Summer, 2007 — Final Exam Solutions

1. (20 pts) Find the explicit solution to the following initial value problem:

dy 1
— — pu— p— 1
2y T agY vV, y(0)

Solution: The equation is linear but not separable. We must first find the integrating factor:

1
= —d
u(z) = exp ( 15 x)
1
p(x) = exp (2 In x)
(@) = vz
Multiplying the ODE by the integrating factor and simplifying we get:

dy Vz _ 2
\/5%4'%9— (V)
d

1 a = a
d/5y) = o de
[ = [zds
Vry = %xQ +C

We now use the initial condition, y(0) = 1, to find C:

1
Vay = §x2 +C
1
Vo(1) = 50 +C
C=0
The explicit solution is:
1
y(z) = 5553/2

2. (20 pts) Complete each part below:

(a) Find the general solution to the following second order ODE:
y' —6y +5y=0
(b) Write the form of the particular solution to the following nonhomogeneous, second order ODE:
Yy’ — 6y + 5y =x +sinx

Do not solve for the coefficients!

Solution:



(a) The auxiliary equation is 72 — 57 +6 = 0 and its roots are r = 1, 5. Therefore, the general solution
is:

’y(a:) = 1% 4 c9e>”

(b) Using the method of undetermined coefficients, the form of the particular solution is:

’yp(x) =Ax+B+Ccosx+Dsinm‘

3. (20 pts) Compute the following expressions:
(a) & {sin2t + e 3't?}

o 2 s

s2 —3s+2

Solution:

2 N 2
s2+4  (s+3)3

(a) L {sin2t+ e 't*} =

(b) We first use partial fraction decomposition:

s+ 1 3 + —2
$2—-3s+2 s—2 s—1

1 s+1 o1 3 2 B ot p
e B e e = S e

4. (20 pts) Find all A > 0 for which the boundary value problem:

Then we get:

Y AN 450y =0, y(0) =0, y(5) =0
has nontrivial solutions, y(z), and find these solutions.

Solution: The auxiliary equation is 72 + 4Ar + 5X? = 0. Its roots are obtained using the quadratic
equation:
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The general solution is then:

y(x) = e ¢y cos(Az) + o sin(Ax)]



Using the first boundary condition, y(0) = 0, we find:
y(0) = e=2*0¢; cos(A - 0) + cp sin(A - 0)]
(Der (1) + e2(0)]
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Using the second boundary condition, y (g) =0, we find:
y (g) =e 3¢y sin (/\ : g) =0
A
e ey sin (;) =0
AT
(A7) Z
sm< 5 )

A=2n

The corresponding solutions are:

‘y(x) = e~ gin(2nx) ‘

5. (20 pts) Consider the following heat equation problem:

Up = gy

BCs: u(0,t) =1, u(m,t) =2

IC : u(x,0) = z
™

(a) Using the PDE and the boundary conditions write the form of the solution u(z,t).
(b) Now apply the initial condition to solve for the unknown coefficients in the solution from part (a).

Solution:

(a) From the PDE and the boundary conditions we have L = 7, § =4, U; = 1, and Uy = 2. The
solution to the PDE is of the form:

o0
X CAn24 .
u(z,t) =1+ =+ g cne M tsinna
v
n=1

(b) Using the initial condition we have:

o0
xr X
0)=1+=+ cpsinnz ==
U(l’, ) Cp SN NI

n=1
o0
Z cpsinnr = —1
n=1
To solve for the ¢, we must find the Sine Series for g(z) = —1:
2 ™
Cn = f/ (—1) sinnz dx
T Jo
]
¢p = — | —cosnx
T |n 0

2
¢n = —(cosnm — 1)
nm




Extra Credit: (10 pts) Find the solution to the following initial value problem (the wave equation for an
“infinite” string):

Ut = Ugy, —00 < T <O
u(z,0) =1,
0
a—?(x,()) =cosz

Hints:

1. The solution is of the form u(z,t) = F(z + at) + G(xz — at) where the functions F' and G are to be
determined from the initial conditions.
ou

2. E(w,t) =aF'(z +at) — aG'(z — at)

Solution: We start by applying the initial conditions to the solution and to 2% (computed in the

ot
second hint):

u(z,0) = F(z)+ G(x) =1
ou

a(x,O) = F'(z) — G'(z) = cosz

Integrating the second equation we get:
F(z) — G(z) =sinz + C

Adding this equation to the first equation gives us:

1 1 C
2F(z)=1+sina+C = F(z)=-+—sinz+ —

2 2 2
We then solve for G(x) using the first equation. We get:
1 1
G(z) = 5 isinx— 5

The solution is then:

uw(z,t) =F(z+t)+ Gz —1)
C

1 1. c 1 .
u(:mt):§+§Sm(x+t)+§+§+sm(x—t)—5

u(z,t) =1+ %[sin(m +t) —sin(z — t)]




