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¥ The cohomology of Rag varieties is generated by Schub
classes.
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a sum of Schubert classes

Problem: Give a geometric rule for computing the structure
constants so that the rule uses only e! ective cycles.

The local Pieri rule explains the Schubert geometry of partial [

varieties.
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general problem. There are natural projections between flag
varieties

7T:F(kl,...,kh;n)—>F(kil,...,kij;n).

PROBLEM: Given two Schubert varietids;, and! |, in
F(ki,..., kn; n), compute the class of (! " ! ) In
F(kil, C ey kij : n).






















The RRat limit of the degeneration is supported along the varieti
just described. Each one occurs with multiplicity one in the limit.









































































Theorem (Buch-Kresch-Tamvakis)

This rule also gives a positive rule for the quantum cohomology of
Grassmannians.
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OG(k, n) parameterizes th&-dimensional isotropic subspaces o
V. More generallyOF(kq, ..., kn; n) parameterizes 3ags of
Isotropic subspaces

W caag W c V.

If 2k = n, then the space of isotropic subspaces has two conne
components.OG (k, 2k) Is usually taken to be one of the
connected components.

Two k-dimensional subspaces belong to the same component i
only if the dimension of their intersection is equal komodulo 2.

The cohomology of orthogonal R3ag varieties is generated
Schubert varieties.



Q debnes a smooth quadric hypersurfacédPM. OG(k, n) is the
Fano variety of K" 1)-dimensional projective linear spaces Qn

It is useful to consider singular quadrics/degenerate forms. Qgt

denote a corank sub-guadric ofQ whose span has (vector space
dimensiond.
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A quadric sequence fddG(k, n) is a totally ordered sequence c
Isotropic linear spaces and sub-quadrics(®f

L, CL,Ccédd&lL, cQy° caaa Q]

such that
e The singular locus oQQi IS contained Iin the singular locus of

Qgi*jl. Any linear space of dimensidpn> r; contains the

singular locus O’Q(;‘i and any linear space of dimensign< r;
IS contained Iin the singular locus ﬁjgi.

@ dy_s > ks +3
ox" k$i+1sg dn

o |;%r;+1 for any |}, r;.
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The restriction variety V(Le, Qo) is the Zariski closure of the locus
VO(Le, Qe) :={W € OG(k,n) | dim(WnL)=],
dim(WNQg)=k—i+1,
dlm(W N Qéii,Sing) — XI}

Examples

Schubert varieties are restriction varieties with the property that
di +r; = n for all quadrics Qé‘i.

A generic intersection of a Schubert variety @&(k, n) with

OG(k, n) is a restriction variety with the property thas = 0 and
ri = 0 for all quadricsQy .

Notation: 11]22]00]000}00}00
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Some consequences:

e We obtain a positive, geometric rule for computing the m:

H (F(ki,..., knp:n) ! H (OF(ky, ..., kn; n))

Induced by the natural inclusion.

@ Desale and Ramanan show that the moduli space of rank 2
vector bundles with fixed odd determinant on a hyperelliptic
curve of genus g is a subvariety of OG(g" 1,2g +2). This
algorithm computes the class and gives a nice recursion for

the class in the genus.

@ One can reverse the process to obtain a presentation of the
cohomology ring of OF (K4, ...,Kn;n) when nis odd and a
presentation of the invariant part of the cohomology when n is

even.
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