
Math 417 – Sections 39 & 40 Solutions

1. Consider the function f(z) = (z + 2)/z. Evaluate

∫

C

f(z)dz over the given contour C.

(a) C is the semicircle z = 2eiθ where 0 ≤ θπ.
∫

C

f(z) dz =

∫ π

0

f(z(θ))z′(θ) dθ

=

∫ π

0

(

2eiθ + 2

2eiθ

)

(2ieiθ) dθ

= 2

∫ π

0

(ieiθ + i) dθ

= 2
[

eiθ + iθ
]π

0

= 2
[(

eiπ + iπ
)

−
(

e0 + 0
)]

= −4 + 2πi

(b) C is the semicircle z = 2eiθ where π ≤ θ2π.

∫

C

f(z)dz =

∫ 2π

π

f(z(θ))z′(θ) dθ

=

∫ 2π

π

(

2eiθ + 2

2eiθ

)

(2ieiθ) dθ

= 2

∫ 2π

π

(ieiθ + i) dθ

= 2
[

eiθ + iθ
]2π

π

= 2
[(

ei2π + i2π
)

−
(

eiπ + iπ
)]

= 4 + 2πi

(c) C is the circle z = 2eiθ where 0 ≤ θ2π
∫

C

f(z)dz = (−4 + 2πi) + (4 + 2πi) = 4πi

2. Consider the function f(z) = z − 1. Evaluate

∫

C

f(z)dz over the given contour C.

(a) C is the semicircle z = 1 + eiθ where π ≤ θ2π.

∫

C

f(z) dz =

∫ 2π

π

f(z(θ))z′(θ) dθ

=

∫ 2π

π

(

eiθ
)

(ieiθ) dθ

=

∫

2π

π

ie2iθ dθ

=

[

1

2
e2iθ

]2π

π

=
1

2
[e4πi

− e2πi]

= 0
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(b) C is the segment 0 ≤ x ≤ 2 of the real axis. In this case, we let z(x) = x + i0 where 0 ≤ x ≤ 2.

∫

C

f(z)dz =

∫

2

0

f(z(x))z′(x) dx

=

∫

2

0

(x − 1)dx

=

[

1

2
x2

− x

]2

0

=

[

1

2
(2)2 − 2

]

−

[

1

2
(0)2 − 0

]

= 0

3. We will integrate f(z) = π exp(πz) along each side of the square.

I. The contour CI from z = 0 to z = 1 can be described by z(t) = t, 0 ≤ t ≤ 1. The integral is then:

∫

CI

f(z) dz =

∫ 1

0

f(z(t))z′(t) dt

=

∫

1

0

π exp(πt) dt

= [exp(πt)]10

= eπ
− 1

II. The contour CII from z = 1 to z = 1+ i can be described by z(t) = 1+ it, 0 ≤ t ≤ 1. The integral
is then:

∫

CII

f(z)dz =

∫

1

0

f(z(t))z′(t) dt

=

∫

1

0

π exp(π(1 − it))i dt

= −[exp(π(1 − it))]1
0

= −[exp(π(1 − i)) − exp(π)]

= 2eπ

III. The contour CIII from z = 1+ i to z = i can be described by z(t) = t+ i, 0 ≤ t ≤ 1. The integral
is then:

∫

CIII

f(z)dz =

∫

0

1

f(z(t))z′(t) dt

=

∫

0

1

π exp(π(t − i)) dt

= [exp(π(t − i))]01

= exp(−πi) − exp(π(1 − i))

= −1 + eπ

IV. The contour CIV from z = i to z = 0 can be described by z(t) = it, 0 ≤ t ≤ 1. The integral is
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then:

∫

CIV

f(z) dz =

∫

0

1

f(z(t))z′(t) dt

=

∫ 0

1

π exp(−πit)i dt

= −[exp(−πit)]0
1

= −[exp(0) − exp(−πi)]

= −2

The integral over C is then:

∫

C

f(z)dz = eπ
− 1 + 2eπ

− 1 + eπ
− 2 = 4eπ

− 4

8. Using the representation z =
√

4 − y2 + iy, −2 ≤ y ≤ 2 for C to compute

∫

C

z dz, we have:

∫

C

z dz =

∫

2

−2

(
√

4 − y2 − iy)z′(y) dy

=

∫

2

−2

(
√

4 − y2 − iy)

(

−
y

√

4 − y2
+ i

)

dy

=

∫

2

−2

[

(−y + y) + i

(

y2

√

4 − y2
+
√

4 − y2

)]

dy

= i

∫

2

−2

4
√

4 − y2
dy

= i
[

4 sin−1
x

2

]2

−2

= i
[

4
(π

2

)

− 4
(

−
π

2

)]

= 4πi
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