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Abstract. Let ξ be the Chern character of a stable sheaf on P2. Assume either rk(ξ) ≤ 6 or rk(ξ)
and c1(ξ) are coprime and the discriminant Δ(ξ) is sufficiently large. We use recent results of Bayer
and Macr̀ı [BM2] on Bridgeland stability to compute the ample cone of the moduli space M(ξ) of
Gieseker semistable sheaves on P2. We recover earlier results, such as those by Strømme [St] and
Yoshioka [Y], as special cases.

Contents

1. Introduction 1

2. Preliminaries 4

3. Admissible decompositions 10

4. Extremal triples 11

5. Elementary modifications 13

6. Stability of small rank extremal triples 14

7. Curves of extensions 18

8. The ample cone 21

References 26

1. Introduction

Let ξ be the Chern character of a stable sheaf on P2. The moduli space M(ξ) parameterizes
S-equivalence classes of Gieseker semistable sheaves with Chern character ξ. It is an irreducible,
normal, factorial, projective variety [LP]. In this paper, we determine the ample cone of M(ξ)
when either rk(ξ) ≤ 6 or rk(ξ) and c1(ξ) are coprime and the discriminant Δ(ξ) is sufficiently large.
The ample cone Amp(X) of a projective variety X is the open convex cone in the Néron-Severi

space spanned by the classes of ample divisors. It controls embeddings of X into projective space
and is among the most important invariants of X. Its closure, the nef cone Nef(X), is spanned
by divisor classes that have non-negative intersection with every curve on X and is dual to the
Mori cone of curves on X under the intersection pairing (see [La]). We now describe our results on
Amp(M(ξ)) in greater detail.
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2 I. COSKUN AND J. HUIZENGA

Let ξ be an integral Chern character with rank r > 0. We record such a character as a triple
(r, μ,Δ), where

μ =
ch1
r

and Δ =
1

2
μ2 −

ch2
r

are the slope and discriminant, respectively. We call the character ξ (semi)stable if there exists a
(semi)stable sheaf of character ξ. Drézet and Le Potier give an explicit curve δ(μ) in the (μ,Δ)-
plane such that the moduli space M(ξ) is positive dimensional if and only if Δ ≥ δ(μ) [DLP],
[LP]. The vector bundles whose Chern characters satisfy Δ = δ(μ) are called height zero bundles.
Their moduli spaces have Picard group isomorphic to Z. Hence, their ample cone is spanned by
the positive generator and there is nothing further to discuss. Therefore, we will assume Δ > δ(μ),
and say ξ has positive height.

There is a nondegenerate symmetric bilinear form on the K-group K(P2) sending a pair of Chern
characters ξ, ζ to the Euler Characteristic χ(ξ∗, ζ). When ξ has positive height, the Picard group of
the moduli spaceM(ξ) is naturally identified with the orthogonal complement ξ⊥ and is isomorphic
to Z⊕Z [LP]. Correspondingly, the Néron-Severi space is a two-dimensional vector space. In order
to describe Amp(M(ξ)), it suffices to specify its two extremal rays.

The moduli space M(ξ) admits a surjective, birational morphism j : M(ξ) → MDUY (ξ) to the
Donaldson-Uhlenbeck-Yau compactification MDUY (ξ) of the moduli space of stable vector bundles
(see [Li1] and [HuL]). As long as the locus of singular (i.e., non-locally-free) sheaves in M(ξ) is
nonempty (see Theorem 2.2), the morphism j is not an isomorphism and contracts curves (see
Proposition 2.4). Consequently, the line bundle L1 defining j is base-point-free but not ample (see
[HuL]). It corresponds to a Chern character u1 ∈ ξ⊥ ∼= PicM(ξ) and spans an extremal ray of
Amp(M(ξ)). For all the characters ξ that we will consider in this paper there are singular sheaves
in M(ξ), so one edge of Amp(M(ξ)) is always spanned by u1. We must compute the other edge of
the cone, which we call the primary edge.

We now state our results. Let ξ = (r, μ,Δ) be a stable Chern character. Let ξ′ = (r′, μ′,Δ′) be
the stable Chern character satisfying the following defining properties:

• 0 < r′ ≤ r and μ′ < μ,
• Every rational number in the interval (μ′, μ) has denominator greater than r,
• The discriminant of any stable bundle of slope μ′ and rank at most r is at least Δ′,
• The minimal rank of a stable Chern character with slope μ′ and discriminant Δ′ is r′.

The character ξ′ is easily computed using Drézet and Le Potier’s classification of stable bundles.

Theorem 1.1. Let ξ = (r, μ,Δ) be a positive height Chern character such that r and c1 are coprime.
Suppose Δ is sufficiently large, depending on r and μ. The cone Amp(M(ξ)) is spanned by u1 and
a negative rank character in (ξ′)⊥.

The required lower bound on Δ can be made explicit; see Remark 8.7. Our second result
computes the ample cone of small rank moduli spaces.

Theorem 1.2. Let ξ = (r, μ,Δ) be a positive height Chern character with r ≤ 6.

(1) If ξ is not a twist of (6, 13 ,
13
18), then Amp(M(ξ)) is spanned by u1 and a negative rank

character in (ξ′)⊥.
(2) If ξ = (6, 13 ,

13
18), then Amp(M(ξ)) is spanned by u1 and a negative rank character in

(chOP2)
⊥.

The new ingredient that allows us to calculate Amp(M(ξ)) is Bridgeland stability. Bridgeland
[Br1], [Br2] and Arcara, Bertram [AB] construct Bridgeland stability conditions on the bounded
derived category of coherent sheaves on a projective surface. On P2, these stability conditions
σs,t = (As, Zs,t) are parameterized by a half plane H := {(s, t)|s, t ∈ R, t > 0} (see [ABCH] and
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§2). Given a Chern character ξ, H admits a finite wall and chamber decomposition, where in each
chamber the collection of σs,t-semistable objects with Chern character ξ remains constant. These
walls are disjoint and consist of a vertical line s = μ and nested semicircles with center along t = 0
[ABCH]. In particular, there is a largest semicircular wall Wmax to the left of the vertical wall. We
will call this wall the Gieseker wall. Outside this wall, the moduli space Mσs,t(ξ) of σs,t-semistable
objects is isomorphic to the Gieseker moduli space M(ξ) [ABCH].

Let σ0 be a stability condition on the Gieseker wall for M(ξ). Bayer and Macr̀ı [BM2] construct
a nef divisor `σ0 on M(ξ) corresponding to σ0. They also characterize the curves C in M(ξ) which
have intersection number 0 with `σ0 , as follows: `σ0 .C = 0 if and only if two general sheaves
parameterized by C are S-equivalent with respect to σ0 (that is, their Jordan-Hölder factors with
respect to the stability condition σ0 are the same). The divisor `σ0 is therefore an extremal nef
divisor if and only if such a curve in M(ξ) exists. This divisor can also be constructed via the GIT
methods of Li and Zhao [LZ].

In light of the results of Bayer and Macr̀ı, our proofs of Theorems 1.1 and 1.2 amount to the
computation of the Gieseker wall. For simplicity, we describe our approach to proving Theorem
1.1; the basic strategy for the proof of Theorem 1.2 is similar.

Theorem 1.3. Let ξ be as in Theorem 1.1. The Gieseker wall for M(ξ) is the wall W (ξ′, ξ) where
ξ and ξ′ have the same Bridgeland slope.

There are two parts to the proof of this theorem. First, we show that Wmax is no larger than
W (ξ′, ξ). This is a numerical computation based on Bridgeland stability. The key technical result
(Theorem 8.2) is that if a wall is larger than W (ξ′, ξ), then the rank of a destabilizing subobject
corresponding to the wall is at most rk(ξ). We then find that the extremality properties defining
ξ′ guarantee that W (ξ′, ξ) is at least as large as any wall for M(ξ) (Theorem 8.6).

In the other direction, we must show that W (ξ′, ξ) is an actual wall for M(ξ). Define a character
ξ′′ = ξ − ξ′. Our next theorem produces a sheaf E ∈M(ξ) which is destabilized along W (ξ′, ξ).

Theorem 1.4. Let ξ be as in Theorem 1.1. Fix general sheaves F ∈M(ξ′) and Q ∈M(ξ′′). Then
the general sheaf E given by an extension

0→ F → E → Q→ 0

is Gieseker stable. Furthermore, we obtain curves in M(ξ) by varying the extension class.

If E is a Gieseker stable extension as in the theorem, then E is strictly semistable with respect to
a stability condition σ0 on W (ξ

′, ξ), and not semistable with respect to a stability condition below
W (ξ′, ξ). Thus W (ξ′, ξ) is an actual wall for M(ξ), and it is the Gieseker wall. Any two Gieseker
stable extensions of Q by F are S-equivalent with respect to σ0, so any curve C in M(ξ) obtained
by varying the extension class satisfies `σ0 .C = 0. Therefore, `σ0 spans an edge of the ample cone.
Dually, C spans an edge of the Mori cone of curves.

The natural analogs of Theorems 1.3 and 1.4 are almost true when instead rk(ξ) ≤ 6 as in Theo-
rem 1.2; some minor adjustments to the statements need to be made for certain small discriminant
cases. See Theorems 7.6, 8.9, 8.10, and Propositions 7.7 and 7.8 for precise statements. As the rank
increases beyond 6, these exceptions become more common, and many more ad hoc arguments are
required when using current techniques.

Bridgeland stability conditions were effectively used to study the birational geometry of Hilbert
schemes of points on P2 in [ABCH] and moduli spaces of rank 0 semistable sheaves in [W]. The
ample cone ofM(ξ) was computed earlier for some special Chern characters. The ample cone of the
Hilbert scheme of points on P2 was computed in [LQZ] (see also [ABCH], [O]). Strømme computed
Amp(M(ξ)) when the rank of ξ is two and either c1 or c2 − 14c

2
1 is odd [St]. Similarly, when the

slope is 1r , Yoshioka [Y] computed the ample cone of M(ξ) and described the first flip. Our results
contain these as special cases. Bridgeland stability has also been effectively used to compute ample
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cones of moduli spaces of sheaves on other surfaces. For example, see [AB], [BM2], [BM3], [MYY1],
[MYY2] for K3 surfaces, [MM], [Y2], [YY] for abelian surfaces, [N] for Enriques surfaces, and [BC]
for the Hilbert scheme of points on Hirzebruch surfaces and del Pezzo surfaces.

Organization of the paper. In §2, we will introduce the necessary background on M(ξ) and
Bridgeland stability conditions on P2. In §3 and §4, we study the stability of extensions of sheaves
and prove the first statement in Theorem 1.4. In §5 and 6, we prove the analogue of the first
assertion in Theorem 1.4 for rk(ξ) ≤ 6. In §7, we complete the proof of Theorem 1.4 (and its
small-rank analogue) by constructing the desired curves of extensions. Finally, in §8, we compute
the Gieseker wall, completing the proofs of Theorems 1.1 and 1.2.

Acknowledgements. We are grateful to Daniele Arcara, Arend Bayer, Aaron Bertram, Lawrence
Ein, Joe Harris, Brendan Hassett, Emanuele Macr̀ı and Matthew Woolf for many useful conversa-
tions about the geometry of moduli spaces of semistable sheaves.

2. Preliminaries

In this section, we recall basic facts concerning the classification of stable vector bundles on P2

and Bridgeland stability.

2.1. Stable sheaves on P2. Let ξ be the Chern character of a (semi)stable sheaf on P2. We will
call such characters (semi)stable characters. The classification of stable characters on P2 due to
Drézet and Le Potier is best stated in terms of the slope μ and the discriminant Δ. Let

P (m) =
1

2
(m2 + 3m+ 2)

denote the Hilbert polynomial of OP2 . In terms of these invariants, the Riemann-Roch formula
reads

χ(E,F ) = rk(E) rk(F )(P (μ(F )− μ(E))−Δ(E)−Δ(F )).

An exceptional bundle E on P2 is a stable bundle such that Ext1(E,E) = 0. The exceptional
bundles are rigid; their moduli spaces consist of a single reduced point [LP, Corollary 16.1.5]. They
are the stable bundles E on P2 with Δ(E) < 1

2 [LP, Proposition 16.1.1]. Examples of exceptional
bundles include line bundles OP2(n) and the tangent bundle TP2 . All exceptional bundles can be
obtained from line bundles via a sequence of mutations [Dr]. An exceptional slope α ∈ Q is the
slope of an exceptional bundle. If α is an exceptional slope, there is a unique exceptional bundle
Eα with slope α. The rank of the exceptional bundle is the smallest positive integer rα such that
rαα is an integer. The discriminant Δα is then given by

Δα =
1

2

(

1−
1

r2α

)

.

The set E of exceptional slopes is well-understood (see [DLP] and [CHW]).

The classification of positive dimensional moduli spaces of stable vector bundles on P2 is expressed
in terms of a fractal-like curve δ in the (μ,Δ)-plane. For each exceptional slope α ∈ E , there is an
interval Iα = (α− xα, α+ xα) with

xα =
3−
√
5 + 8Δα
2

such that the function δ(μ) is defined on Iα by the function

δ(μ) = P (−|μ− α|)−Δα, if α− xα < μ < α+ xα.

The graph of δ(μ) is an increasing concave up parabola on the interval [α−xα, α] and a decreasing
concave up parabola on the interval [α, α + xα]. The function δ is invariant under translation by
integers. The main classification theorem of Drézet and Le Potier is as follows.
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Theorem 2.1 ([DLP], [LP]). There exists a positive dimensional moduli space of Gieseker
semistable sheaves M(ξ) with integral Chern character ξ if and only if Δ ≥ δ(μ). In this case,
M(ξ) is a normal, irreducible, factorial projective variety of dimension r2(2Δ− 1) + 1.

2.2. Singular sheaves on P2. For studying one extremal edge of the ample cone, we need to
understand the locus of singular sheaves in M(ξ). The following theorem, which is likely well-
known to experts, characterizes the Chern characters where the locus of singular sheaves in M(ξ)
is nonempty. We include a proof for lack of a convenient reference.

Theorem 2.2. Let ξ = (r, μ,Δ) be an integral Chern character with r > 0 and Δ ≥ δ(μ). The
locus of singular sheaves in M(ξ) is empty if and only if Δ− δ(μ) < 1

r and μ is not an exceptional
slope.

Proof. Let F be a singular sheaf in M(ξ). Then F ∗∗ is a μ-semistable, locally free sheaf [HuL, §8]
with invariants

rk(F ∗∗) = r, μ(F ∗∗) = μ, and Δ(F ∗∗) ≤ Δ(F )−
1

r
.

Since the set R − ∪α∈E Iα does not contain any rational numbers [DLP], [CHW, Theorem 4.1],
μ ∈ Iα for some exceptional slope α. Let Eα with invariants (rα, α,Δα) be the corresponding
exceptional bundle.

If Δ − δ(μ) < 1
r and F is a singular sheaf in M(ξ), then Δ(F

∗∗) < δ(μ). If α > μ, then
hom(Eα, F

∗∗) > 0. If α < μ, then hom(F ∗∗, Eα) > 0. In either case, these homomorphisms violate
the μ-semistability of F ∗∗, leading to a contradiction. Therefore, if Δ − δ(μ) < 1

r and μ is not an
exceptional slope, then the locus of singular sheaves in M(ξ) is empty.

To prove the converse, we construct singular sheaves using elementary modifications. If Δ −
δ(μ) ≥ 1

r , then ζ = (r, μ,Δ −
1
r ) is a stable Chern character. Let G be a μ-stable bundle in

M(ζ), which exists by [DLP, Corollary 4.12]. Choose a point p ∈ P2 and let G→ Op be a general
surjection. Then the kernel sheaf F defined by

0→ F → G→ Op → 0

is a μ-stable, singular sheaf with Chern character ξ (see §5 for more details on elementary modifi-
cations).

We are reduced to showing that if μ = α and Δ − δ(α) < 1
r , then the locus of singular sheaves

in M(ξ) is nonempty. Since c1(Eα) and rα are coprime, the rank of any bundle with slope α is a
multiple of rα. Write

r = kr2α +mrα, 0 ≤ k, 0 < m ≤ rα.

By integrality, there exists an integer N such that Δ− Nr = Δα. Our choice of k implies

Δ = Δα +
k + 1

r
.

First, assume k = 0. If r′ < r, then Δα +
1
r′ > Δα +

1
r . Consequently, the only Gieseker

semistable sheaves of character (r′, μ,Δ′) with r′ < r and Δ′ < Δ are semi-exceptional sheaves E⊕`α
with ` < m. Let F be a general elementary modification of the form

0→ F → E⊕mα → Op → 0.

Then F is a μ-semistable singular sheaf with Chern character ξ. If F were not Gieseker semistable,
then it would admit an injective map φ : Eα → F . By Lemma 2.3 below, for a general surjection
ψ : E⊕mα → Op, there does not exist an injection Eα → E⊕mα which maps to 0 under ψ. Composing
φ with the maps in the exact sequence defining F , we get a contradiction. We conclude that F is
Gieseker semistable. This constructs singular sheaves when k = 0.
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Next assume k > 0. If m = rα, then we can construct a singular sheaf in M(ξ) as a (k + 1)-fold
direct sum of a semistable singular sheaf constructed in the case k = 0, m = rα. Hence, we may
assume that m < rα. Let G be a μ-stable vector bundle with Chern character

ζ =

(

kr2α, α, δ(α) = Δα +
1

r2α

)

.

Note that (μ(ζ),Δ(ζ)) lies on the curve δ, hence χ(Eα, G) = χ(G,Eα) = 0. Every locally free
sheaf in M(ζ) has a two-step resolution in terms of exceptional bundles orthogonal to Eα [DLP].
Consequently, hom(G,Eα) = 0. We also have hom(Eα, G) = 0 by stability.

Let φ : E⊕mα ⊕ G → Op be a general surjection and let F be defined as the corresponding
elementary modification

0→ F → E⊕mα ⊕G→ Op → 0.

We first check that the Chern character of F is ξ. Clearly, rk(F ) = r and μ(F ) = α. The
discriminant equals

Δ(F ) =
1

r

(

mrαΔα + kr
2
α

(

Δα +
1

r2α

))

+
1

r
= Δα +

k + 1

r
= Δ.

Hence, F is a singular sheaf with the correct invariants. It remains to check that it is Gieseker
semistable. Note that F is at least μ-semistable.

Suppose ψ : U → F is an injection from a Gieseker stable sheaf U that destabilizes F . Since F
is μ-semistable, μ(U) = α and Δ(U) < Δ. Then we claim that either U = Eα or rk(U) > mrα.
Suppose U 6= Eα and rk(U) = srα. Then

Δ = Δα +
k + 1

r
> Δ(U) ≥ Δα +

1

srα
.

Hence,

s >
krα +m

k + 1
>
km+m

k + 1
= m.

If U 6= Eα, composing ψ with the inclusion to E
⊕m
α ⊕ G gives an injection ψ′ : U → E⊕mα ⊕ G.

Since rk(U) > mrα, the projection to G cannot be zero. Hence, we get a nonzero map ϑ : U → G.
Let V = Imϑ. We have rkV = rkG by the μ-stability of G. We claim that ϑ is in fact surjective.
The quotient G/V is 0-dimensional by stability, and, if it is nonzero, then

Δ(U) < Δ < δ(α) +
1

r
< δ(α) +

1

kr2α
≤ Δ(V ).

This violates the stability of U , so V = G and ϑ is surjective. If rk(U) = rk(G), then U ∼= G and
ψ′ maps U isomorphically onto G ⊂ E⊕mα ⊕ G. A general hyperplane in the fiber (E⊕mα ⊕ G)p is
transverse toGp, so this contradicts the fact that φ◦ψ′ = 0 and φ is general. Suppose rk(U) > rk(G),
and write

rk(U) = kr2α + nrα

with 0 < n < m. Then we find

Δα +
k + 1

r
= Δ > Δ(U) ≥ Δα +

k + 1

rk(U)
,

contradicting rk(U) < r. We conclude that if U 6= Eα, then U cannot destabilize F .
On the other hand, if U = Eα, then by the semistability of G the composition of ψ

′ with the
projection to G must be 0. A general hyperplane in the fiber (E⊕mα ⊕ G)p intersects (E⊕mα )p in a
hyperplane H ⊂ (E⊕mα )p. Since m ≤ rα, Lemma 2.3 shows the composition of ψ

′ with φ is nonzero,
a contradiction. We conclude that F is Gieseker semistable. �
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Lemma 2.3. Let Eα be an exceptional bundle of rank rα. Let H be a general codimension c
subspace of the fiber of E⊕mα over a point p. Then there exists an injection φ : Eα → E⊕mα such
that φp(Eα) ⊂ H if and only if crα ≤ m− 1.

Proof. For simplicity set E = Eα and r = rα. Let S denote the Segre embedding of Pr−1×Pm−1 in
Prm−1. Let q1, q2 denote the two projections from S to Pr−1 and Pm−1, respectively. We will call
a linear Pr−1 in S contracted by q2 a Pr−1 fiber.
Let φ : E → E⊕m be an injection. Composing φ with the m projections, we get m morphisms

E → E. Since E is simple, the resulting maps are all homotheties. Let M = (λ1I λ2I . . . λmI)
be the r×rm matrix, where I is the r×r identity matrix and λi are scalars. Let ~x = (x1, . . . , xr)T .
Hence, φp(E) has the form

M~x = (λ1x1, λ1x2, . . . , λ1xr, . . . , λmx1, . . . , λmxr)
T .

If we projectivize, we see that the fibers P(φp(E)) are Pr−1 fibers contained in the Segre embedding
of Pr−1 × Pm−1 in P((E⊕m)p). Conversely, every Pr−1 fiber in S is obtained by fixing a point
(λ1, . . . , λm) ∈ Pm−1 and, hence, is the fiber of an injection E → E⊕m. The lemma thus reduces
to the statement that a general codimension c linear subspace of Pmr−1 contains a Pr−1 fiber in S
if and only if cr ≤ m− 1.
Consider the incidence correspondence

J = {(A,H) : H ∼= Pmr−1−c, A ⊂ H ∩ S is a Pr−1 fiber}.

Then the first projection π1 maps J onto Pm−1. The fiber of π1 over a linear space A is the
set of codimension c linear spaces that contain A, hence it is isomorphic to the Grassmannian
G((m− 1)r− c, (m− 1)r). By the theorem on the dimension of fibers, J is irreducible of dimension
(cr+1)(m−1)−c2. The second projection cannot dominate G(mr−c,mr) if dim(J) < dim(G(mr−
c,mr) = c(mr − c). Comparing the two inequalities, we conclude that if cr > m − 1, the second
projection is not dominant. Hence, the general codimension c linear space does not contain a Pr−1

fiber in S.

To see the converse, we check that if r ≤ m−1, then a general hyperplane contains a codimension
r locus of linear Pr−1 fibers of S. Consider the hyperplane H defined by

∑r
i=1 Z(i−1)r+i = 0.

Substituting the equations of the Segre embedding, we see that
∑r
i=1 αixi = 0. Since this equation

must hold for every choice of xi, we conclude that α1 = ∙ ∙ ∙ = αr = 0. Hence, the locus of Pr−1

fibers of S contained in H is a codimension r linear space in Pm−1. A codimension c linear space
is the intersection of c hyperplanes. Moreover, the intersection of c codimension r subvarieties of
Pm−1 is nonempty if cr ≤ m− 1. Hence, if cr ≤ m− 1, every codimension c linear space contains
a Pr−1 fiber of S. This suffices to prove the converse. �

2.3. The Picard group and Donaldson-Uhlenbeck-Yau compactification. Stable vector
bundles with Δ = δ(μ) are called height zero bundles. Their moduli spaces have Picard rank one.
The ample generator spans the ample cone and there is nothing further to discuss.

For the rest of the subsection, suppose ξ = (r, μ,Δ) is a positive height Chern character, meaning
Δ > δ(μ). There is a pairing on K(P2) given by (ξ, ζ) = χ(ξ∗, ζ). When Δ > δ(μ), Drézet proves
that the Picard group of M(ξ) is a free abelian group on two generators naturally identified with
ξ⊥ in K(P2) [LP]. In M(ξ), linear equivalence and numerical equivalence coincide and the Néron-
Severi space NS(M(ξ)) = Pic(M(ξ))⊗R is a two-dimensional vector space. In order to specify the
ample cone, it suffices to determine its two extremal rays.

In ξ⊥ ∼= Pic(M(ξ)) there is a unique character u1 with rk(u1) = 0 and c1(u1) = −r. The
corresponding line bundle L1 is base-point-free and defines the Jun Li morphism j : M(ξ) →
MDUY (ξ) to the Donaldson-Uhlenbeck-Yau compactification [HuL, §8].
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Proposition 2.4. Let ξ = (r, μ,Δ) be a positive height character, and suppose that there are
singular sheaves in M(ξ). Then u1 spans an extremal edge of Amp(M(ξ)).

Proof. We show that j contracts a curve in M(ξ). Two stable sheaves E,E′ ∈M(ξ) are identified
by j if E∗∗ ∼= (E′)∗∗ and the sets of singularities of E and E′ are the same (counting multiplicity).
The proof of Theorem 2.2 constructs singular sheaves via an elementary modification that arises
from a surjection E = E⊕mα ⊕ G → Op. Here m = 0 if Δ − δ(μ) ≥ 1

r or μ is not exceptional.

Otherwise, 1 ≤ m < rα. Note that hom(E,Op) = r and dim(Aut(E)) = m2 + 1 if G 6= 0 and
dim(Aut(E)) = m2 if G = 0. Hence, if r > 1, varying the surjection E → Op gives a positive
dimensional family of nonisomorphic Gieseker semistable sheaves with the same singular support
and double dual. If instead r = 1 and Δ ≥ 2, then (up to a twist) j is the Hilbert-Chow morphism
to the symmetric product, and the result is still true. �

Corollary 2.5. Let ξ = (r, μ,Δ) be a positive height character. If Δ is sufficiently large or if r ≤ 6
then u1 spans an edge of Amp(M(ξ)).

Proof. In either case, this follows from Theorem 2.2 and Proposition 2.4. �

2.4. Bridgeland stability conditions on P2. We now recall basic facts concerning Bridgeland
stability conditions on P2 developed in [ABCH], [CH] and [H].
A Bridgeland stability condition σ on the bounded derived category Db(X) of coherent sheaves

on a smooth projective variety X is a pair σ = (A, Z), where A is the heart of a bounded t-structure
and Z is a group homomorphism

Z : K(Db(P2))→ C

satisfying the following two properties.

(1) (Positivity) For every object 0 6= E ∈ A, Z(E) ∈ {reiπθ|r > 0, 0 < θ ≤ 1}. Positivity allows
one to define the slope of a non-zero object in A by setting

μZ(E) = −
<(Z(E))
=(Z(E))

.

An object E of A is called (semi)stable if for every proper subobject F ⊂ E in A we have
μZ(F ) < (≤)μZ(E).

(2) (Harder-Narasimhan Property) Every object of A has a finite Harder-Narasimhan filtration.

Bridgeland [Br2] and Arcara and Bertram [AB] have constructed Bridgeland stability conditions
on projective surfaces. In the case of P2, the relevant Bridgeland stability conditions have the
following form. Any torsion-free coherent sheaf E on P2 has a Harder-Narasimhan filtration

0 = E0 ⊂ E1 ⊂ ∙ ∙ ∙ ⊂ En = E

with respect to the Mumford slope with semistable factors gri = Ei/Ei−1 such that

μmax(E) = μ(gr1) > ∙ ∙ ∙ > μ(grn) = μmin(E).

Given s ∈ R, let Qs be the full subcategory of coh(P2) consisting of sheaves such that their quotient
by their torsion subsheaf have μmin(Q) > s. Similarly, let Fs be the full subcategory of coh(P2)
consisting of torsion free sheaves F with μmax(F ) ≤ s. Then the abelian category

As := {E ∈ D
b(P2) : H−1(E) ∈ Fs,H

0(E) ∈ Qs,H
i(E) = 0 for i 6= −1, 0}

obtained by tilting the category of coherent sheaves with respect to the torsion pair (Fs,Qs) is the
heart of a bounded t-structure. Let

Zs,t(E) = −
∫

P2
e−(s+it)H ch(E),
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where H is the hyperplane class on P2. The pair (As, Zs,t) is a Bridgeland stability condition for
every s > 0 and t ∈ R. We thus obtain a half plane of Bridgeland stability conditions on P2

parameterized by (s, t), t > 0.

2.5. Bridgeland walls. If we fix a Chern character ξ ∈ K(P2), the (s, t)-plane of stability con-
ditions for P2 admits a finite wall and chamber structure where the objects in As with Chern
character ξ that are stable with respect to the stability condition (As, Zs,t) remain unchanged
within the interior of a chamber ([ABCH], [Br2], [BM], [BM2]). An object E is destabilized along
a wall W (E,F ) by F if E is semistable on one side of the wall but F ⊂ E in the category As with
μs,t(F ) > μs,t(E) on the other side of the wall. We call these walls Bridgeland walls. The equations
of the wall W (E,F ) can be computed using the relation μs,t(F ) = μs,t(E) along the wall.

Suppose ξ, ζ ∈ K(P2) ⊗ R are two linearly independent real Chern characters. A potential
Bridgeland wall is a set in the (s, t)-half-plane of the form

W (ξ, ζ) = {(s, t) : μs,t(ξ) = μs,t(ζ)},

where μs,t is the slope associated to Zs,t. Bridgeland walls are always potential Bridgeland walls.
The potential Bridgeland walls for ξ are all the potential walls W (ξ, ζ) as ζ varies in K(P2)⊗R. If
E,F ∈ Db(P2), we also write W (E,F ) as a shorthand for W (ch(E), ch(F )).
The potential walls W (ξ, ζ) can be easily computed in terms of the Chern characters ξ and ζ.

(1) If μ(ξ) = μ(ζ) (where the Mumford slope is interpreted as ∞ if the rank is 0), then the
wall W (ξ, ζ) is the vertical line s = μ(ξ) (interpreted as the empty set when the slope is
infinite).

(2) Otherwise, without loss of generality assume μ(ξ) is finite, so that r 6= 0. The walls W (ξ, ζ)
and W (ξ, ξ + ζ) are equal, so we may further reduce to the case where both ξ and ζ have
nonzero rank. Then we may encode ξ = (r1, μ1,Δ1) and ζ = (r2, μ2,Δ2) in terms of slope
and discriminant instead of ch1 and ch2. The wall W (ξ, ζ) is the semicircle centered at the
point (s, 0) with

s =
1

2
(μ1 + μ2)−

Δ1 −Δ2
μ1 − μ2

and having radius ρ given by

ρ2 = (s− μ1)
2 − 2Δ1.

In the principal case of interest, the Chern character ξ = (r, μ,Δ) has nonzero rank r 6= 0 and
nonnegative discriminant Δ ≥ 0. In this case, the potential walls for ξ consist of a vertical wall
s = μ together with two disjoint nested families of semicircles on either side of this line [ABCH].

Specifically, for any s with |s−μ| >
√
2Δ, there is a unique semicircular potential wall with center

(s, 0) and radius ρ satisfying

ρ2 = (s− μ)2 − 2Δ.

The semicircles are centered along the s-axis, with smaller semicircles having centers closer to the
vertical wall. Every point in the (s, t)-half-plane lies on a unique potential wall for ξ. When r > 0,
only the family of semicircles left of the vertical wall is interesting, since an object E with Chern
character ξ can only be in categories As with s < μ.

Since the number of Bridgeland walls is finite, there exists a largest semicircular Bridgeland wall
Wmax to the left of the vertical line s = μ that contains all other semicircular walls. Furthermore,
for every (s, t) with s < μ and contained outside Wmax, the moduli space of Bridgeland stable
objects in As with respect to Zs,t and Chern character ξ is isomorphic to the moduli space M(ξ)
[ABCH]. We call Wmax the Gieseker wall.
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2.6. A nef divisor on M(ξ). Let (A, Z) = σ0 ∈ Wmax be a stability condition on the Gieseker
wall. Bayer and Macr̀ı [BM2] construct a nef divisor `σ0 on M(ξ) corresponding to σ0. They also
compute its class and describe geometrically the curves C ⊂M(ξ) with C ∙ `σ0 = 0.
To describe the class of `σ0 in ξ

⊥ ∼= PicM(ξ), consider the functional

N1(M(ξ))→ R

ξ′ 7→ =

(

−
Z(ξ′)

Z(ξ)

)

.

Since the pairing (ξ, ζ) = χ(ξ ⊗ ζ) is nondegenerate, we can write this functional as (ζ,−) for
some unique ζ ∈ ξ⊥. In terms of the isomorphism ξ⊥ ∼= PicM(ξ), we have ζ = [`σ0 ]. Considering
(ζ, chOp) shows that ζ has negative rank. Furthermore, if Wmax = W (ξ′, ξ) (so that Z(ξ′) and

Z(ξ) are real multiples of one another), then ζ is a negative rank character in (ξ′)⊥. The ray in
N1(M(ξ)) determined by σ0 depends only on Wmax, and not the particular choice of σ0.

A curve C ⊂ M(ξ) is orthogonal to `σ0 if and only if two general sheaves parameterized by
C are S-equivalent with respect to σ0. This gives an effective criterion for determining when the
Bayer-Macr̀ı divisor `σ0 is an extremal nef divisor. In every case where we compute the ample cone
of M(ξ), the divisor `σ0 is in fact extremal.

3. Admissible decompositions

In this section, we introduce the notion of an admissible decomposition of a Chern character of
positive rank. Each such decomposition corresponds to a potential Bridgeland wall. In the cases
when we can compute the ample cone, the Gieseker wall will correspond to a certain admissible
decomposition.

Definition 3.1. Let ξ be a stable Chern character of positive rank. A decomposition of ξ is a triple
Ξ = (ξ′, ξ, ξ′′) such that ξ = ξ′ + ξ′′. We say Ξ is an admissible decomposition if furthermore

(D1) ξ′ is semistable,
(D2) ξ′′ is stable,
(D3) 0 < rk(ξ′) ≤ rk(ξ),
(D4) μ(ξ′) < μ(ξ), and
(D5) if rk(ξ′′) > 0, then μ(ξ′′)− μ(ξ′) < 3.

Remark 3.2. The Chern characters in an admissible decomposition Ξ span a 2-plane in K(P2).
We write W (Ξ) for the potential Bridgeland wall where characters in this plane have the same
slope.

Condition (D1) means that ξ′ is either semiexceptional or stable. We require ξ′′ to be stable
since this holds in all our examples and makes admissibility work better with respect to elementary
modifications; see §5.

There are a couple numerical properties of decompositions which will frequently arise.

Definition 3.3. Let Ξ = (ξ′, ξ, ξ′′) be a decomposition.

(1) Ξ is coprime if rk(ξ) and c1(ξ) are coprime.
(2) Ξ is torsion if rk(ξ′′) = 0, and torsion-free otherwise.

The conditions in the definition of an admissible decomposition ensure that there is a well-
behaved space of extensions of the form

0→ F → E → Q→ 0

with F ∈M(ξ′) and Q ∈M(ξ′′).



THE AMPLE CONE OF MODULI SPACES OF SHEAVES ON THE PLANE 11

Lemma 3.4. Let Ξ = (ξ′, ξ, ξ′′) be an admissible torsion-free decomposition. We have χ(ξ′′, ξ′) < 0.
In particular, for any F ∈M(ξ′) and Q ∈M(ξ′′) there are non-split extensions

0→ F → E → Q→ 0.

Furthermore, Ext1(Q,F ) has the expected dimension −χ(ξ′′, ξ′) for any F ∈M(ξ′) and Q ∈M(ξ′′).

Proof. From (D4) and the torsion-free hypothesis, we have μ(ξ) < μ(ξ′′). Let F ∈ M(ξ′) and
Q ∈ M(ξ′′). By stability, Hom(Q,F ) = 0. Using Serre duality with condition (D5), we have
Ext2(Q,F ) = 0. Therefore ext1(Q,F ) = −χ(ξ′′, ξ′) and χ(ξ′′, ξ′) ≤ 0.
To prove χ(ξ′′, ξ′) < 0, first suppose ξ′ is semiexceptional. Then

χ(ξ′′, ξ′) = χ(ξ, ξ′)− χ(ξ′, ξ′) < χ(ξ, ξ′).

As in the previous paragraph, χ(ξ, ξ′) ≤ 0, hence χ(ξ′′, ξ′) < 0. A similar argument works if ξ′′ is
semiexceptional.

Assume neither ξ′ or ξ′′ is semiexceptional. Then −3 < μ(ξ′)−μ(ξ′′) < 0 and Δ(ξ′)+Δ(ξ′′) > 1.
Since P (x) < 1 for −3 < x < 0, we conclude χ(ξ′′, ξ′) < 0 by the Riemann-Roch formula. �

We now introduce a notion of stability for an admissible decomposition Ξ. Let Fs′/S
′ (resp.

Qs′′/S
′′) be a complete flat family of semistable sheaves with Chern character ξ′ (resp. ξ′′), pa-

rameterized by a smooth and irreducible base variety. Since ext1(Qs′′ , Fs′) does not depend on
(s′, s′′) ∈ S′×S′′, there is a projective bundle S over S′×S′′ such that the fiber over a point (s′, s′′)
is PExt1(Qs′′ , Fs′). Then S is smooth, irreducible, and it carries a universal extension sheaf Es/S.
We wish to examine the stability properties of the general extension Es/S. If Es is

(μ-)(semi)stable for some s ∈ S, then the general Es has the same stability property. Since the
moduli spaces M(ξ′) and M(ξ′′) are irreducible, the general Es will be (μ-)(semi)stable if and only
if there exists some extension

0→ F → E → Q→ 0

where F ∈ M(ξ′), Q ∈ M(ξ′′), and E is (μ-)(semi)stable. Since S is complete, we do not need to
know that E is parameterized by a point of S.

Definition 3.5. Let Ξ be an admissible decomposition. We say that Ξ is generically
(μ-)(semi)stable if there is some extension

0→ F → E → Q→ 0

where F ∈M(ξ′), Q ∈M(ξ′′), and E is (μ-)(semi)stable.

4. Extremal triples

We now introduce the decomposition of a Chern character ξ which frequently corresponds to the
primary edge of the ample cone of M(ξ).

Definition 4.1. We call a triple Ξ = (ξ′, ξ, ξ′′) of Chern characters extremal if it is an admissible
decomposition of ξ with the following additional properties:

(E1) ξ′ and ξ are slope-close: we have μ(ξ′) < μ(ξ), and every rational number in the interval
(μ(ξ′), μ(ξ)) has denominator larger than rk(ξ).

(E2) ξ′ is discriminant-minimal : if θ′ is a stable Chern character with 0 < rk(θ′) ≤ rk(ξ) and
μ(θ′) = μ(ξ′), then Δ(θ′) ≥ Δ(ξ′).

(E3) ξ′ is rank-minimal : if θ′ is a stable Chern character with μ(θ′) = μ(ξ′) and Δ(θ′) = Δ(ξ′),
then rk(θ′) ≥ rk(ξ′).
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Remark 4.2. If Ξ is an extremal triple, then it is uniquely determined by ξ. The wall W (Ξ) thus
also only depends on ξ. Not every stable character ξ can be decomposed into an extremal triple
Ξ = (ξ′, ξ, ξ′′), but the vast majority can; see Lemma 4.3.

Condition (E2) in Definition 3.1 is motivated by the formula for the center (s, 0) of W (Ξ):

s =
μ(ξ′) + μ(ξ)

2
−
Δ(ξ′)−Δ(ξ)
μ(ξ′)− μ(ξ)

.

If Δ(ξ′) decreases while the other invariants are held fixed, then the center of W (Ξ) moves left.
Correspondingly, the wall becomes larger. As we are searching for the largest walls, intuitively we
should restrict our attention to triples with minimal Δ(ξ′).

Similarly, condition (E1) typically helps make the wall W (Ξ) large. In the formula for s, the
term

−
Δ(ξ′)−Δ(ξ)
μ(ξ′)− μ(ξ)

will dominate the expression if Δ(ξ) is sufficiently large and μ(ξ′) is sufficiently close to μ(ξ).

Condition (E3) forces ξ′ to be stable, since semiexceptional characters are multiples of exceptional
characters.

The next lemma shows the definition of an extremal triple is not vacuous.

Lemma 4.3. Let ξ = (r, μ,Δ) be a stable Chern character, and suppose either

(1) Δ is sufficiently large (depending on r and μ) or
(2) r ≤ 6.

Then there is a unique extremal triple Ξ = (ξ′, ξ, ξ′′).

Proof. Let (r•, μ•,Δ•) denote the rank, slope and discriminant of ξ•. The Chern character ξ′ is
uniquely determined by conditions (D1), (D3), and (E1)-(E3); it depends only on r and μ, and not
Δ. Set ξ′′ = ξ − ξ′, and observe that r′′ and μ′′ depend only on r and μ. We must check that ξ′′ is
stable and μ′′ − μ′ < 3 if r′′ > 0. If r′′ = 0, then c1(ξ′′) > 0, so stability is automatic.
Suppose r′′ > 0. Let us show μ′′ − μ′ < 3. By (E1) we have μ′ ≥ μ− 1r , so

r′′μ′′ = rμ− r′μ′ ≤ (r − r′)μ+
r′

r
< r′′μ+ 1

and

μ′′ − μ′ < μ+
1

r′′
− μ+

1

r
=
1

r′′
+
1

r
≤
3

2
.

If r ≤ 6, we will see that ξ′′ is stable in §6. Suppose Δ is sufficiently large. We have a relation

rΔ = r′Δ′ + r′′Δ′′ −
r′r′′

r
(μ′ − μ′′)2.

The invariants r′, μ′,Δ′, r′′, μ′′ depend only on r and μ. By making Δ large, we can make Δ′′ as
large as we want, and thus we can make ξ′′ stable. �

It is easy to prove a weak stability result for extremal triples.

Proposition 4.4. Let Ξ = (ξ′, ξ, ξ′′) be an extremal torsion-free triple. Then Ξ is generically
μ-semistable.

Proof. By Lemma 3.4, there is a non-split extension

0→ F → E → Q→ 0

with F ∈ M s(ξ′) stable and Q ∈ M(ξ). We will show E is μ-semistable. Since F and Q are
torsion-free, E is torsion-free as well.
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Suppose E is not μ-semistable. Then there is some surjection E → C with μ(C) < μ(E)
and rk(C) < rk(E). By passing to a suitable quotient of C, we may assume C is stable. Using
slope-closeness (E1), we find μ(C) ≤ μ(F ).
First assume μ(C) < μ(F ). By stability, the composition F → E → C is zero, and thus E → C

induces a map Q → C. This map is zero by stability, from which we conclude E → C is zero, a
contradiction.

Next assume μ(C) = μ(F ). If Δ(C) > Δ(F ), then we have an inequality pC < pF of reduced
Hilbert polynomials, so F → C is zero by stability and we conclude as in the previous paragraph.
On the other hand, Δ(C) < Δ(F ) cannot occur by the minimality condition (E2).

Finally, suppose μ(C) = μ(F ) and Δ(C) = Δ(F ). Since C and F are both stable, any nonzero
map F → C is an isomorphism. Then the composition E → C → F with the inverse isomorphism
splits the sequence. �

The following corollary gives the first statement of Theorem 1.4 in the torsion-free case.

Corollary 4.5. If Ξ is a coprime, torsion-free, extremal triple, then it is generically μ-stable.

5. Elementary modifications

Many stability properties of an admissible decomposition Ξ = (ξ′, ξ, ξ′′) are easier to understand
when the discriminant Δ(ξ) is small. Elementary modifications allow us to reduce to the small
discriminant case.

Definition 5.1. Let G be a coherent sheaf and let G→ Op be a surjective homomorphism. Then
the kernel

0→ G′ → G→ Op → 0

is called an elementary modification of G.

If G has positive rank, we observe the equalities

rk(G′) = rk(G) μ(G′) = μ(G) Δ(G′) = Δ(G) +
1

rk(G)
χ(G′) = χ(G)− 1.

The next lemma is immediate.

Lemma 5.2. If G is μ-(semi)stable, then any elementary modification of G is μ-(semi)stable.

Warning 5.3. Elementary modifications do not generally preserve Gieseker (semi)stability. This
is our reason for focusing on μ-stability of extensions.

Given a short exact sequence of sheaves, there is a natural induced sequence involving compatible
elementary modifications.

Proposition and Definition 5.4. Suppose

0→ F → E → Q→ 0

is a short exact sequence of sheaves. Let Q′ be the elementary modification of Q corresponding to
a homomorphism Q → Op, and let E′ be the elementary modification of E corresponding to the
composition E → Q→ Op. Then there is a natural short exact sequence

0→ F → E′ → Q′ → 0.

This sequence is called an elementary modification of the original sequence.
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Proof. A straightforward argument shows that there is a natural commuting diagram

0 0

0 F E′ Q′ 0

0 F E Q 0

Op Op

0 0

with exact rows and columns. �

We similarly extend the notion of elementary modifications to decompositions of Chern charac-
ters.

Definition 5.5. Let Ξ = (ξ′, ξ, ξ′′) be a decomposition. Let Θ = (θ′, θ, θ′′) be the decomposition
such that

(1) θ′ = ξ′,
(2) θ and ξ have the same rank and slope, and
(3) Δ(θ) = Δ(ξ) + 1

rk(ξ) .

We call Θ the elementary modification of Ξ. If Ξ is admissible, then Θ is admissible as well.

If Ξ and Θ are admissible decompositions, we say Θ lies above Ξ, and write Ξ � Θ, if condi-
tions (1)-(3) are satisfied and Δ(ξ) ≤ Δ(θ). Finally, Ξ is minimal if it is a minimal admissible
decomposition with respect to �.

The next result follows from the integrality of the Euler characteristic and the Riemann-Roch
formula.

Lemma 5.6. Let Ξ and Θ be admissible decompositions. Then Ξ � Θ if and only if Θ is an iterated
elementary modification of Ξ.

Extremality is preserved by elementary modifications.

Lemma 5.7. Suppose Ξ and Θ are admissible decompositions with Ξ � Θ. If one decomposition
is extremal, then the other is as well.

Combining our results so far in this subsection, we obtain the following tool for proving results
on generic μ-stability of triples.

Proposition 5.8. Suppose Ξ is a minimal admissible decomposition and that Ξ is generically
μ-stable. Then any Θ which lies above Ξ is also generically μ-stable.

6. Stability of small rank extremal triples

The goal of this subsection is to prove the following theorem.

Theorem 6.1. Let Ξ = (ξ′, ξ, ξ′′) be an extremal triple with rk(ξ) ≤ 6. Then Ξ is generically
μ-stable.
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By Proposition 5.8, we only need to consider cases where Ξ is minimal. We also assume Ξ is
torsion-free and defer to §7.5 for the torsion case. By twisting, we may assume 0 < μ(ξ) ≤ 1. After
these reductions, there are a relatively small number of triples to consider, which we list in Table 1.
For each triple, we also indicate the strategy we will use to prove the triple is generically μ-stable.

Table 1: The minimal, extremal, torsion-free triples Ξ =
(ξ′, ξ, ξ′′) = ((r′, μ′,Δ′), (r, μ,Δ), (r′′, μ′′,Δ′′)) which must be
considered in Theorem 6.1.

ξ′ ξ ξ′′ Strategy ξ′ ξ ξ′′ Strategy

(1, 0, 0) (2, 12 ,
3
8) (1, 1, 1) Coprime (2, 12 ,

3
8) (5,

3
5 ,
12
25) (3,

2
3 ,
5
9) Coprime

(1, 0, 0) (3, 13 ,
5
9) (2, 12 ,

7
8) Coprime (4, 34 ,

21
32) (5,

4
5 ,
18
25) (1,1,1) Coprime

(2, 12 ,
3
8) (3,

2
3 ,
5
9) (1, 1, 1) Coprime (1, 0, 0) (6, 16 ,

55
72) (5,

1
5 ,
23
25) Coprime

(1, 0, 0) (4, 14 ,
21
32) (3,

1
3 ,
8
9) Coprime (4, 14 ,

21
32) (6,

1
3 ,
5
9) (2, 12 ,

3
8) Complete

(3, 13 ,
5
9) (4,

1
2 ,
5
8) (1, 1, 1) Complete (5, 25 ,

12
25) (6,

1
2 ,
17
24) (1, 1, 2) Prop. 6.5

(3, 23 ,
5
9) (4,

3
4 ,
21
32) (1, 1, 1) Coprime (5, 35 ,

12
25) (6,

2
3 ,
5
9) (1, 1, 1) Complete

(1, 0, 0) (5, 15 ,
18
25) (4,

1
4 ,
29
32) Coprime (5, 45 ,

18
25) (6,

5
6 ,
55
72) (1, 1, 1) Coprime

(3, 13 ,
5
9) (5,

2
5 ,
12
25) (2,

1
2 ,
3
8) Coprime

Observing that ξ′′ is always stable in Table 1 completes the proof of Lemma 4.3 as promised.
The triples labelled “Coprime” are all generically μ-stable by Corollary 4.5. We turn next to the
triples labelled “Complete.”

Definition 6.2. An admissible decomposition Ξ is called complete if the general E ∈M(ξ) can be
expressed as an extension

0→ F → E → Q→ 0

with F ∈M(ξ′) and Q ∈M(ξ′′).

Remark 6.3. Suppose Ξ is admissible and generically semistable. Recall the universal exten-
sion sheaf Es/S discussed preceding Definition 3.5. If U ⊂ S is the open subset parameterizing
semistable sheaves, then Ξ is complete if and only if the moduli map U → M(ξ) is dominant. By
generic smoothness, Es/U is a complete family of semistable sheaves over a potentially smaller
dense open subset.

If ξ is stable, then the general sheaf in M(ξ) is μ-stable by a result of Drézet and Le Potier [DLP,
4.12]. Thus if Ξ is complete, then Ξ is generically μ-stable.

Proposition 6.4. Let Ξ be one of the three triples in Table 1 labelled “Complete.” Then Ξ is
complete, and in particular generically μ-stable.

Proof. First suppose Ξ = (ξ′, ξ, ξ′′) is one of

((3, 13 ,
5
9), (4,

1
2 ,
5
8), (1, 1, 1)) or ((4, 14 ,

21
32), (6,

1
3 ,
5
9), (2,

1
2 ,
3
8)).

Let E be a μ-stable sheaf of character ξ, and let Q ∈M(ξ′′) be semistable. We have χ(E,Q) > 0 in
either case, which implies hom(E,Q) > 0 by stability. Pick a nonzero homomorphism f : E → Q,
and let R ⊂ Q be the image of f . By stability considerations, R must have the same rank and
slope as Q, and Δ(R) ≥ Δ(Q). Letting F ⊂ E be the kernel of f , we find that rk(F ) = rk(ξ′),
μ(F ) = μ(ξ′), and Δ(F ) ≤ Δ(ξ′), with equality if and only if f is surjective. Furthermore, F
is μ-semistable. Indeed, if there is a subsheaf G ⊂ F with μ(G) > μ(F ), then μ(G) ≥ μ(E) by
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slope-closeness (E1), so G ⊂ E violates μ-stability of E. Then discriminant minimality (E2) forces
chF = ξ′. Furthermore, since rk(ξ′) and c1(ξ

′) are coprime, F is actually semistable. Thus E is
expressed as an extension

0→ F → E → Q→ 0

of semistable sheaves as required.

For the final triple ((5, 35 ,
12
25), (6,

2
3 ,
5
9), (1, 1, 1)) a slight modification to the previous argument is

needed. Fix a μ-stable sheaf E of character ξ. This time χ(ξ, ξ′′) = 0, so the expectation is that if
Q ∈M(ξ′′) is general, then there is no nonzero map E → Q. Consider the locus

DE = {Q ∈M(ξ
′′) : hom(E,Q) 6= 0}.

Then either DE = M(ξ′′) or DE is an effective divisor, in which case we can compute its class to
showDE is nonempty. Either way, there is some Q ∈M(ξ′′) which admits a nonzero homomorphism
E → Q. The argument can now proceed as in the previous cases. �

The next proposition treats the last remaining case, completing the proof of Theorem 6.1.

Proposition 6.5. The triple Ξ = (ξ′, ξ, ξ′′) = ((5, 25 ,
12
25), (6,

1
2 ,
17
24), (1, 1, 2)) is generically μ-stable

Proof. Observe that ξ′ is the Chern character of the exceptional bundle F = E2/5 and ξ
′′ is the

Chern character of an ideal sheaf Q = IZ(1), where Z has degree 2. Let Qs′′/M(ξ
′′) be the

universal family. Then the projective bundle S over M(ξ′′) with fibers PExt1(Qs′′ , F ) is smooth
and irreducible of dimension

dimS = dimM(ξ′′)− χ(ξ′′, ξ′)− 1 = 14,

and there is a universal extension Es/S. Every Es is μ-semistable by Proposition 4.4.

A simple computation shows Hom(F,Qs′′) = 0 for every Qs′′ . If E is any sheaf which sits as an
extension

0→ F → E → Qs′′ → 0,

then we apply Hom(F,−) to see Hom(F,E) ∼= Hom(F, F ) = C. Thus the homomorphism F → E
is unique up to scalars, the sheaf Qs′′ is determined as the cokernel, and since Qs′′ is simple the
corresponding extension class in Ext1(Qs′′ , F ) is determined up to scalars. We find that distinct
points of S parameterize non-isomorphic sheaves. A straightforward computation further shows
that the Kodaira-Spencer map TsS → Ext1(Es, Es) is injective for every s ∈ S.
We now proceed to show that the general Es also satisfies stronger notions of stability.

Step 1: the general Es is semistable. If Es is not semistable, it has a Harder-Narasimhan filtration
of length ` ≥ 2, and all factors have slope 12 . For each potential set of numerical invariants of a
Harder-Narasimhan filtration, we check that the corresponding Shatz stratum of s ∈ S such that
the Harder-Narasimhan filtration has that form has positive codimension.

There are only a handful of potential numerical invariants of the filtration. A non-semistable
Es has a semistable subsheaf G with μ(G) = μ(E) = 1

2 and Δ(G) < Δ(E) =
17
24 . Then the Chern

character of G must be one of

(∗) (2, 12 ,
3
8), (4, 12 ,

3
8), or (4, 12 ,

5
8).

We can rule out the first two cases immediately by an ad hoc argument. In either of these cases E
has a subsheaf isomorphic to TP2(−1). Then there is a sequence

0→ TP2(−1)→ E → R→ 0.

Applying Hom(F,−), we see Hom(F, TP2(−1)) injects into Hom(F,E) = C. But χ(F, TP2(−1)) = 3,
so this is absurd.

Thus the only Shatz stratum we must consider is the locus of sheaves with a filtration

0 ⊂ G1 ⊂ G2 = Es
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having ch gr1 = ζ1 := (4,
1
2 ,
5
8) and ch gr2 := ζ2 = (2,

1
2 ,
7
8). Let

Σ = Flag(E/S; ζ1, ζ2)
π
−→ S

be the relative flag variety parameterizing sheaves with a filtration of this form. By the uniqueness of
the Harder-Narasimhan filtration, π is injective, and its image is the Shatz stratum. The differential
of π at a point t = (s,G1) ∈ Σ can be analyzed via the exact sequence

0→ Ext0+(Es, Es)→ TtΣ
Ttπ−−→ TsS

ω+−−→ Ext1+(Es, Es).

We have Ext0+(Es, Es) = 0 by [LP, Proposition 15.3.3], so Ttπ is injective and π is an immersion.
The codimension of the Shatz stratum near s is at least rkω+.

The map ω+ is the composition TsS → Ext1(Es, Es) → Ext1+(Es, Es) of the Kodaira-Spencer
map with the canonical map from the long exact sequence of Ext±. The Kodaira-Spencer map is
injective, and Ext1(Es, Es)→ Ext1+(Es, Es) is surjective since Ext

2
−(Es, Es) = 0. We have

dimTsS = 14, ext1(Es, Es) = 16, and ext1+(Es, Es) = −χ(gr1, gr2) = 4,

so we conclude rkω+ ≥ 2. Therefore the Shatz stratum is a proper subvariety of S. We conclude
Ξ is generically semistable.

Step 2: the general Es is μ-stable. Note that a semistable sheaf in M(ξ) is automatically stable.
Then the moduli map S →M s(ξ) is injective, and its image has codimension 2 in M s(ξ).

If a sheaf E ∈M s(ξ) is not μ-stable, then there is a filtration

0 ⊂ G1 ⊂ G2 = E

such that the quotients gri are semistable of slope
1
2 and Δ(gr1) > Δ(E) > Δ(gr2) (see the proof

of [DLP, Theorem 4.11]). Then as in the previous step ζ2 = ch(gr2) is one of the characters (∗),
and ζ1 = ch(gr1) is determined by ζ2. For each of the three possible filtrations, the Shatz stratum
in M s(ξ) of sheaves with a filtration of the given form has codimension at least ext1+(E,E) =
−χ(gr1, gr2).
When ζ2 = (4,

1
2 ,
3
8) we compute −χ(gr1, gr2) = 6, and when ζ2 = (4,

1
2 ,
5
8) we have −χ(gr1, gr2) =

4. In particular, the corresponding Shatz strata have codimension bigger than 2. On the other
hand, for ζ2 = (2,

1
2 ,
3
8) we only find the stratum has codimension at least 2, and it is a priori

possible that it contains the image of S →M s(ξ).

To get around this final problem, we must show that the general sheaf Es parameterized by S
does not admit a nonzero map Es → TP2(−1). This can be done by an explicit calculation. Put
Q = IZ(1), where Z = V (x, y

2). By stability, Hom(Q,T (−1)) = 0, so there is an exact sequence

0 Hom(Es, TP2(−1)) Hom(F, TP2(−1))
f
Ext1(Q,TP2(−1))

C3 C4

and we must see f is injective. The map f is the contraction of the canonical map

Ext1(Q,F )⊗Hom(F, TP2(−1))→ Ext
1(Q,TP2(−1))

corresponding to the extension class of E in Ext1(Q,F ). This canonical map can be explicitly
computed using the standard resolutions

0 OP2(−2) O6P2 F 0

0 OP2(−2) OP2(−1)⊕OP2 Q 0

0 OP2(−1) O3P2 TP2(−1) 0
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with the special form of Q simplifying the calculation. Injectivity of f for a general Es follows
easily from this computation. �

7. Curves of extensions

7.1. General results. Let F and Q be sheaves, and suppose the general extension E of Q by F
is semistable of Chern character ξ. In this section, we study the moduli map

PExt1(Q,F ) 99KM(ξ).

In particular, we would like to be able to show this map is nonconstant.

Definition 7.1. Let Ξ be a generically semistable admissible decomposition. We say Ξ gives curves
if for a general F ∈M(ξ′) and Q ∈M(ξ′′), the map PExt1(Q,F ) 99KM(ξ) is nonconstant.

There are three essential ways that Ξ could fail to give curves.

(1) If −χ(ξ′′, ξ′) = 1, then PExt1(Q,F ) is a point.
(2) Sheaves parameterized by PExt1(Q,F ) might all be strictly semistable and S-equivalent.
(3) The sheaves parameterized by PExt1(Q,F ) might all be isomorphic.

Possibility (1) is easy to check for any given triple. If Ξ is generically stable, then possibility (2)
cannot arise when F and Q are general, so this is also easy to rule out. The third case requires the
most work to deal with.

Lemma 7.2. Let F and Q be simple sheaves with Hom(F,Q) = 0. Then distinct points of
PExt1(Q,F ) parameterize nonisomorphic sheaves.

Proof. Suppose E is a sheaf which can be realized as an extension

0→ F → E → Q→ 0.

Since F is simple and Hom(F,Q) = 0 we find hom(F,E) = 1. Similarly, since Q is simple and
Hom(F,Q) = 0, we have hom(E,Q) = 1. This means that the corresponding class in PExt1(Q,F )
depends only on the isomorphism class of E. �

The lemma gives us a simple criterion for proving a triple Ξ gives curves.

Proposition 7.3. Let Ξ = (ξ′, ξ, ξ′′) be an admissible, generically stable triple, and assume ξ′ is
stable. Suppose either

(1) Ξ is not minimal, or
(2) −χ(ξ′′, ξ′) ≥ 2.

If Hom(F,Q) = 0 for a general F ∈M(ξ′) and Q ∈M(ξ′′), then Ξ gives curves.

Proof. If Ξ is not minimal, then −χ(ξ′′, ξ′) ≥ 2 holds automatically. Indeed, since Ξ is not minimal
it is an elementary modification of another admissible triple Θ = (θ′, θ, θ′′). Then χ(ξ′′, ξ′) <
χ(θ′′, θ′) < 0 by the Riemann-Roch formula and Lemma 3.4.

Since ξ′ and ξ′′ are stable, we can choose stable sheaves F ∈ M(ξ′) and Q ∈ M(ξ′′) such that
Hom(F,Q) = 0 and the general extension of Q by F is stable. By Lemma 7.2, Ξ gives curves. �

We also observe that elementary modifications behave well with respect to the notion of giving
curves.

Lemma 7.4. Suppose Ξ is admissible and generically μ-stable. If Ξ � Θ and Ξ gives curves, then
Θ gives curves.
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Proof. Suppose Θ is obtained from Ξ by a single elementary modification. Let F ∈ M(ξ′) and
Q ∈ M(ξ′′) be general. Take U ⊂ PExt1(Q,F ) to be the dense open subset parameterizing μ-
stable sheaves E which are locally free at a general fixed point p ∈ SuppQ. Let Q → Op be a
surjective homomorphism. Given any extension

0→ F → E → Q→ 0

corresponding to a point of U , we get an exact sequence of compatible elementary modifications

0→ F → E′ → Q′ → 0

as in Definition 5.4. As E can be recovered from E′ and the map U → M(ξ) is nonconstant, we
conclude that the map PExt1(Q′, F ) 99KM(θ) is nonconstant. Thus Θ gives curves. �

7.2. Curves from coprime triples with large discriminant. Our next result provides the dual
curves we will need to prove Theorem 1.1.

Theorem 7.5. Let Ξ = (ξ′, ξ, ξ′′) be a coprime extremal triple, and suppose Δ(ξ) is sufficiently
large, depending on rk(ξ) and μ(ξ). Then Ξ gives curves.

Proof. The triple Ξ is not minimal since Δ(ξ) is large. By Proposition 7.3, we only need to show
that if F ∈ M(ξ′) and Q ∈ M(ξ′′) are general and Δ(ξ) is sufficiently large, then Hom(F,Q) = 0.
Fix a general F ∈ M(ξ′) an Q ∈ M(ξ′′). If Hom(F,Q) 6= 0, choose a nonzero homomorphism
F → Q. We can find a surjective homomorphism Q → Op such that F → Q → Op is also
surjective. Then applying Hom(F,−) to the elementary modification sequence

0→ Q′ → Q→ Op → 0

we find that Hom(F,Q′) is a proper subspace of Hom(F,Q). Repeating this process, we can find
some Θ � Ξ such that Hom(F,Q) = 0 for general F ∈M(θ′) and Q ∈M(θ′′). Then Θ gives curves,
and by Lemma 7.4 any Λ � Θ also gives curves. �

7.3. Curves from small rank triples. We now discuss extremal curves in the moduli spaceM(ξ)
when the rank is small. For all but a handful of characters ξ we can apply the next theorem.

Theorem 7.6. Let Ξ = (ξ′, ξ, ξ′′) be an extremal triple with rk(ξ) ≤ 6. Suppose χ(ξ′, ξ′′) ≤ 0. Then
Ξ gives curves.

Proof. As with the proof of Theorem 6.1, we assume 0 < μ(ξ) ≤ 1. By Lemma 7.4, it is enough to
consider triples Ξ such that any admissible Θ with Θ ≺ Ξ has χ(θ′, θ′′) > 0. We also assume Ξ is
torsion-free, and handle the torsion case in §7.5. We list the relevant triples together with χ(ξ′, ξ′′)
in Table 2.

Table 2: Triples to be considered for the proof of Theorem
7.6.

ξ′ ξ ξ′′ χ(ξ′, ξ′′) ξ′ ξ ξ′′ χ(ξ′, ξ′′)

(1, 0, 0) (2, 12 ,
11
8 ) (1, 1, 3) 0 (2, 12 ,

3
8) (5,

3
5 ,
17
25) (3,

2
3 ,
8
9) 0

(1, 0, 0) (3, 13 ,
11
9 ) (2,

1
2 ,
15
8 ) 0 (4, 34 ,

21
32) (5,

4
5 ,
18
25) (1,1,1) −1

(2, 12 ,
3
8) (3,

2
3 ,
8
9) (1, 1, 2) −1 (1, 0, 0) (6, 16 ,

79
72) (5,

1
5 ,
33
25) 0

(1, 0, 0) (4, 14 ,
37
32) (3,

1
3 ,
14
9 ) 0 (4, 14 ,

21
32) (6,

1
3 ,
13
18) (2,

1
2 ,
7
8) −1

(3, 13 ,
5
9) (4,

1
2 ,
7
8) (1, 1, 2) −1 (5, 25 ,

12
25) (6,

1
2 ,
17
24) (1, 1, 2) −2

(3, 23 ,
5
9) (4,

3
4 ,
21
32) (1, 1, 1) 0 (5, 35 ,

12
25) (6,

2
3 ,
13
18) (1, 1, 2) −4

continued on next page
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continued from previous page

ξ′ ξ ξ′′ χ(ξ′, ξ′′) ξ′ ξ ξ′′ χ(ξ′, ξ′′)

(1, 0, 0) (5, 15 ,
28
25) (4,

1
4 ,
45
32) 0 (5, 45 ,

18
25) (6,

5
6 ,
55
72) (1, 1, 1) −2

(3, 13 ,
5
9) (5,

2
5 ,
17
25) (2,

1
2 ,
7
8) −1

Every triple in the table satisfies χ(ξ′′, ξ′) ≤ −2. To apply Proposition 7.3, we need to see that
if F ∈M(ξ′) and Q ∈M(ξ′′) are general, then Hom(F,Q) = 0. This can easily be checked case by
case via standard sequences or by Macaulay2. We omit the details. �

7.4. Sporadic small rank triples. Here we discuss the few sporadic Chern characters not ad-
dressed by Theorem 7.6. Suppose ξ has positive height and rk(ξ) ≤ 6, and let Ξ = (ξ′, ξ, ξ′′) be
extremal. If Ξ is torsion-free and χ(ξ′, ξ′′) > 0, then ξ′ = (1, 0, 0) and

ξ ∈ {(2, 12 ,
7
8), (3,

1
3 ,
8
9), (4,

1
4 ,
29
32), (5,

1
5 ,
23
25), (6,

1
6 ,
67
72)}.

That is,
ξ = (r, 1r , P (−

1
r ) +

1
r )

for some r with 2 ≤ r ≤ 6. In this case, we have χ(ξ′, ξ) = 2, so the general sheaf E ∈M(ξ) admits
two maps from OP2 . Along the wall W (Ξ), the destabilizing subobject of E should therefore be
O2P2 instead of OP2 . Furthermore, assuming there are sheaves E ∈ M(ξ) which are Bridgeland
stable just outside W (Ξ), the wall W (Ξ) must be the collapsing wall. We will show in the next
section that W (Ξ) is actually the Gieseker wall. This implies that the primary edges of the ample
and effective cones of divisors on M(ξ) coincide. Our study of the effective cone in [CHW] easily
implies the next result.

Proposition 7.7. Let r ≥ 2, and let Ξ = (ξ′, ξ, ξ′′) be the admissible decomposition with ξ′ =
(2, 0, 0) and ξ = (r, 1r , P (−

1
r ) +

1
r ). Then Ξ is complete, and it gives curves.

While we had to modify the original extremal triple Ξ in order to make it give curves, note that
the wall W (Ξ) is unchanged by this modification. When showing that W (Ξ) is the largest wall in
§8, we will not need to handle these cases separately.
In the case of the Chern character ξ = (6, 13 ,

13
18), Theorem 7.6 shows that the corresponding

extremal triple Ξ gives curves. However, the wallW (Ξ) is actually empty. In this case χ(OP2 , E) = 5
for E ∈ M(ξ) and the Chern character ξ′ = (5, 0, 0) will correspond to the primary edges of both
the effective and ample cones. Again, curves dual to this edge of the effective cone are given by
[CHW].

Proposition 7.8. The admissible decomposition Ξ = ((5, 0, 0), (6, 13 ,
13
18), (1, 2, 6)) is complete and

gives curves.

7.5. Torsion triples. Let Ξ = (ξ′, ξ, ξ′′) be an extremal torsion triple, and let r = rk(ξ) = rk(ξ′).
We have μ(ξ)− μ(ξ′) = 1

r by the slope-closeness condition (E1). Write

μ(ξ′) =
a

b
and μ(ξ) =

c

d

in lowest terms. The numbers μ(ξ′) and μ(ξ) are consecutive terms in the Farey sequence of order
r, so μ(ξ)− μ(ξ′) = 1

bd and we deduce that bd = r. Also, the mediant

a+ c

b+ d

must have denominator b + d larger than r. The two conditions bd = r and b + d > r together
imply that either b = 1 or d = 1. That is, either μ(ξ′) or μ(ξ) is an integer.
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If μ(ξ′) is an integer, then by discriminant minimality (E2) and rank minimality (E3) we have
ξ′ = (1, μ(ξ′), 0). Thus r = 1, and in every case μ(ξ) is also an integer.

We may assume μ(ξ) = 1. Consider the triple Ξ with

ξ′ = (r, 1− 1r , P (−
1
r )) and ξ = (r, 1, 1).

The character ξ′′ is then chOL, where L ⊂ P2 is a line. We have χ(ξ, ξ′′) = 0, and Ξ is complete
(hence generically μ-stable) by a similar argument to Proposition 6.4. If r ≥ 2, then

dimM(ξ′) + dimM(ξ′′) = (r2 − 3r + 2) + 2 < r2 + 1 = dimM(ξ),

so Ξ must give curves. When r = 1, for any p ∈ L there is a sequence

0→ OP2 → Ip(1)→ OL → 0,

so Ξ gives curves when r = 1 as well. Applying elementary modifications, we conclude our discussion
with the following.

Proposition 7.9. Let Ξ = (ξ′, ξ, ξ′′) be a torsion extremal triple. If ξ is not the Chern character
of a line bundle, then Ξ is generically μ-stable and gives curves.

8. The ample cone

8.1. Notation. We begin by fixing notation for the rest of the paper. Let ξ be a stable Chern
character of positive height. We assume one of the following three hypotheses hold:

(H1) rk(ξ) and c1(ξ) are coprime and Δ(ξ) is sufficiently large,
(H2) rk(ξ) ≤ 6 and ξ is not a twist of (6, 13 ,

13
18), or

(H3) ξ = (6, 13 ,
13
18).

Suppose we are in case (H1) or (H2). There is an extremal triple Ξ = (ξ′, ξ, ξ′′). Either Ξ gives
curves or we are in one of the cases of Proposition 7.7, in which case there is a decomposition of ξ
which gives curves and has the same corresponding wall. As discussed in §2.6, to show the primary
edge of the ample cone corresponds to W (Ξ) it will be enough to show that W (Ξ) is the Gieseker
wall Wmax. Note that Wmax cannot be strictly nested inside W (Ξ), since then by our work so far
there are sheaves E ∈ M(ξ) destabilized along W (Ξ). We must show Wmax is not larger than
W (Ξ).

Let E ∈ M(ξ) be a sheaf which is destabilized along some wall. For any (s, t) on the wall we
have an exact sequence

0→ F → E → Q→ 0

of σs,t-semistable objects of the same slope, where the sequence is exact in any of the corresponding
categories As along the wall. Above the wall, μs,t(F ) < μs,t(E), and below the wall the inequality
is reversed. Let Θ = (θ′, θ, θ′′) = (chF, chE, chQ) be the corresponding decomposition of ξ = θ,
so that the wall is W (Θ). Our job is to show that W (Θ) is no larger than W (Ξ) by imposing
numerical restrictions on θ′. We begin by imposing some easy restrictions on θ′.

Lemma 8.1. The object F is a nonzero torsion-free sheaf, so rk(F ) ≥ 1. We have μ(F ) < μ(E),
and every Harder-Narasimhan factor of F has slope at most μ(E).

Proof. Fix a category As along W (Θ). Taking cohomology sheaves of the destabilizing sequence of
E, we get a long exact sequence

0→ H−1(F )→ 0→ H−1(Q)→ H0(F )→ H0(E)→ H0(Q)→ 0

since E ∈ Qs. Thus F is a sheaf in Qs. We write K = H−1(Q) and C = H0(Q), so K ∈ Fs,
C ∈ Qs, and we have an exact sequence of sheaves

0→ K → F → E → C → 0.
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Since E is torsion-free, the torsion subsheaf of F is contained in K. Since K ∈ Fs is torsion-free,
we conclude F is torsion-free. Clearly also F is nonzero, for otherwise (θ′, θ, θ′′) wouldn’t span a
2-plane in K(P2). We conclude rk(F ) ≥ 1.
Let

{0} ⊂ F1 ⊂ ∙ ∙ ∙ ⊂ F` = F

be the Harder-Narasimhan filtration of F . If μ(F1) > μ(E) then F1 → E is zero and F1 ⊂ K.
Since K ∈ Fs for any s along W (Θ), this is absurd. Therefore μ(F1) ≤ μ(E). We can’t have
μ(F ) = μ(E) since then W (Θ) would be the vertical wall, so we conclude μ(F ) < μ(E). �

8.2. Excluding higher rank walls. In this subsection, we bound the rank of F under the as-
sumption that W (Θ) is larger than W (Ξ). In general, there will be walls corresponding to “higher
rank” subobjects. We show that the Gieseker wall cannot correspond to such a subobject.

Theorem 8.2. Keep the notation and hypotheses from above.

(1) Suppose hypothesis (H1) or (H2) holds. If W (Θ) is larger than W (Ξ), then 1 ≤ rk(θ′) ≤
rk(ξ).

(2) If ξ = (6, 13 ,
13
18), then the same result holds for the decomposition Ξ = (ξ

′, ξ, ξ′′) with ξ′ =
(5, 0, 0).

The next inequality is our main tool for proving the theorem.

Proposition 8.3. If rk(F ) > rk(E), then the radius ρΘ of W (Θ) satisfies

ρ2Θ ≤
rk(E)2

2(rk(E) + 1)
Δ(E).

Proof. Consider the exact sequence of sheaves

0→ Kk → F f → Ee → Cc → 0,

with the superscripts denoting the ranks of the sheaves. Since F is in the categories Qs along
W (Θ), we have

f(sΘ + ρΘ) ≤ fμ(F ) = c1(F ) = c1(K) + c1(E)− c1(C) = kμ(K) + eμ(E)− c1(C).

Next, since K is nonzero and in Fs along W (Θ), we have μ(K) ≤ sΘ − ρΘ, and thus

f(sΘ + ρΘ) ≤ k(sΘ − ρΘ) + eμ(E)− c1(C).

Rearranging,
(k + f)ρΘ ≤ (k − f)sΘ + eμ(E)− c1(C).

If C is zero or torsion, then k − f = −e and c1(C) ≥ 0, from which we get

(1) (k + f)ρΘ ≤ (k − f)(sΘ − μ(E))

This inequality also holds if C is not torsion. In that case, we have k − f = c − e and since E is
semistable c1(C) = cμ(C) ≥ cμ(E), from which the inequality follows.
Both sides of Inequality (1) are positive, and squaring both sides gives

(k + f)2ρ2Θ ≤ (k − f)
2(ρ2Θ + 2Δ(E)).

We conclude

ρ2Θ ≤
(k − f)2

2kf
Δ(E).

This inequality is as weak as possible when the coefficient (k − f)2/(2kf) is maximized. Viewing
e as fixed, k and f are integers satisfying f ≥ e + 1 and f − e ≤ k ≤ f . It is easy to see the
coefficient is maximized when f = e+1 and k = 1, which corresponds to the inequality we wanted
to prove. �
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Proof of Theorem 8.2. We recall

ρ2Ξ =

(
μ(ξ′)− μ(ξ)

2
−
Δ(ξ)−Δ(ξ′)
μ(ξ)− μ(ξ′)

)2
− 2Δ(ξ).

If we view ρ2Ξ as a function of Δ(ξ), then it grows quadratically as Δ(ξ) increases. Suppose Δ(ξ)
is large enough so that

ρ2Ξ ≥
rk(ξ)2

2(rk(ξ) + 1)
Δ(ξ).

Then if rk(θ′) > rk(ξ), we have ρ2Θ ≤ ρ
2
Ξ. This proves the theorem if hypothesis (H1) holds.

Next suppose (H2) holds, and write ξ = (r, μ,Δ). View Δ as variable, and consider the quadratic
equation in Δ

ρ2Ξ =
r2

2(r + 1)
Δ;

this equation depends only on r and μ. Assuming this equation has roots, let Δ1(r, μ) be the larger
of the two roots. Then the theorem is true for ξ if Δ ≥ Δ1(r, μ). Let Δ0(r, μ) be the minimal
discriminant of a rank r, slope μ sheaf satisfying (H2). We record the values of Δ0(r, μ) and Δ1(r, μ)
for all pairs (r, μ) with 1 ≤ r ≤ 6 and 0 < μ ≤ 1 in Table 3. For later use, we also record the value
of the right endpoint (x+(r, μ), 0) of the wall W (Ξ) corresponding to the character (r, μ,Δ0).

Table 3: Computation of Δ0(r, μ), Δ1(r, μ), and x
+(r, μ).

r μ Δ0 Δ1 x+ r μ Δ0 Δ1 x+ r μ Δ0 Δ1 x+

1 1 2 1.00 0 4 1
2

7
8 0.81 0 5 1 6

5 1.13 0.46

2 1
2

7
8 0.25 0 4 3

4
29
32 0.67 0.53 6 1

6
67
72 0.03 0

2 1 3
2 1.11 0.30 4 1 5

4 1.13 0.44 6 1
3

8
9 0.79 0

3 1
3

8
9 0.11 0 5 1

5
23
25 0.04 0 6 1

2
17
24 0.64 0.17

3 2
3

8
9 0.57 0.37 5 2

5
17
25 0.65 0 6 2

3
13
18 0.58 0.46

3 1 4
3 1.13 0.39 5 3

5
17
25 0.48 0.37 6 5

6
67
72 0.78 0.68

4 1
4

29
32 0.06 0 5 4

5
23
25 0.73 0.62 6 1 7

6 1.13 0.48

In every case, we find that Δ0(r, μ) ≥ Δ1(r, μ) as required. We note that Δ1(6, 13) >
13
18 , so the

proof does not apply to ξ = (6, 13 ,
13
18).

When ξ = (6, 13 ,
13
18), we put Ξ = ((5, 0, 0), (6,

1
3 ,
13
18), (1, 2, 6)) and compute ρ

2
Ξ = 4. If rk(θ

′) > 6

then Proposition 8.3 gives ρ2Θ ≤
13
7 , so W (Ξ) is not nested in W (Θ) in this case either. �

The proof of the theorem also gives the following nonemptiness result.

Corollary 8.4. If hypothesis (H1) or (H2) holds, then W (Ξ) is nonempty. If ξ = (6, 13 ,
13
18), the

wall corresponding to ξ′ = (5, 0, 0) is nonempty.

8.3. The ample cone, large discriminant case. Here we finish the proof that W (Ξ) is the
Gieseker wall if ξ satisfies hypothesis (H1). View ξ = ξ(Δ) = (rk(ξ), μ(ξ),Δ) as having fixed rank
and slope and variable Δ, so that the extremal triple Ξ = Ξ(Δ) decomposing ξ(Δ) depends on Δ.
We begin with the following lemma that will also be useful in the small rank case (H2).
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Lemma 8.5. The right endpoint x+Ξ(Δ) = sΞ(Δ)+ρΞ(Δ) of W (Ξ(Δ)) is a strictly increasing function

of Δ, and
lim
Δ→∞

x+
Ξ(Δ)

= μ(ξ′).

Proof. The statement that the function is increasing follows as in the second paragraph of Remark
4.2. The walls W (Ξ(Δ)) are all potential walls for the Chern character ξ′, so they form a nested
family of semicircles foliating the quadrant left of the vertical wall s = μ(ξ′). If the radius of such
a wall is arbitrarily large, then its right endpoint is arbitrarily close to the vertical wall. We saw
in the proof of Theorem 8.2 that if Δ is arbitrarily large, then the radius of W (Ξ(Δ)) is arbitrarily
large. �

Theorem 8.6. Suppose ξ satisfies (H1), and let Ξ be the extremal triple decomposing ξ. Then
W (Ξ) =Wmax, and the primary edge of the ample cone of M(ξ) corresponds to W (Ξ).

Proof. Let Δ(ξ) be large enough that there is an extremal Ξ that gives curves. Also assume Δ(ξ)
is large enough that Theorem 8.2 holds. If necessary, further increase Δ(ξ) so that no rational
numbers with denominator at most rk(ξ) lie in the interval [x+Ξ , μ(ξ

′)).

Suppose the decomposition Θ corresponds to an actual wall W (Θ) which is at least as large as
W (Ξ), and let

0→ F → E → Q→ 0

be a destabilizing sequence along W (Θ). Since F ∈ Qs along W (Ξ), we have μ(F ) ≥ x+Ξ . Now
rk(F ) ≤ rk(ξ), so by the choice of Δ(ξ) and the slope-closeness condition (E1) we conclude μ(F ) =
μ(ξ′).

Furthermore, F is μ-semistable. If it were not, by Lemma 8.1 the only possibility would be that
F has a subsheaf of slope μ(ξ). Then F must have a Harder-Narasimhan factor of slope smaller
than μ(ξ′), and this violates that F ∈ Qs for all s along W (Θ) by our choice of Δ(ξ).
Finally, the μ-semistability of F implies Δ(F ) ≥ Δ(ξ′) by the discriminant minimality condition

(E2). If Δ(F ) > Δ(ξ′), then W (Θ) is nested inside W (Ξ). We conclude Δ(F ) = Δ(ξ′), and
W (Θ) =W (Ξ). Therefore W (Ξ) is the Gieseker wall. �

Remark 8.7. The lower bound on Δ needed for our proof of Theorem 8.6 can be made explicit.
We have increased Δ on several occasions throughout the paper. If r and μ are fixed, then Δ needs
to be large enough that the following statements hold.

(1) ξ′′ is stable (Lemma 4.3).
(2) Ξ gives curves. Alternately, it is enough to know that if F ∈ M(ξ′) and Q ∈ M(ξ′′) are
general, then Hom(F,Q) = 0. The proof of Theorem 7.5 allows us to give a lower bound
for Δ if hom(F,Q) can be computed for some extremal triple Ξ decomposing a character ξ
with rank r and slope μ.

(3) The wall W (Ξ) is large enough to imply the destabilizing subobject along Wmax has rank
at most r (Proposition 8.3).

(4) The right endpoint x+Ξ of W (Ξ) is close enough to μ(ξ
′) that every rational number in

[x+Ξ , μ(ξ
′)) has denominator larger than r.

Remark 8.8. As an application of Theorem 8.6 and the discussion in the preceding remark, we
explain how our results recover Yoshioka’s computation [Y] of the ample cone of M(ξ) in case
c1(ξ) = 1 and r ≥ 2. Let θ′ = (2, 0, 0) and θ = (r, 1r , P (−

1
r ) +

1
r ), and let Θ be the corresponding

admissible triple. By Proposition 7.7, Θ is complete and gives curves. Any triple Λ � Θ also gives
curves by Lemma 7.4.

Now suppose ξ has positive height and c1(ξ) = 1. Then either ξ = θ or ξ is an elementary
modification of θ. Let Ξ be the extremal triple decomposing ξ. If W (Ξ) is the Gieseker wall, then
the curves in M(ξ) constructed in the previous paragraph are orthogonal to the divisor class on
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M(ξ) coming from W (Ξ), so we only need to check that W (Ξ) is the Gieseker wall. To do this, we
verify that if Δ ≥ P (−1r )+

1
r , then statements (1), (3), and (4) in Remark 8.7 hold. It is clear that

ξ′′ is stable, so (1) holds.

To check (3) and (4), it is enough to verify they hold for the decomposition Θ. For (3), by
Proposition 8.3 we must show

(

r −
1

2

)2
= ρ2Θ ≥

r2

2(r + 1)
Δ(θ) =

2r2 − r + 1
4r + 4

,

which is clear for r ≥ 2. For (4), we need x+Θ > −
1
r ; in fact, x

+
Θ = 0 holds.

8.4. The ample cone, small rank case. We next compute the Gieseker wall in the small rank
case.

Theorem 8.9. Suppose ξ satisfies (H2), and let Ξ be the extremal triple decomposing ξ. Then
W (Ξ) =Wmax, and the primary edge of the ample cone of M(ξ) corresponds to W (Ξ).

Proof. We may assume 0 < μ(ξ) ≤ 1. Suppose Θ = (θ′, θ, θ′′) is a decomposition of ξ corresponding
to an actual wall W (Θ) which is larger than W (Ξ). Let F → E be a destabilizing inclusion
corresponding W (Θ). We will show that μ(θ′) > μ(ξ′). Combining this with Lemma 8.1, Theorem
8.2, and slope-closeness (E1) then gives a contradiction.

To prove μ(θ′) > μ(ξ′), we first derive two auxiliary inequalities. We will make use of the
nondegenerate symmetric bilinear form (ξ, ζ) = χ(ξ ⊗ ζ) on K(P2). Let γ be a Chern character of
positive rank such that γ⊥ = 〈ξ′, ξ〉.
First inequality: Since μ(θ′) < μ(ξ), the assumption that W (Θ) is bigger than W (Ξ) means

(θ′, γ) > 0. Indeed, W (Θ) = W (Ξ) if and only if θ′ ∈ γ⊥. If Δ(θ′) is decreased starting from a
character on γ⊥, then (θ′, γ) increases and the wall W (Θ) gets bigger.

Second inequality: Put ζ1 = chOP2(−1) and ζ2 = chOP2(−3). We observe that ξ
′ lies in either

ζ⊥1 or ζ
⊥
2 . Let i be such that ξ

′ ∈ ζ⊥i ; we will show that (θ
′, ζi) ≤ 0 in either case.

Case 1: (ξ′, ζ1) = 0. If (θ
′, ζ1) > 0, then χ(OP2(1), F ) > 0. Suppose Ext

2(OP2(1), F ) = 0.
Then there is a nonzero homomorphism OP2(1) → F , and composing with the inclusion F → E
gives a nonzero homomorphism OP2(1) → E. Since ξ has slope at most 1 and positive height this
contradicts semistability of E.

It remains to prove Ext2(OP2(1), F ) = 0. Dually, we must show Hom(F,OP2(−2)) = 0. If
x+Ξ ≥ −2, then since W (Θ) is larger than W (Ξ) we will have F ∈ Q−2, proving this vanishing. By
Lemma 8.5, we only have to check this inequality when Δ(ξ) is minimal subject to satisfying (H2).
We carried out this computation in Table 3.

Case 2: (ξ′, ζ2) = 0. If (θ
′, ζ2) > 0, then either Hom(OP2(3), F ) or Ext

2(OP2(3), F ) =
Hom(F,OP2)

∗ is nonzero. Clearly Hom(OP2(3), F ) = 0 by Lemma 8.1. We must show
Hom(F,OP2) = 0. This follows from x+Ξ ≥ 0, which is again true.
Now we use the inequalities (θ′, γ) > 0 and (θ′, ζi) ≤ 0 to prove μ(θ′) > μ(ξ′). There is a

character ν such that if η has positive rank, then (η, ν) ≥ 0 (resp. >) if and only if μ(η) ≥ μ(ξ′)
(resp. >). We summarize the known information about the signs of various pairs of characters
here, noting that (ξ, ζi) < 0 since ξ has positive height.

(−,−) γ ζi ν

ξ 0 < 0 > 0
ξ′ 0 0 0
θ′ > 0 ≤ 0

The character ν is in (ξ′)⊥, and γ and ζi form a basis for (ξ
′)⊥. Write ν = aγ + bζi as a linear

combination. Since 0 < (ξ, ν) = b(ξ, ζi), we find b < 0. The character ν has rank 0, so this forces
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a > 0. We conclude

(θ′, ν) = a(θ′, γ) + b(θ′, ζi) > 0,

so μ(θ′) > μ(ξ′). �

We finish the paper by considering the last remaining case.

Theorem 8.10. Let ξ = (6, 13 ,
13
18), and let Ξ be the decomposition of ξ with ξ

′ = (5, 0, 0). Then
W (Ξ) =Wmax, and the primary edge of the ample cone corresponds to W (Ξ).

Proof. We use the same notation as in the proof of the previous theorem. We compute x+Ξ = 0,
so since W (Θ) is larger than W (Ξ) we have F ∈ Qε for some small ε > 0. Consider the Harder-
Narasimhan filtration

0 ⊂ F1 ⊂ ∙ ∙ ∙ ⊂ F` = F.

Every quotient gri of this filtration satisfies 0 < μ(gri) ≤
1
3 . Since gri is semistable, we find

χ(gri,OP2) ≤ 0 for all i. It follows that χ(θ
′, ch(OP2)) ≤ 0 as well. A straightforward computation

using this inequality and χ(θ′, γ) > 0 shows μ(θ′) > 2
7 . This contradicts Theorem 8.2 since every

rational number in the interval ( 27 ,
1
3) has denominator larger than 6. �
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18 (1985), no. 2, 193–243.

[H] J.Huizenga, Effective divisors on the Hilbert scheme of points in the plane and interpolation for stable
bundles, J. Algebraic Geom., to appear.

[HuL] D. Huybrechts and M. Lehn, The geometry of moduli spaces of sheaves, second edition, Cambridge Mathe-
matical Library, Cambridge Univ. Press, Cambridge, 2010.

[La] R. Lazarsfeld, Positivity in algebraic geometry I, Classical setting: line bundles and linear series, Springer-
Verlag, 2004.

[LP] J. Le Potier, Lectures on vector bundles, translated by A. Maciocia, Cambridge Studies in Advanced Math-
ematics, 54, Cambridge Univ. Press, Cambridge, 1997.

[LZ] C. Li and X. Zhao, The MMP for deformations of Hilbert schemes of points on the projective plane, preprint.
[Li1] J. Li, Algebraic geometric interpretation of Donaldson’s polynomial invariants, J. Differential Geom. 37

(1993), no. 2, 417–466.



THE AMPLE CONE OF MODULI SPACES OF SHEAVES ON THE PLANE 27

[LQZ] W.-P. Li, Z. Qin and Q. Zhang, Curves in the Hilbert schemes of points on surfaces, in Vector bundles and
representation theory (Columbia, MO, 2002), 89–96, Contemp. Math., 322, Amer. Math. Soc., Providence,
RI.

[MM] A. Maciocia and C. Meachan, Rank 1 Bridgeland stable moduli spaces on a principally polarized abelian
surface, Int. Math. Res. Not. 2013, no. 9, 2054–2077.

[MYY1] H. Minamide, S. Yanagida, and K. Yoshioka, Fourier-Mukai transforms and the wall- crossing behavior for
Bridgeland’s stability conditions, preprint.

[MYY2] H. Minamide, S. Yanagida, and K. Yoshioka, Some moduli spaces of Bridgelands stability conditions, Int.
Math. Res. Not., to appear.

[N] H. Nuer, Projectivity and birational geometry of moduli spaces of Bridgeland stable objects on an Enriques
surface, preprint.

[O] R. Ohkawa, Moduli of Bridgeland semistable objects on P2, Kodai Math. J. 33 (2010), no. 2, 329–366.
[St] S. A. Strømme, Ample divisors on fine moduli spaces on the projective plane, Math. Z. 187 (1984), no. 3,

405–423.
[W] M. Woolf, Effective and nef cones of moduli spaces of torsion sheaves on the projective plane, preprint.
[YY] S. Yanagida and K. Yoshioka, Bridgeland’s stabilities on abelian surfaces, Math. Z. 276 (2014), no. 1-2,

571–610.
[Y] K. Yoshioka, A note on moduli of vector bundles on rational surfaces, J. Math. Kyoto Univ. 43 (2003),

no. 1, 139–163.
[Y2] K. Yoshioka, Bridgeland’s stability and the positive cone of the moduli spaces of stable objects on an abelian

surface, preprint.

Department of Mathematics, Statistics and CS, University of Illinois at Chicago, Chicago, IL 60607

E-mail address : coskun@math.uic.edu

E-mail address : huizenga@math.uic.edu


	1. Introduction
	2. Preliminaries
	3. Admissible decompositions
	4. Extremal triples
	5. Elementary modifications
	6. Stability of small rank extremal triples
	7. Curves of extensions
	8. The ample cone
	References

