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Math 417 — Sections 20—22 Solutions

f)y=2-%

Let z = x +14y. Then f(z) = (v +1y) — (v —iy) = 0+i(2y) = u(x,y) = 0 and v(x,y) = 2y. The
first partials are:

Uy =0, uy =0

Uy =0, vy, =2

The first of the Cauchy-Riemann equations (u, = v,) is never satisfied. Therefore, f'(z) does not
exist anywhere.

f(z) = 2z + ixy?
We have u(x,y) = 2z and v(z,y) = zy>. The first partials are:

Uy = 2, Uy =0

ve =y, vy, = 2ay

The first of the Cauchy-Riemann equations (u, = vy) is satisfied when zy = 1. However, the
second of the Cauchy-Riemann equations (u, = —v,) is satisfied only when y = 0. There is no «
that satisfies 2y = 1 when y = 0. Therefore, f’(z) does not exist anywhere.

f(z) =e %e W,
First, we have:

f(z) =e "e W = e "(cos(—y) +isin(—y)) = e “cosy +i(—e “siny)

Therefore, u(z,y) = e *cosy and v(z,y) = —e “siny. The first partials are:
Uy = —e “cosy, Uy =—e “siny
vy =€ “siny, vy, = —e “cosy
The Cauchy-Riemann equations (u; = vy, u, = —v,) are satisfied for all z,y. Furthermore, the

first partials exist everywhere and are continuous everywhere. Therefore, f/(z) exists everywhere
and:

f(z) = (—e "cosy) +i(e "siny)

Now consider the function g(z) = f'(z). Let u(z,y) = —e *cosy and v(x,y) = e "siny. The
first partials are:

Uy =€ “cosy, uy=e “siny

vy = —e Tsiny, v, =e “cosy
The Cauchy-Riemann equations (u, = vy, u, = —v,) are satisfied for all x,y. Furthermore, the

first partials exist everywhere and are continuous everywhere. Therefore, ¢'(z) = f”(z) exists
everywhere and:

g'(2) = f"(z) = (¢ " cosy) +i(—e " siny)
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(¢) f(z)=2Im z
Let z = 2 +iy. Then f(z) = (z +iy)(y) = 2y + iy® = u(z,y) = zy and v(z,y) = y?. The first

partials are:
Up =Y, Uy =2
vy =0, vy, =2y
The Cauchy-Riemann equations are satisfied only when # = 0 and y = 0. Furthermore, the first

partials exist everywhere and are continuous at (0,0). Therefore, the derivative of f(z) at z =0
is:

7'(0) =0

(¢) For the function f(z) = e~%cos(Inr) +ie ?sin(Inr) (r > 0, 0 < 6 < 27), we have:
u(r,0) = e=? cos(Inr)
v(r,0) = e’ sin(Inr)
The first derivatives are:

u, = ——e ’sin(lnr), up=—e ?cos(Inr)
r

1
v, = —e Ycos(Inr), vy =—e Isin(lnr)
r
These satisfy the Cauchy-Riemann equations for all 7 and 6 in the domain of defintion:
U, = vy, Uy = —TU

Furthermore, the first partials exist everywhere and are continuous everywhere in the domain of
definition. Therefore, f(z) is differentiable in the given domain and:

f'(z) = e (u, + iv,)

. 1 i
=e (——ee sin(lnr) + Ze=? cos(In r))
r

’
= Le-if (ie"?sin(Inr) + e~? cos(Inr))
r
= relie (e7% cos(Inr) +ie ?sin(Inr))
)
= ;f(z)

flz) =2 +i(l—y)®

Let u(z,y) = 2% and v(x,y) = (1 — y)3. The first partials are:
uy = 32%, u, =0
vy =0, vy:—(l—y)2

The second of the Cauchy-Riemann equations (u, = —v,) is always satisfied. In order for the first of
the Cauchy-Riemann equations (u; = vy) to be satisfied, we must have:

327 = —(1 —y)?

This can only happen when both sides of the equation are 0 = x = 0 and y = 1. Furthermore, the
first partials exist everywhere and are continuous everywhere. Therefore, it is legitimate to write:

f'(2) = ug +iv, = 32
only when z = 0411 = 1.



