Math 220 — Section 10.2 Solutions

1. Solve the boundary value problem:

The general solution to the differential equation is:
y(z) = c1e” + coe™"
Using the boundary conditions, we have:
y(0)=c1+c2=0
y(1) = cre + et =4

From the first equation, we have c; = —c¢y. Substituting into the second equation and solving for ¢y
we have
cre+ et = —4
cie — 016_1 =—4
cile—e ') =—4
4
1 = —
! e—e !
4
Then ¢ = —¢1 = — and
e—e~
4 —x xr
x) = e —e
y( ) e_e1 ( )

7. Solve the boundary value problem:
y'+y=0, y(0)=1, y2r)=1
The general solution to the differential equation is:
y(x) = crsinx + cgcosw
Using the boundary conditions, we have:

y(0)=co =1
y(2m) =co =1

The boundary conditions don’t tell us the value of ¢;. Therefore, it can be anything. Thus, the solution
is

y(x) = cysinx

9. Find the values of A for which the boundary value problem
y'+ Ay =0, y(0)=0, y(7)=0

has a nontrivial solution and determine the corresponding nontrivial solutions.



(a) Assume that A > 0. The general solution to the differential equation is
y(z) = ¢ sin(VAz) 4 ¢5 cos(VAz)
Using the boundary conditions, we have:

y(0)=c2=0
Y () = =V ey cos(VAr) =0

To avoid the nontrivial solution, we must have cos(v/Ar) = 0. This happens when

T 37 5w
\/Xﬂ'—g, 7, 7,
1 35
\/X—g, 5, 5,..
1 9 2
‘T
m — 1)
)\:(n4 ) 193

The corresponding nontrivial solutions are:

. 2n —1
Yn(x) = ¢y sin 7

where the ¢, can be anything.

(b) Assume that A = 0. The general solution to the differential equation is
y(z) = c1x + o

Using the boundary conditions, we have:

Therefore, the solution is y(z) = 0.
(¢) Assume that A < 0. The general solution to the differential equation is

V=Xz —V=z

y(z) = cre + coe”

Using the boundary conditions, we have:

y(0)=c1+c2=0
y'(m) = \/_clerx \/_626 =0

The solution to the above system is ¢; = co = 0 and the solution to the boundary value problem
is y(z) = 0.

15. Solve the heat equation with 8 =3, L = 7, and f(x) = sinz — 6sin4z. Pluggingin f =3 and L =7

we have:
E cne 3" tsin(na)



From the initial condition u(z,0) = f(z) we have:
u(z,0) = f(z)
i ¢ sin(nz) = sinx — 6sin 4z
n=1
c18inx + ¢cosin2x + c3sin3x + ¢4 sindx + ¢5sinbx + ... = sinx — 6sin4dx
Equating coefficients on both sides of the equation, we have:
cgr=1,¢c=0,¢3=0,c4=-6,c¢c,=0forn>5

Therefore, the solution is:

u(z,t) = e sina — 68 sin 4x

. Solve the wave equation with o = 3, L = 7, f(z) = 3sin2z + 12sin 13z, and g(z) = 0. Plugging in
a =3 and L =7 we have:

u(w,t) =Y [an cos(3nt) + by sin(3nt)] sin(nz)

n=

—

From the initial condition u(z,0) = f(z) we have:

u(z,0) = f(z)
o0
Z an sin(nx) = 3sin 2z + 12sin 13z
n=1
aisinx + as sin2x + agsindx + ...+ a1z3sinldx + ... = 3sin2x + 12sin13x

Equating coefficients on both sides of the equation, we have:
ar =0, as=3,a3=0, ..., a3 =12, a, =0 for n > 13
From the initial condition wu;(x,0) = g(x) we have:
u(z,0) = g(x)
i 3nby, sin(nz) =0
n=1

= b,=0forn>1

Therefore, the solution is:

u(z,t) = 3 cos(6t) sin(2z) + 12 cos(36t) sin(12z)




