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Abstract

In this thesis we consider the problem of computing the extreme core of Siegel modular
forms. Siegel modular forms are a generalization of the classical modular forms as holomor-
phic functions on the space of symmetric complex matrices with positive definite imaginary
part. The extreme core intrinsically characterises a nonvanishing set for the coefficients of
the Fourier series of Siegel cusp forms, generalizing the Valence Inequality from the theory
of classical modular forms. We give an algorithm for computing the extreme core when
n = 2 for a fixed weight k and show that an estimate for the extreme core due to Cris Poor

and David S. Yuen is optimal for cusp forms of even weight between 10 and 44.






Introduction

A modular form is a complex analytic function on the upper half-plane invariant up to a
factor of automorphy under the action of the group SL;(Z). The weight k of a modular
form f is the power of the factor of automorphy that appears when acting on the input of

f with an element of SL,(Z). All modular forms have Fourier series of the form

f(1) = Y al(j;f)q’ where q = ¢*™" and a(j; f) € C.
j=0

The Valence Inequality relates the structure of the g-expansion of a modular form with its
weight. In particular, if f is a nonzero weight k modular form, then at least one of the a(j; f)
is nonzero for 0 < j < L%J, i.e. a weight k modular form is identically zero if and only if
the first L%J + 1 terms of its Fourier series are zero. Since A, the modular discriminant, is
a weight 12 modular form such that a(0;A) = 0, but a(1;A) # 0, this bound is optimal.
While we state this result in terms of determining whether a modular form is zero, since
linear combinations of weight k modular forms are also weight k modular forms, it is mostly
used when trying to determine whether two modular forms are equal by comparing their
Fourier coefficients.

Siegel modular forms, introduced by Carl Ludwig Siegel in the 1930s, generalize modular
forms to complex analytic functions from the space of n x n symmetric complex matrices
with positive imaginary part (the so-called Siege/ upper-half space)!, invariant up to a factor
of automorphy under the action of the group Sp, (Z). We call the integer n the degree
of the Siegel modular form. In order to differentiate the modular forms from the original
definition from Siegel modular forms, from this point forward we will refer to the former as
classical modular forms or elliptic modular forms (due to their connection with the theory
of elliptic curves). Siegel modular forms also have Fourier series, but of the form

f(Q): Z a(t;f)eZWitr(tQ)’

texyem

indexed over X5™, the set of n x n positive semidefinite matrices with integer entries along
the diagonal and semi-integer entries elsewhere.
It is natural to ask whether there exists a generalization of the Valence Inequality to

Siegel modular forms. Note that since the Fourier coeflicients are indexed by spaces of

't is possible to further generalize Siegel modular forms to vector-valued functions, although these are beyond
the scope of this thesis. For an introduction to the theory of the vector-valued Siegel modular forms see [vdGo7].



2 INTRODUCTION

matrices, these nonvanishing regions will have a richer geometry—we replace the nonvan-
ishing ray [[{%],00) from the classical elliptic forms with kernels, convex bodies invariant
under R>;-dilation. One way to obtain a Valence Inequality-like result for Siegel modular
forms is to introduce a linear ordering on the space of the index matrices by using height
functions, maps which provide a linear ordering on the space of index matrices. The earliest
result of this kind is due to Siegel and states that if f is a weight k degree n Siegel modular
form such that a(t;f) = 0 for all t € X5 whose trace is less than a certain constant
dependent on n and k, then f is identically zero. This approach, however, is dependent
on our choice of height function—to find an optimal intrinsic nonvanishing set for Siegel
modular forms we need to look at the extreme core.

We will later give estimates for the extreme core for 2 < n < 5 based on [PYos] and
show that the estimate for n = 2 is optimal for even cusp forms up to weight 44.

Throughout this thesis we assume that the reader is familiar with undergraduate linear
algebra, abstract algebra and complex analysis. Previous exposure to classical modular forms
is helpful, but not required. We assume no familiarity with the theory of Siegel modular
forms.

In Chapter 1 we introduce some concepts and results from the geometry of numbers
which will later prove useful. In Chapter 2 we begin our discussion of Siegel modular forms.
The first two chapters are based on the presentation in [PSY]. We introduce the problem
of finding the extreme core, our main goal, in Chapter 3, following [PYos]. Finally, in
Chapter 4, we give an algorithm to find the best approximation for the extreme core for a

17/36 1
for cusp forms of even weight between 10 and 44. The sage code for this computation is

fixed weight k, showing that the K [11—0 ( 1. 1ne )} outer bound from [PYos] is optimal

given in the appendix.



Kernels and Height Functions

1.1 Notation

Definition 1.1.1 Let V,, be the set of symmetric matrices with real-valued entries. The
space V,, with the inner product (s, v) := tr(sv) isa Euclidean space. There exists a bijection
between V;, and the space of quadratic forms', with s € V), corresponding to the quadratic
form Qs(v) =vTsv.

Definition 1.1.2 The subset of positive definite matrices in Vy, is denoted Py,. The closure
of Py, with respect to the metric on V,, is Py, the set of positive semidefinite symmetric

matrices.

The set Py, has a partial ordering. Given a,b € Py, we say a < b if there exists a
v € P such thata +v =b.

Definition 1.1.3 A matrix s € V,, is dyadic if it can be written as

s = Z ayzz', all , € R>o, finitely many o, # 0.
z€Zn\{0}

We refer to the choice of vectors and positive coeflicients as a dyadic representation of s. The

subset of dyadic matrices in P, is P};, the rational closure of Py, and we thus have
Pn CP; C Py
The name dyadic is a reference to the zz" term which is called a dyad in tensor theory.

Definition 1.1.4 Let GL,,(Z) be the group of invertible n x n integer matrices whose

inverse also has integer entries. We let
Gz :=GL,(Z)
act from the right on V,, by

Vu X Gz — Vi
(s,9) — g'sg.

'Because of this, we will often call symmetric matrices forms. To avoid confusion with modular forms, we
will always refer to the latter using the full names modular forms or cusp forms.
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From this point forward we will use the shorthand
slgl == g'sg

for suitably-sized matrices s and g. Thus s,t € V), are in the same Gz-equivalence class if

and only if there exists a g € Gz such that s = t[g].

For m an invertible matrix, we will use m* to denote the inverse transpose of m.

1.2 Cones and Semihulls

Definition 1.2.1 (Cone and Dual Cone) A subset C of Vy, is a cone if
e Cis convex (i.e. forall a,b € Cand A € [0,1], Aa+ (1 —A)b € C as well), and
* C is closed under scaling by elements of R~ .

The dual cone of a cone C, CV, is the set of elements of V,, whose inner product with all

elements of C is nonnegative,

CY :={s€Vn|(s,c) >0forallc €C}.

Given any subset S of V, we can find a cone containing all of S by taking the set of
all nonempty positive linear combinations of elements of S. This is is the smallest cone
containing S and we denote it by (R-,S).

Note that P,,, P and P, are cones.

Definition 1.2.2 (Semihull and Dual Semihull) A subset M of V,, is a semibull if
* M is convex, and
* M is closed under scaling by elements of R>1.

The dual semihull of M is the set

MY :={s €V, | (s,m) >1forall me M}.

As with cones, we can find the smallest semihull containing a given subset S of Vy,,
by taking all nonempty linear combinations of elements of S where the sum of all the
coeflicients is at least 1. We call this set the semihull generated by S and denote it (R>1S).



I.3. LEGENDRE REDUCTION S

1.3 Legendre Reduction

We cite the following result from the reduction theory of 2 x 2 symmetric matrices.

Proposition 1.3.1 Letrv € P;. Then there exists a unique s € P5 such thatv € s|Gyz] and s
is Legendre-reduced, i.e. 0 < 251, < s11 < s22.

Proor See [PSY].

The P;-subset of Legendre-reduced matrices, R, is a cone.
Given an s € P} we can find the Legendre-reduced representative of s by the following

algorithm.

1. If s11 > s27 then replace s with

s 0 —T\| [ s22 —s12
1 0 C\=si2 s )]

i.e. swap s17 and s, while negating s12, so that s17 < s22.

S12 1
A= |22 2
L S11 +2J’

so that —s72/s17 —1/2 < A < —s72/s11 + 1/2 and hence

2. If 2|s12] > s17 then set

—$11/2 <s12+As11 < s11/2.

s T A . S11 S12 +AS11
0 1 s12+As11 S22+ 2As12 +AZsqy )]

that is replace s12 by s12 +As17 and s22 by 522 +2As12 +A%s11, so now 2[s12| < s17.

Replace s by

Since this step preserves s11 and preserves the determinant s11822 — s3, while it
reduces |s12], it reduces sy, as well. If s77 < s3,, then go to Step 3. Otherwise,

return to Step I.

3. If s12 < O then replace s by

i.e. negate s, so that now sj, > 0.
4. s is now Legendre-reduced.

For a more thorough treatment of Legendre reduction, including a proof that the pre-

ceding algorithm converges to the Legendre-reduced representative of s, see [PSY].
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1.4 Height Functions

Definition 1.4.1 (Height Function) Let C be a cone in P,, containing P,,. We say that
@ : C — R> is a height function if

* (Positivity on Pp) @(s) > 0 forall s € Py,
* (Homogeneity) @(As) =A@(s) forall s € C and A > 0, and
* (Superadditivity) @(s+t) > @(s) + ¢(t) forall s,t € C.

Let n = 1. Note that then ¢(A) = A@(1) and therefore the only height function is the
identity up to scaling—we need to go up to n > 2 to get nontrivial height functions.

All height functions are continuous on P,. We present the following proof due to
David S. Yuen ([PYoo, Proposition 2.2]).

Proposition 1.4.2 (Continuity and Order Preservation) Ler ¢ : C — Rso be a height
Sfunction. Then ¢ preserves order and ¢ restricted to Py, is continuous.

Prook In order to show that ¢ is order preserving, let s < v. Then there exists a u such
that v = s 4+ u and by positivity and superadditivity

e(s) < @(s)+@u) <@(s+u)=0@(v).

To show that ¢ is continuous on Py, suppose we are given ¢ > 0. Forany s € P, there
exists an & € (0, 1), such that a@(s) < €. We use « to define the open neighborhood of s

Ng={tePn|(1—a)s<t<(1+ a)s}
For all t € Ng

e(s)—e< (1—a)e(s) from the definition of «

<e((1—o)s)+ @(t—(1—a)s) by positivity and homogeneity

< @(t) by superadditivity

<et)+o((1+a)s—1) by positivity

<(1T+a)p(s) by positivity and superadditivity

< @(s) +e. from the definition of «.
Therefore, |@(s) — @(t)| < € for all t € Nq. =

Proposition 1.4.3 (Extrema of a Height Function) Lez ¢ be a height function. The mini-
mum of ¢ on a closed line segment contained in its domain is on the endpoints. The minimum
of ¢ on a ray contained in its domain is on the endpoint of the ray.
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ProoF Suppose that the line segment from s to t lies in the domain of ¢. By superaddi-

tivity and homogeneity,
@As + (1T=A)t) = @(As) + @((1 = A)t) = Ap(s) + (T —A)o(t),

and it follows that @(As + (1 —A)t) > min{@(s), @(t)} for A € [0,1].
Suppose that the ray with endpoint s and direction t is in domain of ¢ (i.e. the set
{s+At| A € R.y}). Forall « > A we then have

(p(s+7\t)(p<<1—2>s+i(s+oct)>

> <1A) ols J+§cp(s+oct)

2(1-5) e

Taking the limit as « — oo yields @(s +At) > @(s). Therefore ¢ attains its minimum on

the endpoint.

The Dual Height Function
Definition 1.4.4 (Dual Height Function) Let ¢ : C — Rs( be a height function. The
function

Sle) (s,t)

®ls) = tean e(t)

defined on all of P, is the dual function of ¢.

The dual function of a height function is also a height function (for a proof this fact see

[PSY]).

Examples of Height Functions

We give the following examples of height functions, omitting the proof that they satisfy
the conditions for being a height function. Suppose s € Py,. Then

e the trace of s, tr(s);
* the least eigenvalue of s, A (s);

o the minimum function of s, the smallest value of s as a quadratic form over the nonzero
integers, i.e.

m(s) = inf s
seZn\{0}
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* the dyadic trace of s, the dual function of m,

(s,1).

w(s) := inf m(t)

* the reduced determinant of s, 5(s) := %/det(s); and

o the reduced trace of s, the trace of the element with smallest trace in the Gz-equivalence
class of s,
tr(s) := inftr(s[Gy])

are height functions. Of these, A; and tr, 5 and nd, and m and w are dual pairs. Further-
more, m, w, tr and & are class functions on Gz-equivalence classes.

The trace has the following useful property.

Proposition 1.4.5 (Dilational Dominance of the Trace) Lez @ : C — R be a height func-
tion. Then there exists oo € R such that

@(s) < atr(s) forall s € C.

Proor See [PSY]. [ ]

As its name suggests, the dyadic trace of a matrix is related to its dyadic representations.

In particular, given an s € P,
w(s) = sup Z oy
2€Z™\{0}

taking the supremum over all dyadic representations s = 3\ (o) X-22". Having the
dyadic trace defined as both an infimum and a supremum proves to be computationally
useful.

In the case of n = 2, Legendre-reduction simplifies the problem of computing height

functions for s € P;.

Proposition 1.4.6 Let s € P; be Legendre-reduced. We then have
* m(s) = s,
o tr(s) =817 + 522, and
* w(s) =s11 4522 — 812

Proor See [PSY]. [ ]
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We can use this proposition to give the following alternative definitions for m, tr and w.
Corollary 1.4.7 Lets € P;. Then

inf<e1eIT,s[Gz]>,
tr(s) = inf(1,,, s[Gzl), and
w(s) = inf(A2, s[Gz]),

E
=3
7]
2
I

where Ay = (3 1).

1.5 Kernels

Definition 1.5.1 (Kernel) A semihull K of V,, is a kernel if its closure does not contain 0

and if its cone contains P,, and is contained within P,,. That is
e I is convex,
* K is closed under R>;-dilation,
* K is far, meaning 0 ¢ K, and
* K is wide, meaning P, C RooK C P,.

Note that kernels are semihulls and thus all of the preceding results and properties of
semihulls apply to kernels. In particular, we note that given a kernel K, the dual semihull
K" is also a kernel.

We define the following relation on kernels.

Definition 1.5.2 The kernel K is dilationally smaller than the kernel £ if «KC C £ for some
o € Roo, and K and £ are dilationally comparable if each is dilationally smaller than the
other, i.e. if

ok C L CBK forsome o, B € Rop.

The Kernel-Height Function Correspondence

We want to show that given a height function ¢, the set K, := @' (R>1) isakernel. Given
an s in the domain of ¢ such that @(s) > 1 it is clear that ¢(as) = a@(s) > « > 1 for
« € R>q (thereby showing that K, is closed under R -dilation). Given s, tin @~ (R>7)

PAs+(T=At) 2 Ap(s) + (1 =A)e(t) = A+ (1-A) =1

showing it is convex. To show that K, is far, consider any sequence {s;} in P, that ap-
proaches 0 and note that then {tr(s;)} approaches 0 in R. By the dilational dominance of
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the trace, it follows that {¢(si)} also approaches 0 and so only finitely many terms of the
sequence lie in @ ~'(Rx1). Therefore 0 & K, .

Finally, to show that K, is wide, note that ¢ is defined on all of Py, and that therefore
for any s € Py, ﬁs € @ "(Ro1).

Similarly, given a kernel X we can obtain a height function such that its value at s is
given by the amount A € R. ¢ by which we need to scale the kernel so that s is a boundary
point of AK, i.e.

@i (s) :==sup{A € Roo | s € AK}.

The function @x(s) is defined on the cone of K, and therefore by the definition of kernel,
on a superset of Py, contained in Pr. Ideally, we would want to argue that @x, = ¥,
but this need not be true on the boundary. To sidestep this issue we define the following

equivalence relations on kernels and height functions:
* two kernels are equivalent if they have the same closure, and
* two height functions are equivalent if they agree on Py,.
This gives us the following proposition.

Proposition 1.5.3 (Height Function-Kernel Correspondence) 7he map from height func-
tions to kernels and the map from kernels to height functions invert each other at the level of

kernel closure classes and Pr, -restriction classes.
Proor See [PSY]. -

In addition, the duality of kernels and the duality of height functions are compatible
with the height function-kernel correspondence.

Proposition 1.5.4 Let K, be the kernel of a height function @. Then the dual of the kernel of
the height function is the kernel of the dual of the height function, i.e.

Ky =K.

®

Proor See [PSY]. -

The kernel-height function correspondence will allow us to prove properties about
height functions by instead studying their kernels (or vice versa). In particular, we have

the following results.

Proposition 1.5.5 Let K be a kernel. Then s € Py, is in K if and only if ¢ic(s) > 1.
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Prook This is immediate from the definition of the height function of a kernel. =

Proposition 1.5.6 A height function is a class function if and only if its associated kernel is

Gyz-invariant.

Proor Let K be a Gz-invariant kernel and note that then for every s € R.oK andv € Gz

we have

@ (sv]) =sup{A € Roo | siv] € ALC}
=sup{AeR.o|s€ )\IC[V_W}
=sup{A € R.o|s € AK}
= @k(s).
Conversely, suppose that @ is a class function and let s € K and v € Gz. Because

s € K, @x(s) > 1, but since @i is a class function, @x(s[v]) = @i (s) > 1 as well and
therefore s[v] € K. =

We are particularly interested in the kernels of the minimum function and the dyadic

trace. To that end, we have the following definition.

Definition 1.5.7 The perfect core is the kernel of the dyadic trace, K.y, and the perfect cocore

is the kernel of the minimum function X,.

The vertices of Ky, consist of a finite number of Gz-equivalence classes called the perfect

Sforms.






Siegel Modular Forms

2.1 Introduction

Definition 2.1.1 The Siegel upper-half space of degree n, denoted Hr,, is the set of all sym-
metric n X n matrices over the complex numbers with positive definite imaginary part,
i.e.

Hn ={Q=x+1y|x € Vn,y € Pn}.

Definition 2.1.2 Let ] be the 2n x 2n block matrix ( ~j*). We define the symplectic

group of degree 1 to be the J-stabilizer subgroup of GL;, (R) with respect to the [ ] action,
i.e.

Sp,,(R) :={M € GL2n(R) | JIM] = J}.

The Siegel modular group of degree n, denoted I, is the subgroup of Sp_(R) consisting of
integer matrices,i.e.

M :=Sp, (Z).

The group I, acts on H,, from the left by

M X Hn — Hn

a b ,  wherea, b, cand d are n x n matrices.
4 O (aQ+b)(cQ+4d)”
c

We omit the proof, but note that the preceding action is well-defined (i.e. cQ + d is always
invertible).
Observe that 1 = SL,(Z).

Definition 2.1.3 (Siegel Modular Forms) Let f be a function from #,, to C. We say f is
a Siegel modular form of degree n and weight k if:

* f(Q) is holomorphic in the entries of Q,
e forall g € Iy with block matrix form (¢ %) and Q € Hy,

f(g- Q) =det (cQ+ d)* f(Q),

* and for any s € Py, f is bounded on the set {Q € H,, | Im(Q) > s}.

'Unlike in the case of G, it suffices for a matrix in Sp,_(R) to have integer entries for its inverse to also be
an integer matrix, since all symplectic matrices have determinant 1.
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We denote the vector space of degree n weight k modular forms over the complex numbers
by M¥. By convention M = C. The direct sum of these vector spaces over k for a given

n forms the graded ring of degree n Siegel modular forms,

My = DM

k=0

The reason we are summing only over the vector spaces of Siegel modular forms with non-
negative weight is because if k < 0, then MY = {0}. All nonzero Siegel modular forms
have nonnegative weight.

Since It = SL,(Z), M; consists precisely of the classical modular forms. This shows
that the Siegel modular forms truly are a generalization of the classical modular forms.

We give the following generalization of the notion of a cusp form.
Definition 2.1.4 (Siegel’s ®-map) Siegel’s @-map,
O My — My,
is given by

O(1)(Q) := lim f(Q & iy).

Definition 2.1.5 (Siegel Cusp Forms) Let f be a Siegel modular form of degree n and
weight k. We say f is a Siegel cusp form if f is in the kernel of @, i.e. if

lim f(Q@iy) =0forall Q € Hn ;.
y—o0

2.2 Fourier Expansion of Siegel Modular Forms

In this section we will argue that any Siegel modular form f € M, has a unique Fourier
series.

Recall that V,, = M3 ™ (R). We introduce the following sets

Vn(Z) := VN Mu(2Z),
Vn(Z) :={veVn|viieZand vy € %Z forall i < j},
xsemi.— ), (Z)* NPy, and
Xn = Vn(Z)" N Ph.

We claim that f has a Fourier series of the form

fQ)= Y  alt;fe((t,Q)),

texscmi

n
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where the coefficients a(t; f) are complex numbers indexed by the set X3™ and where
e(w) := e?™ forall w € C.

We begin by showing that Siegel modular forms are invariant under translation by

integers in the entries of the input matrix. Consider the matrix t, with block form

I, v
t, =
(5 7)

where v € V(Z). Since t, has integer entries and since

0 —I.
][tv] - (In 0 ) y

the matrix t is in I',. For any Q € H,, we have
t, - Q=Q+v.
The factor of automorphy for t, is then det(I,,) = 1. Hence, forany f € MX and Q € H,,
fQ+v) =1(t, - Q) =f(Q).

It follows that Siegel modular forms are invariant under translation by integers.
In particular, the holomorphic function f of the entries {Qjx = xjK+iyjx | 1 <j, k <n}

is Z-periodic and smooth and therefore has the unique Fourier expansion

f(Q) = Z a({tjk,yjrkifle thkxjk
ik

thEZn(n+1)/2

By the Cauchy-Riemann equations for each index (j, k), we have that a({tjx, yji};f) =
a({tjek fle(X; i tixiyji). Thus

f(Q) = Z a(tjk;f)e thijk
jk

tjkezn(rwﬂ )/2

To each n(n + 1)/2-tuple {tjx} we associate the symmetric matrix t having diagonal
entries tj; and superdiagonal entries Jtjx; thus 25k tixQjk = (1, Q). The matrices t vary

over V. (Z)*, and so the Fourier series of f is a sum over this set,

fQ)= Y  altfe((t,Q)).

teVn (2)*

The sum is not yet in the desired form since it is taken over t € V;,(Z)* instead of t € X'semi,



16 CHAPTER 2. SIEGEL MODULAR FORMS

Let v € Gz be an . x n matrix and consider the matrix

(v O )
u, =
0 v*

in block matrix form. Since det(u,) = det(v)det(v)~" =1, u, € I'h, and we have

Qb)) = f(u, - Q)
= (detv)*f(Q).

We use this identity to establish that the Fourier coefficients of a Siegel modular form f

satisfy

a(tiv]; f) = (detv)*a(t; f).

Since detv = £1, a(t; ) is class function for even k and in general, the zeroness of a(t;f)
is a class function for all k and t € Asemi,

To see this, note that

flap) = >  altfe((t,Qv)
teVn (Z2)*
= Z a(t; fle((tv'1,Q))
teVn (Z2)*
= ) althlfe((t,Q)),
teVn (Z2)*

and hence

(decv)*f(Q) = > (detv)®a(t;Ple((t,Q)),

tevn(Z)*

with the coeflicients of the two last series matching by the uniqueness of the Fourier series
of f.

We will use the third condition of the definition of Siegel modular forms (that f is
bounded on the set{Q € H,, | Im(Q) > yo} forany yo € Pn) to show that the summation
can be taken over just the set A/5™i.

Foranyv € R™, consider f(il,, +vv' ) as a holomorphic function of the single complex

variable ¢ € H;. The resulting Fourier series is:

(il +WTC) _ Z a(t; f)e—Zﬂtrtqt[v] where q= e2me
tEV“(Z)*

Since f(il,, +wT() is bounded as Im({) — oo, it follows that for any t such that
tlv] < 0 the coefficient a(t;f)e 27"t of qt™ is zero. But since e 27"t £ 0 and v is
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arbitrary, a(t;f) # 0 only if t € A5™, i.e. if t[v] > 0. Hence, the Fourier expansion of f is
as claimed,

fs)= > alt;fe((t,s)).

teXsemi
n

We can see from the preceding argument that a Siegel modular form f € MK is a cusp
form if and only if a(t; f) = 0 for all t € XM for which det(t) = 0.

We note that by the Kicher Principle, the third condition of the definition of Siegel
modular forms is redundant when n > 2. A proof of this result is available in [Fre83] and

[PSY].

2.3 The Semihull Theorem

Definition 2.3.1 (Support and Semihull) Let f € M¥. The support of f is the set of all

indices in 5™ such that the associated Fourier coefficient of f is not equal to 0, i.e.
supp(f) :=={t € Xffmi | a(t; f) # 0}.
The semihull of f, v(f), is the Vy -closure of the semihull of the support of f, that is
v(f) = (Rx1 supp(f).

We will use the semihull of a Siegel modular form as a way to characterise the vanishing

of its Fourier coefficients. We give the following results about semihulls.

Proposition 2.3.2 Let f € MX. Then v(f) is a kernel.

Proor See [PSY].

Proposition 2.3.3 (Valuation Property of v) Let f,g € MX. Then
v(fg) = v(f) + v(g) and v(f + g) C v(f) Uv(g).

Proor See [PSY].

We can estimate the order of vanishing required for a cusp form to be identically zero

using height functions. To that end, we cite the following results from [PYoo].

Theorem 2.3.4 (Semihull Theorem) Let f € Sk be a nonzero Siegel cusp form. Let Qo =
Xo + 1Yo maximize det(y)*/2|f(Q)| over Q = x + iy in Hn. Then

kK _
Ey(ﬂ e v(f).



18 CHAPTER 2. SIEGEL MODULAR FORMS

Proor See [PYoo, Theorem 1.2] or [PSY]. -

Theorem 2.3.5 (Vanishing Theorem) Let f € SX be a Siegel cusp form and let S be a con-
tainment for the semihull of 1, i.e.
S D v(f).

If the set
k
Q=x+1 nl—y!
{ x+iyeH \47ty ¢S}
contains a_fundamental domain for Tn\\Hr, then f = 0.

Proor See [PYoo, Theorem 1.6] or [PSY]. -

Theorem 2.3.6 (Dyadic Trace Extraction Theorem) For any Siegel cusp form f € SX the

Jollowing conditions are equivalent:
1. =0,
2. a(t;f) =0 for all t € X such tharw(t) < 5=,

3. a(t;f) =0 forallt € Xy such thar w(t) < kcn (W),

where 1
- : . —1
cn(w) = in nggn glenl“f; w(Im(g-Q)7").
Proor See [PYoo, Theorem 2.9] or [PSY]. -

A variant of the extraction theorem holds for all height functions, but the tightest
bounds seem to be obtained using the dyadic trace.

In general, computing ¢ (w) is difficult and, in fact, computing the optimal value is
an open problem for all n. It is, however, known that for n = 2 the third condition from

the Extraction Theorem holds if we let c; (w) = %.

2.4 Generators for the Siegel Modular Forms of Degree Two

For a general n determining the structure of the graded ring of Siegel modular forms M,
is an open problem. One exception is when n = 2, in which case the generators of M,, as

a module over C are known. We cite the following results due to Jun-ichi Igusa.

Theorem 2.4.1 (Igusa 1962) The graded ring of even weight Siegel modular forms in degree
2, M§*", is generated over C by the four modular forms €4, Ee, X10 and x12 of weight 4, 6,
10 and 12 respectively. The modular forms x10 and x12 are cusp forms, while €4 and E¢ are
not. Furthermore, all four modular forms are algebraically independent over C.
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Prook See [Igu62, Theorem 1].

Corollary 2.4.2 Let n be a positive even integer. The dimension of the vector space of weight
k Siegel modular forms in degree 2 is the same as the number of nonnegative integer solutions
to the equation

A4 6 +10k+12L =k

We also have a structure theorem for the degree 2 Siegel modular forms with integer
Fourier coeflicients. These modular forms are more convenient for computations, and as

we will later see, they appear in the estimate for the extreme core.

Theorem 2.4.3 (Igusa 1979) Let B4, Eg, X10, X12 be the Siegel modular forms from the pre-
vious theorem normalized so that they have Fourier series with integer coefficients and content
1. The graded ring of even weight Siegel modular forms with integer coefficients is generated
over Z by the fourteen modular forms

X4 =E4 X6 =Eg
Xi0 =X10 X12 =X12

Yio =270373(X3 — X3) +273% X1, X6 = 27237 (XuX12 — XeXi0)
X1s = 272371 (XeX12 — X3 X10) Xaq = 273371 (X3, — XuaXdy)
X2s =273 1 (XaX2a — X10X15) X30 =231 (X6X2a — XaX10X16)
X36 = 271372 (X12X24 — X30X16) X0 = 27%(XaX36 — X10X30)
Xa2 = 272371 (X12X30 — X4 X10X23) Xas = 272(X12X36 — X34).

Proor See [Igu79, Theorem 1].






The Extreme Core

3.1 Cores and Cocores

Definition 3.1.1 A core is a kernel dilationally comparable to Ky,. A cocore is a kernel

dilationally comparable to KC,,.
Proposition 3.1.2 A Gz-invariant kernel that is contained in a core is a core.

Prook Let K be a Gz-invariant kernel and suppose that K C C where C is a core. We want
to show that there exist o, B € R+ such that «k C K., and K C B . Since C is a core,
there exists an & € R-( such that aC C K, but since X C C, we also have a/lC C K,,,.
Let Sy, be the set consisting of a single representative from each equivalence class of
the set of perfect forms, and note that this set is finite by the finiteness of perfect classes.
Since RooK D Py, for each s; € S there exists a ;i € R such that fis; € K. Letting
B := min{p} it follows that K contains S and therefore, by Gz-invariance, convex closure,

and closure under R>1-dilations, all of K. -

3.2 The Extreme Core

The Valence Inequality is a well-known result from the theory of elliptic modular forms.

Theorem 3.2.1 (Valence Inequality) Let f # 0 be a classical cusp form of weight k. We have

k
Voo(f) S ﬁ)

where Voo () is the order of vanishing of T at infinity.
Proor See [Ser73, Chapter VII, Section 3, Theorem 3]. n

Due to the connection between the order of vanishing at infinity and the Fourier series

of a function, we get the following corollary.

Corollary 3.2.2 Let f # 0 be a classical cusp form of weight k. Then in the Fourier series

expansion of T,

(1) =) aljfld,

j=T1

at least one of the a(j; ) forj < | 5] is nonzero.
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Our goal is to obtain an analogous result for Siegel modular forms. Note that by The-

orem 2.3.6, the Dyadic Trace Extraction Theorem, we know that for a cusp form f € Sk,

k
f=0if and only if a(t;f) = 0 for all t € X,, such th 1) < ——n.
it and only if a(t; f) orallt e such that w(t) < 2\/§7tn

However, this result is dependent on our choice of height function (in this case, the dyadic
trace) and does not intrinsically characterise the nonvanishing part of the support of Siegel

cusp forms. To remedy this, we introduce the extreme core.
P y

Definition 3.2.3 The extreme core in degree 1 is the weighted intersection of the semihulls

of the nonzero degree n Siegel cusp forms, i.e.

1
Coxr := ﬂ Ev(f) where k is the weight of f.
feSn\{0}

It follows that for any f € S¥, v(f) D kCey. This is precisely the Valence Inequality-like
result we were looking for.

As its name suggests, the extreme core is a core (i.c. it is a kernel dilationally compara-
ble to K,). For a proof of this fact see [PYos, Corollary 3.14]. Combining the Valence
Inequality with the existence of the weight 12 classical cusp form A, the modular discrimi-
nant, it is easy to see that in the language of this chapter, the extreme core for degree n =1
is precisely the set [, 00).

The geometry becomes more interesting for n > 2; the extreme core is then a kernel, not
just a ray, and it is no longer the case that the extreme core is cut out by a single function.

Next, we introduce the kernel generated by a form, which we will later use to estimate
the extreme core. While not all kernels are principally (or even finitely) generated, com-
putations involving principally generated kernels are simpler, which makes these kernels

particularly useful.
Definition 3.2.4 For s € P,, we define

K(s) == R>15[Gz])
to be the Gz-invariant semihull generated by s.
Proposition 3.2.5 Lets € Pyi. Then K(s) is a kernel.

Proor It is clear from the definition of semihull that K(s) is convex and closed under
R -dilation.
Since w is a height function, it attains its infimum on K(s) on the vertices. Combined

with the fact that w is a class function, we have that

K(s) Cw(s)Kw.
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It follows that since 0 & K,,, 0 & K(s).

It remains only to show that K(s) is wide, i.e. that P, € R./(s). This is clear for
n =1, so we can assume n. > 2. Since s € P;, there exists a z € Z™ such that s[z] > 0,
and we can replace s with s[v], where v is a Gz matrix with z as its second column. This
ensures that sy, > 0.

First, we want to show that s +t € K(s) for all t € P,. Since all matrices of the form

s + t can be written as a convex combination

% Z (s +ozzz")

z€Z"\{0}

where only k of the o, ’s are nonzero, it suffices to show that s+, zz" € K(s) for o, € Rog
and z € Z™ \{0}. Forany m € Z>; let gy = mez1 + I, € Gz. Then S[gm] € K(s).
Note that S[g,] = m?szze17 + O(m). There exists a g € Gz such that ge; = z, so that

e11lg'] = gerelg" = zz". Thus s[gmg"] lies in K(s) and

1

(XZ o T s
slgmgl = azzz' + 0 (m> .

mZSZZ

Since K(s) is closed under the metric on V;, and closed under superconvex combinations,

(085 T

lim <s +

m—oo

- s[gmg]) =s+a,zz

is in K(s). Therefore s +t € K(s). This completes the proof that P,, € R. oK (s) since for
any t € Py, there exists a A € R-¢ such that At — s € P,,. Therefore, (At —s) +s =At €
K(s). [

Corollary 3.2.6 K(s) is a core if and only if s € Py.

Proor If K(s) is a core, then okC(s) C Ky, for some o € R+ and therefore K(s) C P as
well.

Conversely, if s is positive definite, m(s) > 0 and therefore K(s) € m(s)K; since
s € m(s)K(s). However, by Proposition 3.1.2, a kernel contained in a core is a core and

thus we are done. =

Next, we prove some technical results which we will need in order to get the first esti-

mate for the extreme core.
Proposition 3.2.7 For all s,t € Py, we have

® t
f Pra(t)

Px(s)(t) = = S (<)
(s) weP:\0) Prc(u)(8)  wEPw Preu(S)
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Proor See [PYos, Proposition 3.9].

Lemma 3.2.8 Fors,t € P} we have O (5)(t) = @xc(v)(s) = inf(s[Gz], t[Gz]).
Proor We have

Pre(s)(t) = rie%fn (ryt)/@xcs) (1) definition of dual function

= g;)f (r/@x(s)(T),t) by the linearity of the trace

= inf (rt) since KC(s) is a kernel
TEK(s)

= inf (K(s), t)

= inf (K(s), (1)) by the cyclity of the trace.

Definition 3.2.9 For s,t € P, we define

N(s,t) = inf Qi) (s)Preu)(t).
uePn

Lemma 3.2.10 Lets,t € Pn. IfR C P} is such that

. Pren)(t)
Qx(s)(t) = inf ———
) rER Pc(r)(s)’

then

N(s,t) = inf @ic(r) (1) Pre(r) ().
TER

Proor We have

n(s,t) = uiené Qic(w) (V) Preu)(s)

- lnf D u—
uePn,reR Qic(1) (u)

= inf @ t) inf ————
TER (p’C(T)( )uGPn () r)(u

= Tuel]g Pre(r)(t) by Lemma 3.2.8

=inf @ t .
TlgR (pIC(r)( )(Plcm(s)

We are now ready to prove the first main result of this chapter.
Proposition 3.2.11 Letr,s,t € Py. Then

Prc(n)(r)

(s, 1) K(s) C K(r).
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Proor It suffices to show that

Pre)(r) 1
n(s,t) P (s)

~

However, n(s,t) < @x(r)(s)Px(r)(t) from the definition of  and Lemma 3.2.8. n

Theorem 3.2.12 Let t € Py, and lety € Roo. Let f be a nonzero weight k cusp form and
suppose that inf(t, v(f)) < yk. Then for all s € Pn we have

K(s) C =v(f).

&=

n(s,t)
Proor Let r be an element of supp(f) such that (t,r) = inf(t,v(f)). By our hypothesis

and the previous proposition we get

Yk <t) T‘>
n(s,t)lqs) < n(s,t)lqs) <

K(s) € K(r) € v(f). ]

Our next goal is to improve on Theorem 3.2.12 in two ways. First, we would like to
estimate Cex using a kernel that is not necessarily principally generated, and second, we
would like to make the computation of 1 more manageable. To that end, we introduce the
noble forms. We will be using the fact that the perfect forms up to degree n = 5 are noble
in order get an estimate for the extreme core.

Let t € P,,. We define Autz(t) to be the t-stabilizer subgroup of Gz, i.e.

Autz(t) :={g € GLn(Z) | t[g] = t}.
Autyz(t) can be infinite, but for invertible forms it is always finite. In addition,
Autz(t ') ={g" | g € Autz(1)}.

The group Autz(s) depends only on the R-dilation class of s, i.e. Autz(s) = Autz(As) for
allA € R.

Definition 3.2.13 (Noble Forms) An element s € P\ {0} is called noble if for all t € P,,,
Autz(s) C Autz(t) implies t = As for some A € R.

We can think of the noble forms as matrices with maximal stabilizer subgroups.

The noble forms have been classified forn < 11 by Wilhelm Plesken and Michael Pohst
([PP77], [PP80]), and Bernd Souvignier ([Soug4]). The perfect forms are noble for degree
up ton = 5, but when n = 6, Ag,; and Ag > are perfect forms that are not noble (see
[Maro3] for a definition of these forms).
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Let S, T C P. We extend the definitions of K and 7 in the obvious fashion, letting

K(S) := (R>1 Uses K(s)),

and

n(s,T) = seér,‘tfg”(s’t)'

Combining these definitions with the properties of noble forms leads to the following

results.

Theorem 3.2.14 Let f be a nonzero cusp form of weight k and ler S, T C Py, be such that
n(S,T) > 0. Lery € Rog satisfy inf(S,v(f)) < vk. Then we have

K(T) € —v(f).

==

n(s,T)

Proor See [PYos, Theorem 4.9].

To use the preceeding theorem, we need to be able to compute n(S, T).

Proposition 3.2.15 Lez S, T be sets of noble forms in P;,. Then

n2

$,T)= inf ————.
n( ’ ) SGISr,l‘tET (P)C(s*)(t*)

Proor See [PYos, Proposition 4.10].

We use Theorem 3.2.14 to find two kernels that are guaranteed to be contained in the

extreme core for n = 2,3,4,5. For the first case, we will take S =T = S,,, the set of perfect

n

237’

classes, and in the second S = S, and T = {I,,}. By Theorem 2.3.6, we can take y =
since inf(Sp, v(f)) = infw(v(f)).

’ n ‘ K estimate ‘ K(I,,) estimate
2 wzgﬂic (3A2) ﬁlﬂlz)
3 s (3As) T k(1)
4 55K (3D4, 3A4) K (L)

5 ﬁK(%D&%A;,%As) s K(15)

Table 3.1: Table of inner containments for Cey from [PYos] using the form names from
[Maro3].
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3.3 The Degree Two Extreme Core

We can further strengthen our results when n = 2 by using Legendre-reduction and the
small dimension of P,. In particular, the following two propositions are useful for calcu-

lations in degree n = 2.

Proposition 3.3.1 For allt € P; \{0} and s € P, we have

o= inf Lewl (m(t) w(t) ﬁ(t))
o ueflzAzerel} Prciu (8) s)” w(s) tr(s)
and
n(s,t) = inf (PK(u)(S)@IC(u)(t) = min (w(t)m(s), m(t)w(s)).

ue{lz,Az,e1e]}

Proor We have

Or(s)(t) = inf M_ inf inf(u[Gz], t)

= n —_— .
wePI\0) Pre(w)(s)  ueP;\(o} inf(u[Gz], s)

Note that since we are taking infimums over equivalence classes of u in the numerator and

denominator, it suffices to take the outer infimum over just representatives of each class, say
0<2B << Y}-

In addition, note that since the trace is a linear function and since we are taking the trace

from the cone of Legendre-reduced forms given by R, = { (g B) €P;
Y

of multiples of u in both the numerator and denominator, we may freely rescale u and
therefore can also restrict the infimum to just u € 0K,,.
Thus we have

. infulGgy
Px(s)(t) = uGRlznﬁfaKw inf(u[Gz],s)’

which we can rewrite as

inf(u, t[Gz])

t) = — 4
Prc(s) (1) ueﬂlzl}wa/cw inf(u, s[Gz])

since the trace is cyclic.

Let Ry = { ( Y _6> € P;
_B o

forallx € Ry, y € Ry and g € Gz by checking the inequality for the generators (as cones)

0<2p<a< y}. We can verify that (x,y) < (x,ylgl)

of Ry and Ry, {€22, Az, Iz} and {eq1, A3, I,) respectively. We therefore know that the inner

infimums are attained since s and t have unique representatives in R, (we know they have

0 -1
unique Legendre-reduced forms and we have the matrix Lo ) whose action gives us
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a bijection between R, and R5). Thus there exist s',t' e R such that

(w,t')
UER,NIK (U, 87)

PKs (t) =

!
Since gﬁ;,; is a linear fractional transformation in the entries of u, it is quasilinear and
therefore it attains its infimum on any line segment on the endpoints. This in turn implies
that it attains its infimum on the vertices of the triangle R, UdK,,, {€22, TA2, 315 }. Hence

, (u, t')

t) = f
Prcis) (1 WERI MK (u,s’)
(

= inf

o (m(t) wt) tr
:m1n< ) &

s’)’w

(
m( tr(

= min (m(t) wi(t) tf(t)>
m(s)’ w(s)’ tr(s)

s)’w

with the last equality following from the fact that m, w and tr are class functions.
However, by Lemma 3.2.10, this implies that we can calculate n(s, t) by also restricting

the infimum to the endpoints:

~ . ~

T](S)t) = 6{ lnlfA . }(pIC(u)(S)(p)C(u) (t) = min (w(s)m(t),m(s)w(t),tr(t)(p;g(lz)(s)) )

so it remains only to show that we can omit tr(t) @ (1,)(s). Notice that

it (5) = min (S e) ) =min (mis), gw(s), 55

m(L)’ w(lz) tr(l,)

and that by the formulas for w, m and tr of a Legendre-reduced form, it is easy to check
that tr(t)m(s) > m(s)w(t), tr(t)Iw(s) > w(s)m(t) and tr(t) Jtr(s) > w(s)m(t). =

Proposition 3.3.2 Foralls,t € P2 \{0}, there exists aw € Pj such that K(s)NK(t) = K(u).
Proor Let

g7 = max(m(s), m(t))
Uy = max(tr(s), tr(t)) — ups

Ui2 = U1 + U2 — max(w(s), w(t)).

Note that u is Legendre-reduced. Given av € P35, v € K(u) if and only if @) (v) >
1 which, by Proposition 3.3.1, is true if and only if m(v) > m(u), tr(v) > tr(u) and
w(v) > w(u). However, since m(u) = max(m(s), m(t)), tr(u) = max(tr(s), tr(t)) and

w(u) = max(w(s),w(t)), this is true if and only if v € K(s) and v € £(t). =
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Finally, we cite the main result from [PYos] about the extreme core of degree 2 Siegel
cusp forms.
Theorem 3.3.3 Letn = 2. Then

1 (1 13 1 (1 17/36
K[m(m 1>1QCC’“QK10<17/36 1)]

Proor See [PYog, Section §]. n

In the following chapter we will present a method for finding the optimal outer contain-
ment for Cey given by weight k cusp forms and will show that the preceding outer contain-

ment is optimal for forms of even weight up to 44.






Computing the Extreme Core in Degree Two

4.1 Finding the Semihull of a Cusp Form

We present an algorithm to compute the semihull of a degree 2 cusp form f with a truncated
Fourier expansion F by finding a minimal set S such that v(F) = K(S).

While our Fourier expansion is accurate only up to some dyadic trace, most forms of
larger dyadic trace will be inside the kernels cut out by the forms of smaller height (q.v.
Proposition 3.3.1) and so we would still expect to capture most of the forms in the semihull
of f. Unfortunately, this need not be all of them. We will later show that there exists a
class of forms whose presence in the semihull of a given cusp form can not be determined
from just looking at a finite Fourier expansion. Therefore, it is important to note that this
method is merely a heuristic—while we can guarantee that the kernel computed by our
algorithm is contained in the semihull of f, we can not prove we have captured all forms
of large dyadic trace in v(f). The algorithm is as follows:

1. Initialize an empty array S. For every term in F, find its corresponding index matrix
and Legendre-reduce it. Add the matrix to S, avoiding duplicates.

2. The goal is to remove redundancies from S, i.e., to remove all forms that are in the
kernel generated by some other form in S. Sort S in ascending order with the dyadic
trace as the first key, the reduced trace as the second key, and the minimum func-
tion as the third key. At this point, by Proposition 3.3.1 it follows that no form is
contained in the kernel of a form in S with a larger index.

3. For all 1,j such that j > i check whether S[j] is in the kernel generated by S[i] by
using Proposition 3.3.1. If S[j] € K(S[i]), then remove S[j] from S. While the worst
case running time for this procedure is quadratic in the size of S, in most cases all but

a few of the entries of S will be removed after checking for S[j] contained in S[1].

4. K(S) now equals v(F).

The function get_support in support . sage implements this algorithm. In igusa.sage
we use this function to compute the support of eleven of Igusa’s generators for the ring of
degree two modular forms with integer coefficients. We are interested in these cusp forms
because it is their semihull that is used in [PYo5] to obtain an outer bound for the extreme
core (Cexe € (1/10)v(X10) N (1/36)v(X36)) and so it is natural to ask whether these cusp

forms give the optimal containment of Cey for a given weight. We will later see they do

not.
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KR v(f) I v(f) \
S (P I R S (O

S () )

S I (79 I I (A

S R S )
SRR R AN R (A ]

o | )G 3

Table 4.1: The semihulls of Igusa’s even weight cusp form generators over Z. The shaded

entry is outside the accuracy range of our Fourier series and therefore might be incorrect.

Since we are using finite Fourier expansions, our results for the semihull of f are accurate
only up to a certain height. Running the algorithm will capture most of the forms in v(f),
but we can not guarantee that /C(S) contains all of v(f). In particular, note that given a

prospective semihull (s), with s Legendre-reduced and s17 > 1,
t=s—ej1 +cey force€Z.q

is a form with arbitrarily large dyadic trace, but with t ¢ K(s), and therefore we can not
determine whether t € v(f) without having a Fourier expansion of f that goes up to the
dyadic trace of t. In practice, however, these pathological forms with large dyadic trace and

small minimums do not seem to appear in the support of cusp forms.

There exists a class of cusp forms whose semihull is easy to compute exactly by hand.

Recall that A; = (]}2 1{2

t € K($A3) for all positive definite semi-integral t. To see this, note that for any positive

). We want to argue that £ (%Az) is maximal in the sense that
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definite semi-integral t, Proposition 3.3.1 gives

(t) = min m(t) w(t) tr(t)
m(3A2)  w(3A,) ©(3A2)

= min (m(t), 2w(t), tr

—
-+

—

—

> 1.

Therefore, if lAz € supp(f) for some cusp form f, then v(f) = (% »2), since all other
positive definite semi-integral forms will already be contained in K($A;). Because JA; €

supp(x10) and A5 € supp(x12),
v(xi0) =K(3A2) and  v(x12) = K(3A).
Combining this result with the valuation property of v gives us that for any m,n € Z-,,

V(XToxT3) = nv(xi0) + mv(xi2) = (n+m)K(FA2).

4.2 Computing the Weight k Extreme Core

Definition 4.2.1 The weight k extreme core, Ck | is the intersection of the semihulls of all

ext?

nonzero cusp forms of weight k, i.e.

Che=[] (.

feSE\{0}

Note that we can then write

Cext = ﬂ Cl_;t )

kEZ>O
ck 4o

ext

so that ka

¢ is the optimal outer bound given by weight k cusp forms for Cey.

Definition 4.2.2 Let s € P;. We say t € P; is a generator of s if s € K(t). Whether
t generates s is a class property and therefore it makes sense to define Gg, the set of all

equivalence classes of positive definite semi-integral generators of s.

The reason we are particularly interested in the positive definite semi-integral generators
of a form s is because these are precisely the ones that appear in the support of cusp forms.
Clearly, if v(f) is principally generated (i.e. if v(f) = K(s) for some s € X,) a(g;f) =0
forall g € G if and only if s & v(f). When v(f) is not principal, the situation becomes
more complicated. Suppose v(f) = K(S) for some set S and let t € P5. If there exists some
s € Gy such that a(s;f) # 0, then it follows that t € K(s) and therefore t € K(S), but the
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converse is not true—an element can be in £(S) without being in the kernels of any of the
s € S (i.e. by being in the convex closure of the individual kernels).

Taking the Legendre-reduced forms as representatives of the classes in G5, and assuming
that s is Legendre-reduced as well, from Proposition 3.3.1 we get that t € G, if and only
if:

0< 2t <ty71 <t t is Legendre-reduced)

(

(m(s)/m(t) > 1)
tir+t2 <sip 452 (tr(s)/tr(t) > 1)

(w(s)/w(t) >1).

ti1 <s1iq

tir+t2 —ti2 <s11+s22 =512

There exists only finitely many solutions such that t1,t22 € Zand t, € %Z, and therefore
Gy is finite.
k.

We give an overview of the algorithm used to compute CX:

1. Generate a basis B = {f, f2,..., fn} for S5 using Igusa’s generators.

2. Compute C = ¢, v(f) using the previous algorithm. We let C be our candidate
for Ck

- Note that we can write C as K(S) where S is a set of positive definite forms

which we may take to be Legendre-reduced.

3. Forevery s € S we want to show that either s € v(f) for every f € S5\{0} or otherwise
replace it with a form that generates a smaller kernel. Compute Gs = {g1,92,...,9m}
the Legendre-reduced set of positive definite semi-integral generators of s, and con-

sider the m x . matrix:

a(gr; 1) algn;f2) ... algr;fn)

a(gz; 1) algz;f2) ... algz;fn)
M = i ) . i

a(gm;f1)  algm;f2) ... algm;fn)

Note that if rank(M) > m there is no nontrivial linear combination of the basis
elements such that all of the generators of s have coefficient 0 and therefore s has to
be an element of CX,. Otherwise, let b be a nonzero element of the null space of M
and note that then s & v (3_I' ; bif;). Replace C with Cnv (3", bifi), verifying
that this reduced! C, and repeat Step 3.

k
ext*

4. CisnowC

The final claim is conditional on the accuracy of our algorithm for computing the semihull

of a cusp form. If we can not guarantee that we are capturing all of the forms in the

k

semihull, we can only prove that C has to be contained in C¥,.

'If C is still the same, we need a more sophisticated algorithm that can account for forms that are in the
convex closure, but not in the individual kernels of the generators of v (3 I* ; bif;).
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For an implementation of this algorithm see extreme_core.sage and the cut_kernel
function in support.sage in the appendix. In extreme_core.sage we use the algorithm
to find CX, for even k between 14 and 44:

ext

K3 Ci | x| Chi | x| Chi |

ol x ( 1 1/2)] 0 ( 1 1/2)] » ( 1 1/2)]
12 1 12 1 12 1

6| K (‘ °) 8| (‘ 0)] 0| (2 ‘)]
o 1/] 0 1 12

2| kK (2 1) 24| K ( 2 1/2> 2% | K < 2 1/Z>
1 2] 2 2 )] 2 2 )]

28| K (2 0) 30 | K < 3 3/2> 2K < 3 3/2>
o 2] \32 3] \32 3]

| K (3 1 36| K ( 3 1/2> 38| K < 3 1/2>
13/ 12 3] AZEENA

of €G3 o) <G Y] GRS
\2 4] 2 4 3/2 4

Table 4.2: The weight k extreme core for even weight up to 44. The shaded entry is outside

the accuracy range of our Fourier series and therefore might be incorrect.

Note that although we were able to find several new cusp forms with very small semi-
hulls (in particular, semihulls smaller than the ones for Igusa’s generators over Z), we failed
1 17/36
17/36 1
this bound is optimal for cusp forms of even weight between 10 and 44.

to improve on the 11—0 outer bound for Cex given in [PYos], showing that






Code

A.1  support.sage

R.<x,y,z> = QQ[] # The Fourier expansions in polys.sage are polynomials in
# the variables x,y,z.

from copy import copy

# XXX: Most of the functions make assumptions about the format of their
# input, but perform no validation. Check the documentation for the function

# before using.

def legendre_reduce(m):
7»” | egendre-reduces a given positive definite 2x2 form. See PSY
for a discussion of this algorithm.

REIEH

_step_one(m)

def _step_one(m):
if (m[0,0] > m[1,1]):
m[@,0], m[0,1], m[1,0], m[1,1] = m[1,1], -m[0,1], -m[1,0], m[0,0]
_step_two(m)

def _step_two(m):
if (2*abs(m[1,0]) > m[0,0]):
1 = floor(-m[1,0]/m[0,0] + 1/2)

m[0,1] = m[0,1] + 1xm[0,0]
m[1,0] = m[1,0] + 1*m[0,0]
mC1,1] = m[1,1] + 2x1xm[1,0] + 1%%*2xm[0Q,0]

if (m[0,0] > m[1,11):
_step_one(m)

_step_three(m)
def _step_three(m):

if (m[0,1] < @):
m[(@,0], m[0,1], m[1,0], m[1,1] = m[0,0], -m[0@,1], -m[1,0], m[1,1]
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def

def

def

def

def

def

APPENDIX A.

is_legendre(m):
77 Given a 2x2 form, checks if it is in Legendre-reduced form. 7””
if (0 <= 2*m[1,0] <= m[0,0] <= m[1,1]):

return True

return False

reduced_trace(m):
””” Returns the reduced trace of a 2x2 form
in Legendre-reduced form.

REIED

return (m[0,0] + m[1,1])

minimum_function(m):
7?77 Returns the minimum function of a 2x2 form
in Legendre-reduced form.

REIED

return m[0,0]

dyadic_trace(m):
”7”” Returns the dyadic trace of a 2x2 form
in Legendre-reduced form.

” 9

return (m[@0,0] + m[1,1] - abs(m[1,0]))

phi_s(s,t):

?7?” Given two 2x2 Legendre-reduced forms s and t, returns the height
function at t associated with the kernel generated by s.

al = minimum_function(t) / minimum_function(s)

a2 = dyadic_trace(t) / dyadic_trace(s)
a3 = reduced_trace(t) / reduced_trace(s)

return min(al, a2, a3)

is_in_kernel(s,t):

»7” Given two 2x2 Legendre-reduced forms s and t, checks whether t is
inside the kernel generated by s.

if (phi_s(s,t) >= 1):
return True

return False

CODE
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def monomial_to_matrix(f):

Given a monomial from a Fourier expansion in the format used in

polys.sage, it returns the associated form.

REIEE

m11 f.degree(y)/8

m22 = f.degree(z)/8

m21 = f.degree(x)/8 - m11 - m22

m = matrix ([Cm11, m21], [m21, m221])

return m

def get_coefficient(m, f):
”»” Given a Fourier expansion f in the format used in polys.sage
and a form m, it returns the coefficient of m in f.

299

i = 8%x(m[0,0] + m[0,1] + m[1,1])

j = 8*m[0,0]
k = 8*xm[1,1]
mon = X*x*xi * y*xj *x zxxk

return f.monomial_coefficient (mon)

def matrix_to_tuple(m):

77” Given a 2x2 form m, it returns a triple containing the entries of m.
Useful when we need immutables in order to use matrices as
dictionary keys.

REIEH

return (m[0,0], m[0,1], m[1,1])

def get_support(f):
”»”” Given a Fourier expansion f, it returns all Legendre-reduced

matrices (without duplicates) which have nonzero coefficients

in the expansion.

classes = {} # Deduping dict.

support = []

monomials = f.monomials ()

for mon in monomials:
m = monomial_to_matrix(mon)
legendre_reduce (m)
t = matrix_to_tuple(m)
if t not in classes: # Make sure m is not a dupe.
classes[t] = 0
support.append(m)
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def

def

def
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return support

dink_em_out(s):

?7?»” Given a list of 2x2 Legendre-reduced matrices, it removes all
matrices which are in the kernel of another matrix in the
list, i.e. it reduces a list to the generators of the original
list.

s.sort(key=lambda x: (dyadic_trace(x), reduced_trace(x),

minimum_function(x)))

i=0
while (i < len(s)):
jo=1i+1

while (j < len(s)):
if (is_in_kernel(s[i], s[jl)):
del s[j]
else:
joe=

i +=1

intersect_kernels(s, t):

77 Given two 2x2 Legendre-reduced positive definite matrices, it
returns the matrix (Legendre-reduced) whose kernel is the
intersection of the kernels of the two original matrices.

m = matrix(QQ, [[e, o], [0, @11)

m[@,0] = max(minimum_function(s), minimum_function(t))

m[1,1] = max(reduced_trace(s), reduced_trace(t)) - m[0,0]

m[@,1] = m[0,0] + m[1,1] - max(dyadic_trace(s), dyadic_trace(t))

m[1,0] = m[0,1]

return m

intersect_kernel_list(s, t):

” 9

Same as intersect_kernels, only doesn’t assume that the kernels

are principally-generated. Works with lists of matrices instead.

REIED

result = []
for m in s:
for n in t:

result.append(intersect_kernels(m, n))

dink_em_out (result)
return result

CODE
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preds(t):

”7?” Given a 2x2 Legendre-reduced matrix s, it returns a list of all
positive definite Legendre-reduced semi-integral matrices k such
that s is in the kernel of k.

299

result = []

s11 =1
while (s11 <= t[0,0]):
s22 = sl1

while (s22 <= t[0,0] + t[1,1] - s11) and (s22 >= s11):
s12 = s11/2
while (s12 >= s11 + s22 + t[0,1] - t[0,0] - t[1,1]1) and (s12 >= 0):
s = matrix([[s11, s12], [s12, s22]101)
result.append(s)
s12 -= 1/2
s22 += 1
s11 += 1

return result

cut_kernel (basis, ms):
old = copy(ms)
cuts = cut_kernel_h(basis, ms)

while (old != cuts):
old = copy(cuts)
cuts = cut_kernel_h(basis, cuts)

print(’Got_containment:_")
print(str(cuts))

cut_kernel_h(basis, ms):
intersected_kernel = ms

for m in ms:
print(”Trying_to_beat:\n” + str(m))
prevs = preds(m)
t = matrix(QQ, len(prevs), len(basis))

for i, tuple in enumerate(basis.keys()):
for j, prev in enumerate(prevs):

t[j,i] = get_coefficient(prev, basis[tuple])

if (t.right_nullity() !'= 0):
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print(’Found_.a_nontrivial_solution.’)

solv = t.right_kernel().matrix()[0]
else:

print(”Cannot_improve_estimate.”)

continue

f =20
for i, a in enumerate(solv):

p = basis[basis.keys()[il]
f += axp

s = get_support(f)
dink_em_out(s)

intersected_kernel = intersect_kernel_list(s, intersected_kernel)
if (intersected_kernel == ms):
print(”We_failed_to_improve_on_the_estimate_---_looks_like_s_”

”was._in_the_convex._.closure,_but_not_in_the_individual.”
”kernels. _Need_a_better_cut_kernel_function_to_proceed.”)
raise NotImplementedError # This is VERY unlikely to happen.

return intersected_kernel
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A.2  igusa.sage

R.<x,y,z> = QQ[]

# Include functions for working with the semihulls of Siegel modular forms.
load support.sage

# Load Fourier series of Igusa’s 4 generators over C up to dyadic trace 14
# courtesy of Cris Poor and David S. Yuen.

load polys.sage

# Relabel the expansions from polys.sage.

X4 = e
X6 = e6
X10 = xt
X12 = jt

# Compute Igusa’s generators over Z.

Y12 = 2%x%(-6) * 3%x(-3) * (X4*xX4*X4 - X6%X6) + 2%xx(4) * 3*%(2) * X12
X16 = 2xx(-2) % 3xx(-1) *x (X4%X12 - X6%xX10)

X18 = 2%%x(-2) * 3%x%x(-1) % (X6%xX12 - X4%X4%xX10)
X24 = 2*%x(=3) x 3x*%x(-1) * (X12%X12 - X4xX10%*X10)
X28 = 2xx(-1) % 3xx(-1) * (X4%X24 - X10%X18)

X30 = 2*x(-1) x 3x*(-1) * (X6*xX24 - X4*X10xX16)
X36 = 2*x(-1) x 3x*(-2) * (X12%X24 - X10*xX10*X16)
X40 = 2*xx(-2) * (X4%X36 - X10%X30)

X42 = 2x%(-2) * 3*%x(-1) * (X12*X30 - X4*X10xX28)
X48 = 2#%x(-2) * (X12%X36 - X24%X24)

X = [X4, X6, X10, X12, Y12, X16, X18, X24, X28, X30, X36, X40, X42, X48]
X_string = [’X4’, ’X6°, ’X10’, *X12’, ’Y12’, ’X16’, 'X18’, ’X24’, ’X287,
"X30°, X367, 'X40', 'X42’, 'X48']

for i, f in enumerate(X):
print(X_string[il)
s = get_support(f)
dink_em_out(s) # Find the generators for the support of f.
print(s, ’\n’)
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A.3 extreme_core.sage

# Include functions for working with the semihulls of Siegel modular forms.
load support.sage

# Load Fourier series of Igusa’s 4 generators over C up to dyadic trace 14
# courtesy of Cris Poor and David S. Yuen.

load polys.sage

def get_tuples(n):
”7?” Returns a list containing all tuples (i,j,k,1l) such that
X12%1 * X10*j x X8*k * X4*1 is a weight n cusp form.
tuples_list = []
i=20
while (12*i <= n):
j =0 if i > @ else 1 # cusp forms are multiples of X100 or X12.

k=1=029
while (12xi + 10%j <= n):
k =1=29

while (12xi + 10%j + 6xk <= n):
if ((n - (12%i + 10xj + 6*%xk)) % 4 == 0):
1 = (n - (12%1i + 10*xj + 6%k)) // 4
tuples_list.append((i,j,k,1))
k += 1
jo4=

i +=1

return(tuples_list)

# Relabel the Fourier series for Igusa’s 4 generators over C from polys.sage
X4 = e4

X6 = e6
X10 = xt
X12 = jt

# We use memoization to speed the computation of a basis of cusp forms up to
# some weight. XXX: This is RAM intensive. Doing the computation up to

# weight 50 will require at least 8GB RAM.

minus_two_basis = {(1,0,0,0) : X123}

minus_four_basis = {(0,1,0,0) : X103}

minus_six_basis = {}
minus_eight_basis = {}
minus_ten_basis = {}

minus_twelve_basis = {}
current_basis = {}
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def swap_levels():

777 Adjusts the memo as we are going from weight n to weight n+2. ”””
global minus_two_basis, minus_four_basis, minus_six_basis
global minus_eight_basis, minus_ten_basis, minus_twelve_basis

global current_basis

minus_twelve_basis = minus_ten_basis
minus_ten_basis = minus_eight_basis
minus_eight_basis = minus_six_basis
minus_six_basis = minus_four_basis
minus_four_basis = minus_two_basis
minus_two_basis = current_basis
current_basis = {}

for n in range (14, 45, 2):
tuples = get_tuples(n)
# The kernel of this matrix contains everything.
intersection = [matrix (L[1, 1/2]1, [1/2, 111)1]
count = @

for (i,j,k,1l) in tuples:
# Find the memoized predecessor from which it is easiest
# to compute X(i,j,k,1)
if (1 > 0):
p minus_four_basis[(i, j, k, 1-1)]
p *= X4 # XXX: we are reassigning p to p*X4, not multiplying

# p by X4. the basis is not modified.
elif (k > 0):

minus_six_basis[(i, j, k-1, 1)]
*= X6
elif (j > 0):
p = minus_ten_basis[(i, j-1, k, 1)]
p *= X10
else:

p
p

p = minus_twelve_basis[(i-1, j, k, 1)]
p *= X12

current_basis[(i,j,k,1)] = p

s = get_support(p)

dink_em_out(s)

intersection = intersect_kernel_list(intersection, s)

count += 1

print(’Computed_a_basis_of_{}_weight_{}_cusp_forms.’.format(count, n))
print(’The_intersection_of_their_semihulls_is:\n’ + str(intersection))
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# Try to improve on the intersection as an estimate for
# the weigth k extreme core.

cut_kernel (current_basis, intersection)

print(’\n’)

swap_levels() # Prepare the memo for the next weight.

APPENDIX A. CODE



Bibliography

[Fre83]

[Igu62]

(Igu79]

[Maro3]

(PP77]

[PP8o]

[PSY]

[PYoo]

[PYos]

[Ser73]

[Soug4]

[vdGo7]

Eberhard Freitag, Siegelsche Modulfunktionen, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 254,
Springer-Verlag, Berlin, 1983.

Jun-ichi Igusa, On Siegel modular forms of genus two, Amer. J. Math. 84 (1962),
175—200.

, On the ring of modular forms of degree two over Z, Amer. ]. Math. 101
(1979), no. 1, 149—183.

Jacques Martinet, Perfect lattices in Euclidean spaces, Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol.
327, Springer-Verlag, Berlin, 2003.

Wilhelm Plesken and Michael Pohst, On maximal finite irreducible subgroups of
GL(n,Z). I II., Math. Comp. 31 (1977), no. 138, 536—573.

» On maximal finite irreducible subgroups of GL(n, Z). III. IV. V, Math.
Comp. 34 (1980), no. 149, 245—301.

Cris Poor, Jerry Shurman, and David S. Yuen, Computing Siegel modular forms,
Manuscript in preparation.

Cris Poor and David S. Yuen, Linear dependence among Siegel modular forms,
Math. Ann. 318 (2000), no. 2, 205—234.

, The extreme core, Abh. Math. Sem. Univ. Hamburg 75 (2005), no. 1,

5175

Jean-Pierre Serre, A course in arithmetic, Springer-Verlag, New York, 1973, Trans-
lated from the French, Graduate Texts in Mathematics, No. 7.

Bernd Souvignier, Irreducible finite integral matrix groups of degree 8 and 10, Math.
Comp. 63 (1994), no. 207, 335-350.

Gerard van der Geer, Siegel modular forms, arXiv:math/0605346v2 [math.AG].



