Math 417 — Sections 14—17 Solutions

2. (b) Show that lim (22 +¢) = 22 + c.

zZ2—20

Given € > 0, we must find a § > 0 such that:
(224 ¢) = (25 +c)| <e  whenever 0<|z—2|<$6
We work with the first of the above inequalities:

(22 +¢) = (25 + )| = |2* = =0
= [(z = 20)(z + 20)|
= |z — zo||z + 20]
= |z — 20[|(z — 20) + 220]
< |2 = 20l(|2 = 2o + 2lzo)

Let us now choose § such that the following inequality is satisfied:
|z — 20|(]z — 20| + 2|20]) < €
Let & = |z — 29| and solve the equation z(x + 2|z|) = &:

x(z +2|z0]) =€

2 +2|zlr—c=0

. —2|z0| + \/4|20|? + 4¢
B 2
x=—|zo| + V|20 + ¢

Therefore, the solution to the inequality (1) is:

|z — 20| < —|20| + V|20]> + &

Hence, we choose § as follows:

0= —lzol + V|20]? + ¢

Since this ensures that inequality (1) is satisfied, it follows that:

(2% +¢) = (25 + 0)] < |2 — 20/(]z — 20| + 2]20]) < &

. Let z = 2+ dy. Then the function f(z) is:

=5 =20
72 (z—iy)?
We compute the limit of the function as z — 0 along two different paths:

Pathl: y=0
Path2: y==x

Along Path 1 we have:

lim f(z) = lim L +i0)? = 1i z”

- = lim -5 =1
z—0 z—0t (ZZT — ’LO)2 x—0t 2



Along Path 2 we have:

(z +ix)?
2

z2(1+1)? 2i
= lim 20 g 2=
1:~>r{)1+ $2(1 1)2 zig)1+ -2

lim f(z) = lim

z—0 r—0t (I — Z.I)
Therefore, since the value of the limit is different along each path, the limit does not exist.

10. (a) To show that:

42
m —— =4

zZ—00 (z — 1)2

CHOR

i.e. statement (2) on p. 49. We show this as follows:

4G
tiy 7 (3) = im 7

we must show that:

4
= lim #
z~>0 = — = —|— 1
4
= lim ——
z—01—2z+ 22
=4
Therefore, by statement (2), we have:
4 2
lim ——— —4
z—00 (z — 1)
(b) To show that:
zh—>ml (z—1)3 B
we must show that:
lim —— =0
z—1 f( )
i.e. statement (1) on p. 49. We show this as follows:
lim —— = lim(z — 1)3
z—1 f( ) z~>1( )
=0
Therefore, by statement (1), we have:
00

lim — =
21 (z = 1)3



