Theorem 1 is the consequence of two key ingredients of independent interest, which we state below. The
first one is concerned with the distribution of elliptic curves over a fixed finite field and having a prime
number of points:

Theorem 3. Let p be a prime and let
©*(p) := #{E/F, elliptic curve: |E(Fp)| is prime} .

Then, as x — 00,

> ™ (p) e +O< - )

= 2 3
o< 3log” x log” x
where € is the constant of Theorem 1.

The second ingredient is an average of the standard twin prime conjecture. Such averages were first
considered by N.G. Chudakov [Chu] and A.F. Lavrik [Lav], and then, among others, by A. Balog [Bal], who
added distribution in residue classes, and by A. Perelli and J. Pintz [PePi], who shortened the average. The
length of the average needed for our application to elliptic curves is dictated by Hasse’s bound and is short
(v/z compared to z); additionally, we also need distribution in residue classes. Such a mixture of additional
features is not in the literature and is proven here:
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Theorem 4. Let © > 0 and let ¢, M > 0. Then there exists an integer N(M) > 0 such that, for any
w3t < R<xz, N>NM), Q<zlog ™z, and X,Y satisfying2 < X +Y < x, we have

where

2

Z Z Z Z logp -logp’ — &(r,q,a)Y <<R7x27

M
0<|r|[<R¢<Q a(modq) | X<psXt¥ log™

p=a(mod q)
p—p/:’r

: J =(a—r1,q9) =
G(T,q,a) = WG(T(]) Zf? | T, (a7q) - ( 7Q) 1,

0 otherwise,

S(rq) is as in (1) and ¢(q) is the Euler function of q. Here (and in what follows), q denotes a positive
integer, and p,p’ and £ denote rational primes.

Remarks

(1)

There are several open questions about the reductions of an elliptic curve E/Q modulo primes. In
particular, for a fixed integer a # 0, a conjecture of Lang and Trotter [LaTr] predicts that, as x — oo,

Jz

log x

#{p<z:a,(E)=a}~C'(E)

for some constant C’(E). This conjecture is known to hold on average over elliptic curves E/Q in
a two-parameter family C = C(A, B) [DaPal]. The size of this family was further reduced from
A, B > z*¢ [DaPal] to A, B > 2%, AB > z3*¢ [Bai] by following the techniques of [FoMu].

The size of the family C in Theorem 1 is substantially smaller than that in the afore-mentioned
average of the Lang-Trotter Conjecture of [Bai]. This is because the set of elliptic curves over E/F,,
with a fixed trace a,(F) is far thinner (among all elliptic curves over F,) than the set of elliptic
curves over I, for which the group of points has prime order.

Theorem 1 and Corollary 2 may be viewed as GLa-generalizations of the various existing average
results for the twin prime conjecture, in particular of Theorem 4. Similarly, the average results for
the Lang-Trotter Conjecture above may be viewed as GLo-generalizations of the Barban-Davenport-
Halberstam Theorem on averages of primes in an arithmetic progression. While we do not compare
the orders of difficulty of the Lang-Trotter and Koblitz’s Conjectures, our work shows that the average
of Koblitz’s Conjecture requires a finer analysis than the average of the Lang-Trotter Conjecture.
Similarly to the work on the exceptional set in the twin prime conjecture (see [MoVa] and [PePi]),
it would be interesting to investigate further the size of the exceptional set in Koblitz’s Conjecture
and thus improve on Corollary 2.

Theorem 3 is only concerned with the distribution of elliptic curves over F,, having a prime number
of points. More properties of this distribution could be obtained by considering the higher moments

My(z) == (7*(p))* for k> 1.

p<z

Finally, we remark that Koblitz’s Conjecture has a version stated over number fields in [Zy2], and it
would be interesting to see if one can obtain evidence for this more general conjecture by averaging
over curves over number fields. Some averages of the Lang-Trotter Conjecture over number fields
were considered for K = Q(¢) in [DaPa2], and, very recently, for abelian extensions of Q in [Wa]. It
would be interesting to do a similar analysis for Koblitz’s Conjecture.

The structure of the paper is as follows. In Section 2, we present the heuristic reasoning behind Koblitz’s
Conjecture and discuss the constant €. In Section 3, we reduce Theorem 1 to Theorem 3 and we prove
Corollary 2. In Section 4, we reduce the statement of Theorem 3 to an average of Kronecker class numbers
(Proposition 12). In Section 5, we show how an average of the twin prime conjecture (Proposition 13) implies
Proposition 12. Finally, in Sections 6-7, we give the proofs of the afore-mentioned Proposition 13 and of
Theorem 4.



2. AVERAGE OF KOBLITZ’S CONJECTURE AND THE CONJECTURAL CONSTANT

The constant C(E) in Koblitz’s Conjecture is based on the following heuristic argument, which is remi-
niscent of the argument leading to the classical twin prime constant of Hardy and Littlewood (as explained,
for example, in [So]).

Let E/Q be an elliptic curve without complex multiplication. We want to count the number of primes p
such that |E(F,)| = p+ 1 — a,(E) is also a prime. We need to ensure that, for each prime ¢, the number
p+1—a,(FE) is not divisible by £. Clearly, for a fixed prime ¢, the probability that a random integer n is
not divisible by £ is (¢ — 1)/¢. To compute the probability that £{p+ 1 — a,(F), we consider the action of
Gal(Q/Q) on the torsion points of E, which leads to the absolute Galois representation

pe : Gal(Q/Q) — GLa(Z)
attached to F, and, in particular, for any integer m, to the injection
pEm : Gal(Q(Em])/Q) — GLa(Z/mZ),
where Q(E[m]) is the field obtained by adjoining to Q the coordinates of the m-division points E[m]. By
studying the action of the Frobenius map o0}, on the torsion points of E, it follows that
t(ppm(oy) = ap(E) (modm),
det(pg,m(op)) = p (modm),

for all primes p f m of good reduction for E. Then, for a prime ¢, the probability that £{p+ 1 — a,(E) may
be evaluated by counting matrices g in GLg(Z/¢Z) such that det(g) + 1 — tr(g) Z 0(mod ¢).
Let G(m) be the image of pg m in GL2(Z/mZ) and let

Q(m) = {g€G(m): (det(g) +1— tr(g),m) £ 1}.
In particular, if m = ¢,
Q) = {geG):det(g) +1—tr(g) =0(mod¥)}.
Then, at each prime ¢, the correcting probability factor is the quotient
_ 120
GO
oL
14

—~

where the numerator is the probability that p + 1 — a,(E) is not divisible by ¢ and the denominator is the
probability that a random integer is not divisible by ¢.

If G(¢) = GL3(Z/¢Z), then we have

_ ()]
[
R (A VR D
¢

If E/Q is without complex multiplication, the constant C(E) of [Ko| is defined as the product over all
primes £ of the local factors above. But the probabilities are not necessarily independent from one prime to
another, as observed by Serre [Se]; Zywina [Zy2] refined the constant C'(E) by including this observation.

The dependence of the probabilities can be quantified: there is an integer mpg which has the property
that the probabilities are independent for primes ¢ t mg; more precisely, mg is the smallest positive integer
such that the image of Gal(Q/Q) under the absolute Galois representation of E is 7~ !(G(mg)), where
7 Gly(Z) — GLy(Z/mgZ) is the natural projection. For each elliptic curve E/Q without complex
multiplication, the constant C'(F) in Koblitz’s Conjecture is then expected to be

[2(mp)|
1 PR
|G(mEg)| ?—r-1
(2) cm) = —Gmell o (- a2,
11 (12) £+mE< (5—1)3(€+1)>

llmEg



Some numerical evidence for this constant can be found in [Zy2].
We remark that, even though mpg is never 1 [Se], it is possible for some elliptic curves F/Q to have

C(E)—H(I—P_g_l )—¢

4 (—1)30+1))

Indeed, as shown in [Jo2, Proposition 14], if E/Q is a Serre curve such that the squarefree part of its minimal
discriminant is = 2,3(mod 4), then C(E) = €; moreover, it was shown by Jones in a previous work [Jol]
that, in an average sense, most curves E/Q are Serre curves.!

The average constant € of Theorem 1 should not be thought of, however, as the constant of any given
curve over Q, but as the average of all the constants C(E). Indeed, in [Jo2], Jones shows that if one assumes
a positive answer to a well-known question of Serre, then the average of the conjectural constants C'(E) of
(2) is indeed the average constant of Theorem 1. This result is now known to hold unconditionally [Zy2].
Our result then gives evidence for both the asymptotic of Koblitz’s Conjecture and the constant appearing
in the conjecture.

Theorem 5. (Jones [Jo2, Theorem 6], Zywina [Zy2, Proposition 9.1])
For any positive integer k, we have that, as A, B — oo,

LS 10(8) - e < max { (losb- s AT 1 log) (min{4, BY) }
|C| b)

EeC B \/ min{A, B}
log B - log” A 1
for some explicit constant v. In particular, if lima .o % =0, then m Z C(E) ~¢.
EecC

3. REDUCTION OF THEOREM 1 AND COROLLARY 2 TO THEOREM 3

In this section we show how Theorem 1 and its Corollary 2 reduce to Theorem 3. We will place a special
emphasis on the length of the average in Theorem 1, which, as we mentioned, is shorter than what can be
obtained for the average of the Lang-Trotter Conjecture.

3.1. Reduction of Theorem 1 to Theorem 3. Let z > 0 and let C be the family of elliptic curves
introduced in Theorem 1. In this section we show how the average of 7%i"(z) over E/Q reduces to an
average of 7*(p), which is estimated in Theorem 3.

As a start, let us write

1 : 1 .
I E ain(y) = I E E #{|a] < A,|b] < B:a=s(modp),b=t(modp),|E(a,b)(F,)| prime}
EcC p<x s,teF,
1
iy oy oy

p<z s,t€Fp la|<A, [b|<B

|E(s,t)| prime a=s(modp)

b=t(mod p)

where FE(s,t) is the elliptic curve over F,, with model Y? = X3 + sX + ¢ and |E(s,t)| is the number of its
[F-rational points. Thus we partitioned the elliptic curves in C according to their models over F,,.
Note that the number of terms in the middle sum above is 7*(p). The innermost sum is simply

(co0) (2+00)- 42

provided A, B are large enough with respect to x. This leads to the asymptotic

1 twin ’/T*(p)
EZWE @)~ o

EeC p<z

We remark that this approach leads to a poor average, since we need to take AB > 22%¢ in order to
obtain the asymptotic formula above. A substantial improvement can be obtained from a better use of the

We recall that an elliptic curve E/Q is called a Serre curve if, for each positive integer m, one has [GL2(Z/mZ) :

Gal(Q(E[m))/Q)] < 2.
6



uniform distribution of isomorphic elliptic curves. More precisely, instead of partitioning the elliptic curves
in C according to their models over I, we partition them according to their isomorphism classes over F,, as
follows.

After fixing an elliptic curve E(s, t) over ), we enumerate the curves E(a, b) € C whose reduction modulo
p is isomorphic to E(s,t) over F,,. It is well known that, if s,t,a,b € F,, then the two elliptic curves E(s,t)
and E(a,b) are isomorphic over F, if and only if a = su? and b = tu’ for some u € [F7; moreover, there
are (p — 1)/| Aut(E(s,t))| elliptic curves over F), which are Fp-isomorphic to E(s,t). Here, Aut(E) is the
automorphism group of the elliptic curve E. This approach leads to

(3) é Z T (g) = é Z Z [Aut(E(s, D) Z 1,

EeC p<zx s,tE€Fp p la|<A, [b|<B, 31<u<p:
|E(s,t)| prime a=su%(mod p)
b=tub (mod p)

where, for each fixed s,t € I, the innermost sum is over all integers |a| < A, |b| < B such that there exists
u € F; with a = su*(mod p) and b = tu®(mod p).

We calculate the innermost sum (on average over p, s, and t) using a character sum method borrowed
from Banks and Shparlinski [BaSh] with their kind permission. The resulting tool of this method is the
following lemma, which we prove at the end of the section:

Lemma 6. For a fized prime p and fived s,t € Fy, let w, s+ € C be such that |wys¢| < 1. Let A, B > 0.
Then, for any positive integer k, we have that, as T — 00,

1 2AB
O D D

p<lzx 1<s,t<p la|<A, |b|<B, 31<u<p: p
a=su?(mod p)
b=t (mod p)

< ABz'™2x log%_1 z+ (AVB + BVA)z' = logg_1 z + VABz?2 log? .

In our application, the weights w,, s are 1 or 0, according to whether |E(s,t)| is prime or not.
Since

6 if s=0and p=1(mod3),
|Aut(E(s,t))| =< 4 if¢t=0and p=1(mod4),
2 otherwise,
and

C| = 4AB + O(A + B),

we can rewrite (3) as

1 in
ﬁ Z T (x)

EecC
“EX ¥ o Y mo|gX Yoo
IC| p—1 Ic|
p<z s,teFp la|<A, |b|<B, 31<u<p: p<z la|<A
|E(s,t)| prime a=su?(mod p), [b|<B
b=tu6 (mod p) ab=0(mod p)
2 1 x T
4 =G>T 1+ 0 (logl ,
@ |C|Zp—1 Z Yt Z + (og Ogac—&_Aloga:+Blogx)
p<z s,tel, la|<A, [b]<B, 31<u<p:

a=su4(mod p),
b=tu6 (mod p)

7



Then, using Lemma 6 to estimate the first term in (4), and observing that the error term in (4) is smaller
than the error term in Lemma 6, we obtain

1 twin _ ﬂ*(p)
(5) @ZWE () = 27_1)

EeC p<z p(p

+ Oy, (xl_;’clogglaﬂ— ( )331+21’610g151x+

L1 L 3o )
— 4+ —= x2log”x
VA VB NV
for any positive integer k. Choosing A, B such that A, B > 2 and AB > zlog"® z, Theorem 1 now follows

easily from (5), Theorem 3, partial summation, and from choosing the integer k large enough to have that
ek > 1.

3.2. Proof of Corollary 2. Let
1 § win

We consider

3

EecC

atwin(z) — ¢ z

2 2
1 Z twi 2 z 2
_ - win + _¢ _

EeC

2
(6) 1 +u—u2+(u—¢ - ) 7
log” x

1
X X
EeC p,p' <z
p#Ep’
|EFp)||E(F,,)| prime
where p,p’ denote primes. For p and the last term above, we will use the estimates given by Theorem 1
provided that the family C is large enough (i.e. provided that A, B > 2¢ and AB > zlog'’ z). For the first
term on the right hand side of (6) we will obtain an exact formula with main term p2?. We proceed as follows.
As in our deduction of formula (3), by partitioning the elliptic curves in C according to their isomorphism

classes over IF,, and )/, we obtain

D INEED SN

EcC p,p/ <z
p#p’
|E(Fp)|,|E(F,r)| prime
! ! !y / !ogl
T Z o N —1) Z Wy s tWy o 1| AUt(E(s, 1)) - |Aut(E(s",t"))| - S(p,p',s,t, 8, t),
Cl &= -1 -1) 4=
p#p’ s/ t/€F

where wy, s 1, Wy s ¢ are 1 or 0 according to whether |E(s,t)|, |E(s’,t')|, respectively, are prime or not, and
S(p,p',s,t,8,t)
is the number of integers |a| < A, |b] < B such that there exist 1 < u < p,1 < u' < p’ satisfying
a = su*(modp),a = s'u*(mod p’), b = tu’(mod p), b = t'u'(mod p’).
We now use the following generalization of Lemma 6, which will be proved at the end of the section:
Lemma 7. For fized primes p,p’ and fized s,t € Fy, st e Fp . let wp s, wp o0 € C be such that
|Wp s.t]s |Wpr sr.| < 1. Let A, B > 0. Then, for any positive integer k, we have that, as © — oo,

1 N Stops.t. sy~ AP

/ p,s,tWp’,s' ¢! b,p,S81,8, ;

pp'<w pp 1<s,t<p pp
p#p’ 1<s’t/ <p’

<1, ABz?=x 1og§_1 z+ (AVB + B\/Z)x”% 1og§'~'#_2 x+VABx?logx.
8



Similarly to our deduction of (5), we obtain that

_ 7 (p)7*(p')
Ic| Z 2. b= plp—1)p'(p' — 1)

EecC p,p' <a p,p' <z

p#p’ .
|B(Fp)1, [ E(F,)| prime

1 1 1 Eo 1 1
7 + Op (2> Flogz a4 (+> 22 Trlog2tor 24 4 z21o a:)
(7) k( g NV g Tag" o

By using the trivial bound 7*(p) < p?, we see that

™ (p)m* (p') _ )2
2 plp—1)p'( —1) ) —1)?

p#p’

p,p' <z p<a:
p#p’

(8) =

p<m log:c
Moreover, by appealing to formula (5) and the upper bound p < ;= resulting from Theorem 1, we obtain
2
SO oy (et (L ) orhioghsa L)
2ol 1) Vi' VB D
1 1
9) + Oy (gﬂ‘i logh=2z + <A + B) 22Tk log" % x + Ex 3 log? :1:) .
By plugging (7)-(9) back into (6), we obtain
2 2
tw1n T €z 1 3 ( 1 1 ) 2+1 Ey L _o
— Lp —— + z?logr+ | —=+—= |2k log2 " "
1;% log2 x g log®z VAB s VA VB s
2
< )
‘ log6 T

provided that k = %, A,B > 2°, and AB > z? log14 x, where € > 0 is fixed and arbitrarily small.
Now we apply Theorem 5 to deduce

2 2
x x
(10) E T (z) - O(B) — 5
Eec log” x log” x
logB - log" A
provided that A4, B > z¢, AB > 22 log'* z, and hm % 0.

Finally, let f(z) be any real function such that f(z) = o(logx). Then (10) implies that

2log* x ~ x
EcC:|ny™(2) - C(B)—5—| > —— } <« EloE TS iy om) 2
#{ (@) = OB) | > s e - o)
<. f(z)? cl.
log z
This completes the proof of Corollary 2. O

3.3. Character sums. The rest of this section consists of proving Lemmas 6 and 7. Let us note that
we make no effort to write the error term in terms of the weights wp s+, as we will use the trivial bound
9



|wps.t] < 1 for our application. 2 Our proofs will rely on two important analytic results, which we state
below.

Theorem 8. (The large sieve inequality)
Let M, N, Q be positive integers and (a,)n a sequence of complex numbers. For a fized ¢ < Q, we denote by
x Dirichlet characters modulo q. Then

IS Y e (V437 Y.l

a<Q v(q) x(modq) |M<n<M+N M<n<M+N

X primitive

Proof. For a proof, see [Da, p.160]. O

Theorem 9. (The fourth power moment of Dirichlet L-functions; J. Friedlander and H. Iwaniec [Friw])
Let p be a prime and N a positive integer. Let x denote Dirichlet characters modulo p, with xo denoting the

principal character. Then
4

Z Zx(n) < N%plog® p.

X#Xo [n<N

Proof of Lemma 6. Let p be a prime and let 1 < s,¢ < p. In what follows, X, x1, x2 will denote Dirichlet
characters modulo p, and xq the principal Dirichlet character modulo p. As usual, ¥ will denote the complex
conjugate of x. We first rewrite the sum over a and b by means of characters. Note that, for fixed s,t,a,b,
if there exists one u(mod p) such that a = su*(mod p) and b = tu®(mod p), then there exist exactly two such
u, namely +u. By the orthogonality of characters, we obtain that

1 _
o> ( (5 %0 ) (7 e ) )
\a\S,:,:\Sb‘LEB;:OHdlS)U<p: 1<u<p 1 |a|<A |b|<B X2
b;tuﬁ((xnud;?)
= 212 Z x1(s U (xix5) A1) B(Xa),

X1, X2

where
p—1 if x =xo,

(1) U= Y Mw={ |

<= 0 if x # xo,
and

Using (11), we obtain further that

1 _ _
(12) > = 5o > xals)xa(HAX)BXo)-
Ia\Sz:,E\jﬁifdlsu<p: X1X2 Xo
b=tu6 (mod p)

The contribution of x; = x2 = xo to (12) is

2AB AB A B
2@ oD 2 2=t O<2+p+)

la|<A |b|<B p p
pta ptb

2The present method using the trivial bound on the weights also works in the case when the weight function Wp,s,t 18
supported on a sparse set. However, in that case the result is less satisfactory: the method recovers the results of Baier [Bai]
and Fouvry-Murty [FoMu] about the average Lang—Trotter conjecture on Frobenius traces, but does not seem to improve upon
them, even after a careful analysis of the contribution of the weights to the error term.

10



The contribution of x1 = xo, X2 # Xo to (12) is

<<§ > 1B(x2)l;

x§=x0

X27X0

similarly, the contribution of x1 # X0, X2 = Xo to (12) is

<23 1Al

x$=xo0
X1#X0
We note that these estimates are independent of s and ¢.
Replacing these three contributions in (12) and using the trivial bound for the weights, |w, s+ < 1, we
infer that

AB
oY wee| Y 1-2E

p<a: 1<s,t<p la|<A, [b|<B, 31<u<p:
a=su4(mod p)
b=tub (mod p)

(13) —Z Z Wt > x1(8)x2(t)AX)B(Xs)

p<’I‘ 1<s,t<p x{x§=xo0
X17#X0r X27#X0

(14) +0 Z(Af+A+B>+AZ S IBOR)I+BY > AN

p<z P<z x§=x¢ Pz x}=x0
X27#X0 X17X0
The contribution of the first sum in the error term (14) is smaller than that of the first two terms on the
right hand side of Lemma 6. For the contribution of the second (and third) sum in the error term (14), we
note that there are at most 6 (at most 4) characters satisfying x§ = xo (x7 = xo0). By Hélder’s inequality,
we have that, for any k > 1,

1— L

2k ok i
AD X IBhe)l=24% 0 >0 Y eb) =24 31 22 D e®
P<z x§=x0 p<z x§=xo [b<B P<z x§=x0 p<z x2#Xo |b<B
X27#X0 X2 7#X0 X2 7#X0
Rewriting
2k 2
ZXQ(b) = Z 7(b)x2(b)|
b<B b< Bk

where 75 (b) is the number of ways of writing b as the product of k positive integers at most B, and using
the large sieve, we then obtain that

1—5¢ &
(15) AZ Z IB(x2)| < A ( ) (( + B*)B* logk -1 Bk) =
P<® x§=x0
X27X0
We may assume that B < z? and then replace log B by logz in (15). Indeed, if B > 22, using k = 1, the
right hand side of (15) is bounded by AB(x/log)'/2, which is smaller than the error term of Lemma 6 for
any positive integer k.
Similarly, we deduce that

1

BZ Z |-A X1 |<<k B( ) o ((m2+Ak)Aklogk27l x)z

P<T x}=x0
X47#X0

a-""

11



Using these last two estimates in (13), we arrive at

248
Z D Wrs 2 ==

p<:v 1<s,t<p la|<A, |b|<B, 31<u<p:
a=su4(mod p)
b=tub (mod p)

p<z X1x2 X0
X17X0> X27X0

+ Oy (ABffl’i log? 2+ (AVB + BVA)z' 78 log? ! x) ’

where
Wop(x1, x2) Z Wp,5,:X1(8)X2(t).
1<s,t<p
Two uses of the Cauchy—Schwarz inequality lead to
4

> Wl x2)AR)B(X,)

x$x§=xo
X17X0r X27X0
2

(17) <l T Wl X Ml Y Bl

x$x8=x0 x$x§=x0 xix§=xo0
X17#X0> X27#X0 X17#X0> X27#X0 X17#X0> X27#X0

We can now apply Theorem 9 to the second and third character sums above, using the fact that for
any fixed character x; there are at most 6 characters y»2 (or for any fixed character xo there are at most 4
characters x1) satisfying the condition xix$ = xo. This implies that

(18) > At Y 1Bl < A2B*pPlog!p.
x$x§=xo x$x§=xo
X17#X0> X27#X0 X17#X0» X27#X0

For the first character sum, we extend the sum over all pairs of characters modulo p (including the trivial

character) to get that
Z Z IWo(x1, x2)[? Z Z Wp,s,tWp,s' ¢ ZXl s)xi(s ZX2 x2(t')

X1 X2 1<s,t<p 1<s',t'<p
(19) = (-1 Y lwpef <p-1
1<s,t<p

Replacing (18) and (19) in (17) and then in (16), we finally obtain

2AB

1
D, D W 2 ==

p<z p 1<s,t<p la|<A, |b|<B, 31<u<p:
a=su?(mod p)
b=tub (mod p)

< ABz' "% log® 'z + (AVB + BVA)z T log? ' 2 + VABz? log’
which finishes the proof of Lemma 6. O

Proof of Lemma 7. The proof of Lemma 7 is a generalization of that of Lemma 6 and thus will only be
outlined.

Let p,p’ be distinct primes and let 1 < s,t < p,1 < ¢',t' < p’. As before, we denote by x1, x2 Dirichlet
characters modulo p and by x4}, x4 Dirichlet characters modulo p’. The principal characters modulo p and
p’ are denoted by xo and x{, respectively; thus xoxg is the principal character modulo pp’.

12



With the same notation as in the proof of Lemma 6, we write

/ /o4l _ 1 N N
S(p,p',s,t,s't) = m 462 X1(s)xz(t) Zﬁ X1(s)xa(t)A (X1X1)B(X2X2)
X1X2=Xo0 X X _Xo
= Y Sipps,t 80,

1<5<16
where the sixteen character sums S;(p,p’, s, t,s',t'),1 < j < 16, correspond to the cases arising from
X1 = X2 = Xo0;
X1 = X0, X2 # Xo; xS = X0;
X1 7 X0; X2 = X07X1 Xo;
X1 # Xo, X2 # X07X1X2 = Xo0;
X1 = X2 = X0;
X1 = X0 X2 7 Xos X2 = X0;
X1 # X0s X2 = Xos X1’ = X0;

X1 # X0) X5 # X0s XiX5 = Xb-

Let us note that the sixteen cases monitor whether any of the characters x1, X}, X2, x4 is principal or not;
this, in turn, allows us to determine the main term, to determine whether xix} is primitive modulo pp’ or
not, and so on.

We remark that the first case x1 = x2 = X0, X1 = X5 = X{, gives

AB AB AB A+ B
Sl(pap/asataslat/) ( + —= 5) + ; >
pp’ ' pp pp
Thus
1 AB
Z ol Z Wp,s,tWp' st/ (S(p7p1787t78/5tl) - ,)
p,p/ <w pp 1<s,t<p pp
p#p’ 1<s’/,t/ <p’
1 , ;o zloglogx 22
= Y = Y wpeawpw Y Sippsts )+ 0 (ABTEESEE 4 (A4 By ).
p,p' <z bp 1<s,t<p 2<j<16 ogxr log X
p#p’ 1<s/ t/ <p’

The remaining fifteen averages arising from the character sums S;(p,p’, s, t,s',t'),2 < j < 16, are estimated
similarly to their analogues in the proof of Lemma 6, by appealing to the large sieve and the fourth power
moment of Friedlander and Iwaniec. In particular, for any positive integer k, we obtain

Z E Z Wp,s,t Wp! s’ t/ Z Sp,p s, t, 8 t)

p.p/ <z 1<s,t<p 2<;<16
p#p’ 1<s/,t/ <p’

<r VABz3logx

1— 5= &
+ A(lozx> : ((z + B*) B*log" _1B> *

17% ) i
+ B (10;) ) ((@2+ %) A*10g" " 4)

+ A( & >2_i ((*+B*) B* 108" B)

logz

z \*~
" B( )
log x
k

<, VABz*logz + (A\/E—&-B\/Z) +x log? tar~2 3 4 ABz? % 1og%*2 x.

This completes the proof of Lemma 7. O
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4. REDUCTION OF THEOREM 3 TO AN AVERAGE OF KRONECKER CLASS NUMBERS

In this section we reduce Theorem 3 to an average of Kronecker class numbers. We do this by essentially
following the standard method of partitioning our curves according to their Frobenius trace and by relying
on Deuring’s formula (see below). More explicitely, we first write

)= > #{stcF,:ap(E(st)=r}

Ir|<2yP

p+1—r prime

In order to evaluate this sum, we start by counting Weierstrass models Y2 = X3 + aX + b of elliptic curves
over IF, with p + 1 — r points for each given r, which can be done using the following two results.

Theorem 10. (Deuring’s Theorem [De])

For any discriminant d < 0, let h(d) and w(d) be, respectively, the class number and the number of units of
the order of discriminant d. Let p > 3 be a prime and let r be an integer such that r> —4p < 0. Let &,.(p)
be the set of Fp,-isomorphism classes of elliptic curves over Fy, having p + 1 — r F,-rational points. Then

1
E - —H@H»*-4
Aue(m)] ~ 20— Ap)
Eeé&.(p)

where, for any D < 0, H(D) is the Kronecker class number

i M/
H(D) = ; w(D/ )’
TDZzo,l(mod‘U

In particular, for any fized —2,/p < r < 2./p, there are exactly (p — 1)H(r* — 4p) Weierstrass models of
elliptic curves over I, with p +1 —r points.

Lemma 11. Let D be a positive integer such that —D = 0,1(mod 4). Then, as D — oo,
H(-D) < VDlog® D.

Proof. This follows from the class number formula and from standard bounds on special values of Dirichlet
L-functions; see for example [DaPal]. O
Using Deuring’s Theorem and Lemma 11, we write

(20) Z *(p) = Z pH(r* —4p) + O (22 log® ) .

p<lzx p<z, |r|<2yP
p+1—r prime

Thus it remains to evaluate an average of class numbers.

Let us remark that the above average of Kronecker class numbers, without the extra condition that p4+1—1r
be prime, is basically the content of the papers [DaPal] and [FoMu]. This extra condition complicates the
problem considerably and leads to the main contributions of our paper. More precisely, we will show:

Proposition 12. Let x, X,Y be positive real numbers such that 2 < X +Y < x. Then, for any M > 0,

eX2%y 3
Z Z pH(r* —4p) = 2—|—O(XY2log2z)+O( IM ),
X<p<X+Y |r|<2vX log” (X +7Y) log™ x

p+1—r prime

where € is the constant defined in Theorem 1.

The proof of this result will be explained in Section 5. Provided Proposition 12 holds, we can now complete
the proof of Theorem 3, and hence also of Theorem 1.

Proof of Theorem 3. Let z > 0. We fix an integer M > 10 and let
M T
K :=|log? Y =—.
log¥ 2], ¥ = 2
For0<k<K-—-1,let
X =X = kY.
14



We partition the interval p < x into K intervals of length Y and rewrite the main term of (20) as

Z pH(r* — 4p) = Z Z pH(r* —4p) + O (y% log Y) ,

i kSR Sy
T= D T p
p+1—7r prime p+1—r prime

where the O-term comes from k& = 0 and an application of Lemma 11. One more application of Lemma 11
gives us that the above equals

Z Z pH(r* —4p) + O (Yg logY) +0 Z XY?log?
1<k<K-1 X<p<X+Y 1<k<K—1
rI<2VE

p4+1—r prime

(21) = Z Z pH(r* —4p) + O (1;32) .

1<k<K—-1 X<ps<X+Y
- Ir|<2vX
p+1—r prime

For the main term of (21) we use Proposition 12 (with the same M) and obtain:

> > pH(*—4p)

1<k<K—-1 X<p<X+Y 1<k<K-1
|r|<2vX

p+1—r prime

k‘2
ey —F+0 XY?log?x
Z logz(kY) 1§§(71

+o| M v +0 (Y% log? Y)

M
1<h<ic_1log"
K-1 2 3
t
1 log*(tY) log? %z
T2 23
- ¢ / Y du+O|——
v log*(u) (log¥2x>

¢ 3 3
(22) - s o ()
3log” x log” x

Replacing (21) and (22) in (20), the proof of Theorem 3 is completed. O

5. REDUCTION OF PROPOSITION 12 TO AN AVERAGE TWIN PRIME CONJECTURE

In this section we show how Proposition 12 reduces to an average of the twin prime conjecture, which,
in turn, will be proved completely in Sections 6-7. To be precise, our proof of Proposition 12 relies on the
validity of the following result:

Proposition 13. Let v, M,c > 0. If N > M + 3, then, for any parameters X, Y, R, U,V satisfying
2<X+4Y <z R<u, xélogNasSU, 1ong§V, UVZleongm,

and as x — 00,

Zn—lf Z (%) Z logp-log(p+1—1)

\;\5\52 a(mod 4n) j‘ff’ﬁxpﬁfp
=y p=(r2—af2)/4 (mod nf2)
Rx 4
(23) 2Q:RY+O< i + O (I3+5);
log™ x

where € is the constant defined in Theorem 1.
15



We assume this result as true and proceed to proving Proposition 12.

Proof of Proposition 12. Let z, X, Y, M be as in the statement of Proposition 12. Using the class number
formula, we write

(24) > > pH(*—4p) = % > % 3" "pV/Ap — r2L(1, xa),

X<p<X+Y |r|<2vX |r|<2vX X<p<X+Y
p+1—r prime F<2VXFY
where
2
re —4dp
d=d(r,p, f):= 72

and the % on the summation over p indicates that we are summing over primes X < p < X + Y such that
p+1—rprime, f2|r?—4p, and d =0, 1(mod 4).

Here, x4 denotes the Kronecker symbol of discriminant d (see for example [Hu, Section 12.3]), and L(s, xq)
denotes its Dirichlet L-function.
Using the Pélya-Vinogradov inequality, we write the special value L(1, x4) as

Llxa) = > XdT(n) +Y —X‘i?i”)

n<U n>U
1
S <\/|d| og|d|> |
n U
n<U

where U = U(z, M) is a parameter to be chosen soon. By using the above in (24), we obtain that

@)Y Y -5 X o Y 4p_r2Xd(n)+O<MUng>_

X<p<X+Y |r|<2vX || <2vX X<p<X+Y
p+1-—r prime F<2VXFY
n<U

Thus, by taking
(26) z2 logMJrl < U<z,

the O-term above becomes O (logITs,z)
Now we change the weights of the sum on the right hand side of (25) from p\/4p — r2 to

XV4X —r2

4444444444’10 '10 %*14*T.
o (X 1Y) gp-log (p )

Since p = X + O(Y'), we have that

XVAX 12

dp — 1?2 =
pvep log® (X +Y)

XY
logp-log(p+1—r)+O<Y\/X+>.

Jip—12

Then the right hand side of (25) becomes

X VaX —r?
Z vy

> logp-log(p+1—7r)xa(n)

—
2rlog” (X +Y) Sk nf e Tk
F<VEFY
n<U
1 XY 3
(27) ol X E Y Ao (artete s )
jeavery W LG VAP T log™ x

n<U X<p<X+Y
16



For the first error term of (27), we remark that, by the conditions on p and r, we have 4p —r2 > 1. Thus,
for any p, the innermost sum satisfies
2vVX dr
> <242 <2+m,

|<zfv4p”’27 o Vit

which gives a bound of XY?21log? z for the first error term of (27). Then

X VA4X —r? *
> > pH(r* —4p) = o (X V) > o >~ logp-log(p+1—7)xa(n)
X<p<X+Y |rl<avX mlog™ (X +Y) | Tl X<p<X+Y
p+1—r prime fg?'L«</)I§+Y

3
+O(XY210g2x)+O( e )
log™ x

We now truncate the sum over f with respect to a parameter V = V(z, M), to be chosen soon. We write

X VIX — 12 .
T s— —_— lO . 10 + 1—r n
Iriof (X5 > > logp-log(p )xa(n)

nf
I <2v/X X<p<X+Y

F<2VXFY
n<U

X VAX —r? *
= o lo® (X = 1) Z T Z logp-log (p+1—r)xa(n)
T log ( + ) Mfgg\/} X<p<X+Y
\4

n<U

(28) +OX%Zn—1fZl

Irl<2vX X<p<X+Y
V<fL2vVX+Y p=T— (modfz)
n<U

For the error term we used that, since 7 is odd and f2|r? — 4p, we must have that f is odd; hence the
condition in the sum over p that 4p = r?(mod f?) becomes p = 4r%(mod f?). Here, 4 is the inverse of 4
modulo f2.

It is easy to see that the error term in (28) reduces to

X%YlogU
0 (W ) |

Choosing V such that

M+1

(29) V> (logz) 2,

3
the error term becomes O (ﬁ)

Thus we have shown that

(30) > > pH(?—4p)

X<p<X+Y |r|<2vX

p+1—r prime

X V4aX —r?
Z y A v

S " logp-log(p+1—
2 1og? (X 1Y) > logp-log(p 7)Xa(n)

|r|<2vVX X<p<X+Y
F<v

ngU

3
+ O (XY210g2:13) +0 <$CM) ,
log™ x

provided conditions (26) and (29) hold.
17



Now we use quadratic reciprocity and consider x4(n) as a character modulo 4n. In other words, we rewrite
the main term of (30) as

a * 3k
(31) ——— Y. \/4X—7"2 > (*) > logp-log(p+1-—r),
27 log (X+Y)
|~ \<2\ﬁ a(mod 4n) X<p<X+Y

F<v
n<U

where the *x on the summation over p indicates that we are summing over primes X < p < X +Y such that
2

p+1—rprime, f2|7%—4p, d=0,1(mod4), and 4 ]; b _ a(mod 4n).
Since r and f must be odd, we necessarily have d = 1(mod 4); thus *x is equivalent to the conditions
2_ 2
p+1— 7 primeand p = %(modn]&).

Consequently, we have reduced our question to an average of the standard twin prime conjecture, twisted
by some Kronecker symbols. This average is evaluated using Proposition 13 stated in the beginning of the
section; the details follow.

Let us write the left hand side of Proposition 13 as Z . With this notation, (31) becomes
I7|<R
XY ppax e
2 log? (X +Y) oy,

which we can compute from Proposition 13 by partial summation. Evaluating the integral
2VX . 1 .
/ t2(4X —t*)"2 dt:4X/ 21—t "2dt =nX
0 0

and letting
U:=2? logM xz, V :=log M3 4
we obtain:

X > F(r)v4x -2

omlog? (X 4+Y)

lr|<2vX
X VX 4 ,
= 2—/ <2€tY +0 ( i +x3+5>> (tax —3)7%) at
27 log” (X +Y) Jo log™ =
XY 2vX , Xz)3
T log®(X +Y) (log*(X +Y)) (10g x)

o ex? (Xxz)?
log® (X +Y) (log®(X +Y))(logM z) )
Combining this with (30), the proof of Proposition 12 is now completed (provided that Proposition 13

holds). Proposition 13 will be proved in Sections 6 and 7, which contain the main novel contributions of our
paper. O

6. AVERAGE OF THE TWIN PRIME CONJECTURE AND PROOF OF THEOREM 4

In this section we shall prove Theorem 4. The statement is a Barban-Davenport-Halberstam type distri-
bution result for twin primes, where the average is over the twin prime differences. The main (and difficult)
part of the proof is the case Q = 1 of Theorem 4. A version of this was proven by Perelli and Pintz in [PePi].
Beside minor cosmetics, their result differs from what we need in two aspects: (i) rather than a Goldbach
type problem, we have a twin prime problem; (ii) more importantly, our result requires a Siegel-Walfisz type
analogue, namely:

18



Proposition 14. Let ¢, M, N > 0 be fized. Then there exists x(e, M,N) > 0 such that, for any x >
x(e, M,N), 3t < R<um, q< log™ z, (a,q) =1, and 2 < X +Y < z, we have
2

, Ra?
E E Ing ' 1ng - 6(T7 q, G,)Y < M -
0<r<R | X<p<X+Y log T
- psa(u;od q)
p—p’=r

The proof of Proposition 14 is similar to the proof of [PePi, Theorem 1] and, for this reason, we will
only indicate the major steps; this will enable the interested reader to modify [PePi| accordingly. After we
complete the proof of Proposition 14, we proceed to proving Theorem 4.

Proof of Proposition 14. We use the following notation (which is, unfortunately, not exactly the same as
the one in [PeP1i], since our S;(«) should reflect the extra conditions on the running variable p):

S1(a) == Z logp - e(pa), So(a):= Z]ng ce(pa), e(y):= e2m‘y7

X<p<X+Y

< <z
p=a(mod q) P=

b |b log®“
C:=C(e,M,N), I :=the Farey arc around — =< - +1n:|n| < 08 x} ,
s s

ST
Mm .= Isp, m:
U U ?

s<log€ z (b,s)=1

[0, 1]\ 9.

By the circle method, we have

Z logp-logp':/o S1(a)So(—a)e(—ra) da,

X<p<X+Y
pza_(g;idrq)
and so
2
2
Z Z logp-logp — &(r,q,a)Y| < Z /Sl(a)Sg(—a)e(—ra)doz
0<r<R | X<p<X+Y o<r<R'/™
pEa_(;;o:dTQ)
2
(32) + Z /Sl(a)SQ(—a)e(—ra)da—G(T,q,a)Y
o<r<Rr /M

The estimate for the contribution of the minor arcs (the first term in formula (32)) is identical to
the one in [PePi]. To start, we remark that the Cauchy-Schwarz inequality and the well-known estimate
> o<r<r €(ry) < min(R, 1/[ly[|) reduce this term to

2.

S1(a)Se(—a)e(—ra) da

o<r<R'/m
= Y [ Si@Sa-a)e(-ra)da | SES-De(rs) do
0<r<R"“™ m
. 1
<</m\51(6)52(ﬁ)|/m\Sl(a)Sg(a)|mm (R,M> dodp

<<21€1£</m|52(a)2min(R’”(115”>2da>é
U |Sl(a)|2da)é (/. Isl<ﬁ>|2dﬁ)é (/. Sg(ﬁ)l2dﬁ)57
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where || - || denotes the distance to the nearest integer. Now let us observe that our Ss(«) is essentially
the same as the one in [PePi], thus the third integral above can be estimated as in [PePi, Section 5]. Note
that the function Ss(«) plays the crucial role, while the somewhat different Sy («) only appears in Parseval’s
identity. Since our S;(a) has smaller L?-norm than its analogue in [PePi], the arguments in[PePi, Section
3] provide the necessary bound in our case as well.

For the calculation of the major arcs (the second term in (32)) we follow the exact steps of [PePi, Section
4]. First, for a = g +1n € I, p, we use the Siegel-Walfisz theorem to approximate the function

Sifa)= Y 10gp~e(p<z+n>)zze(b;) > logp-e(pn)

X<p<X+Y 1<e<s X<p<X+Y
p=a(mod q) - = p=a(mod q)
p=c(mod s)

1 bc)
el — emnn),
o(lg, s]) 125 (5 X<1;(+Y )
(c,8)=1 B
(¢.9)]c—a

and the function S(«) by

1 b
s 2 (%) X ctm = B S el
S s =

Here, u(-) denotes the Mébius function.
The estimates for the error terms in our resulting analogue of [PePi, (7)] are identical to the ones described
in [PePi, Section 4]. For the main term, the only difference is in the singular series, which now originates in

(33) Z 9805 Z(b> 2 (b>

(b,s)=1 (c,8)=1
(a,8)[c—a

We proceed as follows. The standard argument via the Chinese Remainder Theorem shows that the

function
—rb b
F(s;r;q,a) = E e (r) g e <C>
s s
1<c<s

1<b<s <e<

(b,s)=1 (c,8)=1

(@:9)fc—a

is multiplicative in s. Indeed, for s = wv, (u,v) = 1, v = 1(modv) and v = 1(mod u), we note that the
relation ¢ = guw + hvv establishes a bijection between the reduced residue classes ¢ modulo uv and the pairs
of reduced residue classes g modulo v, h modulo u. Similarly, the relation b = du+ fv establishes a bijection
between the reduced residue classes b modulo uv and the pairs of reduced residue classes d modulo v, f
modulo u. Thus

e(bc—rb) :6<(du+fv)(guu+hvv)—r(du+fv)) . (dg—rd)e<fh—rf>.

S uv v u

Moreover, (g, uv)|c — a if and only if (¢, u)|h — a and (g,v)|g — a.
Observe that we are only interested in square-free s, thus it is enough to know F(p;r;¢;a) for a prime p.
A routine computation shows that

p—1 ifplg, pla—r,

N be—br\ -1 if plg,pta—r,
F(p,?",q, Z Z < >_ —-p+1 lfpfqaphdv

1<b<p—1 1<e<p—1 .
=P (@pyle—a 1 ifptg,ptr.

Now one can easily check that, after extending the sum over s in (33) up to infinity, we have
1 us) _ola) 1 ( o) F(p;r; g, a)> _
. F , 1-— = 6(r,q,a).
W2 o0 w5 0 - G e ) ~ S

Proposition 14 then follows. ([l
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Proof of Theorem 4. Let us observe that the expected density of twin primes of distance r is &(r). If
a(mod ¢) is an admissible residue class, that is, (a,q) = (a — r,q) = 1, then the expected density of twin
primes of distance r in the residue class a(mod ¢) should satisfy

6(7‘7 Q’ a) = p?/r(rq))7

where
p(r,q) == #{a(modq) : (a,q) = (a —r,q) = 1}.

To see this, let us evaluate p(r,q). On one hand, we have that this function is multiplicative in the
second variable ¢. Indeed, let ¢ = wv with (u,v) = 1 and note that by the Chinese Remainder Theorem,
the relation b = cuu + dvv establishes a bijection between the reduced residue classes b modulo uv and the
pairs of reduced residue classes ¢ modulo v, d modulo w. Here, vz = 1(modv) and v = 1(modu). The
multiplicativity then follows from the fact that (b — r,uv) = 1 if and only if (¢ — r,v) = (d —r,u) = 1. On
the other hand, we have that

(e a—1 :
ay _ . p—p if p|r,

ptd
ptb—r

Then our claim follows from the equations
(e oa— o o— pP— 2
(34) prog)= ] "= J[ -2 =6 ][] 1
plla,plr pe|lg,ptr pla,ptr
S(r) _ 8(r) 11 p—1_ 2 plp—2) yrrp—1 p—1
— = . . =6(r,q,a).
—92 H —1)2 H -2 -2 e
p(r,a)  o(a) oo P oa) i P 1) J0p—=2 D
Now let us extend the definition of p(r, ¢) to characters modulo ¢: if x is any character modulo ¢, let

pr,x) = > x() = Y x(b)xolb—r).

1<b<gq 1<b<q
(b—r,q)=1 -

Note that p(r, xo) = p(r,q) when xq is the trivial character modulo g.
By the orthogonality of characters, we obtain that

o= S - St

where this formula also incorporates all the conditions that 2|r and (a,q) = (a — r,q) = 1. This simple
representation plays a crucial role in the following computation.

Lete,M >0, N> M+3, z > x(e, M), z3TE <R < z, Q< sclog_N:Z:7 and 0 < X < X +Y <z be fixed,
as in the statement of Theorem 4.

For any (even) integer r and character x, we define

F(r,x)= > x(p)logp-logp'.

X<p<X+Y
p—p'=r

By the orthogonality of characters we obtain that

1 _
Z logp -logp’ = WZ){(@)F(T7 X)-
AERY v

Usually, the main term comes from the trivial character and the contribution of the rest is small due to the
oscillation of the characters. Unfortunately, our situation above is more complex and we need to compute a
dispersion over all characters, as follows.

The left hand side of Theorem 4 can be transformed (using (35) and orthogonality) into:

21



S = Z Z Z Z logp-logp’ — &(r,q,a)Y

0<r<Rq<Q 1<a<q | X<p<X+Y
== == p=a(modq)

Homod 2
_ o (S0 0Y
- ZRZ%Z g 2 ) (o0 - ST
— S(r)p(r, )Y |
- O<T<Rq<Q ) p(r,q)
= > Z Z\F r. x|
O<T<Rq<Q
-2 2w Z DX R (F(r, )0, )
0<r<Rq<Q (r.q)
(r)?p(r, x)?Y?
+0;R(§g Z p(r,q)? .

By the orthogonality of characters,
1 2 1 _
7N - o < b =
(@) zX:|P(7“,X)\ > X 5@ EX xX(®)x(e) = p(r,q),

and then the last term in S simplifies to

21 p(r, x)|?Y? 9 S(r
Z Z Z (r)7[p(r, X)| -y Z Zp(fn,;)'

0<r<R q<Q X 0<r<Rq¢<Q

More importantly,

@ Z F(r,x)p(r,X)
= > Y logp-logy ¢(1q)2x(p)i(b)

X<p<X+Y 1<b<gq
p—p'=r (b—r,q)=1

= Z logp-logp’ = Z logp - logp’ + O(log” ).

X<p<X+Y X<p<X+Y
p—p'=r p—p'=r
(pp’,q)=1

The expected asymptotic for this last sum is &(r)Y, which is indeed true on average over r from the case of
a = q =1 of Proposition 14.
We remark that, if r and ¢ are even, then &(rq) < &(r)&(q). Moreover, by using standards methods to

estimate the average of a multiplicative function having a value of 14 O % at any p prime power (see, for
example, [Te]), we obtain that &(r) is bounded on average, that is,

> 6=

r<R

and

> 6(r)* =O(R).
r<R



Using these remarks, we deduce that

DD G(T)’;zs%(Fm V(X))

(G(T)Y-i-O(logzx))_,_O( Ra? >

log™
—oy? Y ZG(T)2+O< fia” )

log™ x

Putting everything together, we obtain that

- ¥ S Sl vt 5 5 T ().

O<r<Rq<Q ocr<Rq<0 P log™ =

Note that nothing deep has happened so far beside the one application of Proposition 14 — we have utilized
only the basic properties of Dirichlet characters. Now we need to show that the first and the second terms
are asymptotically equal, that is, we need to be exact in our computation.

As a first step we define

(36) CrQ) =3 @
72

which satisfies

(37) clf,Q