Spring, 2007 — Final Exam Solutions

d
1. (a) (15 pts) Solve the initial value problem: (z? + l)d—z =z—ay, y(0)=-1

d
(b) (10 pts) Consider the initial value problem: d—gtc =22 +2t, 2(1) = 2. Use Euler’s method with

1
step size h = 5 to estimate x(2).

Solution:

(a) This equation is separable:

d
(12+1)£:x7xy
dy
)L =2(1-
@+ 1)L =21 -y)
1 T
dy = d
V=™

lL—y
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= 2
/1—y Y /$2+1 v
1
—ln|1—y|:§ln|x2+1\+0

Plugging in the initial condition y(0) = —1 to solve for C' we get:

1
—In|1—(-1)| = 51n|02+1\+c
—In2=C

The solution is then:

1
—In|l1—y|= 51n|x2+1\fln2

(b) Here, we have to = 1 and z¢ = 2. One iteration of Euler’s Method gives us:

1
x1 = xo + hf(to,z0) = +§(22+2(1)):5
1 3
t1 =1 h=1+-=—
1 o+ +2 5

A second iteration gives us:

1 3
x2:$1+hf(t17$1):5+2[524-2(2)]=19
3 1
= = — —:1
to=t1+h 2+2

Therefore, | 2(2) ~ 19|



2. (20 pts) A tank has a capacity of 20 L. It initially contains 10 L of pure water. A solution of salt and
water is fed into the tank at a rate of 2 L/min with a concentration of 1 kg/L. The solution is drained
from the tank at a rate of 1 L/min.

(a) At what time T will the tank be filled?

(b) Determine z(t), the amount of salt in the tank at time ¢.

Solution:

(a) The rate at which solution is being fed into the tank is greater than the rate at which it released
from it. Therefore, the volume will increase according to the equation:

V(t)=Vo+ (ri—ro)t =10+ (2 1)t =10+ ¢
The time T when the tank is filled is then:
20=10+1T

(b) The ODE governing the amount of salt in the tank at time ¢ is:
dx

= rate in — rate out

—, = TiCi — ToCo

a1
dt 10+t

The equation is linear but not separable. We must use the integrating factor:

1
p(t) = exp (/ 10+t> = 00T =10 + ¢

The solution is then:

o) = o ([ o+ )

2(t) = 101+t (/(10+t)2dt+(]>

1

Initially, the tank contains pure water. So, 2(0) = 0. We use this initial condition to find C":

1
0) = 20(0)+024+C) =0
#(0) 10+0( (0)+0°+C)
C
— =0
10
C=0
The solution is then:
20t + t2
2(t) = 0t +
10+t




3. (20 pts) Find the general solutions to the ordinary differential equations:
(a) 2%y" —ay +y =0
(b) y" =3y +16y =0
Solution:

(a) This is a Cauchy-Euler equation. The indicial equation and its roots are:

r(r—1)—r+1=0

r?—2r+1=0
(r—12=0
r=1

Since the root r = 1 is repeated, the general solution is:

’ y(x) =z + coxlnzx ‘

(b) The auxiliary and its roots are:
r? —3r+16=0
Lo -3+ V(=3)2 — 4(1)(16)
2(1)
. 34++v9—64
N 2
3 /55

"TeE

The roots are complex conjugates. Therefore, the general solution is:

y(z) = e3e/2 lcl cos <\/2575x> + ¢y sin <\/2575x>]




4. (25 pts) Consider the equation y” + 4y’ + 4y = e~ — 3.

(a) Find the homogeneous solution.
(b) Find a particular solution (you must solve for the unknown constants).

(¢) Write down the general solution.

Solution:

(a) The auxiliary equation and its roots are:

P4 dr4+4=0
(r+2)°=0
r=-2
Since the root r = —2 is repeated, the homogeneous solution is:

yn(t) = cre 2t + cote™ 2

(b) The form of the particular solution (because of the repeated root) is:
yp(t) = At’e > + B
Its derivatives are:

yn(t) = 2Ate™" — 247~
yp(t) = 247" — 4Ate™" — 4Ate™? + 4APe 7" = 247" — 8Ate™ ' + 4AtPe ™

Plugging these expressions into the ODE we get:

y;; + 4y; + 4yp — 6—215 —3
247 — 8Ate™ 4 4At% e £ 4(2Ate™* — 2At%e %) + 4(AtPe™ + B) = -3
24e 4B =% -3

Therefore, we must have 24 =1 = A= % and 4B = -3 = B = —%. The particular solution
is:

1, 3
Yp(t) = 57526 - 1

(¢) The total solution is:

=~ w

1
y(t) = yn(t) + yp(t) = cre " + cate ' + §t2672t —




5. (20 pts) Find the solutions z(t) and y(t) to the following system of ODEs:

Solution: We'll use the elimination method to solve the system. We’ll take the first equation (which
is already solved for x in terms of y and y’) and plug it into the second equation:
(' =3y) +y =3y
y' =3y +y =3y
y' =2y —3y=0

The auxiliary equation is 72 — 2r — 3 = 0 and its roots are » = 3, —1. Therefore, the general solution
for y(t) is:

y(t) = c13 + coe™?
We get x(t) from the first equation above:

x(t) = y'(t) = 3y(t)

z(t) = 3c1€® — coe™t — 3(c1€® + cpe )
2(t) = —4cge™"

We get ¢; and ¢y from the initial conditions:

2(0) = —4c2 =0
y(0)=c1+ca=1

The solution to this system is ¢ = 0 and ¢; = 1. Therefore, the solutions to the system are:




6. (30 pts) Evaluate the following expressions:

(a) Z[(t+1)3e! + e 2! sin 3t]
s+6 G(s)
s2+4s+20 52

(b) 21 where G(s) = Z[g(t)]

Solution:

(a) Evaluating the first term we get:

LIt +1)3% = Z[t3e’ + 3t2e’ + 3te! + €]
6 6 3 1
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Evaluating the second term we get:

3

—2t _
ZLle " sin3t] = PEIEE

The sum of the two terms is:

6 n 6 n 3 n 1 n 3
(s—=1D* (s—=1)3 (s—1)2 s—1 (s+2)24+9

(b) To evaluate the first term, we must first complete the square in the denominator and then separate
into two terms:

s+6 - s+ 6
$2+45+20 (s+2)2+20-4
_ s+6
~ (s+2)2+16
s+ 2 4

B (s+2)2—|—16+(3+2)2+16

Taking the inverse Laplace transform of the above expression we get:

1{ s+2 4
(

—2t —2t -
= 4t 4t
s+2)2+ 16 —+ (s+2)2 n 16} e cos4t + e sin

We must use convolution to evaluate the second term. First, we let F(s) = 3—2 We then have
f(t) = L7 YF(s)] = t. Next, we use convolution:

s

52

} — £(1) * g(t)
=txg(t)

-/ 't~ v)alw) dv

The sum of the two terms is:

t
e 2 cosdt + e 2t sindt + / (t —v)g(v)dv
0




7. (20 pts) Consider the following initial value problem:
2 —4x =35(t —2), z(0) =0, 2'(0) =1

(a) Find the Laplace transform of the solution X(s).

(b) Use the inverse Laplace transform to find the solution z(t).

Solution:
(a) Taking the Laplace transform of the equation we get:
L2 —4L[x]) = 3L[6(t — 2)]
s2X (s) — sx(0) — 2/(0) — 4X (s) = 3%
(s* —4)X(s) =1 =32

1 3e~2s
s2—4  s2—-4

X(s) =

(b) To find x(¢t) we take the inverse Laplace transform of X (s) from part (a). First, though, we must
perform partial fraction decomposition:

1 A B

52—4:s—|—2+s—2
1=A(s—2)+ B(s+2)

Pluggingin s =2 we get 1 =4B = B = %. Plugging in s = —2 we get 1 = —44 = A= —%.
Therefore, the solution x(t) is:

X 1 1 3,25 3,2
N=p-1|__43 i1 1
z(t) [ 5+2+572 5+2+572
1 1 3 3
z(t) = 7167% + Zth + <462(t2) + 4e2<t2>> u(t —2)




1, if —2r<ax<—7
8. (20 pts) Consider the function f(z) =<¢ 0, if —7<z<7
1, ifr<ax<2rm

(a) Compute the Fourier expansion of f(z) on [—2, 27].
(b) Define the function to which the Fourier series from part (a) converges.
Solution:

(a) The function is even so the Fourier expansion of f(x) is the Cosine Series which means b,, = 0 for

n =1,2,... The other Fourier coefficients are:
2 27
= — d
a0 = 5 ; f(z)dx
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The Fourier Series for f(x) is:

1 2
f(x)zi—;—sin%coszﬂ

nm

1 1
(b) The Fourier Series converges to 1 for —27 < z < —m, 3 forx = —m, 0 for -7 <z < 7, 5 for

r=m,and 1 for 7 < x < 27.



9. (20 pts) Find the solution u(z,t) to:

Ut = Ugy
I.C.: u(z,0) =7 + cos2x — 3 cos bz
ou ou
B.Cs: — =0=—
Cs o (0,t) =0 o (m,t)

Solution: The insulated boundary conditions tell us that the form of the solution is:
a > 2,2 2 nmwx
— —Bn“n“t/L
u(z,t) = 5 + Zane cos —
n=1
a > 2
_ 70 —n-t
=5 + Z ane CcOS NI
n=1
From the initial condition we have:

(o]
a
w(z,0) = = + E ap, COSNT = T + o8 2¢ — 3 cos bx
2
n=1
The coefficients a,, are:

ag=2m, as =1, a5 =—-3; a, =0forn=1,3,4,6,7,8,...

The solution is then:

u(z,t) = 7+ e cos 2z — 3¢~ cos 5z




