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0. INTRODUCTION

This paper is to serve as an introduction to the study of symmetric spaces,
with the goal of describing Hermitian symmetric spaces of noncompact type.
There are three basic types of symmetric space: compact, noncompact, and
FEuclidean, defined in terms of properties of g, the Lie algebra of its group
of isometries. It turns out that a simply connected symmetric space can
be described completely in terms of the pair (g, s), where s is an involutive
automorphism of g. All symmetric spaces of noncompact and Euclidean
type are simply connected, but the compact case is quite different and a
full understanding is beyond the scope of this paper. Our main goal is
to discuss the Hermitian symmetric spaces which are all simply connected,
and in particular to prove that those of noncompact type are exactly the
bounded symmetric domains in C™ with Riemannian structure given by the
Bergman metric.

Section 1 gives basic definitions and properties of symmetric spaces with
some examples at the end. Section 2 contains a summary of the basics of Lie
algebras, and Section 3 provides an overview of the decomposition of sym-
metric spaces into compact, noncompact, and Euclidean type. We achieve
our main goal in Section 4. It should be mentioned that a complete classifi-
cation of symmetric spaces is possible using the classification of semisimple
Lie algebras. While the details of the classification will not be carried out
here, Section 5 outlines the basic strategy.

1. SYMMETRIC SPACES

A Riemannian manifold (M, g) is a symmetric space if for each p € M
there exists an isometry S fixing p and such that dS, = —I on T, M. Such an
isometry is called a symmetry about p. As isometries preserve geodesics,
we see that any geodesic y(t) with v(0) = p must satisfy S(vy(t)) = v(—t).
It follows that M is homogeneous. For, if two points in M are joined by a
geodesic 7y : [0,1] — M then the symmetry about 7(1/2) interchanges the
endpoints. Any two points in M can be joined by a broken geodesic, so com-
posing such symmetries demonstrates homogeneity. By similar reasoning,
we see that M is complete. For if v : [0,1] — M is a geodesic, we simply

use the symmetry about (1) to extend ~y to the interval [0, 2].
1
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We note that if M is connected, the symmetry about p is uniquely defined.
If v € T,M, v, (t) will always denote the geodesic given by exp,(tv).

Proposition 1.1. Suppose ¢ and ¥ : M — N are local isometries of Rie-
mannian manifolds with M connected and there exists p € M such that

¢(p) = ¢(p) and dpp = dipp. Then ¢ = .

Proof. Put A ={q € M : ¢(q) = ¥(q) and d¢q = di)y}. By continuity, A is
closed in M. A is nonempty so we must show that A is open. Let ¢ € A
and U a normal neighborhood of g. For ¢ € U, there exists a v € T, M such
that 7,(1) = expy(v) = ¢'. Then ¢(¢') = ¢(7(1)) = Yag(w) (1) = Yap(w) (1) =
P((1)) = ¢¥(¢’). Thus ¢ = on U and so dpy = dipy for all ¢ € U. [O,
p.91] O

Below are a few examples of symmetric spaces.

e Lie group G with bi-invariant metric. The symmetry about the
identity is given by S.(g) = g~'. The symmetry for any other point
h € G is given by Si(g) = h- Sc(h~tg) = hg~'h.

e Sphere S”. For each p € S C R™!, choose an orthonormal basis
{p,v1,...,v,} for R"*! and with respect to this basis, put

s :(é _‘}n>e(9(n+1).

e Poincare model for the hyperbolic plane. With respect to the Poincare

metric
2|dz|
1— [z
the conformal automorphisms of the disk
a—z
9al2) = 1—az

for |a| < 1 are isometries. Let Sp(z) = —z and put S, = 40500 ¢q.

Locally symmetric spaces and the curvature tensor

On a Riemannian manifold M let V be the Levi-Civita connection. The
Riemann curvature tensor is defined by
R(X,Y)=VxVy - VyVx —Vixy]
Proposition 1.2. Any symmetric space has parallel curvature tensor.

Proof. The isometries S, leave the curvature tensor and its covariant deriv-
ative invariant. We have dS, = —I on T),M so for X,Y,Z € T, M,

and therefore VR = 0. [P, p.210] O
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Let M be a Riemannian manifold. For each p € M, let U be a normal
neighborhood of p and define (,(x) = expp(—expgl(:n)) on U. This ¢, is
known as the local geodesic symmetry at p since it clearly takes geodesic
Yo (t) to v (—t) for small ¢:

G (1(t)) = Cplexp(tv)) = exp(—tv) = yu(=1).

Note that d¢, = —I. [O, p.223]. M is said to be locally symmetric if the
local geodesic symmetry at each point is an isometry.

Theorem 1.3. M is locally symmetric if and only if VR = 0.

Proof. One direction follows from Proposition 1.2 since any symmetric space
is locally symmetric. We need only show that parallel curvature tensor
implies that the local geodesic symmetries are isometries. Let ( denoted the
local geodesic symmetry at a point p. We hope to show that if U is a normal
neighborhood of p € M and ¢ € U, v € T, M, we want

(dCqu, dCqu) = (v,v).

Let V = expgl(U) in T, M. There exists a unique z € V' so that ,(1) =
exp,(z) = g and a unique w, € T,(T,M) so that (dexp,).(w;) = v. Identify
w, with a vector w € T, M.

Let J be the Jacobi vector field along ~, with J(0) = 0 and J'(0) = w €
T,M. Then J(1) = v. Indeed, we consider the map (s,t) — t(z+sw) in T, M
for t € [0,1] and |s| small. Then (s,t) ~— exp,(t(z + sw)) defines a variation
of geodesics of the geodesic 7,(t). The vector field W = d%expp(t(x +
sw))|s=o is Jacobi along 7. Note that W equals v = (dexp,,):(w,) at time
t = 1. We aim to show that this Jacobi field W is our Jacobi field J.
The curve s — t(z + sw) is constant at ¢ = 0 so W(0) = 0. Note that
w'(0) = %d% exp,, (t(x + sw))|s =0 = %% exp,, (t(x + sw))|t,s=0. Of course,
S % exp, (t(z + sw))|=o is a vector field along the constant curve at p.
Therefore W (0) = w and so W = J.

Now we have that d¢, = —I and putting w_, = d(d(p)(w,) in T (T, M),
we may identify w_, with —w in T,M. By the definition of ¢ we have
that d{,(v) = (dexp,) o(w_;). Let J_ be the Jacobi field along v, with
J_(0) = 0 and J_(0) = —w. We have so far (J(1),J(1)) = (v,v) and
(- (1), (1) = {dq, d o).

Let EFi,...,E, be an orthonormal basis for T,M and extend to parallel
vector fields along v, (t). Also, parallel translate —Ey, ..., —E,, along v_(¢).
Write v..(t) = > ¢;Ei(t) along v, with constant coefficients and J(t) =
> ai(t)E;(t). By the Jacobi equation, the a; satisfy

d?
Spam(t) = > R (t)eiaj(t)ek
ijk
where R = (R(Ej, Ey)E;, En). Similarly write J_(t) as > b;(t)(—Ei(t))
along v_, and the differential equation for the coefficients b; to obtain terms
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A?]?k = (R(—E;,—Ey) — E;, —Ey,). Note that VR = 0 implies these terms

RP(t) and R ;

Ejk(t) remain constant, and since R (0) = R}, (0) we must

ijk

have Rg?k = Rf;k As a consequence, the a; and b; satisfy the same dif-
ferential equation with the same initial conditions and so must be equal.
Therefore,

(dCqu, dCqu) = (J-(1),J-(1)) = (J(1),J(1)) = (v, v).
[0, p.222] O

If the given manifold M is simply connected and complete, then parallel
curvature tensor is enough to show that M is symmetric.

Theorem 1.4. A complete, simply connected, locally symmetric space is
symmetric.

See [O, p.224] for the proof of this theorem. He in fact shows the follow-
ing: Let M and M’ be complete, connected, locally symmetric Riemannian
manifolds with M simply connected. If L : T,M — T,M is a linear isometry
that preserves curvature, then there is a unique Riemannian covering map
¢ : M — M’ such that d¢, = L. It follows that the local symmetries ¢, are
actually globally defined if M is simply connected and complete.

The symmetric pair

Let M be a symmetric space. Since M is homogeneous, the isometry
group I (M) acts transitively and so does the identity component G = Io(M).
(The subscript 0 will always denote the component of the identity.) We may
write M = G/H, where H is the isotropy group for any point p € M. Note
that H is a compact subgroup of G (see for example Helgason). If S is the
symmetry about p, define o on G by o(g) = S¢S. This map o is an involutive
automorphism of GG since S is involutive and ¢ is merely conjugation by S.
The set F7 = {g € G : 0(g) = g} is a closed subgroup of G. Let us note
that the isotropy group H satisfies F§ C H C F?. Indeed, if h € H, the
differential of o(h) at p is given by dS,dh,dS, = dh, since dS, = —I. Since
M is connected, Proposition 1.1 shows that o(h) = h. Thus H C F?. For
F§ C H note first that F{§ is generated by the one parameter subgroups a(t)
of F§. It suffices to show that a(t) lies in H. We have o(a(t)) = a(t) so
Sa(t) = a(t)S and thus S(a(t)p) = a(t)S(p) = a(t)p. But p is an isolated
fixed point for S and so we must have a(t)p = p for small ¢ and hence all ¢.
Therefore a(t) lies in H. [O, p.315]

From this we formulate a definition. The pair (G, H) is called a sym-
metric pair if there exists an involutive automorphism o of G so that
F§ C H C F? and if the group Adg(H) is compact.

Theorem 1.5. Let (G, H) be a symmetric pair and 7 the natural map G —
G/H. Let o be any involutive automorphism of G such that F§ C H C
F?. Then any G-invariant Riemannian metric on G/H makes G/H into a
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symmetric space with the symmetry S about p = w(e) satisfying Som = woo.
If 7 *H w— gxH then 754 = S745 for all g € G. We note that S is
independent of the choice of metric.

We hold off on the proof of this theorem in order to first point out the
relationship between the involutive automorphism o and the Lie algebra g
of G.

Proposition 1.6. Let (G, H) be a symmetric pair and o an involutive au-
tomorphism of G such that F§ C H C F°. Then
(1) h={X €g:do(X) =X} is the Lie algebra of H.
(2) g =b@p a direct sum of vector spaces, wherep ={X € g :do(X) =
—-X}.
(3) Adh}&p) Cp forallh € H.
(4) [h,6] C b, [h,p] Cp, [p,p] Ch.

Proof. For (1) o|H is the identity mapping so obviously, do(X) = X for all
X in the Lie algebra of H. On the other hand, suppose do(X) = X. Let «
be the one parameter subgroup of H generated by X. Since o o « is also a
one parameter subgroup and (o o a)’(0) = /(0) we must have o o a = a.
Thus oo C F? and indeed oo C F§ C H. Therefore b is the Lie algebra of H.

For X € g, put Xy =1/2(X +doX) € h and Xp = 1/2(X —doX) € p.
Clearly h np = {0} so we have (2).

To see (3) we must show that do(Ady X) = — Ady X for any X € p and
h € H. If Cj, denotes conjugation by h on G, then ¢ o Cy(a) = o(hah™!) =
ho(a)h=! = Cj, o o(a) for any a in G since o(h) = h. Thus,

do(Adp X) =d(oCh)X = d(Cro)X = Adp(0X) = Adp(—X) = — Adp X.

Finally, H is a Lie subgroup so b is closed under the bracket operation.
The second containment in (4) holds since p is Ad(H)-invariant. For the
third, simply notice that if XY € p then do([X,Y]) = [doX,doY] =
[-X,-Y]=[X,Y]so [X,Y] €bh. [O, p.316] O

Remark A. A G-invariant metric always exists for a symmetric pair (G, H).
Since Adg H is compact in the topology of GL(g), there exists a positive
definite quadratic form B on p invariant under Adg H. Then Q = Bo(dr)~!
on T,M is invariant under dr, for any h € H. Let @ also denote the
symmetric bilinear form. The metric on G/H is then given by

(v, w)g = QdTy1v,dTy-1w)
where ¢ = gH in G/H and v,w are in T, M. [He, p.210]
Remark B. Let (G, H) be a symmetric pair and 3 the Lie algebra of the

center of G. If hN3 = {0} then there exists exactly one involutive automor-
phism ¢ of G such that F§ C H C F?. [He, p.212]

Remark C. The map dn allows us to identify the vector subspace p of g
with the tangent space T,M at p = 7(e).
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We are now ready to prove Theorem 1.5.

Proof. The relation S om = 7w o ¢ defines the function S : M — M. For if
mg1 = mge then g1H = goH and o(g1)H = o(g2)H since H C F?. Thus,
mo(g1) = mo(g2). As o is an involution it follows that S is an involution
and S(p) = S(w(e)) = wo(e) = w(e) =p.

For y € T,M, find Y in g so that do(Y) = =Y and dn(Y) = y. Then

dSp(y) = dSpdn(Y) = drdo(Y) = dn(=Y) = —v.
That is, dS, = —1 on T,M. Now, let g € G. For any a in G we have
S1q(ma) = Sm(ga) = mo(ga) = w(og - 0a) = Togm(0a) = T59S5(ma)

and so 7,4 = 57,5 for all g € G.

Suppose that (,) is any G-invariant metric on M. We wish to show
that S is an isometry. Take ¢ = gH in M and consider v € T,M. Put
w=drg1(v) € T,M.

(dSq(v),dSy(v)) = (dSqdrydry-1(v),dSydrydry—1(v))
(d75gdSp(w), dTogdSp(w))
= (dSp(w), dSp(w))
(—w, —w)
(v, ).

Finally, we observe that if any homogeneous space G/H has a symmetry
S about a single point p then the symmetry S about any other point ¢ can
be defined by S? = go S o g~! where g is any isometry such that g(p) = q.
[0, p.315] O

The representation of a symmetric space as G/H and the study of the Lie
algebra g yields some important geometric information about the manifold.
We see in particular that the curvature tensor R is independent of the choice
of G-invariant metric.

Proposition 1.7. The geodesics starting at p = w(e) are given by
Yarx (t) = a(t)p = Ta(t)

where « is the one parameter subgroup generated by X € p. The curvature
tensor at p is given by

R(X,Y)Z =[Z,[X,Y]]

where we have identified T,M with p. If X and Y span a nondegenerate
plane in T, M, then the sectional curvature can be computed as

([X,Y], X],Y)
<X7X><}/7Y> - <X7Y>2

K(X,Y)=
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A complete proof can be found in [O, p.317]. Here we compute the curva-
ture tensor following Petersen. It should be noted that Petersen’s approach
is slightly different than the one we have taken thus far. He identifies the
Lie algebra g of Io(M) with the algebra ¢ of Killing fields. A Killing field
on a Riemannian manifold (M, g) is a vector field X for which Lxg = 0,
which holds if and only if v — V,X is a skew-symmetric (1,1)-tensor. The
Killing field X is uniquely determined by the pair (X,,(VX),) at some
point p [P, p.164]. If M is a symmetric space, we obtain the identification
¢t =T,M x bt = g [P, p.213]. For a general Riemannian manifold, there
is only an (anti-)isomorphism of g onto the subalgebra of complete Killing
fields in £ [O, p.255].

Proof. We aim to show that for X, Y, Z € p we have R(X,Y)Z = [Z,[X,Y]].
Each of the vectors X,Y,Z € T, M determine a Killing field X,Y,Z on M
with VX = VY = VZ = 0 at point p. We first show that for any Killing
field K on a Riemannian manifold,

ViyK = -R(K,X)Y

where the second covariant derivative is V%{,YK =VxVyK —Vy,vK. In
this notation we have that

R(X,Y)Z =VixyZ—-VyxZ.

As K is a Killing field we know that v — V,K is a skew-symmetric (1, 1)-
tensor and so Y — VAQX,YK is also skew-adjoint [P, p.167]. For any vector
field Z,
(VivK.Z) = —(VXzK,)Y)
= —(VzxK)Y)—(R(X,2)K,Y)
(VZy K, X) = (R(X,Z2)K,Y)
(V3,2K, X) + (R(Z,Y)K, X) - (R(X, Z)K.Y)
= _<V%CXK7 Z> + <R(Z7 Y)K>X> - <R(Xa Z) 7Y>
= —(VXyK,Z)—(R(Y,X)K,Z) + (R(Z,Y)K, X)
—(R(X,Z)K,Y)
and so 2<V§<7YK, Z)=—(RY,X)K,Z)+ (R(Z,)Y)K,X) — (R(X, Z2)K,Y).
From Bianchi’s first identity and the symmetries of R,
= —2(R(K,X)Y,Z)

and thus 2<V§(7YK, Z)y=—-2(R(K,X)Y, Z).
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Now, since the covariant derivatives of X,Y, Z all vanish at p, we have
R(X,Y)Z = R(X,2)Y —R(Y,Z)X
= —-VzVy X +VzVxY
= Vz[X,Y]
= [Z,[X,Y]]
[P, p.215] O

Example

Here we show that the real Grassmannians (which include the spheres
and real projective space as special cases) are symmetric spaces. We write
the manifold as G/H, display the symmetry at a point, and show the de-
composition of the Lie algebra. Finally we compute the sectional curvature
using Proposition 1.7.

Let G,y denote the Grassmannian of unoriented p-planes in RPT7. We
may write Gpq as

Gpg = O(p+q)/O(p) x O(q)
= SO(p+q)/S(O(p) x O(q)).

The simply connected Grassmannian épq of oriented p-planes in RPTY is a
double cover of G, and has a presentation as

Gpy = SO(p+q)/SO(p) x SO(q).

We note that Gln = S™ and G1,, = RP". Let us concentrate on @pq. Fix
the standard basis {e1,...,ep1q} for RPT9. Let point P be the span of
{e1...,ep} and define the symmetry at P by

I 0
S, :< 6’ 1, > €O(p+q).

The involution o on G = SO(p + q) is defined by o(A) = S,AS, so

Bc¢\ (B -C
\pE)"\-D E )
Clearly the fixed point set is F7 = S(O(p) x O(q)) and thus letting H be the
identity component of F7, we have H = SO(p) x SO(q). The Lie algebra
is g = o(p+ ¢q), the space of skew-symmetric transformations. As S, = S, L

the action of ¢ is by conjugation and thus do is also action by conjugation

on g. We find
b

{Xeg:do(X)=X}

= {< V(I)/ 2 ) : W, Z are skew—symmetric}

= o(p) x o(q)
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p = {Xeg:do(X)=-X}

_ {< COX —g& ) L Cx € Mp,q(R)}
— RP?

We can take the standard Euclidean metric on M), ,(R) given by (A, B) =

Tr ABt. This gives a form on p
B(X,Y) =Tr(CxC%) = %Tr(XYt)

which is Ad H invariant. The action of Ad H on p is as

Ad(h)X = hXh™!

= (0 1) (e ) &)

B 0 ~HCYK™L Y
= \ koyH 0 P

where —(KCxH 1) = ~HC{ K~ since H' = H~! and K' = K~!. Having
identified the tangent space TpG), with p via dm we wish to compute the

sectional curvature using R(X,Y)Z = [Z,[X,Y]]. For notational simplicity,
we write X for Cx,Y for Cy, Z for Cj.

Xy = K)Oc _§t>’<3 _gtﬂ

[ YIX - XY 0
- 0 YX! - XY!

and we compute

Xtyzt —-vixzt

0
B + 2ty Xt — ZtXY?
[[X,Y],Z]— YXtZ—XYtZ 0
—ZY'X + ZX'Y
which lies in p. We compute
1
; 5 5 = S 1r - - +
X, Y], XY 5 Tr((YX'X - XYViIX — XYIX + XXY)Y?

1
+5 Tr(X'XY' - X'V X' - X'Y X'+ YVIXXY)Y)
(VX" vXx" —2(Xy" YX") + (XY, X'Y)

+ (XY, XY - 2(X'Y, Y'X) + (Y'X, Y'X))

DN =

1
S(XY =YX + XY - YVEX2)
0

A\
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[P, p.220]. The sectional curvature K (X,Y’) given by the formula in Propo-
sition 1.7 then satisfies K > 0. .

Let us consider now the special case of the sphere S™ = G1,. The com-
putations simplify as follows. We identify X € p with a vector z € R™ and
B(X,Y) = z -y, th standard inner product on R"™. With this inner product
we obtain the usual metric on S™. We compute

wrta= () )

v

where v = (x - 2)y — (y - z)x. Therefore,

(X, Y], X].Y)
(X, X){Y,Y) — (X,Y)?
2 Ply” — (y - 2)(= - y)

[22y|? — (z - y)?
= 1

K(X,Y)

Now, Proposition 1.7 also describes the geodesics of a symmetric space: for
the sphere S™ with point P = (1,0,...,0), we have yx(t) = (exptX)P, X €
p. A direct computation of the power series for exptX shows that 7,(t) =
(cost)P + (sint)u where u is a unit vector in R™ = p. Thus the geodesics
through P are the great circles. [O, p.318§]

The interesting example of complex projective space M = CP" as a
complex Grassmannian is worked out carefully in [P, p.222]. Let P € M
be the first coordinate axis in C"*! and z,w € TpM unit vectors with
Re(z,w) = 0; the inner product is the usual one on C™. The sectional
curvature is then computed to be K(z,w) = 1 + 3|Im(z,w)|?. If 2z and
w are orthogonal then the sectional curvature is 1, but if w = iz then
K(z,w) = 4. All other curvatures fall between these two values so complex
projective space is “quarter pinched”.

2. A REVIEW OF LIE ALGEBRAS

We begin this section with a discussion of the basics of Lie algebra theory
[S, Ch.LII] and the structure of complex semisimple Lie algebras [S], [Hu],
[He]. A definition of compact and noncompact Lie algebras is given and the
Cartan decomposition is described [He, Ch.III]. No proofs will be given.

The basics

We let g be a finite dimensional Lie algebra over a field k of characteristic
0. A lower central series is a descending series of ideals of g given by

g0 [g,0 Dlg.g,0]] Olg, (g [g.0]]] O

The Lie algebra is said to be nilpotent if this series terminates at 0. If
[g,9] = 0 then g is abelian.
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2.1. A Lie algebra g is nilpotent if and only if ad X is a nilpotent transfor-
mation of g for each X in g.

The derived series of a Lie algebra is given by

a>(g.9] D llg gl [g.9]D

and g is said to be solvable if this series terminates at 0. We note that
any nilpotent algebra is solvable. There is a largest solvable ideal t of g
called the radical of g. We say g is semisimple if the radical is 0. For
any Lie algebra, g/t is semisimple. Define a symmetric bilinear form B, the
Killing form, on g by B(X,Y) = Tr(ad X adY). Note that B satisfies
B(IX,Y),Z) = B(Y. X, Z).

2.2. If a is an ideal of g and &' is orthogonal to a with respect to B then o
is also an ideal of g.

2.3. A Lie algebra is semisimple if and only if its Killing form is nondegen-
erate.

A Lie algebra is said to be simple if it is not abelian and contains no
nontrivial ideals.

2.4. A Lie algebra is semisimple if and only if it is isomorphic to a product
of simple algebras.

2.5. If g is semisimple then g = [g, g].

A derivation of g is a linear mapping D such that D([X,Y]) = [DX,Y] +
[X,DY]. A derivation is inner if it is of the form ad X for some X in g.

2.6. Every derivation of a semisimple Lie algebra is inner and we obtain an
isomorphism ad : g — ©(g) = derivations of g.

2.7. If G is a connected Lie group (real or complex) with semisimple Lie
algebra, then the identity component Auty(G) of the group of automorphisms
of G coincides with the inner automorphisms of G.

The complex semisimple Lie algebras have been completely classified as
follows. There are four series A,,, B,, C,, D, defined by

e For n > 1, A, = sl(n+ 1) the Lie algebra of SL(n + 1).

e For n > 2, B, = s0(2n+ 1) the Lie algebra of SO(2n + 1).
e For n > 3, C,, = sp(2n) the Lie algebra of Sp(2n).

For n > 4, D,, = s0(2n) the Lie algebra of SO(2n).

In addition to these, there are five “exceptional” simple Lie algebras over
C denoted by Ga, Fy, Fg, E7 and Eg of dimensions 14, 52, 78, 133, and 248,
respectively. [S, p.§]

Cartan subalgebras and the Root Space Decomposition



12 RIEMANNIAN SYMMETRIC SPACES AND BOUNDED DOMAINS IN CV

Here we let g be a Lie algebra over C. A Cartan subalgebra t of g is
one such that (i) t is a maximal abelian subalgebra of g and (ii) for each
X €t, ad X is a semisimple element (diagonalizable).

2.8. Fvery semisimple Lie algebra over C contains a Cartan subalgebra.

2.9. The group Int(g) of inner automorphisms of g acts transitively on the
set of Cartan subalgebras of g.

Now fix a Cartan subalgebra t of semisimple g. Since t is abelian, adgt is
a commuting family of endomorphisms of g and thus simultaneously diago-
nalizable. We may then write g as a direct sum of subspaces

g ={Xe€g:[hX]=ah)X forall h €t}

where « lies in the dual of t. We note that g" is the centralizer of t. The
set of all non-zero a € t* for which g® # {0} will be denoted by A. The
elements of AU{0} are called the roots of g relative to t. Since t is maximal
abelian we have t = g°, and the Jacobi identity gives [g®, g°] C g**?. We
thus obtain the root space decomposition

gzt@@ga.

aEA

2.10. The root space decomposition has the following properties.

(1) The dimension of g* is 1 for each o € A.

(2) If a and B are roots with a+ 3 # {0} then g* and g® are orthogonal
with respect to the Killing form B.

(3) The restriction of B to t is nondegenerate. For each o € t* there
exists a unique element ho € t so that B(h, hy) = a(h) for all h € t.
We define (o, 3) = B(ha, hg).

(4) If o € A then —a € A and [g¥, g~ %] = C - hy, the C-span of hy.

(5) The only roots proportional to o are —a, 0, .

2.11. Let tg = @,en R ha. Then B is real and strictly positive definite
on tp and t = tg @ itg.

A semisimple Lie algebra over C is determined (up to isomorphism) by a
Cartan subalgebra and the pattern of roots.

2.12. Let g,g' be semisimple Lie algebras and t,t' Cartan subalgebras. Let
A, A" be the non-zero roots and define tr = @ cp R-ho and similarly define
'o- Then A and A" may be considered as subsets of the dual spaces to tg
and ¥y respectively, since each € A (A') is real on tr (t5). If ¢ is an
injective R-linear mapping of tg onto ¥y such that ¢ maps A’ onto A, then
¢ extends to an isomorphism of g onto g'.

Ordering the roots
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Let V be a real vector space and fix a basis X1,...,X,. We order V as
follows. For X, Y € V write X — Y = > a;X;. Wesay X > Y if the first
non-zero term in the sequence a; ... a, is positive. For t a Cartan subalgebra
of g, we write tg = > A Rta. A is a subset of the dual space of tg and
can be ordered with respect to the ordering of tj, for some fixed basis. [He,
p.173]

Let V* be the dual of V and W a subspace of V. Given an ordering on V'
we order the dual by declaring A € V* positive if the first non-zero term in
A(X1),...,A(X,,) is positive. The orderings on V' and W are compatible
if an element A € V* is positive whenever the restriction to W is positive.
Compatible orderings can always be constructed by starting with a basis
wi, ..., ws, of W and extending to a basis wi, ..., wn, Wy, ..., w, for V.

[He, p.260]

More notation and definitions

Let g be a Lie algebra over R. We define the following.

GL(g) = Lie group of nonsingular linear transformations
gl(g) = algebra of all endomorphisms of g, [4, B] = AB — BA
Int(g) = the subgroup of GL(g) with Lie algebra ad g

Aut(g) = the closed subgroup of automorphism of g in GL(g)
D(g) = the Lie algebra of Aut(g), the derivations of g.

For any Lie algebra g, we have adg C ©(g) and Int(g) C Aut(g). The map
X — ad X is a homomorphism of g onto ad g with kernel the center of g.
A semisimple Lie algebra g is isomorphic to ad g and we have ad g = D(g),
Int(g) = Auto(g), the identity component of Aut(g).

Returning to the general Lie algebra g over R, let h be a subalgebra and
let K denote the subgroup of Int(g) with Lie subalgebra adgh of adgg. We
say b is compactly imbedded in g if K is compact. We say g is compact
if Int(g) is compact. We say a Lie algebra is noncompact if it is semisimple
and contains no compact ideals.

2.13. For semisimple g over R, g is compact if and only if its Killing form
is strictly negative definite.

2.14. A Lie algebra g over R is compact if and only if there exists a compact
Lie group G with Lie algebra isomorphic to g.

2.15. Suppose Lie algebra g is a direct sum of two ideals g1 and ga. Let
b1, b2 be subalgebras of g1,g2 and set h = by © ha. Then b is a compactly
imbedded subalgebra if and only if h1,ba are compactly imbedded in g1, go
respectively. [He, p.234]

Let G be a Lie group and H a closed subgroup and consider M = G/H.
Denote by 7, the map zH +— gzH where g € G. If p is the point 7(e), the
group of all linear transformations (dr,), on T,M for h € H is called the
linear isotropy group and denoted by H*.
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A Lie algebra g over R is said to have a complex structure J if J is
an R-linear endomorphism of the vector space g such that J2 = —I and
[X,JY] = J[X,Y]. Such a Lie algebra can be considered as a Lie algebra
over C by setting (a +ib)X = aX + bJX. On the other hand, if g is a Lie
algebra over C, we consider a real Lie algebra gt where the multiplication
by i becomes a complex structure and dimg g = 2dimc g.

If g is a Lie algebra over R, we define the complexification g¢ = g® C
and so dimc g¢ = dimg g. This g¢ could also be described as the product
g x g with complex structure given by J : (X,Y) — (=Y, X). We write the
pair (X,Y) as X + Y.

2.16. The Lie algebras g over R, g€, and (gC)R are all semisimple if and
only if one of them is.

Let g be a Lie algebra over C. A real form of g is a subalgebra gg of the
real algebra gt such that gf* = gg @ Jgo. If such a real form exists, then
g is isomorphic to the complexification of gy and we write elements in g
uniquely as X +¢Y for X,Y € go. Amap o : X +iY — X —iY is known
as a conjugation of g with respect to go.

2.17. Every semisimple Lie algebra over C has a real form which is compact.

Cartan Decomposition

Let g be a semisimple Lie algebra over R and g its complexification. Put
o as the conjugation with respect to g. A direct sum decomposition g = h®p
into a subalgebra § and a vector space p is a Cartan decomposition if
there exists a compact real form go of g¢ such that o(go) C go, b = g N go,
and p = g N (igo)-
2.18. Every semisimple Lie algebra over R has a Cartan decomposition.

2.19. Any two Cartan decompositions are conjugate under an inner auto-
morphism. That is, if g = b1 @ p1 = b2 @ p2 are Cartan decompositions,
then there exists a ¢ € Int(g) such that ¥ (h1) C b and (p1) C pa.

2.20. Let g be a semisimple Lie algebra over R which is a direct sum g =
h & p where b is a subalgebra and p is a vector space. The following are
equivalent:
(1) g=b@yp is a Cartan decomposition.
(2) the map s : T+ X — T — X with respect to this decomposition is an
automorphism and the symmetric bilinear form

Bs(X,Y)=—-B(X,sY)
1s strictly positive definite. That is, the Killing form B is negative
definite on b and positive definite on p.
If these conditions are satisfied, then § is a maximal compactly imbedded
subalgebra of g.
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If g is semisimple over R and g = h & p a Cartan decomposition, then
u = h+ip is a compact real form of the complexification g¢.

2.21. Suppose g is semisimple over C and u is a compact real form of g. Let
J denote the complex structure on g% which corresponds to multiplication
by i on g. Then g® =u® Ju is a Cartan decomposition of g'.

3. SYMMETRIC LIE ALGEBRAS

A pair (g, s) is known as a symmetric Lie algebra if

(i) g is a Lie algebra over R,

(ii) s is an involutive automorphism of g, and

(iii) b, the set of fixed points of s, is a compactly imbedded subalgebra

of g.

The pair is called effective if in addition

(iv) h N3 = {0} where 3 is the center of g.
A pair (G, H) where G is a connected Lie group and H is a Lie subgroup
is said to be associated to the pair (g,s) if the Lie algebras of G and H
are g and h. Two symmetric Lie algebras (g1, s1) and (ge, s2) are said to be
isomorphic if there exists an isomorphism ¢ : g1 — g such that ¢gos; = sy0¢.

Proposition 3.1. Any symmetric space M = G/H gives rise to an effective
symmetric Lie algebra.

Proof. That the pair (g,do) is a symmetric Lie algebra was established in
Sectin 1. It remains to see that the pair is effective. The group I(M) acts
effectively on G/H where H is the isotropy group of a point in M (that is,
no nontrivial element in I(M) leaves every point of M fixed). Therefore,
H cannot contain any normal subgroup # {0} of G [He, p.208]. This gives
proplerty (iv). O

Theorem 3.2. Let (g,s) be an effective symmetric Lie algebra and b the
fized point set of s. Let (G, H) and (G, H) be two pairs associated to (g, s)
with G simply connected and H,H connected. Then H is closed in G and
(G, H) is a symmetric pair. If H is closed in G, then G/H is a locally
symmetric space for each G-invariant metric, and é/ﬁ is the universal

cover of G/H.

Proof. Since G is simply connected, there exists a smooth homomorphism
o : G — G so that do. = s. This o is then an involutive automorphism
and H is the identity component of the group of fixed points of o. In
particular, H is closed in G. To show that G / H is simply connected, let
n : (0,1 — G/H be a loop so that n(0) = n(1) = 7(e) where 7 is the
projection mapping G — G/H. Find a lift 7 : [0,1] — G of 1 so that
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7(0) = e. Since H is connected we can find a path w lying in H joining 7(1)
to 77(0). The closed loop 7 - w is null-homotopic in G which implies that 7 is
null-homotopic in G/H.

Now, let us note that Adg H and Ad H coincide in the group Int(g) since
they have the same Lie algebra. These are compact since h is compactly
imbedded in g. Note that p = {X € g : s(X) = —X is invariant under
the action of Adg H and carries a strictly positive definite quadratic form
Q invariant under Adg H. As in Remark A of Section 1, this gives a G-
invariant Riemannian metric on G/H and if H is closed in G, also a G-
invariant Riemannian metric on G/H. Finally let ¢ be the homomorphism of
G onto G so that de is the 1dent1ty on g. Then H is the identity component
of Y (H) and G/H — G/$~'(H) is a covering map. The map gH — ¢(g)H
is then a covering map of G / H onto G /H. As this map is a local isometry,
we see that G/H is locally symmetric. [He, p.213] O

Examples of symmetric Lie algebras

e If g is a compact semisimple Lie algebra and s any involutive au-
tomorphism of g then (g, s) is an effective symmetric Lie algebra.

e If g is a noncompact semisimple Lie algebra and g = u@e is a Cartan
decomposition of g (where u is the subalgebra) we let s be given by
s(T+X) =T — X with respect to this Cartan decomposition. Then
(g,s) is an effective symmetric Lie algebra.

e If ¢ is a finite dimensional vector space of R and u the Lie algebra of
a compact Lie subgroup of GL(¢), let g be the direct sum g =u .
We define a bracket by

[Xl,XQ] =0 X1, Xo€¢
T,X] = —[X,T| = T(X) TeuwXece
[Tl,TQ] =TT, — 15T T, Th € u

Then the mapping s(7T'+ X) =T — X makes (g, s) into an effective
symmetric Lie algebra (see Helgason, Ch. 1V, §5).

Decomposition of the Symmetric Space

Let (g, s) be an effective symmetric Lie algebra and decompose g = h @ p
into the +1 and —1 eigenspaces for s. If g is compact and semisimple then
(g, s) is said to be of compact type. If g is noncompact and semisimple
and if g = h @ p is a Cartan decomposition, then (g,s) is said to be of
noncompact type. If p is an abelian ideal in g then (g, s) is said to be of
Euclidean type. If (G, H) is a pair associated to (g, s) then we say (G, H)
is of the type of (g,s). If M is a symmetric space then it is of the type of
the pair (Io(M), H) where H is the isotropy group of some point in M. In
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this section we prove the following decomposition theorem which shows that
any effective symmetric Lie algebra can be decomposed into three others.
We follow Helgason Chapter V, §1.

Theorem 3.3. Let (g,s) be an effective symmetric Lie algebra. Then there
exist ideals go, g—, g+ with the following properties:
(1) g=g0D g © g+
(2) g0,98-,8+ are invariant under s and orthogonal with respect to the
Killing form of g.
(3) If s, s—, sy denote the restrictions of s, then the pairs (go, so), (§—,s—),
and (g+,s4) are effective symmetric Lie algebras of Euclidean type,
compact type, and noncompact type, respectively.

Corollary 3.4. Let M be a simply connected symmetric space. Then M 1is
a product Mg x M_ x My where My is a Euclidean space, M_ is of compact
type, and My is of noncompact type.

Proof of Corollary. Let G = Iy(M) and H the isotropy group at a point.
Then M = G/H. Let (G, p) be the universal cover of G and H the identity
component of p~!(H). The map gH — p(g)H is a covering map G/H —
G/H and since M is simply connected we have M = G/H. Let s = do
denote the involutive automorphism of g, the Lie algebra of G. Then (g, s)
is an effective symmetric Lie algebra. Decomposing g as in the theorem we
obtain a decomposition G = Gy x G_ x G. This induces a decomposition
H = Hy x H_ x H, and thus we can define My = Go/Hy, M_ = G_/H_,
and My = G4 /Hy. [He, p.244] O

The proof of the theorem follows from a sequence of lemmas, each of
which has a simple proof from definitions and small calculations. I will not
include proofs here but merely refer the interested reader to Helgason.

Let us first write g = h @ p where h and p are the +1 and -1 eigenspaces
of s. It is immediately obvious that [h,h] C b, [h,p] C p, and [p,p] C h. Let
B denote the Killing form of g. As B is invariant under automorphisms of
g, we see that hh and p are orthogonal with respect to B.

Lemma 3.5. The Killing form B is strictly negative definite on b.

Now let K denote the subgroup of Int(g) with Lie algebra adgh. Note that
K is compact in GL(g). K is connected and the above bracket relations
tell us that k-h C h, k-p C p for all kK € K. As K is compact, it leaves
invariant a strictly positive definite symmetric bilinear form @ on p X p.
Find a basis X1,..., X, of p so that Q(X,X) = 22 for X = 2;X; and
B(X,X) =" Biz? for some real numbers 3;. Now put

po = span{X;:3; =0}
p- = span{X;: 3 <0}
pr = span{X;:(3; >0}
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SO p = po ® p_ @ p4 and these subspaces are orthogonal with respect to
@ and B. FEach is invariant under s. Defining endomorphism 9 of p by
B(X;) = i X, we see that Q(BX,Y) = B(X,Y) on p. As B and Q are
invariant under K, B commutes with the restriction of each &k € K to p.
Thus po, p—, p+ are invariant under K and adgbh.

Lemma 3.6. The subspaces po,p—,p+ satisfy the following properties.

(1) po={X€g:B(X,Y)=0 forallY € g}

(2) [po,p] = {0} and po is an abelian ideal in g.

(3) [p—,p+] = {0}
Now put by = [p4,p+], h— = [p—,p_] and let ho be the orthogonal comple-
ment (with respect to B) of the span of h and h_.

Lemma 3.7. The subspaces bo,h_, hy are ideals in b, orthogonal with re-
spect to B, and h =ho B h_ B hy.

Lemma 3.8. We have
(1) [bo,p-] = [ho, p+] = {0}
(2) [b—vp(]] = [h—:p-F] = {0}
(3) [b+:po] = [b4,p-] = {0}
To prove the theorem, we must consider two cases, pg = {0} and py # {0}.
Suppose pg # {0} . Put

go = ho®po
g- = h-dp-
g+ = by ®py

Then g = goBg—Pg+ and the subspaces are invariant under s and orthogonal
with respect to B. From the lemmas, we have

[g0,8] = [bo, 0] + [po, g]
= [bho, bl + [bo, po] + [ho, p+] + [Bo, p-] + [po, 8]
C bho+po+ho
C 9o

We also find that [g—,g] C g— and [g+,9] C g+ so each of go,g-, 94 are
ideals in g. B is strictly negative on g_ so g_ is a semisimple compact
Lie algebra. B is strictly negative on h; and strictly positive on p4 so g4+
is semisimple and g4y = b4 @ py is a Cartan decomposition. Finally, we
examine go. The center 3 of g is also the center of gg so hpNz C hNz = {0}.
We need to see that hg is compactly imbedded in go. We construct a Lie
group G with Lie algebra isomorphic to g. Indeed, if we let m = dim 3 then
G = Int(g) x R™ has Lie algebra adgg x 3. Note that 3 C p and let 3+ be
the orthogonal complement (with respect to @) in p. Then [h,3] C 3+ and
35,31 C hso h@ 3t is an ideal in g isomorphic to adgg. It follows then
from 2.15 that hg is compactly imbedded in go. Also pg is an abelian ideal
in go so (go, So) is a symmetric Lie algebra of Euclidean type.
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Finally, if pg = {0}, b is an ideal in g. Its Killing form is strictly negative
definite so hg is compact and semisimple. Define

go=1{0} g-=bo®h-Dp- gy =by Dpy if p_ # {0}
go =10} g-={0} g+ =ho@ by @py ifp. ={0}

This completes the proof of the theorem.

Duality and Sectional Curvature

We point out an interesting duality between symmetric Lie algebras of
compact type and noncompact type, following Helgason Ch.V §2. Let (g, s)
be a symmetric Lie algebra and decompose g = h & p into +1 and -1
cigenspaces. Let g* be the subset h + ip of the complexification g©. g*
is then a Lie algebra over R. The map s* : T+ ¢X — T — iX is an involu-
tive automorphism of g*. We say (g*, s*) is the dual of (g, s).

Theorem 3.9. Let (g,s) be a symmetric Lie algebra. Then

(1) the pair (g*,s*) is a symmetric Lie algebra;

(2) if (g,s) is of compact type then (g*,s*) is of noncompact type and
vice versa; and

(3) if (g1,s1) is isomorphic to (g2, s2) then (g3,s}) is isomorphic to
(93, 53)-

Proof. Let (g¢)7 be the Lie algebra g¢ considered as a Lie algebra over R.
It has a complex structure J given by multiplication by i on g¢. As any
endomorphism of g or g* extends to an endomorphism of (g¢)® commuting
with J, we may view GL(g) and GL(g*) as Lie subgroups of GL((g)%).
The adjoint groups Int(g) and Int(g*) are also Lie subgroups of GL((g®)%).

Let H be the subgroup of Int(g) with Lie algebra adgh. H is compact
and so b is compactly imbedded in g*. This gives 1. Note that both g
and g* are real forms of g¢ so the Killing forms are obtained by restriction.
This gives 2. For 3, note that an isomorphism between (g1, s1) and (g2, s2)
extends uniquely to an isomorphism of g? onto gg. [He, p.235] O

Now we use the information we have about Lie algebras to understand the
geometry of symmetric spaces.

Theorem 3.10. Let (g, s) be an effective symmetric Lie algebra and suppose
that (G, H) is an associated pair. We assume H is connected and closed.
Let (,) be a G-invariant Riemannian metric on G/H.

(1) If (G, H) is of compact type then G/H has sectional curvature > 0.

(2) If (G, H) is of noncompact type then G/H has sectional curvature
<0.

(3) If (G, H) is of Euclidean type then G/H has sectional curvature = 0.
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Proof. As usual, we identify the tangent space to G/H at p € 7(e) with p,
the -1 eigenspace for s. Let X, Y be orthonormal vectors in p with respect to
the G-invariant structure (,). From Proposition 1.7, the sectional curvature
is given by
K(X,Y)={([X,Y],X],Y).

The pair (G, H) is of Euclidean type if p is an abelian ideal in g so 3 is clear.
Assume then that g is semisimple. The metric defines a bilinear form () on
p. As in the proof of Theorem 3.3, let B be the endomorphism of p so that
Q(BX,Y) = B(X,Y) for X,Y € p. B is as always the Killing form. As
B is symmetric, its eigenvalues ; are real. Let g; be the eigenspaces of 8.
The q; are pairwise orthogonal with respect to ¢ and B.

Let us assume for now that [q;,q;] = {0} if ¢ # j. If this holds, then we
can write [X,Y] = > [X;, Y], the decomposition with respect to p = Pq;
and [[X;, Y:], X] = [[Xi, Y;], Xi]. Thus

K(X,Y) = > ([Xi, Y], X}, V})
= Y B Y XYY

_ Z%qui,m,[xi,m

1
In case 1 we have 8; < 0 and in case 2 we have 3; > 0, so the theorem
follows.

It remains to see that [q;,q;] = {0} if ¢ # j. Let h be the Lie algebra of
H. B commutes element-wise with adgh so [h,q;] C q;. Put X; € q;, X €
q;, and T € h. Then [XZ,XJ] € b and B(T, [XZ,XJ]) = B([T,XZ],X]) =
0. Since B is strictly negative definite on h (Lemma 3.5) we must have
[X,;,Xj] =0. [He, p241] O

Irreducible Symmetric Lie algebras

Here we make a further decomposition of symmetric Lie algebras of com-
pact or noncompact type. If (g,s) is a symmetric Lie algebra, write as
before, g = h @ p where h and p are the +1 and -1 eigenspaces of g. The
pair (g, s) is irreducible if

(i) g is semisimple and h contains no nontrivial ideals of g.
(ii) the algebra adyg acts irreducibly on p.

An associated pair (G, H) is irreducible if (g, s) is irreducible and a sym-
metric space is irreducible if the pair (Io(M), H) is irreducible. If (G, H)
is an irreducible pair, then any two G-invariant Riemannian structures on
G/H differ only by a constant factor. Indeed AdgH is a compact linear
group acting irreducibly on p. The endomorphism B : p — p (notation
from proof of Theorem 3.3) commutes with each element of Adg H. Thus
B can have only one eigenvalue and the forms ) and B are proportional.
We will therefore always assume that the Riemannian metric is given by +B5
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or —B where B is the Killing form. We mention an alternate description of
criterion (ii).

Lemma 3.11. If (1) is satisfied then (ii) holds if and only if b is a maximal
proper subalgebra of g. [He, p.378]

Theorem 3.12. Let (g,s) be a symmetric Lie algebra and g = h @ p be the
decomposition into +1 and -1 eigenspaces for s. Assume g is semisimple
and that ) contains no nontrivial ideals of g. Then there exist ideals g; of g
such that
(1) g=Dg
(2) The ideals g; are pairwise orthogonal with respect to the Killing form
and they are invariant under s.
(3) If s; is the restriction of s to g; then each pair (g;, s;) is an irreducible
symmetric Lie algebra.

Proof. The proof is similar to that of Theorem 3.3. Let @2 and B be as before.
Then B is symmetric with respect to @, that is, Q(BX,Y) = Q(X,BY)
for X,Y € p. Decompose p = € q;, the eigenspaces of B. The q; are
orthogonal with respect to @ and B. Each is invariant under adgh and
can be decomposed into irreducible subspaces which are orthogonal with
respect to @ and B. We thus obtain p = € p;, an orthogonal decomposition
where each p; is invariant and irreducible under adgh. Put bh; = [ps, ps] and
g; = b; @ p;. The rest of the proof is just as in Theorem 3.3. O

Theorem 3.13. The irreducible symmetric Lie algebras of compact type are

I. (g,s) where g is a compact simple Lie algebra and s and involutive
automorphism of g.
II. (g,s) where compact g is the direct sum g = g1 © g2 of simple ideals
which are interchanged by s.
The irreducible symmetric Lie algebras of noncompact type are

ITL. (g,s) where g is a simple noncompact Lie algebra over R, the com-
plezification g€ is a simple Lie algebra over C, and s is such that
the fized points form a compactly imbedded subalgebra of g.

IV. (g,5) where g = af, a is a simple Lie algebra over C and s is
the conjugation of g with respect to a maximal compactly imbedded
subalgebra.

Finally, we point out that if (g%, s*) is the dual of (g, s), then

(g,8) is of type Il < (g*,s") is of type I

(g,8) is of type IV <= (g*,s*) is of type II
The proof of this theorem is completely straightforward and can be found
in [He, p.379].

Corollary 3.14. Let M be a simply connected symmetric space of compact
or noncompact type. Then M is a product M = My x --- x M; where each
M; is irreducible.
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4. HERMITIAN SYMMETRIC SPACES OF NONCOMPACT TYPE

Let M be a connected manifold with almost complex structure J. A
Riemannian metric (,) on M is said to be Hermitian if (JX, JY) = (X,Y)
for vector fields X and Y, and it is Kahlerian if also VxJ = 0. Hermitian
means that J acts by isometries and Kahlerian means that J is invariant
under parallelism. It should be noted that if M is a complex manifold,
its complex structure gives rise to an almost complex structure J. If we
define a 2-form w(X,Y) = (X, JY) on M then the Riemannian structure is
Kahlerian if and only if w is closed. [He, p.358].

Now let M be a connected complex manifold with a Hermitian structure.
M is said to be a Hermitian symmetric space if for each p € M there
exists a holomorphic isometry S fixing p and such that dS, = —I on T, M,
the real tangent space. We denote by A(M) the group of holomorphic
isometries. As with the real symmetric space, the identity component G =
Ap(M) acts transitively on M. For p € M and S the symmetry about p,
let H be the isotropy subgroup of p in G. The automorphism o(g) = S¢S
makes the pair (G, H) symmetric and M = G/H.

Lemma 4.1. The Hermitian structure of a Hermitian symmetric space is
Kabhlerian. [He, p.372]

Let G be a connected Lie group and H a closed subgroup of G. Suppose J
is a G-invariant almost complex structure on M = G/H and put p = 7(e).
Jp is a linear transformation on 7, M such that

(i) J3 =—1I and

(ii) Jp commutes with the elements of the linear isotropy group H*.
Now suppose Jp, is an endomorphism of T, M satisfying (i) and (ii). M =
G/H has then a unique G-invariant almost complex structure. In fact, this
structure is integrable, as the following proposition shows:

Proposition 4.2. Let (G, H) be a symmetric pair and p = w(e) € G/H =
M. Let (,) be any G-invariant Riemannian metric on M. Suppose Jy, is an
endomorphism of T, M such that

(1) Ji=-1

(2) (JpX, pY) =(X,Y) for all X,Y € T,M

(3) J, commutes with the elements of the linear isotropy group H*.
Then J,, extends to a unique G-invariant almost complex structure J on M.
The Riemannian structure is Hermitian and J is integrable. Therefore, as
a complex manifold, M is a Hermitian symmetric space.

Proof. Existence and uniqueness of the almost complex structure is clear.
The inner product is Hermitian by property 2 since both it and J are G-
invariant. Let o be any involutive automorphism of G such that Fij C H C
F?. As in the proof of Theorem 1.5 the symmetry S about p is defined by
Som = moo. To see that S preserves the almost complex structure, let
g € M and v € T;M. In the notation of Theorem 1.5, find g so that 7yp = ¢
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and set v, = d7,-1(v). Then the invariance of J under G and the relations
SoTy=1Ts908 and dSy, o J, = J, o dS, show that

dS,(Jqv) = dSq(Jydryvp)
= dSqdr,q4(Jpvp)
= drsqJp(dSpvp)
= Js(q)dTogdSp(vp)
= Jg(q)dSqdry(vp)
= J5(q)(dSgv).

To see that J is integrable, we must show that
(X, Y]+ JJX,) Y]+ JX,JY] - [JX,JY]=0 ()

for vector fields X and Y on M. As M is homogeneous, we need only check
this at the point p € M. Let U be a normal neighborhood of p and for
vector X, € T,M, extend to a vector field on U so that X is the parallel
translate of X, along the unique geodesic joining p and ¢. If Y is a vector
field on U also obtained by parallel translation, then

X, Y], = (VxV), — (VyX), = 0.

It suffices to check (x) for vector fields of this type since the left-hand side
is C°°(M)-linear. If X and Y are formed by parallel translation then so are
JX and JY by the G-invariance of J. Relation (x) follows. J is therefore a
complex structure on M and the symmetry about any point g in M given
by S9 = gSg~! (where g € A(M) is such that g(p) = ¢) is holomorphic.
Therefore, M is a Hermitian symmetric space. [He, p.373] U

Let M be a Hermitian symmetric space. M is said to be of compact
type or non-compact type depending on the type of the symmetric pair
(Ao(M), H), H the isotropy group of a point in M.

Theorem 4.3. Let M be a simply connected Hermitian symmetric space.
Then M is a product M = My x M_ x My where each factor is a simply
connected Hermitian symmetric space. My = C™ for some m, M_ is of
compact type, and My is of non-compact type.

Proof. Putting G = Ag(M) the proof begins exactly as in the proof of
Corollary 3.4. We write M = G /ﬁ and if g is the Lie algebra of G, we
decompose g = go® g_ ® g+. We obtain decompositions G = Gy x G_ x G4
and H = Hy x H_ x Hy which lead to our decomposition of M. Let
P, Po, P, p+ denote the -1 eigenspaces for s which can be identified with the
tangent spaces of M, My, M_, M, respectively. We have p =po S p_ D p.
Let J be the almost complex structure on M. The inner product (,) on
M gives a bilinear form @ on p x p and J, is an endomorphism of p. For
Y € po, write JY = Yo+ Y_+Y, € po@p_@py. Let Ad denote the adjoint
representation of G. We have Ad(h)Y =Y for any h in H_ x H, by Lemma
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3.8. Since Ad(h) and J, commute we find that Ad(h)(Y_- +Y,) =Y_ +Y,
for any h in H_ x Hy. This in fact holds for any h in H since if h € Hy,
Ad(h) fixes all of p_ & py. As a consequence we find that Y_ + Y, = 0;
indeed, it follows from the proof of Theorem 3.3 that if X € p commutes
with all elements in h we must have X € po. Therefore Jy,(po) C po. Also,
Jp leaves @) invariant so Jp(p— @ p4) C p— @ po. Arguing similarly we see
that p_ and p, are also invariant under J,. Finally, Proposition 4.2 implies
that M_ and M, are Hermitian symmetric. [He, p.374] O

As in Section 3 we can decompose even further, into irreducible components.

Theorem 4.4. Let M be a simply connected Hermitian symmetric space of
compact type or non-compact type. Then M is a product M = My x - -+ x M
where the factors are simply connected Hermitian and irreducible.

Proof. We first state two Lemmas whose proofs can be found in Helgason.

Lemma 4.5. If M is a Hermitian symmetric space, then Io(M) is semi-
simple if and only if Ag(M) is semisimple. In this case, Ag(M) = Io(M).
[He, p.374]

Lemma 4.6. If H denotes the isotropy group in Aq(M) of a point p in M
and H* the corresponding linear isotropy group, then the complex structure
Jp of TyM belongs to the center of the Lie algebra of H*. [He, p.376]

To prove the theorem, Corollary 3.14 allows that we need only show the
factors are Hermitian. Using the decomposition of the Lie algebra g of
Ao(M) = Iy(M) = G to give a decomposition of G and H, we can decom-
pose our almost complex structure J = Jy x --- x J;. Each J; lies in the
center of the Lie algebra of H;. Each H; is connected so the group Adg, H;
commutes element-wise with J;. Proposition 4.2 thus implies that the M;
are Hermitian. [He, p.381] O

Symmetric spaces of non-compact type

Here we show that for a noncompact simple Lie algebra g over R, there
exists a unique symmetric space M of noncompact type such that Iy(M) has
Lie algebra g. This M is diffeomorphic to a Euclidean space; in particular,
it is simply connected. It turns out that all Hermitian symmetric spaces are
simply connected, regardless of type. This is a consequence of the following
theorem for the noncompact case; the compact case is discussed in [He,
p.376].

Let g be a noncompact semisimple Lie algebra over R and g = h &
p a Cartan decomposition. Defining s : T'+ X — T — X with respect
to this decomposition, the pair (g,s) becomes a symmetric Lie algebra of
noncompact type. Recall that an associated pair (G, H) is symmetric if H
is closed, Adg H is compact, and if there exists an involutive automorphism
o of G with F§f C H C F?. Such a o is unique (Remark B of Section 1).
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Theorem 4.7. Suppose (G,H) is any pair associated to (g,s) as above.
Then

(1) H is connected and closed.

(2) There exists an involutive automorphism o of G with fized point set
H and such that do = s. The pair (G, H) is symmetric.

(3) The map ¢ : p x H — G given by (X,h) — (exp X)h is a diffeo-
morphism and the exponential map Exp on M is a diffeomorphism
of p = T,M onto the symmetric space M = G/H.

Corollary 4.8. Let M, M’ be symmetric spaces of noncompact type such
that the groups In(M), Io(M') have the same Lie algebra g. With Riemann-
ian structures given by the Killing form of g, M and M’ are isometric.

Proof of Corollary. M and M’ are given by two Cartan decompositions of
g. If these decompositions are the same, we simply apply the theorem. If
not, the two Cartan decompositions are conjugate by (2.19) via an inner
autormorphism of ¢ of g. It is possible to define the isometry M — M’ with

. O

Proof of Theorem. Let Hy be the identity component of H. As in Theorem
3.2, Hy is closed (see [He, p.213]) and G/Hj is a locally symmetric space.
The exponential maps satisfy m(exp X) = Exp X where X is in p and 7
is the projection G — G/Hp. This shows completeness of G/Hy and so
Exp : p — G/Hy is surjective; thus ¢ : p x Hy — G/H is surjective. We
aim to show that ¢ is injective on p x H.

Let X;,X5 € p and hy,he € H be so that (exp Xi)h1 = (exp X2)ha.
Applying Ad we see that e*4X1 o Ad(hy) = €*4X2 0 Ad(hy). With respect
to the positive definite symmetric bilinear form By(Y,Z) = —B(Y,sZ) for
Y,Z € g, we find that ¢24Xi is symmetric and positive definite while Ad(h;)
is orthogonal. Such a decomposition is unique so ad X; = ad X2. The
center of g is trivial so we obtain X; = X5. We find also that h; = ho so ¢
is injective on p x H. We have ¢(p x Hy) = ¢(p x H) so injectivity implies
that H = Hy; that is, H is connected.

We remark that H contains the (discrete) center Z of G and H is compact
if and only if Z is finite. These statements are proved in [He, p.253].

Let G be the universal cover of G and let S be the unique automorphism of
G with dS = s. The map S induces a map o on G which makes (G, H) into
a symmetric pair. Finally, to prove 3 it suffices to show that the bijective ¢
is everywhere regular. This follows from a computation which can be found
in [He, p.254]. O

Bounded symmetric domains

A bounded domain D C C" is symmetric if each point p in D is an
isolated fixed point of a holomorphic involution of D. Here we achieve our
main goal: the Hermitian symmetric spaces of noncompact type are exactly
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the bounded symmetric domains in C™. As a consequence of the proof of this
theorem, we find that any noncompact Hermitian symmetric space M can
be imbedded as an open subset of its compact “dual” M*. As an example,
we may keep in mind the Poincare disk {|z| < 1} sitting inside the Riemann
sphere C. We follow the outline of [IT, p.247] and refer often to the details
in [He, Ch. VIII §7]. Unless otherwise specified, the page number references
in the proof are from Helgason.

Theorem 4.9. (i) Each bounded symmetric domain D, equipped with
the Bergman metric, is a Hermitian symmetric space of moncom-
pact type. In particular, every bounded symmetric domain is simply
connected.

(ii) Let M be a Hermitian symmetric space of noncompact type. Then
M is biholomorphic to a bounded symmetric domain in C™.

Proof (i). For any domains 2 in C", we can define a Hermitian structure
known as the Bergman metric for which biholomorphic mappings 1 — (9
are isomotries. See [K, §1.4] for a clear expository on the Bergman kernel
and metric; details can also be found in [pp.364-371]. If D is a bounded
symmetric domain then its holomorphic automorphisms are isometries of
the Bergman metric; thus D is a Hermitian symmetric space. To see that
D is of noncompact type, let D be the universal cover. As in Corollary 3.4,
decompose D = My x M_ x M. My is a Euclidean space and the restriction
of the covering map to My x {z} x {y} is a bounded holomorphic map into
C" and thus constant. Therefore M is a point. Similarly we can show that
M_ is degenerate since Hermitian symmetric spaces of compact type are
compact complex manifolds [IT, p.258]. D is therefore of noncompact type
and so D = D is simply connected.

Proof (ii). Let M be a Hermitian space of noncompact type, (G, H) the
corresponding symmetric pair where G = Ag(M) = Io(M), and (g, s) its
effective symmetric Lie algebra over R. We decompose into eigenspaces of
s, g = h@p. Let 3 be the center of h and t a maximal abelian subalgebra of h.
Then 3 C tand tis a maximal abelian subalgebra of g; indeed, the centralizer
of 3 in g contains b but is not all of g and so must be exactly §h by Lemma 3.11
[p.383]. We will exploit the relationship between the Cartan decomposition
g = h @ p and the root space decomposition of the complexification g© of
g. Let th%, and p© denote the corresponding complexifications of the
subalgebras.

Put g* = h + ip, a compact real form of g¢ and let 7 denote conjugation
with respect to g*. The Hermitian form

B;(X,Y)=-B(X,7Y)
is strictly positive definite on g¢ and

BT([Z7X]7Y) = BT(X7 [Z,Y])
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for any Z in g*. We find that endomorphisms ad T on g¢ are semisimple for
each T in tUit. Since they all commute, t¢ is a Cartan subalgebra of g€.
Let A be the non-zero roots of g¢ with respect to t¢. For o € A, we have
(9)> C h or (g©)* C p© and thus the decompositions [p.384]

bC — tC ® @ (gC)oz
(g9)>ch®
o= P )
(g9)PCp®
Introduce compatible orderings on the duals of real vector spaces ih and 3.
Let AT be the set of positive roots and A; the roots which do not vanish
identically on 3. Define
e = P 9

BEATNA;

= P )

—BEATNA,;
Lemma 4.10. p, and p_ are abelian subalgebras of g€ such that [p.384]
h p-] Cp—, B pe] Cpey P =p_@ps.

Alternately, p_ and p; can be described as follows. There exists a unique
Z € b so that the complex structure on p is given by J = adpy Z and h =
{X €g:[Z,X]=0}. Then py = {X € g% :[Z, X] =FiX} [IT, p.243].

We may now write g¢ = h¢ @p_ ®p.,. Let G be the connected complex
Lie subgroup of GL(g®) generated by ad g¢. Since the center of G is trivial
and the Lie algebra of G¢ is identified with g¢ via the adjoint representation,
we may identify G = Ag(M) with the Lie subgroup of G¢ generated by
g. Let subgroups G*, HY, P_, P, correspond to Lie algebras g*, h<, p_, p,
respectively.

Lemma 4.11. The exponential map is a diffeomorphism of p_ onto P_ and
of p4+ onto Py [p.388].

Lemma 4.12. The map (q, h,p) — qhp is a diffeomorphism of P_x H® x Py
onto an open submanifold of G containing G [p.388].

Lemma 4.13. HCP, is closed in G, the set GHC Py is open in P_HC Py,
and GN HYP, = H [p.390].

Lemma 4.14. The map gH — gHCPy is a holomorphic diffeomorphism
G*/H — GY/HCP,. The manifold M* = G*/H is a compact Hermitian
symmetric space with symmetric Lie algebra dual to that of M [p.393].

From the lemmas we obtain the well-defined holomorphic Borel imbedding

¢:M=G/H — GY/H P, = M*
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where the image ¢(M) is an open subset. As ¢ is G-equivariant, any el-
ement of G = Ap(M) extends uniquely to a holomorphic transformation
of M*. Now consider the composition mapping m o exp : p_- — M™* given
by (exp X)H®P,. This is a holomorphic imbedding such that ¢(M) C
mexp(p—). We can therefore define ¢» : M — p_ uniquely by ¢(p) =
mexp(y(p)). The map 1) is known as the Harish-Chandra imbedding.

We need only to demonstrate that ¢(M) is a bounded domain in the
complex vector space p_. For X € p denote by | X| the operator norm for
ad X on g with respect to the inner product B, defined above. Define the
real vector space isomorphism j : p — p_ by X +— 1/2(X —iJX) and a
norm on p_ by ||7(X)|| = |X|/2. Finally, it can be shown that

Y(M) ={X €p_: [ X[ <1}
[IT, p.249]. O
To make more sense of the algebra in the proof of this theorem, we con-

clude this section with an example. Let D be the open unit disk in C. We
follow [IT, pp.182,236,250] and [He, p.394].

G = SU(1,1) = Z 2 :|ay2—by2:1}
H = so@ = (07 :|ay2:1}

where o(A) = (A~Y)! on G. Note that D = G/H as a smooth manifold.
The Lie algebra of G is

g = su(l1)

= {BEMQ(C):TrBzoandBt<_01 ?):(‘01 ?)B}

- {(2 7)1

In determining the decomposition of g we find

0 =z
{(23) e
and the complex structure is as
0 =z 0 iz
(25)-(5 %)
Complexifying, we obtain g¢ = s((2, C) and

-={(0 )k

If we identify p_ with C, the Harish-Chandra imbedding is the identification
of G/H with the open unit disk. Let us continue with the computations to
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determine the role of the “dual” D* which will be the Riemann sphere C.

G*:SU(Q):{( ° g>:|a|2+|b|2:1}

and we also have G = SL(2,C) and HY = SO(2,C). G¢ acts on the
Riemann sphere by Mobius transformations and

HCP+:{<CCI 2):ad:1andc€C}

is the isotropy group of the origin. We have a diffeomorphism D* = G*/H —
G¢/HCP, = C given by
(4 )
-b a a

as b/a is the image of the origin under the linear fractional transformation
%‘fﬁ. Let us note that the G-orbit of the origin is the unit disk, which
describes the Borel imbedding into the Riemann sphere

G/H — GY/HCP,.
Finally P_ is identified with C inside C.

5. THE CLASSIFICATION

As mentioned in the Introduction, a complete classification of the symmet-
ric spaces is possible. The decomposition theorems of Section 3 allow us to
restrict attention to the irreducible symmetric spaces. As in [He, Ch.X§1],
the classification of simply connected, irreducible symmetric spaces up to
isometry is equivalent to the classification of irreducible symmetric Lie alge-
bras up to isomorphism. We assume the Riemannian metric is induced by
the Killing form.

We have seen tht all symmetric spaces of noncompact type are simply
connected and described uniquely by a symmetric Lie algebra of noncompact
type. By the duality, it suffices to classify the symmetric spaces of compact
type. We say an irreducible symmetric Lie algebra is of type I, II, III, or
IV as described by Theorem 3.13. Helgason shows, for example, that the
symmetric spaces of type Il are exactly the compact connected simple Lie
groups with bi-invariant metric [He, p.439].

If M is a symmetric space and M its universal cover, then M = M JU
where U is a discrete subgroup of the center of G. The centers can be
described by their root systems [He, Ch.X §3]. The problem of classification
is thus reduced to the following problems:

(1) Find all compact simple Lie algebras g, up to isomorphism.
(2) Find all involutive automorphisms of g, up to conjugation in Aut(g).
(3) Find all centers of compact, simple, simply connected Lie groups.
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Since any semisimple Lie algebra over C has a compact real form, unique
up to an inner automorphism, problem 1 is equivalent to:

la. Find all simple Lie algebras over C, up to isomorphism.

These are listed at the end of Section 2. If u varies in the set of compact
real forms of semisimple g over C and s runs through the possible involutive
automorphism of u, the dual (u*,s*) to (u,s) runs through all noncompact
real forms of g. Problem 2 is then equivalent to both of the following:

2a. For each simple Lie algebra over C, find all noncompact real forms,
up to isomorphism.
2b. For each simple Lie algebra over C, find all involutive automor-
phisms, up to conjugation in Aut(g).
[He, Ch.X §1]. For a complete list of symmetric spaces see [B, p.200]. In his
notation, the Lie subalgebra t is our . See also Helgason or Loos [L].
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