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1. tensor products over commutative rings

Definition 1.1. Suppose that R is a commutative ring (possibly a field) and that A, B
and C are R-modules. A function f : Ax B — C is bilinear if

o f(ai+ ax, b)="(a1,b)+ f(a1, b),

o f(a b+ by)="f(a b))+ f(a, by), and

e f(ra,b)="f(a,rb)=rf(a.b).
1.2. The most basic examples of bilinear functions are the functions R x R — R given by
homogeneous quadratic polynomials of degree 2 (also known as a quadratic forms). For

example, the function f(x, y) = xy is a bilinear function from R x R — R. If F is a field,
and V = F" then the dot product gives an example of a bilinear function f : V xV — F.

Theorem 1.3. Let R be a commutative ring and let A and B be R-modules. There exists
an R-module, denoted A®r B, and a bilinear function ® : A X B — A®gr B, which has
the following universal property with respect to bilinear functions:

If C is any R-module and f : Ax B — C is any bilinear function then there exists a unique

homomorphism ¢ : A®r B — C which makes the following diagram commute

AxB—2> A9 B |

]

Moreover, any R-module which has this universal property is isomorphic to A ®r B.

Proof. Let F be a free R-module with a basis that corresponds one-to-one with the
elements of AxX B. If a € A and b € B then we will denote the basis element that
corresponds to (a, b) by [a, b]. Thus a typical element of F can be written as

rilay, bi] + - - ralan, by

Now let N be the submodule of F generated by all elements of the following three types:
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e [a1+ a, b] — [a1, b] — [a2, b],
e [a, b+ by] —[a bi] — [a, by,
e [ra,b] —[a, rb],

where a;,a € A, by, bo € Band r € R.

We define A ®g B to be the quotient F/N and we denote the coset of [a, b] by a ® b.
Clearly A®g B is generated by the elements a ® b, where a ranges over all elements of
A and b ranges over all elements of B. The definition of N implies that the function
®:Ax B — A®g B defined by ®(a, b) = a® b is bilinear. For example, (a1 +a2) ® b =
aa®b+a®bin A®g B, since the element [a; + a,, b] — [a1, b] — [a», b] is contained in
N.

Suppose we are given a bilinear function f : Ax B — C. Since F is free we can
define a homomorphism dA> . F — C by specifying the images of the basis elements as
#([a, b]) = f(a, b). The condition that f is bilinear implies that each generator of N is
contained in the kernel of ¢. Thus ¢ determines a homomorphism ¢ : A®r B — C
which satisfies ¢(a ® b) = f(a, b). There can only be one such homomorphism since the
elements of the form a ® b generate A® B. This shows that F/N = A ®g B has the
required universal property.

Suppose M were another R-module with this universal property, where the bilinear map
from AxB — M is denoted by 8. Then there would exist homomorphisms ¢ : AQrB — M
and ¥ : M — A®gr B making the following diagram commute:

AxB—2> A9 B |
0
\id)
M
iw

A®gr B

The uniqueness part of the universal property guarantees that 9o ¢ = idag.g and ¢o1) =
idy. Thus M is isomorphic to A®gr B. O

1.4. One could take the view that the purpose of the tensor product is to simplify working
bilinear maps. A bilinear map defined on A x B can be replaced by an ordinary homomor-
phism defined on A ®r B. However, it may be hard to recognize this in one of the most
common situations where tensor products are used, namely to accomplish “extension of
scalars”.

Example 1.5. To illustrate what is meant by extending scalars, we will show that Q® 27" =
Q". This is an isomorphism of Z-modules, i.e. of abelian groups. But we will also see that



there is a natural way to define scalar multiplication of elements of Q ® Z” by elements
of Q so that it extends the scalar multiplication by elements of Z. Thus tensoring with
Q transforms a free Z-module into a vector space over Q.

We use the universal property to compute this tensor product. Define a function 6 :
QxZ"—= Q" by
o(r,(ay, ..., an)) =(ray, ..., rap).

It is easy to check that 6 is bilinear.

Letey,..., e, be a basis of Z". Then 6(1,¢), ..., 6(1, e,) is a basis of Q". Now suppose
that C is a Z-module and f : Q x Z" — C is any bilinear function. Given any element
v=_(s,..., s,) of Q" there is an integer m such that msy, ..., ms,, are all integers. In
fact, the set of all such m is an ideal in Z, which has the form (d) for some d € Z. We

define ¢(v) = f(1/m, (msy, ..., ms,)). Note that this does not depend on which element
m of (d) we use. If mis an arbitrary element of the ideal (d), say with m = kd then

Thus we have a well-defined homomorphism ¢ : Q" — C such that ¢ o8 = f. There is
only one such homomorphism since the condition ¢(6(1, e;)) = (1, e;) determines the
images of the elements of a basis.

Exercise 1.1. Suppose that R is a subring of a ring S. Regard S as an R-module. Let A
be another R module. Consider the tensor product S ®r A. Show that S ®z A has the
structure of an S-module in which

n n
S(ZS/ (024 a,-) = ZSS,‘ (029 a;
i=1 i=1

whenever s, ..., s,€Sanday, ..., a, € A. (That is, show that the formula above gives
a well-defined scalar multiplication.)

Exercise 1.2. Let R be a commutative ring. Show that R®r R = R.

Exercise 1.3. If A, B and C are R-modules, define A®r B ®z C and show that
(AR B)®r C=Z ARr B®r C =2 A®r (B®r C).

Exercise 1.4. Let p and g be relatively prime integers. Let A = 7Z/pZ and B = Z/qZ.
Show that A® B = A®z B = {0}.

Exercise 1.5. Let F be a field and V' a vector space of dimension 3 over F. Show that
V ®¢ V is a vector space of dimension 9 over F. Find an element of V ®¢ V that is not
contained in the image of the bilinear function ® : V XV — V ®¢ V.



2. tensor products over non-commutative rings

Now we suppose that A is a ring, but is not necessarily commutative. When considering
A-modules we must distinguish between left and right modules. (Although when we state
a result about left modules we usually will not bother to give the corresponding statement
about right modules.)

Recalling the basic example of a bilinear function in the commutative case, we consider the
function f : A x A — A given by f(x,y) = xy. In the non-commutative setting, it is not
true in general that f(Ax, y) = f(x, \y). It is true, however, that f(xX,y) = f(x, Ay). It
seems that the only way to view f as a bilinear function would be to treat the first factor
of A x A\ as a right A-module, and the second factor as a left A-module.

This suggests that we cannot even get started in defining a tensor product of two left (or
two right) A-modules. Instead, we should consider a right A-module and a left A-module.
This is not the full extent of the difficulty, however. If we could define A ® B in this
setting, should the (unique) result be a left A-module or a right A-module? Our answer
will be “neither.” It will just be an abelian group, with no A-module structure.

Definition 2.1. Suppose that R is a ring, not necessarily commutative. Let A be a left
A-module and B a right A-module. Let G be an abelian group. A function f : AXB — G
is A-bilinear if

o f(ar+ ax b)="(a1,b)+ f(as,b),

e f(a b+ b)) ="(a b))+ f(a, bs), and

o f(a\ b)=f(a Ab).

Note that it does not make sense here to “take scalars out” since there is no A-action on
G.

Theorem 2.2. [et A\ be a ring, let A be a left \-module and let B be a right A-module.
There exists an abelian group, denoted A ®p B, and a N-bilinear function ® : A x B —
A ®a B, which has the following universal property with respect to N-bilinear functions:

If G is any abelian group and f : A x B — G is any A-bilinear function then there exists
a unique group homomorphism ¢ : A ®x B — G which makes the following diagram
commute
AxB—>A@nB .
f
\ id)
G
Moreover, any abelian group which has this universal property is isomorphic to A ®@x B.

Exercise 2.1. Prove Theorem 2.2.



3. the tensor product functor

3.1. Let A be aring, not necessarily commutative, and suppose that A is a right A-module.
We can assign an abelian group to each left A-module X by the rule X — A®p X. It
is important to realize that this defines a covariant functor from the category of left A-
modules to the category of abelian groups. That is, given a homomorphism f : X — Y
we obtain a homomorphism of abelian groups fy : A® X - A® Y. (Also, idg is the
identity homomorphism and (f o g)g = fy © gg.) The definition of fy depends on the
universal property, of course. The following diagram illustrates the situation:

Ax X —= A@p X .
lfxid if@)
®
AXY — AQpY
The map fg is constructed by applying the universal property to the multilinear function
Ax X — A®p X that we get by composing the left arrow and the bottom arrow.

Needless to say, if Ais a left A-module then X — X ®a A is a functor from right A-modules
to abelian groups.

Theorem 3.2. Let A be a right A-module. Suppose that

i p

0 X Y V4 0

Is a short exact sequence of left A-modules. Then

ARX S AnY 2 A9 7 —>0

Is an exact sequence (but ig, need not be injective).

Proof. Since the homomorphism f xid : AxY — A X Z is onto, and since the image of
the bilinear function ® : A x Z — A ®p Z generates A ®, Z, it follows that the image
of the homomorphism ps is a subgroup and generates A ®, Z. Thus the homomorphism
Ps Must be surjective.

Since p o/ is the 0-map, it follows from naturality and the universal property of tensor
products that pg o iy Is the 0-map. In other words we have im iy C ker pg, and therefore
the homomorphism pg determines a homomorphism p : A®Rx Y/imig — A®p Z. We
must show that p is an isomorphism. We will do this by constructing an inverse. The
construction will be based on the universal property, of course.

First we construct a function from f : Ax Z — A®\ Y/imig by defining f(a, z) to be
the coset of a ® y whenever p(y) = z. This is well defined since

p(y1) =p(y2) = yl—y2e€imi = a® (yl —y2) € imig.



We then use the universal property to construct a homomorphism fg : AQy Z — ARQp Y.
Naturality implies that po f is the identity. O

4. the Hom functors

4.1. If X and Y are left A-modules, we let Hom,(X,Y') denote the left A-module whose
elements are A-module homomorphisms from X to Y, with pointwise addition and A-
multiplication. Thus (f 4+ g)(x) = f(x) + g(x) and (Af)(x) = A(f(x)). It is easy to
see that X — Hom(X, A) is a covariant functor. If f : X — Y then f, : Hom(A, X) —
Hom(A,Y) is just given by composition: f.(g) = fog for g € Hom(A, X). Similarly, X
Hom(A, X) is a contravariant functor. If f : X — Y then f*: Hom(Y, A) — Hom(X, A)
is also given by composition: f*(g) = go f for g € Hom(Y, A). (Since we are not forced
to mix left and right modules, we avoid the issue that forced the tensor product functor
to take values in the category of abelian groups.)

Theorem 4.2. Let A be a left A-module. Suppose that

i p

0 X Y V4 0

is a short exact sequence of left NA-modules. Then

0 —— Homa(A, X) — = Homa(A,Y) 2~ Homa(A, Z)
and
0 —— Homa(Z, A) —> Homa(Y, A) —> Homa(X, A)
are exact sequences (but the maps on the right may not be surjective).
Proof. Given f € Homa(A, X) we have i,(f) = iof. Since i is injective, the composition
iof isnon-zero if imf # {0}. This shows that i is injective. Similarly, if f € Hom(Z, A)

then, since p is surjective, the composition f o p is non-zero if f is non-zero. this shows
that p* Is injective.

Naturality implies that p, o i, and /* o p* are zero maps. Thus we have im i, C ker p, and
im p* C ker /*.

Suppose that f € Homp(A,Y) is in the kernel of p,. We have
fekerp, & pof=0<« imf Ckerp=imiI.

Since i/ is injective there is a homomorphism j : im/ — X such that j o is the identity on
imi. Thus i,(jo f) = f. This shows that ker p, C im .

Suppose that f € Homa(Y, A) is in the kernel of i*. Construct g € Homp(Z, A) by
defining g(z) = f(y) whenever p(y) = z. This is well-defined when f € ker i*, since

fekeri* < jof =0 < imi C ker f.



This shows that ker i* C im p*. O

5. projective and injective modules

Definition 5.1. A functor F from left A-modules to left A-modules is exact if

L0 F(p)
0—— F(X) —> F(Y) 2% F(z) —0

Is exact whenever

Is exact.

It is natural to ask when the functors X — Homa (X, A) and X — Homu (A, X) are exact.

Definition 5.2. A left A-module P is projective if for every surjective homomorphism
X — Y of left A-modules, and every homomorphism P — Y, there exists a homomorphism
P — X that makes the following diagram commute

P

e

X—Y —0
Exercise 5.1. Show that X — Homp (A, X) is exact if and only if A is projective.
Exercise 5.2. Show that any free A-module is exact.

Definition 5.3. A left A-module Q is injective if for every injective homomorphism X — Y
of left A-modules, and every homomorphism X — @, there exists a homomorphism
Y — Q that makes the following diagram commute

Q

[ ™

00— X —>Y
Exercise 5.3. Show that X — Homj (X, A) is exact if and only if A is injective.
Exercise 5.4. Show that Q is an injective Z-module.

Theorem 5.4. The following are equivalent for a left A\-module P:
e P is projective;
e FEvery short exact sequence 0 — X —Y — P — 0 splits;

e P s adirect summand of a free module;



Exercise 5.5. Show that a direct sum of left A-modules is projective if and only if each
summand is projective.

Theorem 5.5. The following are equivalent for a left A-module Q:
e Q@ Isinjective;
e FEvery short exact sequence 0 — Q — Y — Z — 0 splits;

e Givenany g € Q and A € N\ there exists x € Q such that Ax = q.

Exercise 5.6. Show that a direct product of left A-modules is injective if and only if each
factor is injective.

6. chain complexes

Definition 6.1. A chain complex C is a sequence of abelian groups and homomorphisms

ds a3 do dq do

Cs G Gy Co 0

such that djodi,; = 0 for/ = 0,1,.... For n = 0,1,... The homology groups of
C are defined to be the quotients H,(C) = Z,(C)/N,(C), where Z,(C) = kerd, and
Bo(C) = im dys1.

A cochain complex C is a sequence of abelian groups and homomorphisms

d4 C3 d3 C2 d2 C 1 dl CO dO O

such that d*lod’ =0fori=0,1,.... For for n=0,1, ... the cohomology groups of C
are defined to be the quotient groups H"(C) = Z"(C)/B"(C), where Z"(C) = ker d"*!
and B"(C) =imd".

Definition 6.2. A chain map from a chain complex C to a chain complex D is a sequence
of homomorphisms f, : C, — D, such that d,,;0f, 1 =f,0dy 1 forn=20,1,2,.... In
other words, the following diagram commutes:

da d3 d> di do

Cs Co Cy Co 0
S B
d4 D3 d3 D2 d2 Dl dl DO dO O

If C and D are chain complexes we will write f : C — D to indicate that f = (f,) is a
chain map from C toD.

A cochain map from a cochain complex C to a cochain complex D is a sequence of
homomorphisms " : C" — D" such that d" o f" = f™lod™! forn=0,1,2,.... In



other words, the following diagram commutes:

d* d® d? dt d°

D3 D? D? DO 0
e b 1,
d4 C3 d3 C2 d2 Cl dl CO dO O

If C and D are cochain complexes we will write f : C — D to indicate that f = (") is a
cochain map from C toD.

Exercise 6.1. Show that a homomorphism between two chain complexes (cochain com-
plexes) determines a natural homomorphism between their homology (cohomology) groups.
That is, H, and H" are functors from (co)chain complexes to abelian groups.

Definition 6.3. Suppose that C and D are chain complexes and that f : C — D is
a homomorphism. A null homotopy for f is a sequence (h,) of homomorphisms, for
n=20,1,2,..., such that h, : C, = D,y satisfies f, = d, 10 h,+ h,_1 0d, for n > 0.
The following diagram (which is not commutative) illustrates the situation.

dy C3 d3 C2 d> C1 di Co do 0
a4 V4ave

f3 2 fi fo
e D, D, D, % Dy

Two chain maps f : C — D and g : C — D are homotopic if the homomorphism f — g
is null homotopic.

Similarly, a null homotopy for a cochain map is a sequence (h,) of homomorphisms, for
n=20,1,2,..., such that h, : C"*' — D" satisfies f" = d" o h"~ ! + d"*1 o h" for n > 0.
The following diagram illustrating the situation:

ce a* D3 d D2 o Dl d DO d 0
h3 h? ht ho
| e o
) d4 C3 d3 C2 d2 Cl dl CO dO O

Two cochain maps f : C — D and g : C — D are homotopic if the homomorphism f — g
is null homotopic.

Proposition 6.4. Suppose that f : C — D and g : C — D are homotopic chain maps.
Then the homomorphism f, : H,(C) — H,(D) is equal to g, : H,(C) — H,(D).

Proof. It suffices to show that if k = f — g is null-homotopic then k, is the zero ho-
morphism. Let h be a null-homotopy for k. We will show that f,(Z,(C)) C B,(D). If



x € Z,(C) then d,(x) =0, so

fo(x) = dpy1(ha(x)) + hp1(dn(x)) = dny1(ha(x)) € Bo(D).

7. projective resolutions

Definition 7.1. Let A be a A-module. A projective resolution of A is an exact sequence
of projective left A-modules

p3 p2 P1 Po

P> P Fo A 0

If we think of the modules P as abelian groups then a projective resolution is a chain
complex. However, since the sequence is exact, the homology groups are all trivial.

7.2. A projective resolution of an arbitrary A-module A can be constructed inductively.
Since A is a quotient of a projective module, there is a surjective homomorphism pg :
Py — A for some projective module P,. Let Ky be the kernel of py, so we have a short
exact sequence 0 — Ky — Py — A — 0. Since Kj is itself a quotient of some projective
module P;, we have another short exact sequence 0 — K; — P — Ko — 0. If we
compose the homorphism from P, onto Ky with the inclusion of Ky into /), we obtain
an exact sequence

0O—-Ki—>P—FR—>A—=0.

We may continue inductively, to construct a projective resolution of A.

Proposition 7.3. Suppose that P and Q are projective resolutions of the left A-modules
Aand B. Let f : A — B be any homomorphism. Then f extends to a chain map
(f, fo, f1,...) making the following diagram commute.

P3 P2 P1 Po

P> P o A 0

O O S

a3 a2 g1 do

Q2 Q1 Qo B 0

Proof. We construct the chain map by induction. Consider the composite homomorphism
fopy: Py — B. Since the homomorphism qq : Qo — B is surjective, and Py is projective,
there is a homomorphism fy : Py — Qo such that gy o fy = f o pg. This is the base case
of the induction. For the induction step, suppose that we have constructed f; : P, — Q);
such that gjof, = fi_yop;. Then giofjopjy1 =fi_10pjopi; = 0. It follows that the
image of f;o p;11 is contained in ker g; = im g;1. By the projective property of P, there
exists fiy 1 : Py1 — Q41 such that gjo fi 1 = f, o piy1. This completes the proof O

10



Definition 7.4. A chain map satisfying the conclusion of Proposition 7.3 is a chain ex-
tension of f.

Obviously any two chain extensions of f induce the same (trivial) homomorphism on the
homology groups of a projective resolution, since all of the homology groups are 0 to
begin with. However, the following proposition says a little bit more.

Proposition 7.5. Suppose that P and Q are projective resolutions of left A-modules A
and B and that f : A — B is a homomorphism. Then any two chain extensions of f are
chain homotopic.

Proof. It suffices to show that any chain extension of the zero homomorphism is null-
homotopic. Suppose that (f;) is a chain extension of the zero homomorphism from A to B.
We will inductively construct homomorphisms h; : P — Q11 so that g;,10h+h;_10p; = f;,
for i = 1,2,.... We have that ggofy = 0, so imfy C kergy = imqg;. Therefore the
projective property of Ry implies that there is a homomorphism hy : Py — @1 such that
qu o hg = fo. It follows that gy o hgo py = foopy = quofi. Thus gro (i —hyopy) =0,
so the image of f{ — hg o p; is contained in ker gg = im q;. The projective property of P;
then guarantees the existence of h; : P — Q1 such that goohy = f; — hg o p1.

For / > 0, suppose we are given h; : P, — Q41 such that gj10h; = fi—h;,_10p;. Consider
fii1 — hiopir1. Composing with g1 we have

i1 © fix1 — gix1 0o hio piy1 = fio piyr — fio piyr = 0.
Thus the image of f, 1 — hj o pjy1 Is contained in ker g; 1 = im g;;». Now the projective

property of P; guarantees the existence of a homomorphism h; 1 : Py1 — Q1o such
that gj1o 0 hjy1 = fiu1 — hi o pjr1. This completes the induction step. ]

Corollary 7.6. Suppose that P and Q are projective resolutions of a left A-module A and
that f : A — A s a homomorphism. If M is a left N-module then any two chain extensions
of f induce the same homomorphism between the cohomology groups H*(Hom(Q, M))
and H*(Hom(P, M)). Similarly, if N is a right A-module then any two chain extensions of
f . A— A induce the same homomorphisms between the homology groups H,(N ®x P)
and H,(N @5 Q).

Corollary 7.7. Suppose that P and Q are projective resolutions of a left A-module A. If
M is a left A-module then H"(Hom(Q, M)) = H"(Hom(P, M)) for alln > 0. If N is a
left A-module then H,(N ®p P) = H.(N ®x Q) for all n > 0.

8. group cohomology

Definition 8.1. Let R be a commutative ring and G a group. The group ring RG is the
direct product of copies of R, indexed by elements of G, with a multiplication operation to

11



be defined below. We can represent an element of RG as a formal sum a;g; +---+ a,g,
where a; € R and g; € G for i = 1,..., n. Alternatively, we may write an element of RG
as a sum 3 ge ag9, Where a; = 0 for all but a finite number of elements of G. In terms
of this notation the multiplication is given by the rule

(Z agg)(z bgg) = Z ¢ g

geG geG geG

where
Cg= D axb,.
Xy=9g
8.2. We will immmediately specialize to the case R = Z. To define a ZG-module structure
on an abelian group A it suffices to specify the scalar multiplication by elements of G. In
other words, any group action G — Aut(A) (denoted by -) corresponds to a ZG-module
structure on A, where ga = g - a, and

(mgr+ -+ mgr)a=ni(g:-a)+ - (g« - a).

A ZG-module is trivial if it corresponds to the trivial homomorphism from G to Aut(A)
which sends each element of G to the identity automorphism. That is, A is a trivial
ZG-module if and only if ga=g-a=a for all g€ G and a € A.

Definition 8.3. Suppose that G is a group. Regard Z as a trivial ZG-module and suppose
that P is a projective resolution of Z, so we have an exact sequence of projective left
Z.G-modules

=P =P =P —=F—2Z—=0.

If Ais a right ZG-module then we can construct a chain complex by tensoring with A:
—>A®ZG P3—>A®ZG ID2 —>A®ZG Pl —>A®ZG Po—)o

The homology groups of this chain complex are denoted by H,(G; A), and are called
homology groups of G with coefficients in A. If A is a left ZG-module then we can form
a cochain complex by applying the functor X — Hom(X, A):

-+ < Hom(Ps, A) < Hom(Ps, A) < Hom(P;, A) < Hom(Fy, A) < 0.

The cohomology groups of this cochain complex are denoted by H"(G; A) and are called
the cohomology groups of G with coefficients in A.

Note that Corollary 7.7 shows that the homology and cohomology groups of G do not
depend on the choice of projective resolution. In particular, we could use a free resolution
if we want.

8.4. In order to get some idea of what sort of thing the cohomology of G might be telling
us about G, we will specialize to the case where A is a trivial ZG-module, and we will
concentrate on the groups H*(G; A) and H?(G; A). As observed above, we may use a

12



free resolution to compute these groups. We will start by describing a very concrete free
resolution, which is called the homogeneous bar resolution.

We introduce some special symbols (with bars in them) that will be used to denote the
basis elements of our (left) free modules. The first module By will have rank 1, making
it isomorphic to ZG, and its basis element will be denoted [ |. There is a surjective
homomorphism ¢ : ZG — Z (called the augmentation map) which is determined by the
property that it sends each element of G to 1. Thus €(a;g; + ---angn) = a1 + -+ an.
The augmentation map is the homomorphism By — Z that is used at the end of the
bar resolution. The basis elements for B,, n > 0, are in one-to-one correspondence
with n-tuples of non-identity elements of G, and will be denoted by [g:]---|g,]. Thus the
elements of B, are ZG-linear combinations of these symbols. We will make the convention
that the symbol [g1]| - - |g,] represents the element 0 if g; = 1 for some / € {1,..., n}.

For n > 0 we define d, : B, — B,_1 by the following formula

do([91] -+ 1gn]) = gilgal - - 1gn]—[g1G2| - - - |gal++ - (=1)" " an| - - - |Gn-19n]+(—1)"[g1] - - - |gn—1]-

(Of course, it suffices to specify the homomorphism d, on the basis elements.) We will
let B(G) denote the sequence of free ZG-modules and maps

d dQ dl €
> B, B, B, 7. 0

where B, d, and dy = € are as defined above.
Proposition 8.5. The sequence B(G) is a free ZG-resolution of Z.

Proof. By construction the modules B, are free left ZG-modules and the maps d, are
Z.G-module homomorphisms. It remains to show that ker d, = imd,, 1. For this purpose
we are allowed to forget about the module structure and treat the B, as abelian groups
and the d, as homomorphisms of abelian groups. (The kernel and image are the same
sets.)

As an abelian group B, is free with a basis consisting of all elements g[g1]| - - g,]. We may
therefore construct a homomorphism of abelian groups h, : B, — B,+1 for each n > 0
by defining its values on this basis by the formula

ha(glg1l - gal) = [glg1| - - - gnl-

We claim that d,,1 0 h, + h,_1 o d, is the identity for all n > 0. We have

dn+1 o hn(g[gl| toe |gn]) = dn+1([g|gl| to |gn])
=gla1l- - 1gn] = [991] - |ga] + -+ + (=1)"[glar| - - - |gn=19n] + (=1)" gl - - - |gn]
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while

hn-10 dn(9lg1] - -+ 19n]) = hn-1(gd,s([g1] - |gn))

= hp1(9(q1lgal - - 190) — 9192l - 1ga] + -+ + (=1)"Hau| -+ [gn-19n) + (=1)"[en] - - - |gn-1]))
= (991192~ -19n] = [9]9102] - - |ga] + -+ (=1)"*[glg1] - - - [ga-19n] + (=1)"[gl G| - - - [gn-1].

Careful inspection reveals that when these two expressions are added all of the terms
cancel except for g[gi|---|gn]. (And it is easy to check the case n = 0 directly. This
proves the claim.

Next we show by induction that d,—; od, = 0. For n = 1 we have dy(di([g])) =
e(g[]—1[]) =0. For n > 1 we have
d,od,;10h, = d,o(id—h,_10d,) = d,—d,oh,_10d, = d,—(id—h,_0d,_1)od, = d,—d,+0 =0

Since h, is surjective, this shows that d, o d,;; = 0, and hence that B(G) is a chain
complex. But we have also shown that (h,) is a null-homotopy of the identity map from
B(G) to itself. In other words, the homology groups of B(G) are all zero, and B(G) is
hence an exact sequence. ]

8.6. We can use the bar resolution to determine the cohomology group H(G; A) where
Ais a trivial ZG-module. We consider the cochain complex

2

L Hom(Bs, A) SLi Hom(B>, A) L Hom(By, A) S Hom(Bo, A) <— 0

where §'(f) = fo diy1.

An element ¢ of Hom(Bjy, A) is a 1-cocycle if and only if ¢(d2([g1]g2])) = O for all elements
g1, 9> € G. This means

0 = ¢(91lg2]—[9192]+191]) = 910([92]) —d([9192]) +D([91]) = d([g2]) —D([9192])+d([91])

where the last step uses that A is a trivial ZG-module. Thus ¢ is a 1-cocycle if and only
if ¢([g192]) = d([91]) + &([g=2]). In other words the 1-cocyles can be naturally identified
with the group of homomorphisms from G to A. On the other hand, if ¥ € Hom(By, A)
then d°(¢) = 9 o d; € Hom(By, A), and

Yodi(lgl) =v(gl[]-11) =9gv([]) (] =] -] =0.

Thus the subgroup of 1-coboundaries is trivial, and H}(G; A) = Hom(G, A) (as abelian
groups). Incidentally, this also shows that H°(G; A) = Hom(By, A) = A, since an element
of Hom(By, A) is determined by the image of [ |, which can be arbitrary.

Exercise 8.1. Describe H'(G; A) if A is a non-trivial ZG-module.
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Problem 8.2. Suppose that F is a field and G is a finite group of automorphisms of F.
Show that the abelian group F* can be given the structure of a FG-module in which

o-x=o0(x) for o € G. Show that H*(G; F*) = {0}.

8.7. Next we will describe H?(G; A), where A is a trivial ZG-module.
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