A LITTLEWOOD-RICHARDSON RULE FOR TWO-STEP FLAG VARIETIES

IZZET COSKUN

Abstract. This paper studies the geometry of one-parameter specializ ations of subvarieties of Grassmannians
and two-step ag varieties. As a consequence, we obtain a pos itive, geometric rule for expressing the structure
constants of the cohomology of two-step ag varieties in ter ms of their Schubert basis. A corollary is a positive,
geometric rule for computing the structure constants of the  small quantum cohomology of Grassmannians. We
also obtain a positive, geometric rule for computing the cla sses of subvarieties of Grassmannians that arise as
the projection of the intersection of two Schubert varietie s in a partial ag variety. These rules have numerous
applications to geometry, representation theory and the th  eory of symmetric functions.
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1. Introduction

This paper studies the geometry of one-parameter speciakions of subvarieties of Grassmannians and two-
step ag varieties. The rst consequence of our study is a newpositive, geometric rule for expressing the
structure constants of the cohomology ring of Grassmannias in terms of their Schubert basis (Theorem 3.21).
Such rules are known as Littlewood-Richardson rules. In fat; much more generally, Algorithm 3.12 provides
a positive, geometric algorithm for computing the classes bsubvarieties of the Grassmannian that arise as the
projection of the intersection of two Schubert varieties ina partial ag variety. The second main application of
our study is a positive, geometric rule for computing the structure constants of two-step ag varieties in terms
of their Schubert basis (Theorem 4.21). Since the three-poted Gromov-Witten invariants of a Grassmannian
can be calculated as ordinary intersections of Schubert cyes in two-step ag varieties [BKT], we also obtain a
guantum Littlewood-Richardson rule for Grassmannians (Theorem 5.1).
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The partial ag variety F(ky;:::;k;;n) parameterizes nested sequences ofinear subspaces)/lkl VAL
of dimensionsk; of a xed n-dimensional vector spaceV. Partial ag varieties are fundamental objects in
algebraic geometry, combinatorics and representation thery. Consequently their cohomology rings have been
studied extensively (see [BGG], [FPi] or [Ful2]). Although there are many presentations for their cohomology
rings, there were no proven Littlewood-Richardson rules fo ag varieties except in the case of Grassmannians.

Littlewood-Richardson coe cients exhibit a very rich stru cture which is best revealed by positive geometric
rules. For instance, in recent years, new Littlewood-Richadson rules for the Grassmannians have enabled Kly-
achko, Knutson, Tao, Woodward and their collaborators to resolve long standing problems such as Horn's Con-
jecture and the Saturation Conjecture (see [KT] and [KTW]). Vakil using a geometric Littlewood-Richardson
rule was able to establish the reality of Schubert calculusV2].

In the case of Grassmannians there are many Littlewood-Ricardson rules. For example, there are Littlewood-
Richardson rules in terms of Young tableaux [Full], puzzledKT], and checkers [V1]. A. Knutson conjectured
a rule in terms of puzzles (see ([BKT])) for two-step ag varieties and A. Buch extended the conjecture to
three-step ag varieties. However, except for multiplying very special classes (e.g. Monk's formula [Full]), a
proven rule has eluded mathematicians. Even in the case of @Gssmannians, the known rules are insu cient
and unsatisfactory for answering many natural geometric qestions.

by consecutive elements of the ordered basis. Consider thaulsvariety of G(k;n) parameterizing k-planes
that intersect each W; in a speci ed dimension (subject to the necessary compatilbity conditions). The rst
problem we address in this paper is:

Problem 1.1. Give a positive, geometric rule for computing the cohomlogglass of

Note that when the vector spacesW; are totally ordered with respect to inclusion, the subvarigy is a
Schubert variety. If the vector spacesW; have no inclusion relations among them, then is the intersection of
two Schubert varieties in G(k; n). More generally, the projection of the intersection of two Schubert varieties

geometric rule for expressing the class of in terms of Schulert cycles.
Theorem 3.32 : Algorithm 3.12 gives a positive, geometric rule for computig the class of .

A corollary of this theorem is a new Littlewood-Richardson rule for Grassmannians. Frank Sottile has pointed
out that Algorithm 3.12 and Theorem 3.32 also give a positive geometric rule for computing Kogan coe cients
(See [BS], [Kog]). | am grateful to Frank Sottile for this valuable observation.

Corollary 1.2 (Frank Sottile) . Algorithm 3.12 computes the Kogan coe cients.

The second main result of this paper is a positive geometricule for computing the structure constants of
two-step ag varieties in terms of their Schubert basis.

Theorem 4.21: Algorithm 4.19 is a Littlewood-Richardson rule for two-step ag varieties.

The strategy that leads to the rule works to compute the clasgs of subvarieties of other partial ag varieties.
However, to keep this paper at a reasonable length, we resti our discussion to two-step ag varieties. The
reader may consult [CV] for an example for three-step ag vareties. In addition to being a step in understanding
the geometry of arbitrary partial ag varieties, the study o f two-step ag varieties is interesting in its own right.
For instance, the work of Buch, Kresch and Tamvakis ([BKT]) has highlighted a beautiful relation between the
small quantum cohomology of Grassmannians and the cohomaly of two-step ag varieties.

The nal result of this paper is a quantum Littlewood-Richar dson rule for Grassmannians.
Theorem 5.1: Algorithm 4.19 gives a quantum Littlewood-Richardson rulefor Grassmannians.

The small quantum cohomology rings of Grassmannians have lea studied extensively (see [B], [Bu] or
[BKT] for references). However, as in the case of ag variegs, there was not a positive combinatorial procedure
for nding the quantum Littlewood-Richardson coe cients o f Grassmannians. Using the results in [BKT], the
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problem of computing three-pointed Gromov-Witten invaria nts turns to a problem of intersecting three Schubert
cycles in a two-step ag variety. Hence, our algorithm also ®lves the quantum Littlewood-Richardson problem.

Our Littlewood-Richardson rules will be in terms of combinatorial objects called Mondrian tableaux. Mon-
drian tableaux supply a convenient tool for recording the rank table for the intersections of two ags. We start
with the intersection of two Schubert varieties de ned with respect to two transverse ags. We specialize the
ags via codimension one degenerations. In the process werfe the intersection of the two Schubert cycles
de ned with respect to the two ags to break into a union of Schubert cycles. The limits that occur during this
process are again recorded by Mondrian tableaux.

A =
-[®
F-B o -
[0

Figure 1. The product 2 = ,+ 1.1in G(2;4).

Here we give a simple example of how the rule works. See Figufiefor geometric pictures and the Mondrian
tableaux corresponding to them. Consider the problem of calulating 2 in G(2;4). Geometrically, we would
like to compute the class of the locus of lines irP® that intersect two skew lines|; and |,. When |, and |, are
skew, describing the lines that intersect both is di cult. S upposel; and |, intersected at a point. Then the lines
that intersect both 1; and |, would either contain I\ |, or they would be contained in the plane spanned by
[1 and |,. Both of these are Schubert varieties (2 and 1.1, respectively). To conclude that when the lines are
skew that the class is still 2+ 1.1, we form a one-parameter family of lines by rotatingl; around a pivot point
until it intersects |,. The variety of lines that intersect both I; and |, form a at family. By the properness of
the Hilbert scheme there exists a at limit when |; and |, intersect. The class of the at limit is equal to the
class of any of the varieties in the family. The at limit has t o be supported along the locus of lines containing
[1\ I, or contained in the span ofl; and I,. Finally, a (very easy) tangent space calculation shows thathe two
cycles in the Grassmannian parameterizing lines that intesect|; intersect generically transversally even when
I, and |, intersect at a point. It follows that 2= ,+ 1.

One aim of this paper is to show that this example captures thegeometry of Grassmannians. The class of the
intersection of two Schubert varieties in the Grassmanniancan be calculated (in a sense that will become clear)
by judiciously repeating this example. Similarly for two-step ag varieties there are three simple examples that
capture the geometry. The rst is the calculation

212 2L2_ 2

1;0;0 1;1,0 = 2;2;
in F(1;3;5). The left-hand side of Figure 2 depicts this calculatim. Geometrically this calculation corresponds
to nding the class of pointed planes (p; P) in P* where the point intersects a linel, (drawn as the red square)
and the plane contains the point and intersects the lined; and I3. We rotate |; until it intersects |,. Either the
plane P intersectsli \ I, but the point pis distinct from I1\ I5. In that case P must contain |, and we obtain
the Schubert variety 55i5. Or the point p might coincide with |1\ . In this case, we get the Schubert variety

%fé Finally, if neither the plane P nor the point p intersectsl; \ I, then they have to be contained in the

new span ofl;; 1, and I. In this case, we get the Schubert variety 17'7.
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Figure 2. Two calculations in two-step ag varieties.

The second calculation is

1;2;1 1,21 . 1,21 1;1;2 1;2;1 1;1;2
oo 110~ 3rot 210t 211t 11
in F(2;3;6). This calculation is depicted in the middle of Figure 2. Geometrically this calculation corresponds

to nding the class of line and plane pairs (;P) in P®, where the linel intersects two planesl, and I3 and the
plane P contains | and intersects the planel,. We rotate |1 until it intersects |,. The possible limits in this
case are similar to the previous examples. Eithet intersectsl; \ I3. In this case we get the Schubert variety

sg- Or P may intersectl; \ Io. In this case we get the Schubert variety 5'1'5. Else both | and P have to
be contained in the new span ofl;; I, and I3. The last variety is not a Schubert variety, but by increasing the
intersection of I; and |, by one more dimension is easily seen to break into a sum of twocBubert varieties

ST+ 111 Finally, the third calculation is

1;2;2

2:1;2 122 1,22 2,
100 11o- 3ot 220% 21

1; 1;2;2.
0; 2;1;1"

This example is represented on the left panel of Figure 2 andsisimilar to the previous ones.

Algorithms 3.12 and 4.19 are generalizations of these simplexamples. We will degenerate the ags that
de ne the intersection of two Schubert varieties via speci ed codimension one degenerations. The at limits are
determined by the following observation.

Observation 1.3. Suppose is a k-plane that intersects a set ofk-vector spacesW; in speci ed dimensionsd; .

Theorem 3.32 and Theorem 4.45 will check that this observatin su ces to determine the set-theoretic
components of the at limit of codimension one degeneratios in Grassmannians and two-step ag varieties. As
a matter of fact, the same observation applies to arbitrary partial ag varieties and can be used to calculate
the classes of subvarieties in them. Theorems 3.32 and 4.45Imalso show that for the speci ed degenerations
each of the components occur with multiplicity one.

The idea to study the geometry of ag varieties via degeneraions dates back at least to Pieri. Recently R.
Vakil proved a geometric Littlewood-Richardson rule for Grassmannians using degenerations [V1]. Our approach
is similar to Vakil's. However, even in the case of Grassmanians, by choosing a more natural and canonical
degeneration order, we are able to clarify the geometry sigrcantly. The result is a simpler and more e cient
rule. In fact, as already mentioned, our methods apply in a meh more general setting and give an algorithm
to express the classes of a large collection of subvarieti®@ Grassmannians in terms of Schubert cycles.
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We remark that the positive, geometric rules proved in this paper have many applications to reality questions,
Schubert calculus over elds other than complex numbers andsaturation type conjectures. To keep this paper
relatively short, we postpone the discussion of these applations to a future paper.

Finally, it should be stressed that the algorithms describel in this paper do not only compute classes of sub-
varieties of Grassmannians or two-step ag varieties. Theydescribe the limits of subvarieties of Grassmannians
and two-step ag varieties under specializations of the dening ags. The end result of the algorithm is not a
collection of cohomology classes, but actual subvarieties

Acknowledgments: | would like to thank C. Desjardins, S. Grushevsky, J. Harris, A. Knutson, A. Kresch,

B. Osserman, F. Sottile and H. Tamvakis for fruitful conversations. | am grateful to F. Sottile for pointing out

Corollary 1.2. | am greatly indebted to R. Vakil and A. Buch fo r their constant help and unfailing support. They
have generously volunteered their time and e ort to implement the algorithms in this paper. Their suggestions
have greatly improved the accuracy, content and presentatn of this paper.

2. Preliminaries

In this section we collect well-known facts about ag varieties and the quantum cohomology of Grassmannians.
For more detailed discussions the reader can consult [GH] Ch x5, [FPi] and [BKT].

Notation 2.1. Let k; be an increasing sequence of positive integers. We denote ehGrassmannian ofk-
dimensional subspaces of am-dimensional vector space byG(k;n). When we interpret this Grassmannian
as the parameter space of{ 1)-dimensional linear subspaces dP” *, we will use the notation G(k 1;n 1).

Let F(ksi;:::;ke;n) denote the r-step ag variety of r-tuples of linear subspaces \(1; ;V;) of an n-
dimensional xed vector space, whereV; are kj-dimensional linear spaces and/f Vi, foralll i r 1.
When we would like to consider the ag variety as a parameter gace for nested sequences of linear subspaces
of projective space, we will use the notationF(k; 1;:::;k.  1;n 1).
2.1. The cohomology of ag varieties. LetF :0=Fy F; Fn = V be a xed complete ag in
the n-dimensional vector spaceV/. Given a partiton :n Kk 1 2 « 0, we de ne the Schubert
variety in G(k;n) with respect to the ag F to be

(F)=fW]2G(k;n)jdm(W\ F, ¢+i ,) 1 81 i kg

We denote the Poincae dugl of the class of by . The codimension of in G(k;n) is equal to the
weight of the partition j j= , ;. The classes of Schubert vqf,ieties form an additive basis dhe homology of
G(k;n). The structure constants c.  in the product = c. are called the Littlewood-Richardson
Ccoe cients .

Similarly, the cohomology of the r-step ag variety F(ky;:::;k;n) is generated by Poincae duals of the

Xi(F)=1(V;::55 W) 2 F(keskoyn) jdim(Vi \ Fy)  #f i:'()>n jg8ij g

The Poincae duals of the classes of all the Schubert variges form an additive basis for the cohomology of
the ag variety. The structure constants with respect to thi s basis are known as thelittlewood-Richardson
coe cients for ag varieties.

For future reference we note that given a Schubert cycle in G(k;n), there is a special Schubert cycle
XDF )in F(k d;k+ d;n) de ned by

XOE )= f (V; Vo) j dim(Vi\ Fo i,
wherel i k dandl | k.

We need a convenient notation for Schubert varieties of -step ag varieties. In analogy with the notation
for the Grassmannians we will use the notation 11 ;; kk'r . The bottom row denotes the usual partition corre-
sponding to the k;-plane V; in V treated as a Schubert cycle inG(k, ; n). The numbers ; are integers between
1 andr. For a Schubert cycle inF (ky;:::;k;n), ky of the upper indices will be 1 andk; k; 1 of them will

) k d i dim(V2\ Fy K+ j ,-) ig
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bei. The ag F induces a complete agG on the largest vector spaceV;. For eachj, there exists a smallest
i such that
dim(Vi\ Gj)=dim(Vi\ G; 1)+1:
For a Zariski-open subset of the Schubert variety this indexwill be constant. In that case we write i on top of
i In the case of Grassmannians this notation reduces to the alinary notation with a sequence of 1s on the
top row. For the complete ag variety the top row becomes the permutation de ning the Schubert cycle.

Example. Fix a ag F; Fe in V. The Schubert cycle 3., in G(2;6) denotes the two-dimensional
subspaces o¥ ® that meet F, in a line and are contained inF4. The corresponding special Schubert cycl& 13;2

has class 515 in F(1;3;6). The Schubert cycle 515 denotes the pairs of subspace¥;  V, where V; has
dimension one andV, has dimension 3.V, is required to meetF, in dimension one,F, in dimension 2 and be

contained in Fg. V1 lies in the intersection of Vo with F4.

ky of the numbers in the string are 1,k; k;j ; of them arei andn k; of them are 0. The translation from
our notation to this notation is straightforward. Place a 0 i n a position unless it is of the formn  k; + i i
Place the digit ; in position n Kk + i i. We warn the reader that there are di erent conventions for the
string notation. Some authors use a di erent correspondene between the digits and the subscripts of the vector
spaces. Similarly there are di erent conventions as to whelier the string should be written from left to right or
right to left.

2.2. Gromov-Witten invariants. Let Mo.m (G(k;n);d) denote the Kontsevich space of genus zero stable
maps to G(k; n) of Placker degreed. The Kontsevich space is equipped withm evaluation morphisms,

100 m S Mom (G(k;n);d) ! G(k;n);
where thei-th evaluation morphism maps a stable map to the image of thei-th marked point.

Given m Schubert classes |; ; in G(k; n), the Gromov-Witten invariant 14( ,;:::; ) is dened
by the formula

m

z
O 10 D0 T mC W)
M o;m (G(k;n );d)
Since the three-pointed Gromov-Witten invariants (m = 3) give the structure constants of the small quantum
cohomology ring, they are called thequantum Littlewood-Richardson coe cients.

Let 1; ; m be general (with respect to thePGL (n+1) action) Schubert cycles representing the Poincae
duals of the classes ,;:::; ., respectively. The following lemma asserts that the GromovWitten invariant

17

is equal to the number of rational curves that intersect ;.

Lemma 2.3. ([FP] Lemma 14) The scheme theoretic intersection

T G AU W Q)
is a nite number of reduced points in Mo.m (G(k; n); d). Moreover,
la( 2 ) =# )V pfCm)
Remark 2.4. Furthermore, by Kleiman's Transversality Theorem [KI] one can conclude that the curves contribut-
ing to the Gromov-Witten invariants are non-degenerate cuwves and the restriction of the tautological bundle

of G(k;n) to the curves have balanced splitting (i.e. the degree of ap two summands in the Grothendieck
decomposition di er by at most one).

L P
2.3. Scrolls. Let rq rx be non-negative integers, not all equal to zero. We let be the sum :‘:1 ri.
Let S;,. ., denote the k-dimensional rational normal scroll in prk 1,

of them is disjoint from the span of the remaining one. Fix an somorphism between each of these curves
and an abstractP!. S;,. ., is the union of the (k 1)-planes spanned by the points corresponding under the
isomorphism. We allow some of the integers; to be zero. In that case we obtain cones over smaller dimensial
scrolls. A scroll isbalancedif jry r;j 1forl i;j k. Itis perfectly balancedif all r; are equal.
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Abstractly a scroll is the projectivization of a vector bundle of rank k on P!. Since any vector bundleE over
P! is a sum of line bundles, we can express the projectivizations

PE = P(Op:( 11) O p( r):
The scroll S;,. ., is the image of PE under the linear seriesjOpg (1)j.

Scrolls as rational curves in the Grassmannian. Since a scrollS;,. ., is a family of (k 1)-planes
parameterized by a rational curve, it gives rise to a rationd curve C in G(k 1;r + k 1). The curve C is
non-degengate (i.e., does not lie in a subgrassmannian dfi¢ form G(k 1;s) for s<r + k 1) and of Placker
degreer = ri.

Conversely, any irreducible, non-degenerate curv€ in the GrassmannianG(k 1;r+ k 1) of degreer gives
rise to a scroll of degreer in P'** 1. There are non-isomorphic scrolls of degree in P'** 1. The splitting
type of the restriction of the tautological bundle of G(k 1;r + k 1) to C determines the isomorphism type
of the scroll (see [C]). We, therefore, obtain the followingcorollary of Lemma 2.3 and Remark 2.4.

Corollary 2.5.  The Gromov-Witten invariant Iq( ,;:::; ), where ;:::;  are Schubert cycles in
G(k; n), is equal to the number of balanced scrolls of degrekand dimensiond+ k 1 in P" ! containing m
bers satisfying the speci ed Schubert conditions.

In [BKT] the authors relate the quantum three-point invaria nts of degreed for G(k; n) to ordinary intersec-
tions in F(k d;k+ d;n). Since we will use their Proposition 1 and Corollary 1, we smmarize their results in
terms of the geometric point of view o ered by Corollary 2.5.

Lemma 2.6. ([BKT] Prop.1) The only non-zero three-point quantum invariant of G(d;2d) of degreed is
la( o 3 o s o a) =1

By dimension restrictions, the stated invariant is the only non-zero degred invariant. The invariant is equal
to one because there is a unique scroll of degree and dimensid in P2 1 containing three general @  1)-
dimensional linear spacesA;B;C as bers. In such a scroll, through every point p of A there is a unique line
meeting B and C. This line is pB\ pC, the intersections of the span ofp and B and the span ofp and C. This
uniquely constructs the scroll.

Lemma 2.7. ([BKT] Cor.1) Let ; ; be partitions andd 0 be an integer satisfying
1) Jitij+rji=kn k)+dn

Then the degreed three-point Gromov-Witten invariants of G(k;n) equal the ordinary three-point intersections
of special Schubert varieties (see2.1) in the ag variety F(k d;k+ d;n):
z

la( ;)= XD X X O
F(k dk+d;n)

By Corollary 2.5 the Gromov-Witten invariant is equal to the number of balanced scrolls of degree and
dimension k in P" 1. Such a scroll is a cone over a perfectly balanced scroll witlvertex a linear space of
dimensionk d 1. It spans aP*4 1 To each scroll contributing to the Gromov-Witten invarian t one
associates the pair of linear spaces consisting of the vesteand the span of the cone. This gives the required
bijection.

3. Mondrian tableaux and a Littlewood-Richardson rule for Grassm annians

In this section we describe a way to compute the Littlewood-Rchardson coe cients of Grassmannians in
terms of combinatorial objects called Mondrian tableaux. In fact, we will give a geometric rule for computing
the classes of a much larger class of subvarieties &f(k;n). We will rst give the combinatorial description of
the rule. We will then explain the geometry behind the rule. We will then present some generalizations that
are useful for studying the geometry of two-step ag varieties.

3.1. The rule combinatorially.
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basis elements. The side-length of a squars is the number of basis elements contained ir§. We will denote
the side-length of S by |Sj. Let M be a set of squares and leS be any square (not necessarily contained in
M). We will denote by # S(M ), the number of squares ofM (inclusive) contained in S.

De nition 3.1. A Mondrian tableau M for the Grassmannian G(k; n) is a collection of k distinct squares such
that

Mon2 For each squareS, the union of the squares strictly contained inS is properly contained in S.
Mon3 For any two squaresS;;S; of M,

jS1[ S2j J Sij+#( S1[ S2)(M)  #Si(M):

We will depict a Mondrian tableau by placing the basis elemeits as unit squares along the diagonal of an
n n grid listed from southwest to northeast. A squareS in the Mondrian tableau will be depicted by a square
whose diagonal lies along the diagonal of then n grid and contains the unit squares corresponding to the
basis elements contained irS. Figure 3 depicts some Mondrian tableaux.

Some examples of Mondrian Tableaux Some non-examples
Mon3 not satis ed Mon2 not satis ed

L]

unit length

O

Figure 3. Some examples and non-examples of Mondrian tableaux.

any set of squares in a Mondrian tableauM . Then
[ L
I SijSi+# S)M) #S(M):
1=1 1=1

A Mondrian tableau M for G(k;n) represents an irreducible subvariety \ of G(k;n). In Section 3.2 we
will explain how to associate a subvariety ofG(k; n) to a Mondrian tableau. Briey, the squares of a Mondrian
tableau M represent vector spaces that impose rank conditions ok-planes. The subvariety \ is the closure
of the locus ofk-planes that intersect the vector space spanned by the basislements contained in any square
S in dimension #S(M ). We will denote the Poincae dual of the class of \ by [ m]. Below we will give an
algorithm for expressing [ v ] in terms of Schubert cycles.

3.1.2. Representing Schubert varieties as Mondrian tableauxWe now describe how to represent Schubert vari-
eties by Mondrian tableaux.

De nition 3.3. A collection of squaresS;;:::;S; in a Mondrian tableau are called nested if the squares are
totally ordered with respect to inclusion; i.e., for any twosquaresS; and S; either §; S; or §;  S; for every
1 i;j r. We will say a squareS in a Mondrian tableau M is nested if

(1) For any other squareS®in M either S S%or S° S.
(2) The collection of all the squares inM containing S is nested.
We will say that a Mondrian tableau is nested if all the squain M are nested.

De nition 3.4. A Mondrian tableau associated to a Schubert variety ,... , in G(k;n) is a nested Mondrian
tableauS; S, Sk where the side-lengthjS;jj=n k+ i i
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Figure 4 depicts two Mondrian tableaux for 2.1 in G(3;6). These Mondrian tableaux represent the same
Schubert class, but di erent Schubert varieties.

I:' unit size
H O

Figure 4. Two Mondrian tableaux associated to ».1 in G(3; 6).

De nition 3.5.  The lower-left (respectively, upper-right) corner of a sqare S in a Mondrian tableau M is the
basis element with least (respectively, greatest) index otained in S. We will denote the lower-left corner of S
by I(S) and the upper-right corner of S by r(S). We will say & is southwest (respectively, northeast) of if
i ] (respectivelyi j). We will say strictly southwest or northeast to mean the inqualities are strict.

De nition 3.6  (Normalized Mondrian tableau). A Mondrian tableau M is called normalized if
(1) The lower-left corners of any two squares inM are distinct.

(2) If the upper-right corners of two distinct squaresS; S, coincide, then any squareS 2 M with
I(S) <I(Sy) contains S;.

Remark 3.7. Let M be a set of squares satisfying condition Monl. If the lowerdft (or upper-right) corners of
all the squares are distinct, then condition Mon2 automatically holds. This is clear since for any squares, 1(S)
(or r(S)) cannot be contained in any of the squares strictly contaired in S. Furthermore, if M is normalized,
then Mon3 automatically holds. Let S; and S, be any two squares ofM . If [(S1) <1 (Sz) and r(S1) <r (Sz),
then #( S1 [ S)(M)  #S,(M) (respectively, #( Sy [ S2)(M)  #S3(M)) is at most jS;  Spj (respectively,
iS2  Sij). In the rst case (respectively, second case), each squareontributing to the count has a distinct
lower-left (respectively, upper-right) corner. If S, Sp, then #( Si[ Sp)(M) # Sp(M)isatmostjS;  Spj since
each square contributing to the count occupies either a dighct upper-right or lower-left corner not contained
in S,.

3.1.3. The algorithm for normalizing a collection of squares.Let M be a nite collection of squares satisfying
condition Monl. If for S;;S, 2 M, the lower-left (respectively, upper-right) corners1(S;) = 1(S;) (respectively,
r(S1) = r(Sy)) coincide, then either S;  S; or S;  S;. We can normalize this collection of squares. In case
M is not a Mondrian tableau, it is possible that the procedure yields the empty collection. We will say discard
the tableau to refer to the latter possibility.

Algorithm 3.8 (Normalizing a collection of squares) Suppose there exists a basis element which is the lower-left
corner of more than one square. Letg be the one with least index. LetS; S St be the squares
in M that have e as the lower-left corner. (If some of the squares in the coltgion coincide, pick any ordering
on them. Otherwise order them by size.) Removes;, from S, and call the resulting squareSS. (Pictorially this
corresponds to shrinking the squareS, by moving I(S;) northeast one unit.) ReplaceM by the new collection
of squaresM © obtained by replacing S, by S9. If no two squares ofM © share the same lower-left corner, stop.
Otherwise run the procedure again, replacingyl by M2 If the side-length of any square shrinks to zero in the
process, discard the collection of squares.

After nitely many steps we will obtain a collection of squares M that do not share the same lower-left
corner. If M is not normalized, then there exists two squaresS; S; suchthatS; Sy, r(S:1) = r(Sg) and
violate Condition 2 in De nition 3.6. Let e be the basis element with largest index which is the upper-ght
corner of such squares. LeB; S; S be the squares withr (S;) = & and which violate Condition 2 in
De nition 3.6. Remove g from S, call the resulting square SS. ReplaceM by the new collection M © obtained
by replacing S, by SY. If M %is normalized, stop. Otherwise, repeat by replacingVl by M . If the side-length
of any square shrinks to zero in the process, discard the celttion of squares.

Figure 5 shows an example of the Algorithm 3.8 applied to a Modrian tableau.
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Figure 5. The normalization algorithm applied to a Mondrian tableau.

Lemma 3.9. The algorithm for normalizing a collection of squares trangorms a Mondrian tableau for G(k; n)
to a normalized Mondrian tableau for G(k; n).

Proof. It is clear that the algorithm terminates. We need to check that at each stage the procedure transforms
a Mondrian tableau to a Mondrian tableau. Here we check the cae when we shrink the lower-left corner of a
square. The case when we shrink the upper-right corner is amagous. Monl holds sinceS? is still the span of
consecutive basis elements and the other squares do not chge Note that if S9 has the same lower-left corner
as a dierent square S in M% then S S2. Otherwise, S S, but jSj = jS;[ Sj 1 contrary to Mon3 for
M since S; and S, are not contained in S. Hence, all the containment relations that hold in M except for
S1 S hold for M%when S; is replaced bySS. Furthermore, there are no new containment relations among
the squares inM % We only need to check the conditions Mon2 and Mon3 forSS. S9 cannot be the span of
squares contained in it, otherwiseS, would be as well. This would contradict Mon2 for M . Finally, suppose S
is a square ofM ° such that

) JS[ S <iSi+#( S[ SH(MY)  #S(MH, or
i) jS[ S <iSfi+#( S[ SHIMY  #SHMH).
We have that a) jS[ S9j = jS[ S;j unlesse; 2S and b) jS[ S% = jS[ Szj 1. If we are in case i and a,
then
IS[ Sy < Sj+#( S[ S)(M)  #S(M):
If we are in case i and b, then
iS[ S2j 1< jSj+#( S[ S2)(M) r+1 #S(M);
wherer 2. Both contradict Mon3 for M. If we are in case ii and a, then
IS[ S2j<jS2j 1+#( S[ S)(M)  #S(M)+1:
If we are in case ii and b, then
ISI S2f 1<jSj 1+#(S[ S)M) r+1 #S(M)+1:
Both of these contradict Mon3 for M as well. We conclude that Mon3 holds forM % Hence, normalization

preserves the property of being a Mondrian tableau. Observ¢hat the side-length of a square cannot shrink to
zero when running the process for Mondrian tableaux.

3.1.4. The algorithm. We now describe a procedure that turns a given Mondrian tablau into a collection of
Mondrian tableaux associated to Schubert varieties. We wil refer to this algorithm as the Grassmannian
Algorithm. We rst need a de nition.

De nition 3.10. Let S= fe;:::;¢9 be a square in a normalized Mondrian tableauM . Then a squareN of
M is a neighbor of S if the following conditions hold:
(1) g+ 2 N.

(2) S is not contained in N.

(3) If the lower-left corner 1(S9 of another squareS° is betweenl(S) and I(N), then either S° S or
N SO

Observe that the set of neighbors of a square is totally ordexd. Figure 6 shows an example of a square and
its neighbors.
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neighbors of S

SN

Figure 6. The neighbors of a square.

De nition 3.11  (Distinguished square) Let M be a normalized Mondrian tableau. Among the squares dl
that are not nested, the squareS whose lower-left corner is furthest southwest is called thdistinguished square
of M.

We can now state the Grassmannian Algorithm. SupposeM is a normalized Mondrian tableau. If M is not

the tableau associated to a Schubert variety, we will slide he distinguished squareS of M northeast by one
unit. This move corresponds to a specialization of the vectospaces de ning the variety \ associated toM .

As a result, \ will specialize to a (generically reduced) union of one or me subvarieties each of which is
associated to a Mondrian tableau. The algorithm will replace M by the Mondrian tableaux corresponding to

the limit subvarieties. We will explain how to determine the limits geometrically in Section 3.2.

T

- T

| |

Figure 7. Step 2 of the Grassmannian Algorithm.

Algorithm 3.12 (Grassmannian Algorithm). Let M be a Mondrian tableau for G(k; n).

GAl. If M is nested, the algorithm terminates. Otherwise, normalizeM .
GA2. Let S be the distinguished square ofM. Let S° be the shift of S one unit to the northeast. (If

their side-lengths in increasing order. For each neighboN, of S, let M, be the tableau obtained from
M by replacing N, and S with the intersection S°\ N, and the spanS[ N,. Let Mg be the tableau
obtained from M by replacing S with S°

If SOcontains the smallest neighborN; of S, replaceM by the tableau M ; only. Otherwise, for every
neighbor N, of S construct the tableau M. If S%is contained in the largest neighbor ofS or if Mg is

GA3. Return to Step 1 and run the algorithm for each of the tableaux M; constructed in Step 2.

Remark 3.13 GAZ2 should be interpreted as asserting the following staterant. Let M be a Mondrian tableau.

If S°contains the smallest neighbor ofS, then[ v ]=[ wm,]. SupposeS®does not contain the smallgst neighbor
of S. If S%is Contairied in the largest neighbor ofS or if Mg is not a Mondrian tableau, then|[ u]= ir=1 [ m 1]

Otherwise, [ m1= " (o[ m ]

Remark 3.14. We remark that if S°is not contained in N, and S° does not containN 4, then My fails to be a
Mondrian tableau if and only if jS| N;j = jN;j+#( S[ N;)(M) #N;(M).
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Lemma 3.15. The Grassmannian Algorithm replaces a Mondrian tableau forG(k; n) with Mondrian tableaux
for G(k;n).

Proof. By Lemma 3.9 normalizing a Mondrian tableau gives a Mondriantableau. It is clear that every M;
replacing M has the same number of squares asl. They clearly satisfy Monl. Mg is by assumption a
Mondrian tableau. Hence, in that case there is nothing further to check. We can assume that 1. The

span of S and N;. Sincel(S) = I(SN;) and I(S°\ N;) = I(N;), the lower-left corners of the squares inM; are
distinct. If S°does not containN 1, then any two squares that share an upper-right corner inM; also share an
upper-right corner in M . Hence Condition 2 in De nition 3.6 is also clear. If S contains N, then Condition 2

in De nition 3.6 holds for M1 because by the de nition of the distinguished square every guare whose lower-left
corner is southwest ofl (SN;) contains [(SN;). It follows that Mon2 and Mon3 are satis ed for M; by Remark

3.7.

The Grassmannian Algorithm begins with a Mondrian tableau and terminates with a collection of tableaux
associated to Schubert varieties. Note that the step GA2 refaces a normalized Mondrian tableau with tableaux
that satisfy Condition 2 in De nition 3.6. Furthermore, exc ept for possibly Tableau Mg, the tableaux M;
constructed in GA2 are automatically normalized. In Mg the lower-left corner of at least one square moves
strictly northeast. In Mj, for i > 0, the total side-length of the squares increases by one. Sia the tableau is
contained in ann n grid, the algorithm has to terminate.

Remark 3.16. The reason that Condition 2 in De nition 3.8 does not simply read that the squares all have
distinct upper-right corners is to avoid in nite loops in th e Grassmannian Algorithm. Otherwise, if the distin-
guished square contains its smallest neighbor, shrinkin@gN; gives back the tableau we started with.

De nition 3.17. A degeneration path for a Mondrian tableauM is a sequence of Mondrian tableaux
Mt M2 1 MP

such thatM ! = M, MP is the Mondrian tableau associated to a Schubert variety antor every1 i p 1
the tableauM '*! is one of the tableaux replacingvl' in GA2 in Algorithm 3.12.

The main theorem for Grassmannians is:

Theorem 3.18. Let M be a Mondrian tableau for G(k;n) and let \ denotesthe associated subvariety of
G(k; n). Express the Poincae dual of the class of  as a sum of Schubert cycles ¢ . Then the coe cient

c is equal to the number of degeneration paths starting withM and ending in a Mondrian tableau associated
to

Theorem 3.18 in particular applies to the intersection of Stubert varieties. More generally the projection
of the intersection of two Schubert varieties in any partial ag variety is a variety associated to a Mondrian
tableau.

3.1.5. The Littlewood-Richardson rule. We now describe how to multiply two Schubert cycles and in
G(k; n).

Algorithm 3.19 (Littlewood-Richardson Rule). LR1 Take the Mondrian tableau associated to  where all
the squares have the same lower-left corneg;. Label the squares of this Mondrian tableauA; A,
Ay. Take the Mondrian tableau associated to  where all the squares have the same upper-right

corner e,. Label the squares of this Mondrian tableauB; B Bk. Place the two Mondrian
tableaux on the samen n grid.
LR2 Foreveryl i k formthe squareAB; = Aj\ By i+1 . If any of the squaresAB; is empty, stop. The

product of the two Schubert cycles is zero. Otherwise form tle Mondrian tableau M (; ) consisting of

LR3 Run the Grassmannian Algorithm on the Mondrian tableau M (; ).
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Remark 3.20. Provided that the intersection of two Schubert varieties is non-empty, then the initial tableau
corresponding to the intersection is normalized. This is adar from the construction.

A corollary of Theorem 3.18 is the following Littlewood-Richardson rule.

Theorem 3.21 (Littlewood-Richardson rule). The Littlewood-Richardson coe cient c. for G(k;n) is equal
to the number of degeneration paths starting wititM (; ) in an n n grid and ending in a Mondrian tableau
associated to  in Algorithm 3.19.

We illustrate Theorem 3.21 by calculating 5;1 in G(3;6).

o P oE

G_l—>|_—>|_ -
™ - L BIEL [

Figure 8. The product 2, = 33+2 321+ 222 in G(3;6).

3.1.6. A more e cient algorithm. The e ciency of the Littlewood-Richardson rule given in The orem 3.21 can
be improved by eliminating unnecessary steps in the Grassnmmian Algorithm. In this subsection we state
a variation of the Littlewood-Richardson rule. This modie d algorithm is important for characterizing the
minimal set of Mondrian tableaux that are needed to calculat the Littlewood-Richardson coe cients for all
G(k; n).

De nition 3.22. A Littlewood-Richardson tableau is a Mondrian tableau conisting of squaresD ¢; :Ds and
ABg41;::1; AB such that
(1) Either the collection of squaresD; D; Ds is nested; or there is a unique squar®; such that

the collection of D squares omittingD; is nested,D; D, for u>t and the lower-left and upper-right
corners of D are strictly northeast of the lower-left and upper-right coners of D, for u<t.

(2) Foreverys+1 i Kk, the lower-left and upper-right corners of ABy, are strictly northeast of the
lower-left and upper right corners of ABy, ; and of all the squaresD,. If two squaresD, D, have
the same lower-left corners, then theD squares contained inD, are nested.

(3) D 1 touches or intersectsD;. Ds touches or intersectsABg.; . AB; touches or intersectsAB;.; for
everys+1 i k 1.

Algorithm 3.23 (Simplifying Littlewood-Richardson Tableaux). Let M be a Littlewood-Richardson tableau.

(1) If the tableau is nested, stop. The algorithm terminates. If the D squares are nested, let the active
square beDs. Otherwise, there is a uniqueD -squareD; as in De nition 3.22. Let the active square be
D: ;. Slide the active square northeast by one unit. If there are ay squares that are contained in the
active square and share the same lower-left corner, slide dse squares northeast by one unit as well.
Denote the resulting tableau by M,
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(2) If the active square is D; i1, then its only neighbor is D;. If the active square is Ds, then its only
neighbor is AB s+; . Form the tableau M by replacing the active square and its neighbor inM, with
their new intersection (the intersection in M) and the old span (the span inM) of the active square
and its neighbor. If the last condition of the de nition is no t satis ed for the largest square contained
in the active square, slide it northeast until it touches the lower-left corner of the new intersection,
dragging any square that becomes lower-left justi ed with it.

(3) If after the move the active square does not contain its neghbor or is not contained in its neighbor and
if M, is a Mondrian tableau, then replaceM by the two tableaux M, and M. Otherwise, replaceM
by M1 only. Apply the algorithm to each of the resulting tableaux.

Algorithm 3.24 (The Modi ed Littlewood-Richardson Rule). MLR1 Run steps LR1 and LR2 of the Algorithm
3.19 to form the Mondrian tableau M (; ). If there are any basis elements that are not contained in
any of the squares ofM (; ) remove them from the grid.

MLR2 Apply the Algorithm 3.23t0 M (; ).

It is clear that after step MLR1, the resulting tableau is a Li ttlewood-Richardson tableau. It is also clear that
the algorithm for simplifying Littlewood-Richardson tabl eaux transforms each Littlewood-Richardson tableau
to one or two Littlewood-Richardson Tableaux and terminates in a collection of tableaux associated to Schubert
varieties.

Theorem 3.25 (Littlewood-Richardson Rule Il) . The Littlewood-Richardson coe cient c. is the number of
times the Mondrian tableau associated to occurs in the Modi ed Littlewood-Richardson Algorithm applied to
M( o).

We illustrate Theorem 3.25 by recalculating 5;1 in G(3;6).

'—_|< - ] O

sP-o <5

21 [ - O

Figure 9. The product 2, = 33+2 321+ 222 in G(3;6).

3.2. The geometry of Mondrian tableaux.

3.2.1. The variety associated to a Mondrian tableau.In this subsection we explain the geometry behind Mon-
drian tableaux. We show how to associate a subvariety of the Gassmannian to each Mondrian tableau.

Notation 3.26. For the rest of this paper, we will denote combinatorial objects, such as squares in a Mondrian
tableau, by capital letters in the math font (e.g., S;). We will denote the geometric objects represented by the
combinatorial objects by the corresponding letter in Romanfont (e.g., S).
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In a Mondrian tableau, a square of side-lengths represents a vector space of dimensiogs. The unit squares
along the diagonal of then n grid represent the basis element®;;:::;e,. The square represents the vector
space spanned by the basis elements it contains. Correspoingly, if a square S; is contained in another square
S,, then the corresponding linear space Sis a subspace of the linear space,S

The squares in a Mondrian tableau represent the vector spagewhich impose rank conditions onk-planes
parameterized by G(k; n). The k-planes are required to intersect S in dimension at least el to the number
of squares (inclusive) contained inS. For example, in a Mondrian tableau S; Sk associated to the
Schubert cycle , the k-planes are required to intersect §in dimension at leasti.

Now we can de ne the variety associated to arbitrary Mondrian tableaux. Let M be a Mondrian tableau.
Recall that for any square S in the n  n grid, jSj denotes the side-length ofS. Denote the number of squares
of M contained in S (including S if S is a square ofM ) by # S(M).

De nition 3.27. Let M be a Mondrian tableau forG(k;n). De ne the variety |\ associated toM to be the
closure of the locus ofk-planes[] 2 G(k;n) that satisfy

(1) For any squareS of M, dim( \ S)=# S(M).
(2) For any two squaresS;;S; of M, dim( \ §\ §)=#( S\ §)(M).

In other words, \ is the closure of the locus ok-planes where one can choose a basis of such that each
vector space S corresponding to a square ikl contains # S(M ) basis elements and a basis element is contained
in S; and § only if it is contained in Sy for someS; S\ §j, whereS;; S§; and S; are squares oM .

Let S; S, be two squares ofM that share the same lower-left cornere;. Suppose that the squares oM
contained in S; do not have e as a lower-left corner. Suppose there does not exist a squasgrictly containing
S; and strictly contained in S;. Then the locus ofk-planes that have a #S; (M )-dimensional subspace ir5; and
a # Sp(M)-dimensional subspace inS; is the same as the locus ok-planes that have a #S;(M )-dimensional
subspace inS; and an (# S;(M) 1)-dimensional subspace inS, f eg. Moreover, the same analysis applies
with the lower-left replaced by upper-right. Consequently, the variety associated to a Mondrian tableau and to
its normalization are the same variety.

Lemma 3.28. Let M be a Mondrian tableau. LetM © be its normalization. Then y = wo.
We now calculate the dimension of .

Lemma 3.29. Let M be a normalized Mondrian tableau. Then the variety associad to M is an irreducible
subvariety of G(k; n) of dimension X X
iSj #S(M):
S2M S2M

Proof. To see that the variety \ is irreducible, we inductively construct it. A Mondrian tab leau consisting
of a single square is projective spac®S. Hence it is irreducible and of the dimension claimed in thdemma.
Suppose inductively the varieties associated to a Mondriartableau with k 1 squares is irreducible of the

lower-left corner is furthest southwest. Let M © be the tableau obtained fromM by removing S;. Then the
Zariski-open subset of \ used in the de nition is a hon-empty Zariski open set in a projective bundle over a
Zariski open sufset of 0. Namely, over this open subset consider thel 1)-dimensional subspace contained
in the union of :‘:2 S. By assumption each of thek-planes parameterized by \ intersect this subspace in a
(k  1)-dimensional subspace. Note that we need condition Mon3of this to be possible. Hence, on this open
subset we get a well-de ned dominant morphism to 0. The bers are open subsets in a projective space
piSi #S(M) By induction it follows that y is irreducible of the claimed dimension.

Remark 3.30. The reason for insisting on condition Mon3 in the de nition of a Mondrian tableau is to make
sure that  is not empty and the dimension is givgn by Lemmg 3.29. Even if aollection of squaresM is not
a Mondrian tableau, we can associate the quantity ¢, jSj som #S(M) to it. We can still associate a
variety to M by asking the k-planes to intersect the vector spaces represented by the sgres ofM in dimension
at least equal to the number of squares contained in that squee. In this case the quantity gives an upper bound
on the dimension.
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3.2.2. Degenerations. We now would like to discuss the geometry underlying the Grasmannian Algorithm.

We will obtain the combinatorial Littlewood-Richardson ru le by interpreting the move on the Mondrian
tableau M as a degeneration of the linear spaces de ning the subvarigt \, of G(k;n). We will describe the
at limits of this degeneration and see that the at limit is a union of the varieties associated to the Mondrian
tableaux described in the Grassmannian Algorithm each occuing with multiplicity one. It will follow that the
class of \ is a sum of the classes of the varieties associated to the rdSng tableaux. We then repeat the
process for each of the resulting tableaux.

square. The Grassmannian Algorithm instructs us to moveS northeast by one unit. This move represents a
one-parameter family of vector spaces $) parameterized by P!, where S¢) is the vector space

St)y=<tei+(1 t)g. ;841§ >

Corresponding to this one-parameter family of vector spacg, there is a at one-parameter family of subvarieties
of G(k; n), where the general member is isomorphic to . The variety  (t) is de ned in the same way as
M, except that in every occurence the basis element; is replaced by the vectorte; + (1 t)g .1 . Note that
v (1) = w. In a Zariski open subset ofP!, these varieties are related by a linear transformation gien by a
change of basis. Hence, they are isomorphic. Consequentljzey form a at family. Let (0) denote the at
limit of this family. Our task at hand is to describe the irred ucible components of \ (0) that have the same

dimension as y and the multiplicity of  \ (0) along each of these components.

Observation 3.31 (The main geometric observation) For a squareU, let U denote the vector space spanned by
the basis elements contained inJ. For t 6 0, let U(t) denote the vector space spanned by the basis elements
contained in U unlessU contains g but not g .1 . In the latter case, let U(t) denote the vector space spanned by
te; +(1 t)g+1 and the basis elements contained ilJ f eg. Let Si;:::;S; be squares of a Mondrian tableau
M. For t 6 0, let Sy.. (t) denote the span of the vector spaces$t);:::; S (t). Let S1....; (0) be the at limit

of the spans overt = 0. Note that the limit of the spans does not have to be the spanof the limits. If one of the
squares is equal taS and one of the squares contains the basis elemest.; and not &, then the limiting vector

space %....; (0) is the span ofe; and the limiting vector spaces S(0);:::; S (0). Otherwise, S;....; (0) is the span

The k-planes parameterized by y (t) intersect the span S....; (t) in dimension greater than or equal to the

number of squares ofM contained in S;.., (1). Since the condition of intersecting a linear space in atieast
a given dimension is a closed condition, thek-planes parameterized by the at limit  (0) must satisfy the
property that they must intersect S;....; (0) in dimension greater than or equal to the number of square of M

contained in S;....; (1). Furthermore, this must hold for any set of squaresS;;:::S; of M. We will shortly see

that this observation su ces to determine the support of  (0).

Every subvariety of the Grassmannian is contained in a vari¢y associated to a Mondrian tableau since for
instance the Grassmannian is associated to a Mondrian tabkeu. In terms of Mondrian tableaux Observation 3.31
asserts that if we are looking for minimal dimensional varigies associated to Mondrian tableaux that support

one squareS;o(1) contains €41 .

Then Observation 3.31 asserts that we can assume that a varig associated to a Mondrian tableau M that
contains a component of the limit  (0) satis es the property that # Si..... (0)(M) # Sp..... (1)(M). We will
see that the varieties associated to such Mondrian tableaukave dimension at most the dimension of , and
those that have the same dimension are the ones described blg¢ Grassmannian Algorithm. Furthermore, they

each occur with multiplicity one in the limit.
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Theorem 3.32 (Geometric Formulation of the Algorithm) . The support of the at limit ; (0) is equal to the
union of the varieties associated to the Mondrian tableaux escribed in Step 2 of the Grassmannian Algorithm.
m (0) is generically reduced along each of these components.

3.2.3. The proof that Theorem 3.32 implies Theorems 3.18 and 3.21.

Proof of Theorem 3.18. We have already observed that the Grassmannian Algorithm tansforms a Mondrian

tableau to a set of Mondrian tableaux. Furthermore, if one caitinues applying the algorithm to each of the

resulting tableaux, eventually every tableau decomposesa the union of tableaux corresponding to Schubert

varieties. We interpret Step 2 of the algorithm as the degengation described above. Theorem 3.32 implies that

the support of the at limit is the union of the varieties asso ciated to the tableaux described in Step 2 of the

algorithm. Moreover, the limit is reduced at the generic pont of each of these components. Hence the class of
m is the sum of the classes of the varieties associated to thesableaux. Theorem 3.18 follows.

Proof of Theorem 3.21. In order to conclude the proof of Theorem 3.21, it su ces to show that the class of the
variety \ is equal to the class of the variety associated to the Mondria tableau described in Step LR2
of Algorithm 3.19.

Initially the two Schubert varieties are de ned with respect to two transverse ags. GL (n) acts with a dense
orbit on the product of two complete ag varieties. For every pair of ags (F ;G ) in the dense orbit there is a

basise;;:::;e, of the underlying vector space such thatFj =<e1;:::;6 > and Gj =< ep;€, 1;:::;€n i+1 >.
The initial tableau depicts the two Schubert varieties de ned in terlgws of suclg a palr of opposite ags. Hence,
the intersection (if non-empty) is irreducible of dimension k(n k) iz i i:l . It is easy to see that the

intersection is empty if and only if in LR2 one of the squaresAB; is empty. Recall that AB; is the intersection
of Aj and By i+1. Aj (respectively, By i+1) contains ani (respectively, k i+ 1) dimensional subspace of the
k-planes. Since these two subspaces inlaplane have to intersect, there has to be common basis elemento
Aj and By j+1 foreveryl i k. Conversely, if the squaresAB; are non-empty for everyi, then the span of
the basis elements that form the lower-left corner ofAB; give ak-plane in the intersection. We can now assume
that \ is non-empty.

To conclude the proof it su ces to show that the variety associated to M (; ) has the same dimension as
\ and has an open subset contained in '\ . The dimension of the variety associated toM (; ) is
by Lemma 3.29 equal to

X X X
(n k+1 i «kix) k=k(n k) i i

i=1 i=1 i=1
It follows that the two varieties have the same dimension. Camsider the open subset oM (; ) consisting of k
planes that have a basis/i;:::; vi, wherev; 2 AB; andv; 2 ABj forj 6 i. Clearly this open subset is contained
in \ Since the two varieties are irreducible of the same dimensen and share a dense open subset, we
conclude that the two coincide. Hence by Theorem 3.18 Algothm 3.19 computes the Littlewood-Richardson
coe cients.

Proof of Theorem 3.32. The proof of Theorem 3.32 has two steps. In Step 1 we will use th Observation
3.31 to determine the set theoretic components of the at limit  (0). This step will show that the irreducible
components of y (0) are supported along subvarieties of5(k; n) associated to the Mondrian tableaux described
in the Grassmannian Algorithm. Once we know that the set theaetic limits are that simple, in Step 2 an easy
local calculation shows that they all occur with multiplici ty one.

Observe that if the squareS we move starts containing its smallest neighboiN 1, then the variety associated to
the tableau M ; is the same variety as the variety associated tdM . This is simply the reverse of the normalization
process for the upper-right corners of the squares. This casshould be interpreted not as a degeneration, but
as replacingM with the equivalent tableau M, (where two tableaux are equivalent if their associated varéties
are equal). In this case there is nothing further to prove. Fa the rest of the proof we will assume that after
moving S, its smallest neighbor is not contained inS.

Lemma 3.33. The varieties associated to the tableauMy;:::; M, described in Step 2 of the Grassmannian
Algorithm have the same dimension as the variety associatet M .
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Proof of Lemma 3.33. My is obtained from M by simply sliding a square one unit. Since the square does not
contain its smallest neighbor and is not contained in its laigest neighbor, the side-lengths and the containment
relations among the squares remain the same. As long ad, is a Mondrian tableau, then the dimension of the
associated variety is calculated by Lemma 3.29 and is clearlequal to the dimension of ;.

Let N; be a neighbor ofS. In the tableau M; the two squaresS and N; are replaced by the intersection
S(0)\ N; and the span of S and N;. All the other squares remain unchanged. Given two vector spces
the sum of their dimensions is equal to the sum of the dimensiws of their intersection and span. Since
dim(S(0) \ N;) = dim(S \ N;) +1. We conclude that the total of the side-lengths of the squares in M; is
one larger than that of M .

On the other hand, the total number of containment relations among squares increases by one as well. L&t
be any square ofM other than S or N;. Let# T(M) denote the number of squares oM strictly containing
T.Then#TM)=# T(Mj)and# TM)=# T(M;).

Since S does not contain the smallest neighbor ofS, S(0)\ N; cannot contain any squares ofM; other than
S(0)\ N; that are not already contained in S and N;. Hence if any square is contained in bothS and Nj, it is
contained in S(0)\ N; and in the span of S and N;. If a square is contained in only one ofS or Nj, then it is
contained in their span, but not in S(0)\ Nj, unless the square isS(0) \ N;. Finally if a square T is neither
contained in S nor in Nj, it cannot be contained in either of S(0)\ N; or the span of S and N;. A priori T
could be contained in the span ofS and N;. But then the lower-left hand corner would be betweenS and N;.
Hence by the de nition of a neighbor, T would have to be contained inS.

Similarly, any square that contains S necessarily containsS(0) \ N;. If the square also containsN;, then it
contains their span. If it only contains one of S and N;, but not both, then it contains the intersection S(0)\ Nj,
but not the span of S and N;. If it contains both S and N;, then it contains both S(0)\ N; and the span ofS
and N;. Since none of the other squares change, it follows that #(M ) = # T (M;).

Finally to conclude the proof of the lemma, we observe that ngher S contains N; nor N; contains S.
However, the span ofS and N; contains S(0)\ N;. By Lemma 3.29 it follows that y, has the same dimension
as wm.

We can now continue with the proof of Theorem 3.32. LetY be an irreducible component of the at limit

m (0) of dimension equal to the dimension of . By the Observation 3.31 the k-planes parameterized byY
have to intersect the vector spaces §0) in dimension at least equal to the number of squares irM contained
in S;j. Let be a general k-plane parameterized byY. Suppose that the dimension dim( \ S(0)) =# S;(M)
for every square ofM and dim( \ §(0)\ §(0)) =#( Si\ S;)(M) for every pair of squaresS; and S; in M. It
follows that the support of Y has to be contained in y,. Since they are both irreducible varieties of the same
dimension, we conclude that supp{) = wm,-

ObserveM g fails to be a Mondrian tableau whenjS[ Nyjj N;j=#( S[ N;)(M) #N,(M). Inthis case, if the
limiting positions of the subspaces of thek-planes remain independent dim( \ §(0)\ § (0)) =#( Si\ S;)(Mo),
then the dimension of the subspace of contained inN, has to increase by one. The same holds 5(0) is
contained in N,. If there were a componentY, by the Observation 3.31 it would be contained in the variety
associated to the normalization ofM . Note that the variety corresponding to the normalization of Mg, if non-
empty, has dimension strictly smaller than the dimension of . It follows that such a locus cannot support
an irreducible component of the at limit. For future refere nce, we need estimates on this dimension. In this
case it is easy to calculate this dimension exactly. Lete, be the lower-left corner of N,. Let p r be the

elements are lower-left corners of squares strictly contaied in N,. Then the dimension of y isp r+1 s
larger than the dimension of the variety associated to the nomalization of My assuming it is non-empty.

We can now assume that the subspaces of contained in §0) and S (0) for at least two vector spacesi and
j intersect in dimension greater than the number of squares aatained in S;(0) \ S;(0). Let T be the smallest
dimensional linear space that is the span of consecutive baselements with the property that the intersection
of with T has dimension larger than the number of squares of My contained in T. If there is more than
one vector space with the same dimension, let T be the one thatontains a basis element with least index.
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to be automatically satis ed. However, by Observation 3.31any k-plane in the at limit must still intersect
the limit of the spans §, .., (0) in dimension equal to the number of squares contained intie span of the
squaresS;, and S;,,, in M. Hence, we can replace the tableai o, by the tableau where we delete the squares

spans of the squares5;, (0) and S;, ., (0) unless one of the squares i§ and the other square containsg +; and
not . Call the resulting tableau of squaresU;. If the dimension of the subspace of contained in S for
a squareS; of Uy is equal to #S;(U;) and for any two vector spaces \ S\ § =#( S;\ §j)(U1), then by
Observation 3.31Y has to be contained in the variety associated tdJ;. Otherwise, we repeat the process. Since
this cannot go on inde nitely, we obtain a tableau U, whose associated variety must contain the irreducible
componentY of y (0).

The rst step will be complete if we can show that the variety associated to every tableau other than

a non-empty square. LetSy,+1 denote the span of consecutive squares. Then we have the easlservation
that

X X1

jShj = jSl\ S\ \ Sjj+ jSh;h+1jZ

h=1 h=1
Hence the procedure preserves or decreases the total sidaigth of the squares of a tableau unless the rst
squareS; = S(0) and S; contains € +1 and not g. (Note that any square with lower-left corner southwest of S
contains S, so it cannot be minimal if S is in the list.) In the latter case since the side-length of the span is one
larger, the side-length increases by one. Sinc® can occur in the procedure at most once, the total side-lendt
of the squares increases by at most one.

Second we observe that the procedure increases the total nlrer of containment relations by at leastj 1.

in R. The procedure also does not change the number of squares ¢aiming R unless the lower-left corner ofR
is between the lower-left corners ofS;, and Sp+; and the upper-right corner of R coincides with the upper-right
corner of Sp41 . If none of the squares are equal t&, then this is clear. If S; = S, then the argument is identical
to the argument in the proof of Lemma 3.33.

Note that if j = 1, then the total side-length of the squares has to decreaséy at least one since this case
corresponds to simply shrinking the side-length of one squa. Hence to preserve dimension, we must have
j 2 for each run of the procedure. However, the total side-lerttp can increase by at most one. We conclude
that in order to obtain a variety with dimension equal to dim( ) we can run the procedure at most once.
Furthermore, in this casej =2, S; = S(0) and g+1 2 S;. The squareT has to be the full intersection of S(0)
and S, and if there is a squareS® whose lower-left corner is between the lower-left corner 08 and S, and not
contained in S, then S® must contain S,. We conclude that S, has to be a neighborN; of S. Furthermore, the
support of the irreducible componentY of y (0) has to be contained in y,. Since both are irreducible of the
same dimension we conclude that supp() = ;.

We thus conclude that the support of  (0) is contained in the union of the varieties associated to he
tableaux described by Step 2 of the Grassmannian Algorithm.Furthermore, it is easy to write explicit families
of k-planes that show that the support of  (0) is the union of the varieties associated to the tableaux éscribed
by Step 2 of the Grassmannian Algorithm.

There remains to show that \ (0) is generically reduced along each of these components du ces to check
the multiplicity at the generic point of each irreducible component. Without loss of generality, we may assume
that the Mondrian tableau M consists only ofS and the neighborsN1;:::;N,. Let M! P! denote the total
space of the family of varieties associated to Mondrian tatdaux. Fort 6 0, let V(t) be the vector space which
is the span of S{) and N, (t). Let V (0) denote the limit of V (t). Suppose there arep squares inM contained in
the span of the squaresS and N,. Over a dense Zariski-open subset) of M intersecting every component of

m (0), the morphism obtained by restricting the k-planes to their p-dimensional subspaces contained iV (t) is
a smooth morphism. LetT be a square contained inS or N, but not equal to S or any of the neighbors. After
possibly shrinking U to another Zariski open intersecting every component of y; (0), the morphism quotienting
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out the p-planes by their subspaces contained in T is a smooth morphis. It follows that to determine the

By induction this reduces to a computation in the Grassmannan of lines. SupposeS has only one neighbor.
Then the multiplicity of each tableau is one and the variety associated to each tableau occurs as a component
of m (0). This easily follows either by the Pieri rule for the Grassmannian of lines or by an easy direct tangent
space calculation. Now suppose > 1. Fort 6 0, let V (t) denote the span of S{) and N, 1(t). Let V(0) denote
the limit of V(t). We can restrict the (r + 1)-planes to the r-plane contained inV (t). By induction it follows
that each component occurs with multiplicity one. This concludes the proof of Theorem 3.32.

3.3. Ampli cations of Theorem 3.32. In this subsection we discuss some ampli cations of Theoren3.32.
The Grassmannian Algorithm dictates a precise order of degeeration. For many questions, this precise order
may be inconvenient. The question arises whether it is necsary to follow this order. In fact, we will shortly
observe that the proof of Theorem 3.32 uses very few facts abb S. We now make this precise.

Let M be a normalized Mondrian tableau. LetS be any square of the Mondrian tableau with the property
that any other square S°of M with 1(S9 <1 (S) contains S. Call such squaresdegeneratablesquares. Note that
the distinguished square ofM is such a square.

Let S be a degeneratable square. Then we can slidg northeast by one unit. The new feature in this case
is that if there exists any squares that contain S and have the same upper-right corner asS, we need to split
those squares to two pieces at the lower-left corner 0% and slide their parts that coincide with S northeast as
well.

te; + (1 t)g.1. Corresponding to this degeneration of vector spaces, theris a at family of varieties y (t)

obtained by applying to \ the linear transformation for t 6 0 giving the change of basis. Let y (0) be the

at limit of this family at t = 0. We would like to describe  (0). In this case the description remains almost
identical. For the convenience of the reader we spell this au

Algorithm 3.34 (A slightly di erent degeneration). Let M ° be the tableau where the squares that move are
placed in their new position. For any squareT of M, let T (1) denote the original position of T in M and T (0)
denote the new position of T in M % Let Ny;:::N, be the neighbors ofS in M. Let Mgy be the normalization
of MC

If S(0) contains the smallest neighbor ofS, replaceM by the tableau formed by replacingS(0) and Ny in M °
with the span of S(1) and N; and the intersection of S(0) and N;. Otherwise, for every neighborN; form the
tableau M; by replacing in M °the squaresS(0) and N; with the span of S(1) and N; and the intersection of S(0)
and N;. If S(0) is contained in the largest neighborN, of Sorif [N;j+#( S[ N.)(M) #N;(M)= jS[ Nyj,

Corollary 3.35. The support of the at limit \, (0) is equal to the union of the varieties associated to the
tableaux described in the Algorithm 3.34. \ (0) is generically reduced along each of these varieties.

Proof. The statement is an immediate corollary of the proof of Theoem 3.32. If the set theoretic statement is
correct, then the fact that \ (0) is generically reduced along each component follows byhe same multiplicity
calculation as in the proof of 3.32. The proof that the set theretic limits are contained in the union of the

counts in the proof of Theorem 3.32 only used the fact that anysquare whose lower-left corner is to the southwest
of I(S) contains S. Since we are assuming this abous, the corollary follows.

The corollary implies that we can obtain many di erent Littl ewood-Richardson Rules by taking di erent
degeneration orders. We also observe that the corollary imlies Theorem 3.25.

Proof of Theorem 3.25. Note that the more e cient algorithm eliminates any basis el ements that is not used
in the description of the variety. This does not change the vaiety. Similarly the more e cient algorithm
slides squares that do not intersect any other squares. We cainterpret such slides as a relabeling of the basis
elements. Since under this relabeling none of the vector spgas change, the variety associated to the tableau
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does not change. Finally, the more e cient algorithm does na normalize. Note that in Littlewood-Richardson
tableaux every square has at most one neighbor. Furthermordf a squareS; shares the same lower-left corner
with a square strictly contained in it, then the collection of squares contained inS; is nested. Hence, normalizing
preserves the property that there is only one neighbor for Litlewood-Richardson tableaux. Hence by Algorithm
3.34 only TableauM; can occur if we rst normalize and move the squares until we mue the active square.
Since this is equivalent to moving the active square and slithg the squares contained in it that share the same
lower-left corner with it, Theorem 3.25 follows.

Remark 3.36. In addition to being more e cient, the importance of Theorem 3.25 stems from the fact that it
singles out Littlewood-Richardson tableaux as the smalleisclass of tableaux that are necessary to calculate all
Littlewood-Richardson coe cients of all Grassmannians by the method proposed in this paper.

Corollary 3.35 indicates that in the de nition of Mondrian t ableaux one should relax the condition that
squares be spans of consecutive basis elements. This alsaisiseful feature when tackling many problems. In
particular, in the algorithm for two-step ag varieties we w ould like to allow for vector spaces that are not spans
of consecutive basis elements.

De nition 3.37. A square S is called chopped if it is not the span of consecutive basiseshents. The maximal
intervals of the basis elements contained ir§ are called the chops ofS. The lower-left most choplch(S) is the
chop that containsI(S). Let e be a basis element such that; 2 S. Suppose that there exists indice® <i <
such thaten; g 2 S. We will then call & a gap ofS.

We will depict a chopped squareS in a Mondrian tableau by deleting the parts of the square alory the row
and column corresponding to a gap ofS.

Allowing arbitrary collections of squares makes using and wrking with Mondrian tableau fairly di cult and
is not necessary for most applications. We will settle on anrntermediate ground and allow our squares to be
chopped in certain simple ways.

De nition 3.38  (Generalized Mondrian Tableau). A generalized Mondrian tableauM is a collection of (possibly
chopped) squares satisfying conditions Mon2 and Mon3 and ¢éhfollowing two conditions:

Monla No square is contained strictly to the southwest of a gap of ather square.

Monlb Let S and S° be any two squares ifM with the property that I(S9 1(S). Then either one of the two
squares contains the other and ifg is a gap of both they coincide northeast of.. Or the gaps ofS° are
a subset of the gaps o8, r(S% r(S) and if g is a gap ofS® S and S° coincide northeast ofg.

Let M be a collection of squares satisfying Monla and Monlb. I and S°in M are two squares with
[(S) = 1(S9, then either S  S%or S° S. Let g be the rst gap northeast of I(S). Say it is a gap of S. By
de nition either S S%or S and S° agree northeast ofg. SinceS and S° agree southwest ofg as well, we still
haveS S° The de nition of a normalized tableau has to be slightly revised to account for the fact that the
squares are no longer spans of consecutive basis elements.

De nition 3.39.  We say that a generalized Mondrian tablea is normalized if
(1) The lower-left corners of any two squares oM are distinct.

(2) Let S S%be any two squares oM . If the upper-right corner of Ich(S) equals the upper-right corner
of Ich(S9), then every square whose lower-left corner is southwest bfS% contains S.

We will always work with tableaux that satisfy Condition 2 in De nition 3.39. We note that a slight
modi cation of Algorithm 3.8 transforms a generalized Mondrian tableau satisfying Condition 2 in De nition
3.39 to a generalized Mondrian tableau satisfying Condition 1.

Algorithm 3.40 (Normalizing generalized Mondrian tableaux.) Let M be a collection of squares satisfying
Monla and Monlb. Suppose there are squares that share the santower-left corner. Let e be the southwest
most basis element which is the lower-left corner of more tha one square. ListS; S; the squares that
have g as their lower-left corner. Removee; from S, and label the resulting squareS9. ReplaceS, in M with
S and label the resulting collection M %, If all the lower-left corners of the squares inM © are distinct, stop.
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Otherwise, repeat by replacingM with M ©. Discard the tableau if the side-length of any square shrink to zero.

After nitely many applications M will be a collection of squares with distinct lower-left comers. If M is
normalized, stop. Otherwise there is a basis elemer# which is the upper-right corner of Ich(S) and Ich(S9 for
a pair of squaresS  S®and not all squaresS®with 1(S% <1 (S9 contain S. Let e be the northeast most basis
element with this property. Let S; S, S; be the set of squares containing; as the upper-right corner
of their lower-left chops and that fail Condition 2 in De nit ion 3.39. Removee; from S, and label the resulting
squareSS. Let M %be the collection of squares obtained by replacing; in M by S2. If M %is normalized, stop.
Otherwise, repeat by replacingM by M° If the side-length of any of the squares shrink to zero, disard the
tableau.

Lemma 3.41. Let M be a collection of squares satisfying Monla and Monlb. Apphg the Algorithm 3.40 to
the lower-left hand corners of the squares itM preserves Monla and Monlb.

Proof. Monla clearly holds when we shrink lower-left corners: 1559 is contained southwest of a gap of a square
S when we shrinkl(S;), then S; is also contained southwest ofS. This contradicts Monla for M. Monlb holds
when we shrink lower-left corners. We only need to check it fo S9. Supposel(S) <1(Sp). If S, Sin M,
then S?  Sin MC If gis a gap ofS§ and S in MY then g is a gap ofS; and S in M, henceS? and S agree
northeast of g. Otherwise, r(S) r(S;) and any gap of S, is a gap ofS and S; and S agree northeast of any
gap g of S, by Mon1lb for M. Sincer(S;) = r(S9) and the gaps of S? are a subset of the gaps 06,, Monlb
holds for these squares. If(S) = I(S,), either S, S and Monlb holds as before. Els& = S;. If g is a gap of
S9, then g must also be a gap ofS;, hence the two agree northeast ofy and Mon1b holds. IfI(S) >1(S;) and
S S;inM,thenS Sin MO If gis agap ofS and S? in M? then g is a gap ofS and S; in M. SinceS
and S, agree inM northeast of g, SY and S agree northeast ofg in M2 If I1(S) >1(S;) and S6 S, in M, then
if 1(S9) I(S) and g is a gap ofSY, then g is a gap ofS, in M, hence Mon1b holds. Ifl(S?) < (S), since the
gaps of S are a subset of the gaps 08, and r(S)  r(S;) = r(S9), we must haveS§  S. If g is a gap ofS?
and S in M? then g is a gap ofS, and S in M, henceS$ and S agree northeast ofg.

The nal ampli cation of Theorem 3.32 we will discuss is an algorithm for nding the classes of varieties
associated to generalized Mondrian tableaux. De ne the vaiety |\ associated to a generalized Mondrian
tableau M as in De nition 3.27. The proof of Lgmma 3.29 holds without change. Hence \ is an irreducible
subvariety of G(k; n) of dimension g, JS] som #S(M).

Algorithm 3.42 Let S be a square of a normalized, generalized Mondrian tableaW with the property that

any square whose lower-left corner is southwest d{S) contains S. Move the Ich(S) northeast by one unit. If
any squareS° containing S has a chop whose upper-right corner coincides with the upperight corner of Ich(S),
chop S%at I(S) and slide the chop ofSP coinciding with Ich(S) by one unit as well. Supposech(S) is given by

Lemma 3.43. Algorithm 3.42 transforms a normalized, generalized Mondian tableau to normalized, generalized
Mondrian tableaux of the same dimension.

Proof. For a squareT, let T(0) denote the new position of T in M% Let T(1) denote the old position of T

since they are the same as the lower-left hand corners of thejsares inM . The upper-right hand corners of the
lower-left chops of the squares are also as iM, except possibly if S(0) contains its smallest neighborN;. If
S(0) or a square containingS(0) contains N1, then every square whose lower-left corner is southwest & also
contains N;. Condition 2 in De nition 3.39 holds for any other square since it holds for M. By an argument
analogous to that in Remark 3.7,M1;:::M, satisfy Mon2 and Mon3.

In Mj let 1 = S(0)\ Nj andU = S[ N;. If U or any of the squaresT (0) that move are contained southwest
of a gapg of another square, thenS and T would be contained southwest ofg in M contradicting Monla for
M. Supposel were contained entirely to the southwest of a gap of a squar&X (0). If 1(X (0)) <1 (S), then
S X (1)in M. Hence,g is a gap ofS(0). Either g is also a gap of\;, in which caseN; and S agree northeast
of g contradicting that | is contained southwest ofg. Otherwise g is not a gap of N;, hencer(S(0)) 2 N; by
Monlb for M. This contradicts that | is contained southwest ofg. If I(X) > 1(S), then either X SorS
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agrees with X northeast of g. If X S and g is a gap ofS, then X and S agree northeast ofg. Otherwise,
g 2 |. By Monlb for M, the gaps of N; are a subset of the gaps o65. Hence in any of the cases$ cannot be
contained southwest ofg. We conclude that Monla holds forM;.

If X and Y are squares ofM; neither of which are in the setfU;Ig, then Monlb holds for X and Y. If
[(X)<I1(S),thenl X sinceS(0) X (0). Supposeg is a gap ofl and X. Then g is a gap ofS(0). Hence
S(0) and X agree northeast ofg. If g is also a gap ofN;, then X, S and N;, hence alsol agree northeast of
0. If gis a gap ofU, then it is a gap of both N; and S, hence eitherX contains N; and S or agrees with both
northeast of g. Therefore, either X contains U or agrees withU northeast of g. If X does not containN;, then
the gaps ofN; are a subset of the gaps oK . Note that the gaps of U are a subset of the gaps oN;. Hence
the gaps ofU are a subset of the gaps oK. If I(S) <I(X) <I(N), then either X SorN X.IfFN X,
then a gap of X is also a gap ofN and consequently also a gap 06. S and N agree northeast ofg and they
agree with X . Hence bothU and | agree with X northeast of g. Also g is a gap of bothU and I. If X S,
then X  U. If gis a gap of bothX and U, then g is a gap ofS and N, hence they all agree northeast ofy. If
gis a gap ofl, then it is a gap of S(0) and hence ofX . SinceS(0) and X agree northeast of it, X and | agree
northeast of it as well. If I(X) >1(N;), either N; contains X or the gaps ofX are a subset of the gaps oN;
and hence also ofS. In the latter case the gaps ofX are clearly a subset of the gaps otU and | . If gis a gap
of X both U and | agree with it northeast of g. If N; contains X, then U contains X . If g is a gap of bothU
and X, then S and N; agree with X northeast of g, hence so doed). If I contains X, then the argument is the
same as in the previous case. If does not containX , then S does not containX . The gaps ofX are contained
in the gaps of S and hence ofl. If g is a gap ofX, then S(0) agrees with X northeast of g and so doed . We
conclude that Monlb holds for the TableauM;.

Finally, whenever My occurs, M ? satis es Monla and Monlb and Condition 2 in De nition 3.39. If
r(lch(S(0))) = r(lch(SY) in M% then r(lch(S(1))) = r(lch(S%1))) in M. Otherwise, S(0) would contain
its smallest neighbor, henceM ( would not occur. We might need to normalize the lower-left caner of S(0). By
Lemma 3.41 normalizing the lower-left hand corners presems Monla and Monlb. In this case it is easy to see
that Condition 2 in De nition 3.39 is preserved. We conclude that M is a normalized, generalized Mondrian
tableau. Finally, the proof of Lemma 3.33 remains unaltered This concludes the proof of the lemma.

We interpret the move described in Algorithm 3.42 as the usu&degeneration of the variety . Let y (0)
denote the at limit of this family. The fact that Algorithm 3 .42 can be used to compute the classes of generalized
Mondrian tableaux follows from the following corollary of Theorem 3.32.

Corollary 3.44. Let M be a generalized Mondrian tableau. Consider the at family orresponding to the

move of generalized Mondrian tableau. Then the support of & at limit  y (0) is equal to the union of the

varieties associated to the tableaux described by Algoritih 3.42. \ (0) is generically reduced along each of
those varieties.

Proof. It su ces to show that the supports of the irreducible compon ents of  (0) are contained in the union
of the claimed varieties. The multiplicity calculations remain unchanged. We use Observation 3.31 to determine
the set theoretic limits. We observe that the basic dimensio estimate in the proof of Theorem 3.32 remains
unchanged for generalized Mondrian tableaux. The proof of ieorem 3.32 depended on the estimate that if in
the limit the k-planes intersect a linear space contained in the intersewn of the limiting positions of j > 1
minimal linear spaces with respect to inclusion, then the dinension decreases by at leagt 1 if one of the
vector spaces is notS(0) and by at leastj 2 if one of the vector spaces isS(0). Once we know this the
corollary immediately follows as in the proof of Theorem 3.2. By the Observation 3.31 this is easy to see.

T intersects the lower-left chops of all the squares, the praforemains unchanged. The sum of the side-lengths
of the squares increase by at most one and the containment rafions increase by at leastj 1. If T is not
contained in the lower-left chops of all the squaresS;, , then taking the spans of consecutive squares increases
the total side-length by the total number G of gapsS;, has along the lower left chop ofS;, ., ash varies from
1toj 2. Note that here we are using thatS;, and S;,,, agree northeast of the rst gap of S;,,, . However,

in that case, requiring to intersect Si, ;,,, (0) in dimension #S;, .,,, (M) does not account for Observation
3.31. hasto also intersect S;, i, ., (0) in dimension #S;, .., (M). This imposesG conditions on . It follows
that if j > 1, the dimension decreases by at leagt 1. This concludes the proof of Corollary 3.44.
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4. Painted Mondrian tableaux and a Littlewood-Richardson rule f or two-step flag
varieties.

In this section we obtain a Littlewood-Richardson rule for two-step ag varieties. Recall that F (ki; kz;n)
denotes the two-step ag variety that parameterizes pairs d vector spacesV; V. of dimensionsk; and kg,
respectively, of a xed n-dimensional vector spaceV. We preserve the notation fromx2.1 and x3.

4.1. Preliminary combinatorial de nitions. In this subsection we introduce combinatorial objects caléd

In addition, the squares will now have one of two colors: red pblack. The black squares will denote the vector
spaces that impose rank conditions onV,. The red squares will denote the vector spaces that impose rk
conditions on V;.

Notation 4.1. Let M be a collection of red and black squares. For any squarg, let jSj denote the side-length of
the squareS. Let # g S(M) denote the number of black squares (inclusive) oM contained in S. Let # g S(M)
denote the number of red squares (inclusive) oM contained in S.

De nition 4.2.  Let R be a chopped red square in a collection of red and black squsid . A gap of R is a unit
squaree 62R such thatl(R) <e; <r (R) and g is a gap of a black square contained iflR. A hole of R is a
unit square g 62R such thatl(R) <e; <r (R), but g is not contained in any black square8 with I(B) [(R).

De nition 4.3. A painted Mondrian tableau M for F(ky;kz;n) is a collection of distinct black squares

PM2 Each red square is the span of the black squares it contains.

PM3a No red square is contained southwest of a gap of another redusge. If g is a gap of a squareS of M,
then there exists a black squar® S with I(B) > g. If ¢ is a basis element not contained in a red
squareR and I(R) <ej <r (R), then g is either a gap or a hole ofR.

PM3b Let R and R be two red squares oM with I(R% I(R). Either one of the squares is contained in the
other and if g is a gap of bothR and RY, then their gaps coincide northeast ofg. Or r(R% r(R) and
if gis a gap ofRY, then either g is a gap ofR or there does not exist a black squarB with I(B) I(R9
contained in R and containing g. Furthermore, in the latter case if g is a gap of bothR and R then
the gaps ofR and R coincide northeast of g.

PM3c Let g be a gap of a red squar®. If S and S° are two black squares oM contained in R with [(SY <
g<I(S),thens SO

PM4 No red square is the span of the red squares it strictly contas.

PM5 Let R; and R; be any two red squares irM . Then

JRI[TRjj j Rij+#r(Ri[ Rj)(M) #grRi(M),
and
#(Ri[ R)(M) #sRi(M)+# g(Ri[ Rj)(M) #grRi(M):

We will place the basis elementse;;:::;e, on ann n grid ordered from southwest to northeast. We will
depict the red squares in red and the black squares in black.nl order to not clutter the diagrams if a red square
coincides with a black square, we will only draw the red squag. This should not cause any confusion. Figure
10 depicts some examples.

A painted Mondrian tableau M represents an irreducible subvariety \ of the two-step ag variety. We will
describe how to associate a subvariety to a painted Mondriartableau in detail in Section 4.3. Roughly,
is the closure of the locus of pairs Y1;V2) 2 F(ki;ke;n) where V; (respectively, V,) intersects the subspaces
spanned by the basis elements contained in red (respectivglblack) squares in speci ed dimensions. Denote by
[ m]the Poincae dual of the class of .

It is easy to represent Schubert varieties in two-step ag vaieties by painted Mondrian tableaux.
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T

Figure 10. Three examples of painted Mondrian tableaux.

De nition 4.4.  The painted Mondrian tableauM (; ) associated to the Schubert cycle is a painted Mon-

drian tableau consisting ofk, nested black squareB; By, , where the side-length oB;j isn  ka+i i)
and k; red squaresR; Ry, coinciding with the black squares to which assigns the indext.
—l Unit size
O

Figure 11. A painted Mondrian tableau associated to 11’1’5 in F(2;4;6).

Given the intersection of two Schubert varieties in F (ky; kz; n), we can also associate a painted Mondrian
tableau to the intersection. We now describe this procedure

Algorithm 4.5 (The Algorithm for associating a painted Mondrian tableau to a Schubert problem.) Let and
be two Schubert cycles inF (ki; kz;n).

1 Let M (; ) be the painted Mondrian tableau associated to  where the squares are not chopped and
all the squares havee; as their lower-left corner. Similarly, let M (; ) be the painted Mondrian tableau
associated to  where the squares are not chopped and all the squares haeg as their upper-right
corner. PlaceM (; ) and M(; ) inthe samen n grid. Label the black squares ofM (; ) by

A Ak, and the red squares byAR 1 ARy, . Label the black squares ofM (; ) by
C, Ck, and the red squares byCR; CRy; -
2 For every 1 i ko, if r(Ai) < 1(Ck, i) shrink the tableau by removing the rows and columns

corresponding to the basis elements betweer(A;) and I(Ck, i). Replace every square with its restriction
to this tableau. Keep the labeling of the squares the same.

3 Starting with i = 1 and proceeding in increasing order apply the following pocedure. Consider the
smallest remaining black squareA; of M (; ). If A; does not coincide with a red square inM (; ),
draw the intersection of A; with the largest remaining black squareC; in M (; ) in black. Delete both
Aj and C;. If A; coincides with a red squareAR; in M (; ) and CRy, j+1 is smaller than the largest
remaining black square inM (; ), form the intersection of A; with the black square coinciding with
CRk, j+1 in M(; ) in black. Delete both squares. Otherwise form the interseton of A; with the
largest remaining black square inM (; ) in black. Delete both squares. Label the resulting square3; .
If any of the intersections is empty, stop. The algorithm terminates. The intersection of the Schubert
varieties is empty.

4 Foreveryl i kg, draw the intersection of the red squaresAR; \ CRy, i+1 in red. Delete AR; and
CRy, i+1 . Label the intersection R;. If any of the R; are empty, stop. The algorithm terminates.

5 De ne the Mondrian tableau associated to the intersectionM ( ; ) to be the painted Mondrian
tableau consisting of the black square®; and red squaresR;.

Figure 12 gives three examples of Algorithm 4.5.

De nition 4.6. A painted Mondrian tableau is called normalized if the follaving two conditions hold:
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[]

Figure 12. Three examples for Algorithm 4.5.

(1) Any two squares of the tableau that have the same color havestilict lower-left corners.

(2) Let S SPbe any two squares of the tableau of the same color such tHah(S) and Ich(S% have the
same upper-right corner. Then every square whose lower-teforner is southwest ofl(S9 contains S.

Remark 4.7. As in Remark 3.7, Conditions PM4 and PM5 automatically hold for a normalized painted Mondrian
tableau.

The following de nition will play an important role in deter mining the degeneration order.

De nition 4.8.  Let S be a black square of a normalized painted Mondrian tableaM . A black squareF of M
is called a ller in S if F is strictly contained in S and F shares the same lower-left corner with a red square
not contained in S.

It is possible to describe limits of degenerations for variges associated to painted Mondrian tableaux. How-
ever, for obtaining a Littlewood-Richardson rule we do not need to work with such general tableaux. We will
make further assumptions on the painted Mondrian tableaux © simplify the geometry and the algorithm.

De nition 4.9. A normalized painted Mondrian tableauM for F(kq;ks;n) is called admissible if the following
additional conditions hold.

APM1 If there is a containment relation between two distinct red sjuaresR; R, of M, then any squareS of
M with I(S) [(R3) contains R;.

APM2 If there is a containment relation between two distinct bla& squaresB; B, of M, then either any
square S of M with I(S) [(B2) contains B; or B; is contained in a red squareR of M strictly
contained in B,. If B; does not coincide withR, then any squareS with I(S) B either contains B;
or contains a ller F with I(F) <1(B3).

APM3 Let R; B be a red square strictly contained in a black square &l . Let By Rj; be a square that does
not coincide with R northeast of [(B1). Then either B is contained in every squareS with I(S) [(B)
or there exists a red squareR, B strictly contained in B with I(R2) <1 (R;1) and B; Ra.

De nition 4.10. Let M be a normalized painted Mondrian tableau forF (ki; kz;n). Let S be a square of any
color in M. A red neighbor of S is a neighbor ofS in the tableau consisting ofS and the red squares oM . A
black neighbor ofS is a neighbor of S in the tableau consisting ofS and the black squares oM .

Lemma 4.11. The tableau associated to the intersection of two Schuberarieties (if non-empty) is normalized
and admissible.

Proof. We can assume that the intersection of any of the squares is meempty. The following are clear from
the construction:

(1) The black squares are not chopped since they are intersgons of non-chopped squares. Hence Monla
and Monlb vacuously hold.

(2) No two black squares share an upper-right or lower-left orner since the lower-left (respectively, upper-
right) corners of the squares correspond to distinct loweteft (respectively, upper-right) corners of the
tableau associated to  (respectively, ). The latter are all distinct. Similarly, the lower-left an d
upper-right corners of red squares are distinct. Hence PM1PM4 and PM5 hold.



A LITTLEWOOD-RICHARDSON RULE FOR TWO-STEP FLAG VARIETIES 2 7

(3) The red squares are not chopped. They are intersectionsfaon-chopped red squares. Furthermore,
every square contained in a red square is contained in a blackquare contained in it. The red squares
are the spans of the black squares contained in them. The reas for Step 2 in Algorithm 4.5 is to
ensure these last two statements hold. Otherwise, the red sres could have holes. We would then
have to restrict the red squares so that they are the spans oflack squares contained in them. In any
case, PM2, PM3a,b,c hold.

(4) There are no containment relations among any two red squees. There may be containment relations
among black squares. However, in the construction a squaref ¢he tableau associated to  does not
intersect the largest remaining black square, only when it oincides with a red square. In that case
the black square formed coincides with the corresponding esquare. Hence APM1, APM2 and APM3
hold.

From these observations it is clear that the tableau correspnding to the intersection of two Schubert varieties
is a normalized, admissible painted Mondrian tableau.

De nition 4.12.  Let M be a painted Mondrian tableau. De ne the dimension of a tableu M to be
X2 X1 X2 X1
jBij+  #sRi(M) #8Bi(M) #rRi(M):
i=1 i=1 i=1 i=1

Lemma 4.13. The tableau associated to a Schubert variety where assignsl to the indicesi; < <l

has dimension
X2 X1
(n ke )+ (ij )
I=1 j=1
equal to the dimension of the Schubert variety.

Proof. This is immediate from the de nition of the dimension of a tableau.

Lemma 4.14. Assuming it is non-empty, the tableau associated to the intsection of two Schubert varieties
and where associates 1 to the indiced; < <ik, and associates 1 to the indiceg; < <jk

has dimension
X2 X1
n ke 1 ko)t (it s ko) kg
=1 1=1
equal to the dimension of intersection of the Schubert vartees and

Proof. The sum of the side-lengths of the black squares E :‘:21 (n ka1 ok s 1) I ke L iy 141,
then R| containsjk, 1+1 Ko+ ij black squares. Ifky, ij+1 >jy, 1+1,thenks ij+1 jk, 141 black squares
strictly contain the black square B, and R, contains one black square. Hence, the dimension of the tatde is
equal to

X2 X1

(n ka1 ko F1)H ( ka+ii+jk, 1+1) ki ko

I=1 I=1
This is equal to dimension claimed in the lemma. Note that thedimension of the intersection of the Schubert
varieties (if non-empty) is equal to this as well.

4.2. The combinatorial Littlewood-Richardson rule. We now state the Littlewood-Richardson rule for
two-step ag varieties. The algorithm for computing the cla sses of painted Mondrian tableau will be very similar
to the Grassmannian Algorithm. We will move squares in the tébleau and replace the tableau by new tableaux.
The move on the Mondrian tableau M corresponds to a degeneration of the vector spaces de ninche variety

m - In the at limit the variety m Will specialize to the union of one or more varieties associad to painted
Mondrian tableaux. The algorithm replaces the original tableau with the tableaux corresponding to the limiting
varieties. As in the case of the Grassmannians, the limits a determined by the requirement that the limiting
vector spaces have to intersect the limits of the vector spaes spanned by the basis elements contained in the
squares ofM and the spans of these vector spaces in given dimensions. Wew make this discussion precise.
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Rule 4.15 (The rule for locating the square to move) Let M be a normalized, admissible painted Mondrian
tableau. If M is nested, there is no square to move. The algorithm terminats. Otherwise, among the squares
of M that are not nested, let T; be the black square whose lower-left corner is furthest sottvest. Fori > 1,
set T; be the black square contained inT; ; whose lower-left corner is furthest southwest. Among the sgares
Ti, let T, be the square with smallest index satisfying the following wo properties:

(1) Ty does not contain any llers.
(2) The collection of squares contained inTy is nested.

SetS = Ty to be the square to move.

Rule 4.16 (The rule for moving squares) Let M be a normalized, admissible painted Mondrian tableau. Let
S be the square determined by Rule 4.15. We mové& by shifting the lower-left most chop of S northeast by
one unit. If there are any squares (red or black)S° that contain S and have a chop whose upper-right corner
coincides with the upper-right corner of Ich(S), we chop S° at 1(S) and move the chop coinciding with Ich(S)
northeast by one unit. (Note that in case Ich(S) = Ich(SY this means we movelch(S% as well.) We keep all
other squares xed.

After moving S according to Rule 4.16, we will replaceM by a collection of tableaux. As usual, we need a
procedure for normalizing the resulting tableaux.

Algorithm 4.17 (Normalizing painted Mondrian tableaux.). Let M be a collection of red and black squares where
the black squares satisfy Monla and Monlb, the red squares ssfy PM2, PM3a, PM3b. If M is normalized,
stop. If the tableaux consisting of black squares is not norralized, run Algorithm 3.40 on the black squares of
M . If the resulting tableau is normalized, stop. Otherwise, f two red squares share a common lower-left corner,
let e be the southwest most unit square that is the lower-left correr of two red squares. LetS; S, be
all the red squares that havee as their lower-left corner. Consider the black squares comined in S, whose
lower-left corners are strictly northeast of the lower-let corner of S,. Let B be the square whose lower-left
corner is southwest most among them. ShrinkS, by moving its lower-left corner northeast to coincide with
the lower-left corner of B. Repeat until no two red squares share a common lower-left coer. If during the
procedure the side-length of a square shrinks to zero, disoé the tableau. If the tableau is not normalized
repeat the procedure for the upper-right corners of the red guares failing Condition 2 in De nition 4.6 starting
with the northeast most basis element.

Let S(0) be the new position of the squareS and let S(1) refer to the old position. If S coincides with a
red squareR in M, let R(1) denote the old position of R and R(0) the new position of R. Let M ° denote the
tableau where all the squares that move are placed in their ng position and all other squares are kept as in
M.

My If any of the red squares inM %is not equal to the span of the black squares contained in it, lsrink the
red square so that it is the span of the black squares contairttin it. Normalize the resulting tableau.
See Figure 13 for examples.

0l o

Figure 13. Some examples of TableaMg .

M1(NR) SupposeS coincides with a red squareR of M. For a red neighborNR of R form the tableau M ;(NR)
as follows: Replace the red squareNR and R(0) in M °with the intersection R(0)\ NR and the span

inclusion that contain the intersection R(0) \ NR. Order them by their lower-left corners (southwest
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S(0)\ NR, the span ofS(1) and B;, and the spans ofB;, and B;,,, for2 h j 1. If any of the
red squares is not equal to the span of the black squares conteed in it, shrink the red square so that
it is the span of the black squares contained in it. Normalizethe resulting tableau. Figure 14 gives an
example of this tableau.

L L

Figure 14. An example of TableauM;(NR;) .

M2(N;) For every black neighborNy;:::; N, of Sin M form the tableau M,(N;) as follows: ReplaceS(0) and
N; in M %with the intersection S(0)\ N; and the span ofS(1) and N; in black. If any of the red squares
R is not the span of the black squares contained in it, shrinkR by removing the basis elements fronR
that are not contained in black squares contained inR. Normalize the resulting tableau. See Figure 15
for examples.

—~ |

=l

Figure 15. Some examples of TableaM >(NR;) .

M3(NR) Suppose the largest black neighboB; of S in M coincides with a red squareR;. If B, 1 in M coincides
with a red square Ry 1, set By, to be the black square with southwest most lower-left corneramong
the black squares satisfyingl(Bn) > 1 (R, 1) and B, 6 Ry 1. Among the squaresBj;B»;:::, suppose
B)+1 is the black square with least index which does not coincide ith a red square. Then draw the

the tableau. If any of the red squares is not equal to the span fothe black squares contained in it,
shrink the red square so that it is the span of the black square contained in it. Normalize the resulting
tableau. See Figure 16 for examples.

2 S

Figure 16. Some examples of Tablea 3(NR) .
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Algorithm 4.18 (The algorithm for simplifying painted Mondrian table aux.). Let M be a normalized, admissible
painted Mondrian tableau. If M is nested stop. Otherwise, letS be the square determined by the Rule 4.15.
Move S following Rule 4.16. ReplaceM by the tableaux amongMg, M1(NR), M2(N;) and M3(NR) that have
the same dimension asM . Repeat the process for each of the resulting tableaux.

Algorithm 4.19 (Littlewood-Richardson Rule for two-step ag varieties). Given two Schubert cycles and
form the painted Mondrian tableau associated to their intersection following Algorithm 4.5. Apply Algorithm
4.18 for simplifying painted Mondrian tableaux until every tableau is the tableau associated to a Schubert
variety.

We will see in Proposition 4.41 that each normalized, admisble painted Mondrian tableau is replaced
by normalized, admissible painted Mondrian tableaux and that the algorithm terminates. Hence at the end
the tableau corresponding to the intersection of two Schub# varieties is replaced by a collection of tableaux
associated to Schubert varieties.

De nition 4.20. A degeneration path for a painted Mondrian tableauM is a sequence of painted Mondrian
tableaux

Mt M21 1 MP
such thatM ! = M, MP is the Mondrian tableau associated to a Schubert variety antbr every1 i p 1
the tableauM '*! is one of the tableaux replacingVl ' in Algorithm 4.18

The main theorem of this paper is the following theorem whichasserts that Algorithm 4.19 is indeed a
Littlewood-Richardson rule for two-step ag varieties.

Theorem 4.21 (Littlewood-Richardson Rule for two-step ag varietie"g). Let and be two Schubert cycles
in the two step ag variety F (ki;kz;n). Let their product be = c . The coe cient ¢ is equal to

the number of degeneration paths starting with the tablea ( ; ) inan n n grid and ending in a painted
Mondrian tableau associated to

The proof of Theorem 4.21 is very similar to the proof of Theoem 3.21. We interpret the transformations
of the Mondrian tableaux as degenerations of the vector spas represented by the Mondrian tableaux. There
are corresponding at families of subvarieties ofF (ki; kz; n). The Algorithm 4.18 records the at limit of these
degenerations. The degenerations eventually terminate irvarieties associated to Schubert varieties. 1nx4.3 we
discuss this more precisely.

Remark 4.22. As in the case of Grassmannians, it is possible to make the Atyithm 4.19 more e cient. This
was done in the author's original formulation of the rule. We refer the reader to the author's original manuscript.

4.2.1. Examples. Before discussing the geometry of painted Mondrian tableax and proving Theorem 4.21, we
calculate some intersections in two-step ag varieties usig Algorithm 4.19.
We rst calculate

2;1;2 2;1,2 _ 1;2;2+ 2;1;2+ 1;2;2
1;0;0 1;1;0 — 2;1;0 2;2;0 1;1;1
in F(1;3;5). See Figure 17 for the calculation.
Next we calculate
2;1;2;1 2;1;2;1 _ 1;2;2;1+ 2;1;2;1+ 2;1;1;2+ 2;2;1;1
1;0;0;0 1;0;0;0 — 1;1;0;0 1;1;1;0 1;1;0;0 1;1;1;1

in F(2;4;5). See Figure 18 for the calculation.
We now begin discussing some basic properties of admissibleormalized, painted Mondrian tableaux.

Lemma 4.23. Let M be a normalized, painted Mondrian tableau. If a black squar® coincides with a red
squareR, then B cannot be a ller in any of the squares that contain it.

Proof. SupposeB T is a ller. Then I(B) = I(RY for some red squareR® not contained in T. SinceM is
normalized and|(B) = I(R), I(B) cannot be the lower-left corner of any red squares other tha R. SinceB and
R coincide,R T leading to a contradiction.
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= []
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|

Figure 17. A sample calculation in F (1; 3;5)

L] ]
= i [] [] []
|_> = = = =
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> B }>

Figure 18. A sample calculation in F(2; 4;5)

Lemma 4.24. Let M be a normalized painted Mondrian tableau. LetS be the square de ned by Rule 4.15.
Then every square whose lower-left corner is southwest tfS) contains S.

Proof. Since every red square is a span of black squares, it su ces toheck the lemma for black squares. Let
S%be a black square withl(S% < 1(S). We can assume thatl(S% > | (T;), otherwise S° would be nested. By
Monib if Ich(S) SO then S  S% Hence, we may assume thatS® has a gap contained inlch(S). Since
1(S9 < I (S), there must exist T; for i < h that does not contain S° SupposeT;, is the smallest index square
that does not contain it. We must have I(T;,) <1 (S9 by the order of degeneration. Hence the gaps 08° must
be a subset of the gaps offj,. This is a contradiction since S is contained in T;, and S° has a gap contained
in Ich(S). In the terminology of the previous section S is a degeneratable square for the generalized Mondrian
tableau consisting of the black squares oM .

Lemma 4.25. Let M be a normalized, admissible painted Mondrian tableau. Le$ be determined by the Rule
4.15. Then S can have at most two black neighbors. 18 has two black neighbors, then the smallest neighbor
coincides with a red square. Any square oM can have at most one red neighbor.
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Proof. In fact if By B, are two black squares withl(B;) > 1(S) and B; 6 S, then B; must coincide with
a red square. Otherwise, by APM2 there would exist a red squar R strictly contained in B, and containing
B:. If By does not coincide withR1, then by APM2 either B; S or S contains a ller F with I(F) <1 (B3).
The rst case is ruled out by assumption. The second case conadicts the de nition of S. Hence, B; must
coincide with a red squareR;. Suppose there were more than two black neighborsN; N, N, .

contain all of these red square but the one coinciding withN, ;. This contradicts the de nition of a neighbor.
If a square T of M has more than one red neighboiRN; RN, then by APM1 the square RN; has to be
contained in T contradicting the de nition of a neighbor. The lemma follow s.

Lemma 4.26. Let M be a normalized painted Mondrian tableau. LetS be the square de ned by Rule 4.15.
SupposeS 6 Ti. Then either Sis a ller in Ty 1; or there exists a black squaréB such that|(B) > I (S),
B6 SandB T, ;. Furthermore, in the latter case any squareS® with 1(S% < | (S) contains B.

Proof. By assumption T; 6 S. By Rule 4.15 either T, ; contains a ller F or the squares contained inT, 1
are not nested. Otherwise we would be movingl, 1 instead of S. In the rst case necessarilyl(F) I(S). If
[(S) = I(F), then S = F sinceM is normalized. IfI(F) > (S), then F cannot be contained inS since otherwise
it would be a ller of S contradicting Rule 4.15. If T, ; does not contain any llers, then the squares inT, 1
are not nested. Hence there exist8 Ty 1 with I(B) >1(S). Since the squares contained irS are nestedB
cannot be contained inS. Finally, in case S 6 F, there remains to showF or B is contained in every square
SOwith 1(SY <1 (S). We can assumd(S9 > | (T1), otherwise the claim is trivial. Either SCis T; for somei < h
or there exists a minimal index g such that T;, does not containS® We can assume we are in the latter case.
We must have I(S% > | (T;,). Hence the gaps ofS° are a subset of the gaps ofl;,. By Monlb, every square
contained in T;, and whose lower-left corner is northeast of(S9 is also contained in S°

Lemma 4.27. Let M be a normalized, admissible painted Mondrian tableau. Le§ 6 T; be the square deter-
mined by Rule 4.15. IfSis a llerin T, 1, then S has at most one black neighboN that does not coincide
with a red square.

can assume thate; .1 is not a hole of R. Otherwise S does not have any neighbors. Moreovergj+; cannot be
a gap of R. Otherwise S and R would coincide and S could not be a ller by Lemma 4.23. SinceS does not
coincide with R, there must exist black squares inR not contained in S. Let B be the one with the southwest
most lower-left corner. Note that g .1 2 B. We know that there can be at most two black neighbors ofS
and if there are two then the smaller one coincides with a red guare. Let N3 N be the two neighbors. If
[(B) < 1(Ny), then we have a contradiction unlessN, = B. But in that case N; which coincides with a red
squareR; is contained in R. Hence by APM1,N; R; S contradicting the de nition of a neighbor. We

can assumd(B) > 1 (N1). Then the gaps of N; are a subset of the gaps oB. If B has a gap, thenNy, S and
B agree northeast of the gap. We again conclude thaN; Rj; R contradicting APM1. So there can be at
most one neighbor. In fact it has to coincide withB and by APM1 cannot coincide with a red square.

Lemma 4.28. Let M be a normalized, painted Mondrian tableau. LetS be the square determined by Rule
4.15. SupposeS 6 Ty isnota llerin T, 1. Let N be the minimal (with respect to inclusion) black square not
contained in S with I(N) > 1 (S) such that any squareS° with 1(S) <1(S9 <1 (N) is either contained in S or
contains N. Then N T, 1. In particular, if S has two black neighbors, then the smaller one is contained in
every squareS® with 1(S9 < (S).

Proof. By Lemma 4.26 Ty 1 contains a squareB 6 S with I(B) >1(S). If [(B) I(N),then N B T, 1
by assumption. If I(B) >1 (N), N T, 1 by Monlb and the minimality of N.

The following observation will play a crucial role in the dimension calculations.
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Proposition 4.29. Let M be a normalized, painted Mondrian tableau. LetS be the square oM determined
according to Rule 4.15. If the length of intersection of a redsquare R with another red square increases when
moving S according to 4.16, then eitherS coincides with R or there exists a red squareR® not contained in R
with 1(R9 = I(S).

the intersection of two red squares do not increase. Howevethere may be a red squareR containing S that
does not containg+1 . If g+1 is a hole ofR, then the move cannot increase the length of intersection oR
with any red square since no red squar®®with [(R9 > 1 (R) can contain g1 . By PM3a, we can assume that
g+1 is a gap ofR which is not a hole. If I(S) = I(R), then S contains any square contained inR by Monlb
and PM3c. SinceR is the span of the black squares it contains by PM2R must coincide with S. Otherwise,
[(R) <I(S). Let B be the square withl(B) = I(R). Let T;j, for 1 ip < h be the square with largest index
such that I(Ti,) I(B). Either B = T;,; or the gaps ofB are a subset of the gaps off;,. In either caseg+;
is a gap ofT;,. Hence,S, B and T;, agree northeast ofe;+1 by Monlb. HenceT, ; agrees withS northeast
of g+1. By Rule 4.16 there cannot be any square$® Tn 1 with I(Th 1) <1(S% <1(S). Hence any square
contained in T, 1 is also contained inS by Monlb. By Lemma 4.26S must be a llerin T,, ;. The red square
ROwith [(RY = I(S) is the red square in the lemma.

Observe that the tableau M ° formed after moving S is not necessarily a painted Mondrian tableau. The
Conditions Mon2 and Mon3 do not have to be satis ed for the black squares inM % Nevertheless, de ne the
virtual dimension of M © by associating to it the same quantity as in De nition 4.12.

Lemma 4.30. The virtual dimension of M %is less than or equal to the dimension oM . The dimension of the
normalization of M % is less than or equal to the dimension oM .

Proof. The sum of the side-lengths of the black squares it and M ° are equal. If S(O) does not contain the
smallest black neighbor ofS and S(0) is not contained in the largest black neighbor ofS, then the number of
containment relations among the squares inM and M © are also equal. Hence the virtual dimension oM % is
equal to the dimension ofM .

By Condition 2 in the de nition of normalization, S(0) can contain at most one of the black neighbors of
S. If S(0) contains the smallest black neighborN, then every square whose lower-left corner is (non-strictl)
southwest of [(S) and did not contain N also containsN. This increases the number of containment relations
among the black squares by the number of such squares. On theher hand, the number of black squares that
are contained in red squares increases by the number amongém which are red. If N coincides with a red
square, the number of containment relations among the red supres increases by the same amount. Hence, the
virtual dimension of M © strictly decreases except when the following are satis ed:

(1) N does not coincide with a red square; and
(2) Every square whose lower-left corner has index less thaor equal to I(S) and does not containN is red.

Note that in particular these conditions imply that S should coincide with a red square. HenceS$ is not a ller
and by Lemma 4.26 the squares with lower-left corner stricty southwest of [(S) contain N .

If S(0) is contained in the largest black neighborN of S, then the number of containment relations among
black squares increases by one. I{N) is the lower-left corner of a red square, then the total numter of black
squares in red squares increases by one. If in additiol(S) is the lower-left corner of a red square, then the
number of containment relations among the red squares incrses by one. Hence, the virtual dimension oi °
is strictly smaller than the dimension of M except whenS does not coincide with a red square and(N) is the
lower-left corner of a red square. Observe that it is not posible for S(0) to be contained in a red neighborRN
of S where the black squareB that has the same lower-left corner asRN is contained in S. B would be a ller
for S contradicting Rule 4.15. This is the main reason for choosig the degeneration order in Rule 4.15. It
follows that the virtual dimension of M Cis at most equal to the dimension ofM .

If 1(S) is the lower-left corner of a red squareR, then we shrink R by one unit. This either preserves the
virtual dimension or decreases it in case the lower-left carer of R coincides with the lower-left corner of a red
square not contained inR.
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Next we check that normalizing does not increase the virtualdimension of the tableau. We will say that a
squareU?is a shrinking of a squareU in M %if U°is obtained by shrinking the lower-left corner of a square in
MO SinceM is normalized, at each stage of the normalization process foM © at most two black squares and
two red squares can share the same lower-left corner. TF is a square of the tableau, denote byT ° the square
T I(T). Ifablack squareT has the same lower-left corner as a square it contains, we shk its lower-left corner
by one. SupposeT %is not contained in any new squares. Then this operation de@ases containment relations
among black squares by one and the total side-length of blackquares by one. It does not change containment
relations among red squares or black squares and red squaredence, it preserves virtual dimension. Suppose
TOstarts being contained inb black squares and red squares. Then this changes the virtual dimension by  b.
We note that each time T%is contained in a red squareR, it must also be contained in the black squareB whose
lower-left corner is the same asR. We already saw this for the squareS. SupposeT?is not a shrinking of S,
but some other black squareT ®°necessarily with1(T%) > 1 (S) in M. If B were properly contained in T® then
B would be strictly contained in T®in M. Hence by APM2 for M, B would be contained in a red squareR°
contained in T and containing B. B cannot coincide with R%since thenR and R°would have the same lower-left
corner contradicting that M is normalized. But then by APM2 either S would contain B or a ller F with
[(F) <1(B). Both are contradictions since either F or B would be a ller in S. Finally, normalizing the red
squares clearly preserves or decreases virtual dimensioNo new black squares can be contained in a red square
during the normalization. One fewer black square can be comtined in it exactly when one containment relation
among the red squares is eliminated. Note that in case a red s@gre starts being contained in a red square that
it was not previously contained in prior to normalization, t hen the virtual dimension strictly decreases.

Finally, if S(0) contains the smallest black neighbor ofS and has the same lower-left corner as a square
contained in S, then we need to shrink the upper-right corner oflch(S(0)9 (the shrinking of S(0)) by one unit.

andS; S. Then the total side-length of black squares decreases by en The number of containment relations
among black squares increases by 2. The number of black squares contained in red squares incases by the

dimension stays constant or decreases. Of course, if at anyagje the side-length of a square shrinks to zero we
discard the tableau and assign to it dimension 1. We leave it to the reader to formulate the cases when the
dimension stays constant. We will summarize this below.

We will use the following observations to verify that the tableaux My, M1(NR), M2(N;) and M3(NR) are
normalized, admissible painted Mondrian tableaux.

Observation 4.31 If after moving S a red squareR(0) of M ®has a new gap, therR(1) in M contains S and has
g+1 as agap. The new gap oR(0) is I(S). Since every square with lower-left corner southwest of(S) contains
S, there can be no red squares contained southwest 6fS). Hence PM3a for M implies PM3a holds for M ©.

PM3c holds for M © since any square with lower-left corner southwest of(S) contains S and PM3c holds for
M. PM3b holds for the squares inM © that have 1(S) as their new gap and the gapl(S). However, some red
squares that hade .1 may no longer have it as a gap. We note that a red squar®9(1) with 1(S) < I (RY1)) in

M that has g +1 as a gap must be contained in every red square whose lowerdiebrner is southwest ofl(R{1))

by PM3b for M. It is easy to see that PM3b also holds forM °.

Observation 4.32 Normalization of M ° preserves the properties PM3a, b, c. Note that normalization either
preserves or eliminates the gaps of a red square. Similarlyt either preserves holes or may turn holes which
were also gaps into gaps. As in the proof of Lemma 4.30 if shrking a black squareT results in T sharing the
lower-left corner with a black squareB and a red squareR, then either T? contains R or is contained inB. In
the second case a hole or a gap & is clearly preserved. In the rst case, if T? contains a hole which is not
a gap, then the squares contained irR cannot be nested. Since by APM2 the squaré& must contain R, this
contradicts Rule 4.15. Shrinking the lower-left cornerl(B) for a black squareB R whose lower-left corner
agrees withI(R) for a red square does not alter the holes and gaps d®. It follows that PM3a and PM3c hold
for the normalization of M % The proof of PM3b is analogous to the proof of Lemma 3.41, hare left to the
reader.
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Observation 4.33 SupposeS(0) does not contain the smallest neighbor ofS, then APM1, APM2 and APM3

hold for M % This is clear in caseS is not contained in its largest neighbor since none of the caminment
relations among the squares change. IS is contained in its largest neighbor, sinceS is contained in every
square whose lower-left corner is southwest d{S), APM1, APM2 and APM3 hold in that case as well.

Observation 4.34. If the normalization of M © has the same dimension aM , then it satis es APM1, APM2 and
APM3. M %is not normalized when S(0) contains the smallest neighbor ofS or S(0) shares a lower-left corner
with another square in M % Otherwise shrinking the red squares so that they are the spas of black squares
contained in them, turns M ° to a normalized tableau. Hence, APM1, APM2 and APM3 are satised by the
previous observation. If S(0) contains the smallest neighborN of S, we can assume thatN does not coincide
with a red square, S(0) coincides with a red squareR(0) and that the normalization of the lower-left corner
of S(0) remains strictly southwest of I[(N). Otherwise by Lemma 4.30 the dimension of the normalization of
M s strictly less than the dimension of M . In that case, after shrinking the lower-left corner of S(0) and the
upper-right corner of Ich(S(0)9, we obtain a black square which is contained in every squargvhose lower-left
corner is southwest of it. The shrinking of the red squareR(0) is not contained in the squares that were
contained in R(0), but is contained in every square whose lower-left corneis southwest of |(R(0)). Finally, N
is not contained in any new black squares unless it is contaied in S(0) and S(0) does not share a lower-left
corner with any squares strictly contained in it. In that case N is contained in every square whose lower-left
corner is southwest ofS(0). Hence APM1, APM2 and APM3 hold for the normalization of M. If S(0) shares
a lower-left corner with a square strictly contained in it, but does not contain its smallest neighbor, then when
we normalize the lower-left corners it is clear that APM1, APM2 and APM3 are preserved unlessS(0)° starts
sharing a lower-left corner with its largest neighbor N® By Lemma 4.30 and APM1, S can have only one
neighbor N; since N; has to be the lower-left corner of a red square. We then shrinkhe lower-left corner of
N;. If the shrinking of N; shares a lower-left corner with a square then either that sqare is a square contained
in S(0) or is a neighbor of N;. As in Lemma 4.30 if N; starts sharing the lower-left corner with its largest
neighbor, then either the dimension strictly decreases olN; has a unique neighborN, whose lower-left corner
is the lower-left corner of a red square. Continuing we see #it there are no new containment relations among
the black squares or among the red squares in the normalizain that did not hold in M % If the shrinking of a
black squareB starts being contained in a red squareR, then B is either S(0) or it is also contained in a red
square whose lower-left corner is southwest dfR). Note that any black square B containing R must have its
lower-left corner strictly southwest of I(B). It is now easy to see that APM1, APM2 and APM3 are preserved
in this case as well.

Lemma 4.35. Whenever Algorithm 4.19 produces the tablealM, Mg is a normalized, admissible painted
Mondrian tableau.

Proof. Mg is normalized by de nition. Monla and Monlb hold by the proof of Lemma 3.41 when normalizing
lower-left corners. As in the proof of Lemma 4.30, Condition2 in De nition 4.6 fails only when S(0) contains its

smallest neighbor. In that case,S(0)%obtained by shrinking the upper-right corner of Ich(S(0)9 is contained

in every square whose lower-left corner is southwest of it. Eince, Monla and Monlb hold. PM2 holds by
construction. It now follows that PM1, PM2, PM4, PM5 hold. Th e proof of PM3a, b, ¢ follow from the two
Observations 4.31 and 4.32 above. Finally APM1, APM2 and APMB hold by Observations 4.31 and 4.32.

Lemma 4.36. Whenever Algorithm 4.19 produces the tableal 1(NR), it is a normalized, admissible painted
Mondrian tableau of dimension equal to the dimension oM .

Proof. M1(NR) is already normalized. The lower-left corners of the squags in M1(NR) are the same as the
lower-left hand corners of the squares ifM , hence the lower-left corners of any two squares of the sam®lor in
M1(NR) are distinct. Condition 2 in the De nition 4.6 holds even wh en S(0) contains the smallest neighbor of

the span replaces the lower-left chops of the consecutive es by the spans of their lower-left chops. Furthermore,
that span becomes the lower-left chop of the squareB;, ;,,, . SupposeB;, has a gap betweerl(S) and € +1 ,
then by Monlb B;,  S. But then B;, cannot contain g .1, leading to a contradiction. The lower-left chops
of two consecutive squares necessarily intersect (sinceef all contain g;+1 ). In addition to the squares formed
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by the spans ofS(1) and B;, and the spansB;, and B;,,, , M1(NR) contains the new squaredg = S(0)\ NR
in black and Ig = R(0)\ NR and Ugr = R(1)[ NR in red. In particular, the gaps of the new squares are all
gaps of the squares iV % except possibly for the gaps oflg and I g.

We rst check Monla. Suppose a black square is contained ently to the southwest of a gap. This cannot
be any of the new spans, sinc& would be contained southwest of that gap inM. We need to verify Monla
for Ig. Let g be a gap northeast oflg. Since inM, S cannot be contained southwest ofg, S must contain
basis elements northeast ofy. But then the black square B that has the same lower-left corner asNR must
also contain such basis elements by Monlb foM . Since the gapsB are a subset of the gaps o8, Iz cannot
be contained strictly southwest of g. The veri cation of Monlb is similar to the proof of Lemma 3.43. The
arguments for the red squaredJr and |Ig are also similar and are left to the reader. It is then easy to se that
PM1, PM2, PM3a,b,c, PM4 and PM5 hold for M;(NR).

It su ces to verify APM1, APM2 and APM3 with respect to the new ly formed squares. The squard g
is contained in every square whose lower-left corner is solmvest of Ur sincelr is contained in S(0) and Ugr
has the same lower-left corner asS(1). By the de nition of a neighbor and APM1 for M, no red squaresR®
with 1(Ug) <1 (R9 <1 (Ir) can contain Ig. Furthermore all such squares are contained in every squarahose
lower-left corner is southwest ofUg since in the tableauM they were contained inS. No red square that did
not contain both R(1) and NR contains the union Ug. Hence if R%is a square containingUr and R is a red
square with I(R) <1 (R%, then Ur R sinceR had to contain both R(1) and NR. It follows that APM1 holds
for M1(NR).

Ig coincides with a red square. Note that if a black squaré3 contains one of the spans of the squareB;, i, .,
forl h<j,then B mustcontain both B;, andB;,., . Hence,B must strictly contain a red square containing
Bi, and B;,,, by APM2 for M % This red square cannot have its lower-left corner betweer(R(1)) and I(NR)
by the de nition of a neighbor and APM1 for M % Hence the same red square strictly contained irB contains
the union. When h > 1, the second condition for APM2 follows for this red square § the same condition for
the red square inM ® and the squareB;, . SinceS coincides with a red square by Lemma 4.23 it is not a ller.
Hence by Lemma 4.28 every square whose lower-left corner isughwest of I(S) contains B;, since this is the
smallest neighbor ofS. Hence the second condition in APM2 holds as well. APM3 holdgor Ugr since if there is
a black square strictly containing Ur, that black square must contain all B;, . Hence, by APM2 it must strictly
contain a red square containing them. Since the lower-left arner of this red square must be southwest of(S),
APM3 holds for Ugr by APM3 for M. If there is a black strictly contained in Ig or Ir, then it is contained
in every square with lower-left corner southwest oflg. Similarly, for any black squares strictly contained in
Bhn+1 except forlg. For all other squares APM2 and APM3 follow from APM2 and APM3 for M ©,

Finally, we compute the dimension. Applying the construction of M1(NR) increases the total side-length of
the black squares by one. The number of containment relatioa among the black squares increases y 1. The
number of black squares contained in red squares increaseg p 1 and the number of containment relations
among red squares increases by 1. Hendé; and M have the same dimension.

Lemma 4.37. Whenever Algorithm 4.19 produces the tablea,(N;), it is normalized and admissible.

Proof. By the analysis for Corollary 3.44, the total side-length of the black squares and the number of con-
tainment relations among the black squares each increase bygne unlessS(0) contains the smallest neighbor
Ny of S in M2(N>). In the latter case the number of containment relations amang black squares increases by
two. The number of black squares contained in each red squamnemains constant. The number of containment
relations among red squares is either constant or increasesience if S has two black neighborsN; N, and
S(0) contains N1, then M2(N2) has strictly smaller dimension. If both S and N3 coincide with red squares,
then the number of containment relations among red squaresnicreases by at least one. Hence the dimension
of M2(Ny) is strictly smaller than that of M. Similarly, suppose S coincides with a red square and has only
one black neighborN; with the property that I(N1) = I(R) for some red square containingN;. If S does not
contain any black squares that are not contained inN; and do not coincide with a red square, thenM(N1)
has strictly smaller dimension. In all other cases the dimegmion of M2(N;) is at most the dimension ofM .

The generalized Mondrian tableau formed by the black squargis normalized and satis es Monla and Monlb
by Lemma 3.41. If the lower-left chop of a red squareR coincided with the lower-left chop of the squareS, we
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might need to shrink the lower-left corner of R(0). As a result of this the lower-left corner of R(0) might coincide
with the lower-left corner of a red square. Hence, the red scares may need to be normalized. Similarly if the
neighbor N; has the same lower-left corner as a red squaiR®, we might need to shrink R®. This might introduce
a hole in R%. Normalizing the red squares does not change Monla and MonlbTo preserve the dimension,
when normalizing red squares, the shrinkingR(0)° of R(0) cannot start sharing a lower-left corner with a red
square not contained in it. Since the red squares containechiR(0) are nested and contained inS(0), they are
contained in every square whose lower-left corner is southest of their lower-left corners. The tableauxM2(N;)
satisfy PM2 by construction. The proof of the properties PM3a, b, c are as in Observation 4.32. Finally since
M2(N;) is normalized PM4 and PM5 hold.

The proofs of APM1, APM2 and APMS3 are similar to the previous cases. Note that in these tableaux
whenever they have the same dimension ail , there are no new containment relations among the red squase
As observed any containment relations among squares that ntonger hold happens because the shrinking (0)°
does not contain some of the red squares originally contairkin it. But these squares are contained in every
square whose lower-left corner is southwest of their loweleft corner. Hence APML1 for M implies APML1 for
M2(Nj).

It su ces to check APM2 with respectto Ig = S(0)\ N; andUg = S(1)[ N;. Sincelg S(0)if Ig BY
then every squareB ®with 1(B% <1 (B9, then Iz B%? Since the squares contained irS are totally ordered,
and Ig S(0), any square strictly contained in lg is contained in every square whose lower-left corner is
southwest ofI(Ig). If Ug B9 then B%in M ? contains both S(0) and N;. If S has a black neighborN; that
coincides with a red square, then bothS and N; are contained inT; 1, hence in every square whose lower-left
corner is southwest ofl(S). We can assume thatN; does not coincide with a red square. The same argument
applies if there are no squares strictly contained inN; that are not contained in S and S is not a ller. We can
assume that eitherSis a llerin T; { and T; 1 does not containN;; or N contains a red square not contained
in S and T; 1 does not containN;. In the rst case, there has to be a red square strictly contaned in BO that
contains N;. It follows that B° must contain the red squareR with I(R) = I(S). Note that R also contains
Ug . In the second case by APM1 forM , there cannot be a red square with lower-left corner betweem(S) and
I(N;) containing N;, hence the red square containingN; and contained in B% must also contain S and hence
Ug . Either N; coincides with the red square northeast of (N;) in which case so doedJg . Else both N; and S
need to be contained in a red square with lower-left corner agthwest of 1(S). Hence so doedJg. APM2 and
APM3 follow from these observations.

Lemma 4.38. Whenever Algorithm 4.19 produces the tableal 3(NR), it is normalized and admissible.

Proof. Note that the tableau consisting of the black squares is alrady normalized. If S coincides with a red
square, however, we might need to normalize the red squared the tableau. Prior to the normalization it
is easy to calculate the virtual dimension of the tableau. Asuming S(0) does not contain its neighbor, the
total side-length of the black squares (if the tableau is norempty) increases by one. The total containment
relations among them increases byl + 1. On the other hand, the total number of black squares contaned
in red squares increases by. In caseS coincides with a red squareR, then we need to shrinkR so that it
is the span of the black squares contained in it. As in the preious cases this process decreases the number
of containment relations among red squares by an amount equdo the number of black squares contained in
the shrinking of R(0). Unless R(0) is contained in the neighbor B; which coincides with R;. In that case
normalizing strictly decreases the dimension. Hence in c&sS coincides with a red square, for this tableau to
have the same dimension a$/ there must exist a black square contained inR(0) but not in R; and which does
not coincide with a red square. Similarly it is easy to see thaif S(0) contains the smallest neighborN; of S,
the dimension of TableauM 3(NR) is strictly smaller than the dimension of M .

The veri cation of the properties Monla, Monlb, PM2, PM3a,b,c, PM4 and PM5 is analogous to the previous
cases. We leave this to the reader. Here we verify APM1, APM2 ad APM3. APML1 is clear from APM1 for
M 9 since the containment relations among the red squares do nathange unlessS coincides with a red square
R. By the dimension discussion, the red squares thaR(0) coincides with during the shrinking have to be all
contained in S. These squares do not contain the shrinkingR(0)° of R(0). R(0)%is contained in every square
whose lower-left corner is southwest of(S). Finally any red square contained in R(0)° is contained in every
square whose lower-left corner is southwest dR(0)° since these squares were contained i and the squares
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in S were nested. The square®; are not contained in any red squares that they were not contaied in (even
if they acquire holes). From these observations APM1 forM implies APM1 for M3(NR). APM2 is clear with
respect to the squares formed by the intersection§(0) \ B; and B \ Bh41 since any black square containing
one of the intersections either contains the other one as wklhence contains the red squareR;,. If a square B
contains B, \ By+1 and a squareB°with 1(B9 <1 (B) does not contain it, then B° must still contain a square
since B® by construction cannot have lower-left corner northeast ofl(S(0)). Hence B° must contain at least

The black squares contained inU are either of the form By \ Bn+1 or they are squares contained inS(0). The
latter squares are contained in every square whose lowerftecorner is southwest ofl(U) = 1(S(1)). The squares
Br \ Bp+1 are contained in the squaresRk; contained in U. Suppose a black squard3 contains U. Then B

contains B+1 . HenceB,;; has to be contained in a red square strictly contained inB. This red square either
has southwest corner northeast ofl (B;+1 ) or southwest of S(0). In the former case by APM3 for M, every
square whose lower-left corner is southwest df{B) must contain B|.+1, hence by Monlb alsoU. In the latter

case, there exists a red square strictly contained irB that contains U. Hence APM2 holds for the tableau

whose lower-left corner is southwest of any black square thacontains R;. For Ry with h > 1, the black squares
that do not coincide with Ry, northeast of their lower-left corner are either contained n S(0) (by APM1 and
APM2 for M) or are of the form B;, 1\ By. The former are contained in every square whose lower-leftarner
is northeast of U. The latter are contained in Ry, ;. From these observations it is easy to verify APM3.

Remark 4.39. We can summarize the dimension discussion above as follows:
First suppose that the squareS coincides with a red squareR. Then:

If either R(0) contains the red neighborNR of R or jJR  NRj=# g(R[ NR)(M) #grNR(M), then
only M1(NR) will have the same dimension asV .

If S has two black neighborsN; N, where the smallerN; coincides with a red square, thenM »(N1)
has strictly smaller dimension than M. SupposeS has only one black neighborN; and there exists a
red squareR? such that I(N1) = I(RY. If S does not contain a black squareB such that B does not
coincide with a red square and is not contained inN1, then M,(N1) has smaller dimension thanM .

M3(NR) will have strictly smaller dimension than M if there does not exist a black square that does
not coincide with a red square and whose lower left corner istgctly between that of R and NR.

Next suppose that the squareS does not coincide with a red square. Then if the smallest bldcneighbor N, of
S is contained in S(0), then only M,(N;) has the same dimension ad .

Next supposeS(0) contains the smallest neighborN; of S. If Mg has the same dimension aM , then S(0) must
coincide with a red squareR, N cannot coincide with a red square and the largest black squa B contained
in R and not coinciding with a red square has the propertyjRj j Bj> #gR(M) #gB(M).

Finally, suppose the largest black neighboN of S has the property that jS Nj=# g(S[ N)(M) #gN((M).
Consider the longest interval of uninterrupted set of basiselements that are lower-left corners of black squares,

Remark 4.40. Note that it follows from the previous remark that at each stage an admissible painted Mondrian
tableau occurring while running Algorithm 4.19 is replaced by at most three new tableaux. First supposeS
coincides with a red square. Then either the largest (and o) neighbor of S coincides with a red square. In
this caseM may be replaced byMo; M1(NR) and M3(NR). If the largest neighbor N of S does not coincide
with a red square, thenM may be replaced byMo; M1(NR) and M,(N). Now assume thatS does not coincide
with a red square. If the largest (and only) neighbor N of S coincides with a red square, thenM may be
replaced byMg; M2(N) and M3(NR). If the largest neighbor does not coincide with a red squarethen M may
be replaced byMgo; M2(N1) and M»(N3). In each case we see that there are at most three tableaux.
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Proposition 4.41.  The Algorithm 4.18 at each step replaces normalized, admigse painted Mondrian tableaux
by normalized, admissible painted Mondrian tableaux and teninates with a collection of tableaux associate to
Schubert varieties.

Proof. The proposition follows from Lemmas 4.35, 4.36, 4.37, 4.38The fact that the algorithm terminates is
clear. In each tableau that we replaceM with, the lower-left hand corners either stay the same or moe strictly
northeast. In Tableau Mg there is at least one square whose lower-left corner movesrgtly northeast. In the
others, the total side-length of the black squares increase Since these tableaux are contained in an n grid,
these operations cannot go on inde nitely.

4.3. The geometry of painted Mondrian tableau. In this subsection we associate an irreducible subvariety
of F (k1; k2; n) to every painted Mondrian tableau M . Then interpreting the moves on painted Mondrian tableau
as a degeneration, we prove Theorem 4.21.

4.3.1. Geometric preliminaries. We remind the reader our convention that we denote the squargin a Mondrian
tableau in the math font (such as S) and the corresponding vector spaces in the Roman font (suclas S). In a
painted Mondrian tableau a square of side-lengths represents a vector space of dimensios. The red squares
denote the constraints on the subspace¥; and the black squares denote the constraints on the vector gxes
V5.

De nition 4.42.  Let M be a painted Mondrian tableau forF (ki; kz;n). Let  be the subvariety of (ki; kz;n)
de ned as the closure of the locus of pair§Vi V») that satisfy the following properties.

(1) For every black squareB; 2 M, dim(V>\ Bj) =# gB;i(M). For any pair of black squaresB;i;B; 2 M,
dim(M2\ Bi\ Bj)=# g(Bi\ B;)(M).

(2) For any red squareR; 2 M, dim(V1\ R;) = # rR;j(M). For any pair of red squaresR;;R; 2 M,
dim(Vi\ R\ Rj)=# r(Ri\ Rj)(M). Furthermore, the subspace o, contained in R; is contained in
the subspace oW, spanned by(V>\ B;) for Bj R;.

m is an irreducible subvariety of F (k1; kz; n) of dimension equal to the dimension ofM .

Proposition 4.43. Let M be a painted Mondrian tableau forF (ki; ky;n). The variety \ associated toM is
an irreducible subvariety of F (k1; kz; n) of dimension
X2 X1 X2 X1
jBij+  #gRi(M) #5Bi(M) #rRi(M):
i=1 i=1 i=1 i=1

Proof. In order to prove the proposition we construct an the open sulset of \y used in the de nition as a
sequence of open subsets of a Grassmannian bundle over aneducible subvariety of G(kz;n). Consider the
natural projection

2 F(Kg;ka;n) b G(ka;n)
that sends the pair (V1; V) to V,. The image of \ under this projection is easy to describe. It is given by the
variety associated to the generalized Mondrian tableau cosisting of the black squares ofM . Since the black
squares ofM form a generalized Mondrian tableau, the projection is an ireducible variety of dimension

X2 X2

iBi] #8Bi(M):

i=1 i=1
On the other hand, the ber over a point in the image of , corresponds to choices of &;-dimensional subspaces
that intersect any vector space S corresponding to a squar8 in dimension equal to #g(S) and is contained in
V> \ S. This is an open subset in a tower of Grassmannian bundles afimension

X1 X1
#eRi(M) #rRi(M):
i=1 i=1

The proposition follows.
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Let M be a painted Mondrian tableau associated to a Schubert varigy or to the initial tableau corre-
sponding to the intersection of two Schubert varieties \ . Then the variety associated toM is or

\ , respectively. These varieties (if non-empty) are all irreducible. Note that the intersection of two
Schubert varieties is empty if and only if the correspondingMondrian tableau is empty. Hence, we can assume
that the intersection is non-empty. An open subset of \ is contained in or \ , respectively. Hence
it su ces to check that they have the same dimension. This is the content of Lemmas 4.13 and 4.14.

4.3.2. Degenerations. In this section let M be a normalized, admissible painted Mondrian tableau. Suppse
that M is not nested. LetS be the square ofM determined by Rule 4.15. Suppose that the lower-left chop

te; +(1 t)g+1. Corresponding to this degeneration there is a at family of varieties  (t), where (1)
represents the variety associated tavi . We would like to describe the geometry of the at limit  (0).

The support of the limit  (0) is determined by requiring the pair (Vi;V,) to satisfy the obvious rank
conditions that they need to satisfy in the limit. We now make this precise in the next observation.

denote the limit of the spans B, .., (t). Note that the limit of the spans need not equal the span of tre limits.
As noted in Observation 3.31 it is equal to the span of the limis unless one of the squares containg, one of
the squares containsg; .1 and none of the squares contain both. In the latter case it is he span of the limit of
the spans ande;. Similarly, let Rj, .. ; (t) denote the span of R, (t);:::;R;, (t) for t 6 0. Let Rj, i, (0O) denote

the limit of the spans. The same considerations apply to thes vector spaces.

Observation 4.44. Let Bj, ... , (t) denote the span of the vector spaces B(t);:::;Bj; (t)fort 6 0. LetB .., (0)

We note that the vector space B, ;..;; ; (t) intersects the vector spaced/, parameterized by y (t) in dimension

at least #g (Bi, ;i ; (1))(M ). Since intersecting a vector space in a given dimension is @osed condition, vector

spacesV, parameterized by the at limit y (0) have to intersect B;,;.; ; (0) in at least the same dimension.

The same holds with V, replaced by V; and the black squares replaced by red squares. Furthermordf the
least h, then the limit of W has to intersect the limit of V; also in dimension at leasth.

We can phrase this observation in terms of a slight generaliation of painted Mondrian tableaux.

We will shortly see that this simple geometric observation & su cient to determine the set theoretic limits
of the degeneration.

Theorem 4.45 (The geometric Littlewood-Richardson Rule). The support of the at limit  (0) is equal to
the union of the varieties associated to the painted Mondria tableaux described in Algorithm 4.18. Furthermore,
m (0) is generically reduced along each of these varieties.

We rst show that Theorem 4.45 implies Theorem 4.21.

Proof of Theorem 4.21. The variety associated to the initial tableau M ( ; ) is the intersection of the two
Schubert varieties and . By Lemma 4.11 the initial tableau is a normalized, admissilie painted Mondrian
tableau. By Proposition 4.41 the Algorithm 4.19 transforms normalized, admissible, painted Mondrian tableaux
to normalized, admissible, painted Mondrian tableaux and erminates in a collection of tableaux associated to
Schubert varieties. By Theorem 4.45 the class of the varietyassociated to a tableau is the sum of the classes of
the varieties associated to the tableau at the end of the algathm. Hence we obtain a Littlewood-Richardson
rule for two-step ag varieties.

We will now prove Theorem 4.45. The proof will be very similarto the proof of 3.32. Using Observation 4.44
we will impose conditions on the supports of the irreduciblecomponents of y; (0) that can be the supports
of Weil divisors of the family \ (t). First, a dimension count will show that the loci that satis fy all the
constraints have dimension at most the dimension of  (1). Among these loci we will determine the ones
that have the same dimension as y (1). These are the only loci that can support an irreducible @mponent
of  (0) of dimension equal to \ (1). Once we know that \ (0) is supported along varieties associated to
tableaux described in Algorithm 4.18, a very simple tangentspace calculation shows that \ (0) is generically
reduced along each irreducible component. In fact, this calulation reduces to the three examples described in
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the introduction and is simply the statement that when the cycles are in the specialized position the intersection
of the corresponding varieties inF (ky; kz; n) is still generically transverse.

Proof of Theorem 4.45. Let M ° denote the tableau obtained by movingS according to Rule 4.16. Let  (t) be
the at family corresponding to the move. Let Y be a maximal irreducible component of the at limit  ; (0).
Suppose that for a general pair ¥/1; V) of linear spaces parameterized by, the subspace oW, contained in each
of Bi(0) has dimension #g B;(M) and dim(V>\ B;(0)\ B;(0)) =# g(Bi\ Bj). Furthermore, suppose that the
subspace o#/; contained in each of the R(0) has dimension #: R; (M ) and dim(V1\ R; (0)\ R; (0)) =# r(Ri\ R;).
Then by Observation 4.44,Y has to be contained in the variety associated to the tableauMV ® obtained from
M © by shrinking the red squares ofM © so that they are the spans of the black squares contained in #m. The
proof of Lemma 3.28 carries over to show that the variety assciated to M ®and to its normalization M are
equal. Hence, we conclude thaty has to be contained in u,. By Lemma 4.35, the dimension of y, is at
most equal to the dimension of \, . Hence, for there to be such a component, difMly = dim M. SinceY and
M, are both irreducible of the same dimension, we conclude thathe support of Y equals w,.

Now suppose the largest black neighbor of satises N, Sj=#g(N, [ S)(M) #gS(M). Then it
is not possible for the limiting vector spaceV, to satisfy dim(V,\ B;(0)) = # gB;(M) and dim(V> \ B;(0)\
B;j (0)) =# g (Bi\ Bj)(M) for all black squaresB;; Bj. However, for a general point of an irreducible component
Y v (0), the limiting positions of the subspaces ofV; and V, contained in R;(t) and R; (t) and B;(t) and
B (), respectively, may remain independent for all the squaresn M. Similarly, if S(0) contains the smallest
neighbor N1 of S, then it is not possible for V, to intersect S(0) in dimension equal to #g S(M) unless the
subspace ofV, contained in S(0) becomes dependent with the subspace 0¥, contained in N1(0). However,
there may be componentsY of \ (0), where the limits of the subspacesV; and V, contained in R;(t) and
R; (t) and B;(t) and Bj (t) for every red and black square inM remain independent in the limit. In these cases
by Observation 4.44, the irreducible componentY of \ (0) has to be contained in the variety associated to
the normalization of the tableau M ®©obtained by shrinking the red squares inM ° to be the spans of the black
squares contained in them. By Lemma 4.35 this normalizatiorhas at most the dimension ofM . Hence this case
can occur only when the dimension oM equals the dimension oM . Since bothY and \, are irreducible of
the same dimension, we conclude that the support of has to be .

Let Y be a maximal irreducible component of y (0) whose supportis not yu,. Now we can assume that in
a general pair of linear spaces\(1; V») parameterized by Y the limits of the subspaces ofV; or V, contained in
at least one pair of vector spaces Rt) and R; (t) or B (t) and B; (t) become dependent. Using Observation 4.44
we can build a variety corresponding to a painted Mondrian tebleau that contains the support of Y. Suppose
rst that at a general point of Y, the subspaces o¥/; contained in R;(0) and R; (0) remain independent. There
are two possible cases.

Case I: At a general point (V1;V,) parameterized by Y, the subspace ofV, intersects R (0) in an # g R;(M )-
dimensional subspace o¥, for every vector space R(0) represented by a red squareR; (0).

Case II: At a general point (V1; V) parameterized by Y, the subspace ofV;, intersects R (0) for some red square
in dimension larger than #g R;(M).

In Corollary 3.44 we have veri ed that any k,-plane parameterized by the limit \; (0) must be contained in
one of the three varieties described by Corollary 3.44. Theshave at most the dimension equal to the dimension
of the projection of | to G(kz;n). If the generic ber dimension of the projection of Y to G(kz; n) is less than
the dimension of the generic ber dimension of the projectimm of \ to G(kz;n), then the dimension of Y is
strictly less than the dimension of . ConsequentlyY cannot support a component of the at limit  (0).

In Case |, the generic ber dimension of the projection ofY to G(kz; n) is equal to the generic ber dimension
of the projection of  to G(kz;n). Consequently, the dimension of the projection ofY to G(kz;n) has to have
the same dimension as the projection of \y to G(k2; n). By Corollary 3.44 the projection of Y to G(kz; n) is the
variety associated to the tableau formed by the black squars of one ofM>(N;) where N; is a black neighbor of
S (assumingS does have any black neighbors). Recall that we are assumingat Y is not supported along -
Hence the projection ofY is not supported along the variety associated to the black sgares of v ,. Otherwise,
by Observation 4.44 the support ofY would be y,. By Observation 4.44 each subspace of; contained in
R; (0) is also contained in the span ofV,\ R;(0). HenceY has to be contained in the variety associated to the
tableau consisting of the black squares oM »(N;) and the red squaresR; of M © that have been shrunk so that
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they are the spans of the black squares contained in them. Fally, normalizing this tableau does not change
the variety associated to it. Only the red squares need to be ormalized. SupposeR; R, have the same
lower-left corner. Let By R; be the black square whose lower-left corner is southwest mbamong the black
squaresB; with I(B;) > | (R). Shrinking R, so that I(R2) = I(B1) does not change the variety by the argument
given for Lemma 3.28. We conclude that the support ofY has to be y,(;)-

In case I, let Rp(0) be the square with lower-left most corner such that R)(0) has a larger dimensional
intersection with V., than # g Ro(M ). Let W be the vector space spanned by the basis elements ndreast of
(and including) I(Ro(0)). This case splits to a few cases.

Case A There exists a black squareB%0) 2 Ry(0) with lower-left corner southwest of Ro(0) such that the
dimension of V, \ BY0) \ R;(0) is greater than #g(B%0) \ Ro(0))(M). SupposeB? is the minimal
square (with respect to inclusion) among such squares. Thisase splits to two cases.

i Either the dimension of V,\ W=# gW(M); or
i The dimension of V,\ W > # g W (M).

Case B There does not exist a black squar@;(0) 2 Ro(0) with lower-left corner southwest of Ro(0) such
that the dimension of V, \ Bj(0) \ R;(0) is greater than #g(B;(0) \ Ro(0))(M). In that case let
B; (0) be the smallest square (with respect to inclusion) such at V> \ B;(0) \ R;(0) is greater than
#8(Bj (0)\ Ro(0))(M).

We will show that Case A ii and Case B are not possible unles¥ is supported along v, . In that case B %0)
is either S(0) or the smallest neighbor of S and Ry (0) is the red neighbor of S or S(0), respectively. Before

giving the argument we illustrate the dimension changes in eme examples in Figure 19.

dimension 8

dimension 9 dimension 11 dimension 10

dimension 10

Figure 19. Some sample varieties and how their dimensions change.

BY0) and Rq(0) for which V. intersects R (0) in dimension greater than #z T(M 9. In Case A ii and Case B
form a tableau of black squaresM by replacing B° among the black squares oM ° with T. Normalize the
black squares. Form a tableau of red squares by taking the redquares ofM °. Declare that a black squareB
is contained in a red squareR if there exists a black squareBin M © containing B which is contained in R.
Denote the containment relations among black squares and esquares byl . Denote by #}5 R(M % the number
of black squares inM % contained in R according to |. Then in De nition 4.42 we can replace containment
relations among red and black squares by those that are il and the symbol #gR by # ;R to obtain an
irreducible subvariety of F (k1; k2; n) of dimension at most
X2 X1 X2 X1
iBij+  #pRi(M%  #gBi(M%)  #rRi(MO:
i=1 i=1 i=1 i=1
The proof of Proposition 4.43 remains unchanged.

We can estimate how the dimension changes when we apply thisrpcedure. First, let us see the change in
dimension prior to normalizing the black squares. It is usetil to consider the projection of Y to G(kz;n). The
ber dimension of the projection increases by the number of ed squares that did not contain B® but contain
T and have a black square containingT. On the other hand, the number of containment relations amorgy
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black squares increases by at least due to the fact that r of the black squares contained in the red squares
and not containing B (0) start containing the intersection. However, some of theblack squares contained in
B?may no longer be contained inB. Suppose there arem of those. The dierence in side-length betweenB°
and T is at leastr + m. SinceM is normalized, it can only ber + m if B®= S(0) and every vector g with
[(S(0)) & <R(0)is the lower-left corner of a square strictly contained n S(0); or B is the smallest neighbor
of S and is contained in S(0). For every other instance, the dimension of the projecton strictly decreases. Note
that normalizing the black squares cannot increase the dimesion. We conclude that in this case we either obtain
the Tableau M in the cases described or the dimension of the variety stridy decreases by this procedure.

In Case A i, Using Observation 4.44, we can build a variety tha must contain the support of Y. Replace

intersection of BY0) and Ro(0) for which V, intersects R (0) in dimension greater than #g T(M 9. In this case
dim(Vo\ W) =# gW(M). Let B; be the square inM ° whose lower-left corner is southwest most among the
squares not contained inRy(0). If By coincides with a red squareR;, let B, be the square whose lower-left
corner is southwest most among the squares not contained iR;. Inductively if By coincides with a red square
Rp, let Bh+1 be the square whose lower-left corner is southwest most amgrthe squares not contained inRy,.

and the span ofB®and A, A; and Aj4; fori =1;:::;r 1 and the span ofA, and B,. Note that V, has
to intersect B, \ Bp+1 in dimension at least the number of squares contained irM °© We are assuming that
dim(Vo\ W) = # g (W), hence the subspace o¥, contained in the span Wy of basis vectors northeast ofB;

has to intersect the subspace ol/, contained in Ro(0) in dimension larger than #g (W1 \ Rg(0)), hence V,

must intersect B; \ R;(0). In particular, V, must intersect X\ R;(0). If B, coincides with a red square, note
that by APM1 and APM2 for M © any square strictly contained in B; is also contained inRg(0). Either V,

intersects the span of R(0) and B in dimension #g Ro(0)(M 9 + 1, but since V. already intersects R(0) in

dimension #gRo(0)(M 9 + 1, we would have V; intersects R; \ R;(0) contrary to our assumption. Else V»

intersects B, \ Bi. Continuing by induction we see that V, has to intersect B, \ Bh+1 in dimension at least
the number of squares contained inM % If any of the intersections are empty, then clearly this loas cannot
exist. Similarly, by Observation 3.31 V, has to intersect the limits of the spans of the consecutive v&or spaces
among B%A; and B, as claimed. Next, form the collection of red squares consistg of the red squares inM °.

Finally, specify inclusions | of black squares inM %into red squares where a black squar® ®is included in a
red squareRCif in M ©there exists a black square inM ° containing B®and contained in R®. As in the previous

case, we can associate an irreducible subvariety &f(ky;kz;n) to this new set of data as in De nition 4.42.

We can calculate how this procedure changes the dimension. et r be the number of squares that start
containing a black squareB, which they previously did not contain, in one of their black squares. The ber
dimension of the projection to G(kz;n) increases byr. The dimension of the image changes as follows: By
Corollary 3.44 the dimension decreases by at least+ 1 if B%is not S(0) and by at least r if B®is S(0). Hence,
in order, to have a variety that can support Y, B® must be S(0). Furthermore, Ro(0) must be a red neighbor of
S(0). In all other instances the dimension decreases by at lesi one. Now we can explicitly describe the change
in dimension. The total side-lengths of the black squares iareases by 1. Since there is no containment relations
among the red squares for which the construction takes placeghe ber dimension increases by at mostj i +1.
The containment relations among the black squares changessafollows: SupposeS has two black neighbors.
Then by APM2 the larger black neighbor contains Ro(0) and the black square that forms the nal intersection
with R;(0) cannot be contained in the larger black neighbor ofS sinceF does not contain any llers and B, does
not coincide with a red square. Hence the total containment elations among the black squares increases by at
leastj i+3. One for each ofS(0), the last black square and the black squares coinciding ith the red squares
and the larger black neighbor. Hence, this possibility canot occur if S has more than one black neighbor.
Similarly, if the red neighbor of S does not contain the black neighbor ofS, the procedure strictly decreases the
dimension by a similar argument. Finally, suppose thatS has one black neighbor, but this neighbor does not
coincide with the red square. By the same reasoning this in@ases the number of containment relations among
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the black squares to at leastj i +3. We conclude that the procedure strictly decreases the dinension unless
S has a unique black member that coincides with a red square.

We can by repeatedly applying the two procedures described teove build an irreducible subvariety of
F (k1; ko; n) that contains the irreducible component Y. Applying the procedure potentially forces us to leave
the category of painted Mondrian tableaux. However, note that the procedures only involve the black squares.
Furthermore, each repetition of the procedure strictly deaeases the dimension of the resulting variety unless the
total side-length of the black squares increase by at leastre. Since this can happen at most once we conclude
that the only possibilities are as follows: Either we are in @se A i; B%is S(0); S has a unique black neighbor that
coincides with a red square. Or we are in case A iBis S(0); and every vectore; with 1(S(0)) & <R (0) is
the lower-left corner of a square strictly contained inS(0). Or we are in case B;B? is the smallest neighbor of
S(0); Ro(0) coincides with S(0) and contains B% We can also describe the corresponding tableaux. We alregd
saw that in cases A ii and B we obtain the TableauMg. In Case A i, the procedure produces the tableau
M3(NR) (prior normalizing and shrinking the red squares to becomethe span of black squares contained in
them). A priori at a general point of Y the subspaces o/, contained in the vector spaces corresponding to the
squares can become more dependent. However, by Corollary43. this strictly decreases the dimension of the
image of the projection. Since we are assuming that the suppbof Y is not u,, we conclude thatY has to
be supported on y,(nR)-

Next, we can assume that at a general point of a maximal irredaible componentY of  (0), the subspaces
of Vi intersect R; (0)\ R; (0) in dimension greater than #r(Ri \ R;)(M). Then using Observation 4.44, we can
build a subvariety of F(ky;kz;n) that has to contain Y. Consider the smallest subspace T such thay; at a
general point of Y intersects T in dimension greater than the number of red squees contained inT. If T is not
contained in the span of black squares we add a black square icgiding with T. We then adjust the tableau
consisting of red squares as in Corollary 3.44 and the tableaconsisting of black squares as in Corollary 3.44.

apply the procedure in Corollary 3.44

We continue until V; intersects the vector spaces corresponding to the interséon of any two red squares in
dimension equal to the number of red squares contained in thaintersection. Call the resulting tableau Nr. If
for each red squareR, the dimension of the subspace of/, contained in R is equal to #g R(N') and for any two
B1;B, in NI, V; intersects B;\ B, in dimension equal to #g (B1\ B2)(Nr), then the support of Y is contained
in ;. Otherwise, we have to run the procedure described in Case .lRunning the procedure on TableauNr
cannot increase the dimension of the resulting tableau by arargument analogous to the one given after Case I
above. Hence, we can estimate the dimension of, .

We can consider the rst projection 1:Y ! G(kg;n). Let Mg be the tableau consisting of the red squares
in M. By Corollary 3.44 the projection of Y has to be contained in the variety associated to one of the taleau
Mo or M1(N) obtained from Mg by Algorithm 3.40. Next we observe that forming the tableau M preserves or
decreases the ber dimension of the projection toG(ks; n).

Let A be a painted Mondrian tableau. Then the projection of the varety A to G(ki;n) is obtained by

taking the tableau consisting of the red squares ofA. The ber dimension of this projection is calculated by

X X X X

iBij #5Bi(A)+ #sRi(A) jRij:

Bi2A Bi2A Ri2A Ri2A
More generally, the ber dimension of the projection is calalated by the dimension for the choice ofV, containing
Vi and satisfying the constraints imposed by the black squaresf the tableau. This is calculated as in Corollary
3.44. Suppose there aren minimal black squares containing the intersection. If the acne with southwest most
corner is not S(0), then the contribution to the ber dimension from the cho ice ofV, decreases by at leasin 1.
If the square with southwest most corner isS(0), then the contribution to the ber dimension decreases by at
leastm 2. On the other hand, the containment relations among the sulspaces ofV, and V; can increase by
the number of black squares which were not contained in a redcgiare, but are now contained in the consecutive
spans of the red squares. By APM1 and APM2 forM , if a black squareB which was not contained in Ry, or
Rh+1 is contained in the spanRn.h+1, then B must be among the minimal black squares in the construction.
Otherwise, B would contain a red square strictly contained in it containing a minimal black square. Hence,
the minimal red squares could not beR3;:::;R;. Hence by APM2 and APM3, the number of black squares
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contained in red squares increases by at mostn 1. If the square with southwest most corner isS(0), the
dimension of Vi contained in the span also increases by 1. Hence, we conclutteat under the construction the
generic ber dimension of the projection to G(ky; n) does not increase.

SinceY has the same dimension as v , we conclude that the projection of |, to G(ksi;n) must equal the
dimension of the projection of ; to G(ky;n). Hence by Corollary 3.44, the red squares off must be one of
Mg or M associated toMg. Since we are assuming that we are not in the casée o, we must be in the caseM ;.
By the same argument as in Corollary 3.44, this projection ha the same dimension only if the move increases
the dimension of intersection ofR (or a chop of R) with a neighbor of R (respectively, of a chop ofR, where we
de ne the neighbor of a chop ofR as in de nition 3.10 with every occurrence ofR replaced by the chop ofR).
By Proposition 4.29 this only happens whenS coincides with a red squareR since in every other case there
exists a red square to the lower-left ofl (S) that R does not contain. By APM1 the move cannot increase the
length of intersection of a red square (or a chop of it) with a reighbor. We conclude that the dimension of the
projection of Y can have the same dimension only whei$ coincides with a red square. Since the generic ber
dimension of the projection to G(ky; n) has to be maximal, we conclude thatMr is equal to M1(NR). Now it
is clear that running the procedure after Case Il or Case I, stictly decreases the dimension. We conclude that
Y has to be supported on y,(nr)-

Finally, supposeB; does not coincide with a red square oM and R; does not coincide with a black neighbor
of B;. A priori there could exist a maximal irreducible component Y of y (0), where at a general pointV,
intersects B (0) \ R;(0) in dimension greater than #r(B; (0) \ R;(0))(M). Such loci have dimension strictly
less than the dimension of . Hence, they cannot support maximal irreducible componers of  (0). The
argument is very similar to the previous cases, so we leave tb the reader.

This concludes the rst step of the proof. In order to conclude the proof we have to check that y; (0) is
reduced along each irreducible component. Using the samedaction as in the proof of Theorem 3.32, we can
assume thatM consists of S and the squares that whose intersections and spans are beirtgken. Namely
consider the subspace of y () contained in the vector spaces coinciding with the squares hose intersections
and spans are formed. Over an Zariski-open dense subset imgecting every component of y; (0), the restriction
of Vi and V, gives a smooth morphism to a smaller two-step ag variety. The statement about reducedness
follows from the smaller ag variety.

Suppose rst that S does not coincide with a red square and the largest neighborf& does not coincide with

a red square. In this case, the projection , : F(ky;ka;n) I G(kz; n) exhibits an open subset of the family
intersecting every component of \; (0) as an open set in a tower of projective bundles. In this casthe fact that

M,(N;) and v, have multiplicity one follows from Theorem 3.32 by pulling back via this morphism. More
generally, the fact that the components ,(n,) have multiplicity one follows from Theorem 3.32 by pulling
back by the projection morphism. Now supposeS coincides with a red square, but the largest neighbor of is
not red. Then consider the projection 1 : F(ki;kz;n) ! G(kyi;n). This projection exhibits an open subset of
the family intersecting v, (nr) @s a tower of projective bundles over an open subset in the vaty associated
to the tableau consisting of the red squares. By Theorem 3.32t follows that  \, (nr) OCcurs with multiplicity
one. More generally, by the same argument y, (vr) Occurs with multiplicity one. Next, we need to check that
in case the largest neighbor ofS is red \,vr) Occurs with multiplicity one. This case immediately reduces
to the case whenM consists of a black squareS a red neighborR and a black neighborN of R. That the
multiplicity is one in this case is an easy local calculation Finally, observe that My has multiplicity one in the
remaining two cases: IfS is black and the largest red neighbor containsS(0); or if S coincides with a red square
and it contains its only black neighbor. That u, has multiplicity one in these two cases is obvious either by
an easy local calculation or by Monk's rule. This concludes lie proof of the theorem.

5. A quantum Littlewood-Richardson rule for Grassmannians

In this section we obtain a quantum Littlewood-Richardson rule for GrassmanniansG(k; n) as a corollary to
Theorem 4.21.

Given a Mondrian tableau for  in G(k;n) and an integerd k, we can associate to it a painted Mondrian
tableau in F(k d;k + d;n) as follows: The Mondrian tableau associated to the Schubérvariety consists
of k nested squares. We take the largesk d squares (those of indexd + 1;:::;k) and color them in C;.
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We color the remaining squares inC,. Finally, we add d squares of colorC, at the largest available places in
the ag de ning the Mondrian tableau of (see Figure 20 for two examples). We call the resulting paired
Mondrian tableau the quantum Mondrian tableau of degreed associated to . This tableau is none other than

the painted Mondrian tableau associated to the special Schoert variety X @ of F(k d;k+ d;n) dened in
X2.

degree 1 quantum cycle degree 2 quantum cycle
1 1 1 1
3212 G(3;6) 310 2 F(2,4:6) 522 G(3;6)  Tiig0i0 2 F(1:5:6)

Figure 20. The quantum Mondrian tableaux associated to two Schubert vaieties.

Let ; and be three Schubert cycles inG(k;n) that satisfy the equality
Pitiitii=ko K+ dn:
Apply the algorithm described in the previous section to the quantum Mondrian tableau of degreed associated
to and to express their intersections as a sum of Schubert cycles if(k d;k+ d;n). Theorem 4.21 and
Lemma 2.7 imply that the Gromov-Witten invariant 14( ; ; ) is equal to the number of times the Poincae

dual of the quantum Mondrian tableau of degreed associated to  occurs in this product. We have obtained
the following theorem.

Theorem 5.1. The three-pointed Gromov-Witten invariant 14( ; ; ) of G(k;n) is equal to the number of
times the Poincae dual of the quantum Mondrian tableau of @greed associated to  occurs in the Algorithm
4.18 applied to the quantum Mondrian tableaux of degred associated to and inan n n square.

We illustrate the use of Theorem 5.1 by computing the GromovWitten invariant
lg@;6)a=1 ( 3215 32,15 2;1) =2:

Figure 21 demonstrates the computation. The quantum cycle 6d = 1 associated to 3.,.; (respectively, ».1)
is 5106 (respectively, Tigi5:0). In order to calculate the Gromov-Witten invariant we have to nd how many
times 5557 (the dual of 2350) occurs in the square of the class 51//5. An easy calculation with painted
Mondrian tableaux shows that the answer is 2.
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