COVERS OF ELLIPTIC CURVES AND THE MODULI SPACE OF STABLE
CURVES

DAWEI CHEN

ABSTRACT. Consider genus g curves that admit degree d covers of an elliptic curve. Varying a branch
point, we get a one-parameter family W of simply branched covers. Varying the target elliptic curve,
we get another one-parameter family Y of covers that have a unique branch point. We investigate the
geometry of W and Y by using admissible covers to study their slopes, genera and components. The
results can be applied to study slopes of effective divisors on the moduli space of stable genus g curves.
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1. INTRODUCTION AND MAIN RESULTS

Our motivation is to study the moduli space of stable genus g curves M, by using one-parameter
families of covers of elliptic curves.

Recall that Pic(M,)®Q is generated by the Hodge class A and the boundary classes d;, 1 = 0,1,. .., [{].
Let 0 denote the total boundary. It is natural to ask what linear combinations of A and § are effective.

To do this, people have associated a number called slope to a divisor class as follows.

Definition 1.1. Let D = a\ — ZEQZ/OQ] b;0; denote a divisor class on Mg, a,b; > 0. The slope of D is
given by s(D) = T

The study of slopes of effective divisors on M, is interesting in a number of reasons. One of the most
important facts is that the existence of an effective divisor with slope smaller than % would imply that
M, is of general type. Harris, Mumford and Eisenbud constructed certain Brill-Noether divisors with
small slopes. They showed that M, is of general type when g is greater than 23, cf. [HMu], [H] and [EH].
More recently, Farkas, Popa and Khosla found a series of effective divisors with slopes even lower than

the Brill-Noether bound 6 + %, cf. [FP], [Kh], [F1], [F2] and [F3]. In particular, Farkas showed that

M, is of general type for g = 22 and 23. Surprisingly, all the known effective divisors on M, have slope
1
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bigger than 6, which makes one guess that there could be a positive lower bound, independent of g, for
slopes of effective divisors. Let s, denote the infimum of the slope for all effective divisors on M,. The
exact value of s, has been studied for small g, cf. [HM1], [CR], [T] and [FP]. However, s, is unknown
for large g. In [HM1], Harris and Morrison obtained an asymptotic lower bound for s,. Their method is
to construct moving curves on Hg and compute their slopes.

Definition 1.2. Let B denote an irreducible one-dimensional family of stable genus g curves. There is

a natural morphism f : B — M,. The slope of B is defined as s(B) = %. B is moving iff the

deformation of its image under f covers an open dense subset of M,,.

Since an effective divisor D cannot contain all the deformation of B, the intersection number D. f, B is
positive, which implies s(D) > s(B). Harris and Morrison considered simply branched genus g covers of
P! with large degree. When the branch points vary along a one-dimensional base, those covering curves
form a moving curve in ﬂg. The calculation of its slope boils down to a rather complicated enumerative
problem. The bound they obtained in general is not sharp and approaches zero when g goes to infinity.
One way to generalize their idea is to consider one-parameter families of curves in higher dimensional
projective spaces. In [CHS], Coskun, Harris and Starr studied canonical curves and obtained sharp bound
s4 for genus up to 6. In [F], Fedorchuk considered one-parameter families of plane curves in the Severi
variety and got a recursive formula for their slopes. The formula provides some new lower bounds for
sq when g < 21. But the asymptotic estimate of these bounds is unclear. Recently, Pandharipande
computed certain intersection numbers of cotangent line bundles with A and § on the moduli space of
curves with marked points. A lower bound s; > % was established in [P]. Note that this bound tends
to zero for large g.

The slope of a one-parameter family of stable genus g curves is also interesting for its own sake. It can
imply special geometric properties of this family, for instance, cf. [CH] and [S] for the related results on
families of hyperelliptic and trigonal curves.

In this paper, we study covers of elliptic curves. Let ﬁdg denote the Hurwitz space parameterizing
degree d genus g admissible covers of elliptic curves. A general point of Hg 4 corresponds to a degree d
connected cover of an elliptic curve simply branched at 2g — 2 points. When the branch points meet,
those covers can degenerate to prossess various ramification points in the sense of admissible covers, cf.
[HM2, 3G] for an introduction on admissible covers. Among all the curve classes of Hg 4, we focus on
two of them, the most “general” one-parameter family Wy , and the most “degenerate” one-parameter
family Yy g5

Wa,q is constructed as follows. Fix an elliptic curve E. Take the product § = E x X over a smooth
one-dimensional base X along with 2g—2 sections I'1,...,I'2g—2. A general fiber of S over X is isomorphic
to F with 29 — 2 marked points given by those sections. We require that no three sections meet at a
common point. If two sections meet, they must intersect transversely. Moreover, a fiber can possess at
most one of such intersection points. X admits a map to M112972. We define the one-parameter family
Wa,4 by the following fiber product:

Wd79 > Hd,g

.

X — Mlyzgfg

For Y4 4.0, we consider covers C' — E with a unique branch point p on E. Fix the ramification type
of the covers by a conjugacy class o = (I1)--- (I,) in Sg, i.e. the pre-image of p equals Y./, l;q; on C,
where ¢;’s are distinct. Let ﬁd%g denote the one-dimensional subscheme of ﬁdg parameterizing covers
with a unique branch point and the ramification class o. ﬁd,gﬁg admits a morphism to Mm by mapping
a cover to its target elliptic curve (E,p). Let Z = P! denote a general pencil of plane cubics. Blowing
up a base point, we obtain a section for this elliptic fibration over Z. Hence, there is a morphism from
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Z to ML 1. We define the one-parameter family Yy 4 » by the following fiber product:

Yd-,qu > Hd,g,a'

|

Z4>M111

Intuitively speaking, Wy 4 is formed by varying the branch points along E. Yy 4 » is formed by varying
the j-invariant of E. The union of covers in such families W, , contains an open dense subset of H,4 4. On
the contrary, a cover in Yy 4, arises only if all the branch points of a cover meet. In this sense, we regard
Wa 4 and Yy ¢ -, respectively, as the most “general” and the most “degenerate” one-parameter families of
covers. Note that H,,, admits a natural morphism to M,, which induces maps from Wy, and Yy, , to
M,. We want to study the geometry of Wy, and Yy, », including their slopes, genera and components.
Our strategy is to associate to a cover its monodromy data by using the symmetric group Sy.

Let us first consider Wy 4. Let Ej denote an elliptic curve ' with a base point b on it. Take 2g — 2
general points p1,...,pag—2 on E and a group of generators o, 8,71, ..., Y2g—2 for mi(Ep, D1, ..., D2g—2).
Here «, (8 are a standard basis for 71(Ep) and 4; is a closed loop around p;. After choosing suitable
directions for those paths, we have the relation 37 a=!Ba ~ 41 - ya4_2. See Figure 1.

E
4t
b B
/TR
[EN
3 pi. A
Y2g—2
P2g—2
b >
o

FiGure 1. FE with marked points and paths

A degree d cover of E simply branched at p1, ..., pag—2 corresponds to a homomorphism

7T1(Eb7p17 oo 7p2972) - de

such that the images of all ;’s are simple transpositions. We still use «, 3,71, ...,724—2 to denote their
images in Sy.

Definition 1.3. Define the set Covg 4 as
Covg,g :={(, B,71,...,72g—2) € Sa X -+ X 8¢ | o B = - “Yag—2,
~i's are simple transpositions and {(«, 3,71, ...,Y2g—2) is transitive}.
There is an equivalence relation ~ among elements in Covg 4 defined as follows:
(0, By71y -5 2g—2) ~ (o, 871, - 7’75‘972)

iff there exists 7 € Sy such that 7(a, B,71,...,729-2)7" 1 = (&, 3,7}, . .. s V24—2)- Moreover, let Ng 4 =
|Covg,q/ ~ | denote the cardinality of Covgq 4 modulo the equivalence relation.

The above notation (-) stands for the subgroup of S, generated by the elements inside. The transitivity
condition is to make sure that the covers are connected. The equivalence relation takes care of relabeling
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the d sheets of the cover. An isomorphism between two covers C — E and C' — E means that there

exists a commutative diagram as follows:
¢ cr
E

where ¢ is an isomorphism between C and C’. Two elements in Covg 4 correspond to isomorphic covers iff
they are equivalent. In this setting, Vg 4 equals the number of non-isomorphic degree d genus g connected
covers of E simply branched at pi,...,p2g—2. Hence, Wy, — X is a finite map of degree Ny . It is
necessary to understand which admissible covers appear when two branch points meet. Suppose locally
two sections I'; and I's meet. Since 7; and 79 are simple transpositions both permuting two letters of
{1,...,d}, their length-2 cycles can be the same, or contain only one common letter, or consist of four
different letters. Denote the three cases by v1 = 72, |11 N 72| = 1 and 3 N2 = 0, respectively. Define
the following subsets of Covg 4 based on the relation between ; and 7.

C

Definition 1.4. For 1 < h < [%], define the following subsets of C'ovg g4,

Covag(0) := {(e, B;71, .- -, v29-2) € Covag [ 11 =12,
(e, B,73y - .., Yag—2) acts transitively on {1,...,d}};
Covgg(1,h) :={(a, 3,71, ..., ¥29—2) € Covg,g | 1 = 72,
(o, 8,73, ...,72g—2) acts transitively on a partition (h | d — h)};
Covag(2) == {(, 8,715 -+, 729-2) € Covag | 71 Ny2 = 0}
Covag(3) :={(e, 3,71, ..., 729-2) € Covag | |11 N2 =1}
Moreover, let
Ni,4(0) = |Cov4,4(0)/ ~ |, Nag(1,h) = [Covay(1,h)/ ~ |,
Nig(2) = [Covay(2)/ ~ |, Nag(3) =[Covag(3)/ ~ |
denote the cardinalities of these subsets modulo the equivalence relation. Finally, let Ny 4(1) denote the
sum Y12 N, (1, h).

The notation (h | d — h) in the definition of Covg 4(1,h) represents a partition of {1,...,d} into a
subset of cardinality h and its complement of cardinality d — k. If (o, 3,71, ..., 7v2g—2) acts transitively on
{1,...,d} and if ; = 72 are the same simple transposition, after taking away ~; and 7, the set {1,...,d}
under the remaining permutations can at most break into two orbits corresponding to a partition of type
(h | d — h). Therefore, the subsets Covg,g(0); Covgyg (1,h), 1 < h < [£] together fully cover the
case 71 = 72. Note that the equivalence relation is well-defined for the above subsets. The subsets
Covg,g(0); Covgg(1,h), 1 <h < [4]; Covgy(2); Covay(3) yield a decomposition of Covg,y. Hence, we
have the equality Ng g = Ng,4(0)+ N g(1) + Ng,4(2) + Ny (3). Now we can state one of our main results,
a slope formula for Wy 4.

Theorem 1.5. The slope of Wy 4 is given by

72(Na,4(0) + Ng 4(1))
9(Na,g(0) + Nag(1)) + Nag(3)

Moreover, the slope of an irreducible component of Wy 4 is equal to the slope of Wg q4.

s(Wa,g) =

Note that s(Wq,4) only depends on the ratio of Ny 4(0) + Ng,g(1) and Ng4(3), which is independent
of the base X and the sections.

Corollary 1.6. When g = 2, the equality 5Ng2(3) = 27Ng2(1) — 9Ng42(0) holds.

Corollary 1.7. When g =2 and d is odd, the slope s(Wg.2) converges to 5 as d approaches infinity.
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Corollary 1.8. When d = 2, the slope s(Wa 4) equals 8. Moreover, the stable base locus of an effective
divisor on ﬂg with slope smaller than 8 must contain the locus of genus g curves that admit a double
cover of an elliptic curve.

To figure out the genus and irreducible components for Wy 4, we need to study certain monodromy
actions for the map Wy, — X. Below we analyze a special case when the base X is isomorphic to F,

I'1,...,I'y4—3 are distinct horizontal sections and I'p4_2 is the diagonal of E x E, cf. Figure 2.
ExE
| R
I

E_—  p

FIGURE 2. FE x E with sections

This case makes sense in that a section of £ x X induces a map X — FE, which pulls back the covering
family over ' X F to a family over £ x X. We denote this special one-parameter family over E by
Way,4(E). Intuitively speaking, Wy ,(E) is formed by moving the last branch point pe,_o along E while
fixing the other branch points. The morphism W, 4(E) — E is of degree Ny ,. Fix a base point b € E.
Let n; denote a closed path separating p;,...,p2g—3 from the other marked points on the base curve E.
Then 11, . ..,M24—3, &, B generate w1 (Ey, p1,. .., p2g—3), cf. Figure 3.

E
« D1
L i
e Di—1
G A
' . bi
o P2g—3
=a

FIGURE 3. The path 7, on E

Definition 1.9. Going along a closed path v € m1(Ep,p1, .. .,Pp2g4—3), there is an action permuting the
Na,g sheets of Wy 4(E) over the ending point v(0) = y(1). It can be regarded as an action on Covg,q/ ~.
In this sense, define g;, g and gg as the monodromy actions corresponding to the paths n;, a and g,
respectively.

Theorem 1.10. For a cover in Wy 4(E) over b that corresponds to (¢, 8,71, ..,Y2g—2) € Cov/ ~, the
monodromy action g; acts as follows:

gila) = a, gi(B) =B, gi(v;) =y for j <4,
9i() = Vag-oViV2g—2 fori < j < 2g -3,
9i(y2g—2) = (Vi -~ Yag—2) tv2g—2(7i - - - Y2g—2)-
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The monodromy actions g, and gg act as follows:
gal@) = a, ga(B) = By2g-2, ga(y29—2) = @ 'y29-20v,
9a(V3) = Vag-oViV2g—2 for j <29 —3;
g98(@) = v, 9, 9s(B) =B, gs(v;) =5 for j <29 —3,

98(v2g—2) = (B Y2g—3) " "v2g—2(By1 - - y2g-3).
In particular, two covers are contained in the same component of Wy 4(E) iff their corresponding data in
Covg,q/ ~ belong to the same orbit under the monodromy actions generated by g;, 1 <1i < 29— 3, gq
and gg.

Corollary 1.11. The geometric genus of W 4 is given by
9(Wag) = 1+ Nag(9(X) — 1) + kNay(3),

where g(X) is the genus of the smooth base curve X and k =
intersections between the 2g — 2 sections.

ici Ui Ty ts the number of pairwise

Corollary 1.12. When d = 2, the genus of Wa 4 equals 4g(X) — 3.

Corollary 1.13. When g = 2, X =2 E and the family is formed by moving the last branch point, the
genus of Waa(E) equals 1+ 3 (03(d) — 2doy(d) + o1(d)), where o5(d) = > 1.
Ud, 1>0

Now let us consider Yy 4 ,. Denote by o and 3 a standard basis of 71 (Ej, p). Pick aloopy = 8~ a™!fa
around the branch point p, cf. Figure 4.

E

B /-

b a
FIGURE 4. F with a branch point p

Recall that o = ({1) - - - (L) is a conjugacy class of Sg. A cover in Yy 4, has a unique branch point at
p with the ramification class o. This cover corresponds to a homomorphism 71 (Ep,p) — Sg such that
the image of vy belongs to the conjugacy class 0. Below we will also use another notation 1% ...d% to
denote a conjugacy class that has a; cycles of length-i, where 2?21 ia; = d.

Definition 1.14. Define the set C'ovg g, as
Covg gy :={(a,B) € Sqax Sy | B a"'Ba €0,
(o, B) is a transitive subgroup of Sg}.

Define its subset Cové gl '&'d * as

Covla 4" = {(0,0) € Covago | f €17 .. d"}
based on the conjugacy type of 3. There is an equivalence relation ~ among elements in Covg g ¢
(a, B) ~ (&, )

iff there exists 7 € Sy such that 7(«,8)7~1 = (¢/,3'). Moreover, let Ny, , and N;f;;dad denote,
191..d%d
d,g,0

o 191 ,,.d%
Nd,g,a - E Nd,g,a

191...d%d

respectively, the cardinalities of Covg g,/ ~ and Cov / ~. Define a total sum
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and a weighted sum
a aq a a
Mg g0 = Z (Tl R g)Niig'd d,

191...d%

where the summations range over all conjugacy classes of Sg.

In this setting, Ng 4, equals the number of non-isomorphic degree d genus g connected covers of elliptic
curves with a unique branch point and the ramification class 0. The morphism from Yg 4 » to the pencil
Z of plane cubics is finite of degree Ng 4,. We have a slope formula for Yy 4, as follows.

Theorem 1.15. Let 0 = (I1) - -- (L) denote the ramification class. The slope of Yq 4., is given by
12Mg g0
Ma,g,0 + %(d - 2111 %)Nd,g,U.

$(Ya,g,0) =

The slope s(Yy,4,0) only depends on the ratio of Ny 4, and Mg 4. We apply it to the case g = 2. By
the Riemann-Hurwitz formula, a degree d genus two cover of an elliptic curve with a unique branch point
has the ramification class o equal to 197331 or 197422,

Corollary 1.16. When g = 2 and o is the conjugacy class 197331 or 197422 the slope of Yu 2., is equal
to 10.

Note that 10 is the sharp lower bound sy for the slope of effective divisors on Msy. For g = 3 and
o = 197251 a computer check implies that the slope of Yy 3,14-551 goes to 9 as d approaches infinity. For
the slope of effective divisors on M3, 9 is indeed the sharp lower bound ss.

The study of the genus and components for Yy 4 » also boils down to study certain monodromy actions.

Definition 1.17. Define two monodromy actions hy : (o, 8) — (o, a8) and hg : (o, 3) — (a3, 8) on the
set Covg g6/ ~.

Note that both actions are well-defined with respect to the equivalence relation.

Theorem 1.18. Two covers in Yg 4, are contained in the same component iff their corresponding data
in Covgg,q/ ~ belong to the same orbit under the actions generated by ho and hg.

Corollary 1.19. When g = 2, d is prime and o is the conjugacy class 19733, the geometric genus of
Yy2,14-331 equals

1
1+ 2= 1d-2)15d+23) =6( Y (na)(laaz)).
a1l1l+§%l2:d
1 2

where (m,n) denotes the greatest common divisor of m and n. In particular, asymptotically g(Y') ~ %’d3.

Corollary 1.20. When g = 2, d is prime and o is the conjugacy class 197422, the geometric genus of
Y4 214-192 equals

3
1 2
1+ —(d = 1)(d - 3)(10d 713d714)76( > e
aylytaglataglz=d =1
l1=lo+lz>ly>1l3

0,171
- > =2a)za) - Y (%2)).

ajlytaglg=d 2as+a1=d
11>

In particular, asymptotically g(Y') ~ %d‘l.

Note that a general genus g curve cannot be a cover of an elliptic curve. Hence, the deformation of
Wi, or Yy 4, may not cover an open set of M,. However, for the purpose of bounding slopes, it suffices
to verify that the union of Wy 4 or Yy 4, for all d maps to a Zariski dense subset of M. Then an effective
divisor on ﬂg cannot contain all Wy 4 or Yy 4 ». Indeed, we have such a density result as follows.
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oo _
Theorem 1.21. When g is fized and d varies, the union |JWq 4, maps to a Zariski dense subset of M.
d

o0
When g and the ramification type are fized but d varies, the union |J Yy 4.0 maps to a Zariski dense subset
d

of M iff the number of ramification points is bigger than g — 2, i.e. the number of cycles of length l; > 2
in o is bigger than g — 2.

The paper is organized as follows. In section 2 and 3, we study the geometry of Wy, and Yy 4.+
respectively, including their slopes, genera and components. In section 4, we verify the density result.
In section 5, we discuss related results and open problems. Throughout the paper, we work over C. A
divisor on ﬂg means a Q-Cartier divisor. We always assume that g > 2.

Acknowledgements. Special thanks are due to Joe Harris who always encouraged me and gave me
valuable ideas. I am also benefited from conversations with Sabin Cautis, Noam Elkies, Gavril Farkas,
Andrei Okounkov, Rahul Pandharipande and Mike Roth. I am especially grateful to Thomas Lam for
his help on combinatorial calculations, to Curtis McMullen for discussions on Teichmiiller curves and to
Martin Schmoll for telling me related references. Finally, I want to thank Izzet Coskun, Lawrence Ein,
Tan Morrison, Ravi Vakil and the referee for many suggestions regarding the final version of this paper.

2. GEOMETRY OF Wy,

2.1. Slope. In this part, we will prove Theorem 1.5. Recall that Wy 4 is the space of simply branched ad-
missible covers of an elliptic curve over a one-dimensional base X. X admits 2g —2 sections I', ..., I'gg—2
to ¥ x X. No three sections meet at a common point. If two sections meet, they meet transversely and
a fiber can have at most one such intersection point. Suppose two sections I'y and I's meet at p on a
fiber E over a base point by € X. Blow up £ x X at p. The fiber becomes a nodal union of £ with an
exceptional curve P'. The proper transforms I'y and I's of I'; and I'y meet the exceptional P! at p; and
D2, respectively. Suppose that E meets the other sections at ps,...,pag—2. See Figure 5.

Pl
P1 fl
Y P A
L,

E

x—

FIGURE 5. The blow-up of £ x X at p

A smooth cover in Wy, over a general point b € X can degenerate to an admissible cover of
E UP! when b approaches b;. Decompose Cov, , using the subsets Covg 4(0); Covgg(1,h), 1 < h <
[4]; Cova,g(2); Cova,y(3) in Definition 1.4. The type of the degenerate cover is determined by the subset
that contains (a, 8,71, ...,72g—2). We will follow a similar description in [HM1] to draw the admissible
covers and illustrate their stable limits.

The admissible covers in Figure 6 correspond to the degeneration of covers in C'ovg,4(0). Cp is a smooth
genus g — 1 curve admitting a degree d cover of E simply branched at p3,...,pag—2. There are d — 1
rational curves attached to Cy. The first one meets Cj at two distinct points in the pre-image of p and
admits a double cover of the exceptional P! simply branched at pq, ps. Each of the other d — 2 rational
curves meets Cy at only one point in the pre-image of p and maps to the exceptional P! isomorphically.
The stable limit of this cover is an irreducible one-nodal curve of geometric genus g — 1.
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P2g—2 h1 L
" ps b2 P

FIGURE 6. Degeneration of covers in Covg,4(0)

The admissible covers in Figure 7 correspond to the degeneration of covers in Covg 4(1,h), 1 < h <
[%] Without loss of the generality, assume that («, 5,73, ...,724—2) acts transitively on {1,...,h} and
{h +1,...,d}, respectively. Suppose there are m cycles out of (vs,...,v24—2) that act on {1,...,h}
and 2g — 4 — m cycles that act on {h + 1,...,d}. Then the genera of C; and Cf satisfy 2¢(Cy) — 2 =
m, 29(C}) —2 = 29 — 4 — m, which implies that m must be even. Cy admits a degree h map to E simply
branched at the m intersection points of E and the corresponding m sections. Similarly, C| admits a
degree d — h map to F simply branched at the other 29 — 4 — m intersection points on E. There is a
rational curve connecting C; and C] at two points in the pre-image of p. Moreover, it admits a double
cover of the exceptional P! simply branched at pi,ps. There are h — 1 rational tails attached to C; and
d — h — 1 rational tails attached to C{ at the other points in the pre-image of p. Each rational tail maps
to the exceptional P! isomorphically. The stable limit of this cover is a reducible one-nodal union of C
and C. Note that g(Cy) + g(C}) = g.

/\> ]P)l
C{<A> (d—h—l) ]P)l’S
/‘/}5217\51\‘\
E P2 P!

p3
FIGURE 7. Degeneration of covers in Covg,4(1, h)

The admissible covers in Figure 8 correspond to the degeneration of covers in Covg 4(2). Cs is a smooth
genus g curve that admits a degree d cover of E simply branched at ps, ..., p2g—2 and simply ramified at
two points x, y over p. Attach to Cs a rational curve that admits a double cover of the exceptional P! by
identifying one of the ramification points with . In the same manner, attach another rational curve to
Cs at y. Locally around z,y and p, the covering map is given by (u,v) — (u?,v?). Finally, attach d — 4
rational tails to C5 at the other points in the pre-image of p. Each rational tail admits an isomorphic
map to the exceptional P'. The stable limit of this cover is isomorphic to Cs.
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Pl
Cy
//\> (d—4) PLs

/m
. 2g—2
E SRR Ca

p3
FIGURE 8. Degeneration of covers in Covg,q4(2)

For covers in Covg 4(3), their degeneration corresponds to the admissible covers in Figure 9. Cj is
a smooth genus g curve that admits a degree d cover of E simply branched at ps,...,p2g—2 and triply
ramified at a point « over p. Take a rational triple cover of the exceptional P! that has a triple ramification
point y over p and two other simple ramification points over p1,ps. Attach this rational curve to C3 by
gluing y to x. Locally around z,y and p, the covering map is given by (u,v) — (u3,v3). Finally, attach
d — 3 rational tails to C3 at the other points in the pre-image of p. Each rational tail maps isomorphically
to the exceptional P!. The stable limit of this cover is isomorphic to Cs.

-
/l//\\ (d—3) PLs

p
-2 p1 L
FE D3 P2 P

FIGURE 9. Degeneration of covers in Covg,q4(3)

Cs

Let us first compute the degree of the boundary classes of ﬂg on Wy 4.

Proposition 2.1. In the above setting, let k = ZK]- I';.T'; denote the pairwise intersection numbers
between the 2g—2 sections. The degree of o on Wy 4 equals 2kNg 4(0). The degree of §1+- - '+5[%] on Waq
equals 2kNg 4(1). In particular, the degree of the total boundary 6 on Wa 4 equals 2k(Ng,g(0) 4+ Na,g(1)).

Proof. The degeneration of each cover in Covg,4(0) contributes 2 to Wy 4. do, since the stable limit is only
contained in 6 and the rational curve that admits a double cover of the exceptional P! has self-intersetion
—2. The degeneration of each cover in Covg,g(1,h), 1 < h < [4] contributes 2 to Wy 4. (61 + -+ + Oia1),
since the stable limit is a reducible one-nodal union of two smooth curves and the rational curve that
admits a double cover has self-intersetion —2. For covers in Covg 4(2) and Covg,4(3), their degenerations
are not contained in the boundary of ﬂg, since the stable limits are smooth genus g curves. Since the
2g — 2 sections meet pairwisely at k points, the proposition follows immediately. O

Next, let us verify the degree of A on Wy ,.
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Proposition 2.2. In the above setting, let k = EK]- I';.T'; denote the pairwise intersection numbers
between the 2g — 2 sections. The degree of A on W 4 equals

Nag(0) + Nag(l)  Nay(3)
e

Proof. Let BI(E x X) denote the blow-up of E x X at the k intersection points of I'y,...,T'9g_2. There
are k special fibers of BI(E x X) over X. Each of them is a union of E and an exceptional P!. Let T';
denote the proper transform of I';. Suppose that a section I'; meets the other sections k; times. We have
Z?if k; = 2k. Pull back BI(E x X) via the map Wy , — X to a surface S over Wy ,. We would like to
form a universal admissible cover as follows:

N

such that over a singular fiber of S, a suitable degenerate admissible cover described before can appear
as the corresponding fiber of T. This is not possible without a base change, noticed in [HM1], due to
the fact that ﬁdyg is in general a coarse moduli space rather than fine. In particular, the admissible
cover corresponding to the degeneration of covers in Covg 4(2), cf. Figure 8, has automorphisms coming
from the involution of the two rational curves that admit double covers of the exceptional P!. We need a
degree 2 base change such that around the node p of the singular fiber, the surface S is locally given by
zw = s2. Upstairs there are two nodes = and y simply ramified over p. Their local equations for T look
like uv = s. The covering map is given by z = u%, w = v2. Note that a singularity of type A; arises after
the base change. This also implies why we count 2 for its contribution to the degree of the boundary of
M, restricted to Wy,

An ad hoc analysis for the local information around a degenerate cover was studied in [HM1, Theorem
2.15]. One can follow that method to derive the desired calculation. Nevertheless, here we take a different
approach by passing to a base change of the Hurwitz space, such that a universal family of admissible
covers exists after the base change. This kind of calculation is less cumbersome and can be generalized to
more complicated ramification types, cf. the proof of Theorem 1.15. In particula/rv, the slope as a quotient

S

is invariant under the base change. Hence, let us take a degree n base change W — Wy 4 to realize the

desired universal family of covers as follows:
] ~
\ / °
w

It suffices to show that the degree of A on w equals

Nag(0) + Nag(1) | Nagy(3)
"k(d 4d + d36 )

We use the relation 12)\ = 07 + & for the family T — W. d7 counts the total number of nodes in the

T

singular fibers of T. By enumerating the nodes of the degenerate admissible covers described before, we
have

57 = b (A(Niug(0) + Nag(1) + (d =4+ 5 + 2)Nay(2) + (d = 3+ 3)Nug(3))

= nk(dN — 3Ng,(2) - g d,g(s)).

Note that if locally around a node the admissible cover is given by (u,v) — (u™,v™), we count the node
with weight # since m nearby sheets in W corresponding to smooth covers approach together.
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Let w denote the first Chern class of the relative dualizing sheaf. To calculate kK = w% 7 e will use
the branched cover T — S. The calculation eventually boils down to a calculation on BI(E x X). By the
2g—2

Riemann-Hurwitz formula, wz i P*wg st 2:1 D,;, where D; is the ramification section on T whose
iz

image on S corresponds to the pull-back of fl Hence,

2g—2 2g—2

w%/w = (gb*wg/W)Q + 2( Z ¢*w§/W.Di) + ( Z Di)Q.

i=1 =1

We have
(¢*w§/W)2 — d(w§/W)2 — nd(WS/W)2 — nde=g(wBl(E><X)/X)2 _ *knde_’g,
Moreover,
¢*W§/W' D; = W3- (Qb*DZ) = 7nNd,gF12 — 7nNd,g(F12 . kz)
and
1 ~ 1
D} = 5nNa,l7 = 5nNag(T7 = ki), Di.D; =0, i # j.
Therefore,
29—2 1 292
w2 g = —hndNag +20Nag (D2 (ks = T3)) 4+ SnNay (Y (12 = k)
=1 i=1

2g—2
= nNag(— kd+ 3k =5 3 T?) = niNugh(3 — d),
=1
sinceI'? =0 on £ x X.

Plugging the above into the relation A = (07 + ), we get the desired equality. O
Proposition 2.3. For an irreducible component W of W 4, the slope of W' equals the slope of Wq q4.

Proof. The union of the 2g — 2 branch points corresponds to a degree 2g — 2 divisor on E. Forget the
order among the 2g — 2 points. Then Wy , and W both map to effective curves in Sym??~2F, which is
a projective bundle over Pic(E) = E. In particular, Sym29=2F has Picard number equal to two. Take a
curve class C; of Sym?9~2F by varying a point of a degree 2g — 2 divisor along E. Take another curve
class Cy by moving a degree 2¢g — 2 divisor via the translation of E. Any curve class of Sym?9—2F is
numerically equivalent to aCy +bC5. Let W7 and W5 denote the pre-images of C7 and Cs, respectively, in
the Hurwitz space ﬁdyg. W, maps to a point in ﬂg, since all the covers in W5 are isomorphic. Therefore,
the slopes of W4, and W are both equal to the slope of Wj. 0

Proposition 2.1, 2.2 and 2.3 complete the proof of Theorem 1.5.

Remark 2.4. In practice, the slope formula for Wy, can be applied to its components as well. An
irreducible component of Wy 4, corresponds to a subset of Covg 4/ ~ that is an orbit under the monodromy
actions in Theorem 1.10. We only need to decompose the subset as what we did for Covg, and re-
enumerate the Ny 4(7)’s. By the proof of Proposition 2.1, the slope formula does not change its form.

2.2. Monodromy. In this part, we will prove Theorem 1.10. Recall that Wy ,(E) is the space of degree
d genus g admissible covers of E simply branched at 2g — 2 points p1, ..., pag—2, where the first 2g — 3
points are fixed and the last point moves along E. For a general base point b € E and the closed paths
a,B,m1,...,m2g—3 that generate m1(Ep, p1,...,p29—3), cf. Figure 3, we want to study the monodromy
actions ga, 93,91, - - -, g2g—3 associated to those paths. Let (o, 5,71,...,729—2) € Covg,q/ ~ correspond
to a cover in Wy 4(E) over b.



COVERS OF ELLIPTIC CURVES AND THE MODULI SPACE OF STABLE CURVES

Proposition 2.5. Going along the pathn; once, 1 < i < 2g—3, the monodromy action g; on («, 8,71, - .

Cov acts as follows:

gila) = a, gi(B) =B, gi(v;) =y for j <4,

9i(77) = VagoViV2g—2 fori < j < 2g -3,

9i(12g—2) = (Vi - - Y2g—2) " V292 (Vi -+ Y2g—2)-

13

. 5729*2> €

Proof. Since pag—o is the moving branch point which corresponds to the diagonal section of £ x E, the
fiber over p; € I has an intersection point between I'; and I';q_>. Going along 7; once, it amounts to
, P2g—3 once while keeping all the other paths a, 3,v;’s in a relatively fized
position. Figure 10 illustrates what happens when ps,_» moves along the dashed circle homotopic to 7;.

circling pag—2 around p;, ...

o ) P1 Di—1 @pl
. NS Pi—1 /
N N L]
. \ Sel 729—2
\
bi
\ N \ ﬂ/ ’
B bt/ NV WY e
ﬁ a! \ | v T i \ Di
\ X \ 7
\ \ \ —_— \p?g—3
Yi \ \ \
\ \ .
\ !/
\ P2g-3 ' Vi1 DP2g—2 V2g—3
\ ol ®
72973 \
\ ! ’72/- ,,,,,,,,
’/a p29_2
Y2g9—2
b o b O/

Note that in w1 (Ep, p1, . - -

proposition.

Proposition 2.6. Going along the path o once, the monodromy action g, on (o, 3,71, ..

acts as follows:

F1GURE 10. The action of g;

Yi~ s § <,

,D2g—3), we can express the new paths by the original paths as follows:

Vi~ VagoViV2g—2, i < J < 29— 3,

Yog—z ~ (Vi Y2g-2) ' 2g-2(Yi - - Y2g-2)-

Moreover, o ~ « and 3’ ~ (3 do not change under g;. The relations are the same as those in the

9o(@) = a, ga(B) = Brag—2, Ga(V2g—2) = @ Y2420,

9o (V) = Vag-2ViV2g—2 for j <29 —3.

O

.,’}/29_2) e Cov

Proof. Let us draw what happens to those paths as psg—2 moves along the dashed path homotopic to a,
cf. Figure 11. We have the following relations to express the new paths by the original paths:

/ / ! —1
o ~a, B~ Braga, Vago ~ A Y2920,

V)~ Vag o ViV2g—2, § < 29 — 3.
These relations imply the desired proposition.
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1
b1
[ )
D2 . b2
° L]
! Ja / /N
5 Y1/ 72 : 3 Y1 \V2
' b2g—2 \
/
Wb i g2 :
p29_2 72_(]—2
Y2g—2
b o b a/

FiGURE 11. The action of g,

Proposition 2.7. Going along the path 3 once, the monodromy action gz on (o, 3,71, ... ,Y2g—2) € Cov

acts as follows:
gs(a) = a3, 5, 9s(B) = B, ga(v;) =, for j <29 -3,

9ﬁ(’72972> =By - "72973)_172972(671 - '729—3).

Proof. The monodromy action changes the paths as in Figure 12, when p24,_> moves along the dashed
path homotopic to 8. We have the following relations to express the new paths by the original paths:

]
1 1 1
1
4 Mp2 : P2
: N
ﬂ Y : / 7/ R 29—2
I Y ! ﬁi ¥
I 9
1
1
:
1 o
|2g—2 p2_l]—2
Y2g—2
) Vag—2
b o b

FIGURE 12. The action of gg

o ~avgyt g, B~ By vy~ 5 <293,
7§g_2 ~ (B Y2g-3) " 2g—2 (871 Y2g—3)-
These relations imply the proposition. O
Proof of Theorem 1.10. The monodromy actions g; for 1 < i < 29 — 3, g, and gg are verified in
Proposition 2.5, 2.6 and 2.7, respectively. Moreover, the morphism Wy 4(E) — E is unramified over
E—{p1,...,p2g-3}. Since a, B,m1,...,m24—3 generate w1 (Ep,p1,...,D2g—3), two covers are contained in
the same irreducible component of Wy 4(E) iff their corresponding data in Covg, 4/ ~ belong to the same

O

orbit under the monodromy actions generated by g, 93,91, - - -, g2g—3-
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2.3. Application. In this part, we apply the general theory of Wy , obtained above to various examples.

2.3.1. The slope of Wy 2. When g = 2, let us compute those numbers Ng2(7)’s in Definition 1.4. For
simplicity, we only consider the case when d is odd. The set Covg s in Definition 1.4 is reduced to:
Covgo = {(a, B,71,72) € Sa x Sa x Sq x Sq | B a"'Ba = y172,
~1, Y2 are simple transpositions and («, 8,71,72) acts transitively on {1,...,d}}.
Its subsets in Definition 1.4 are reduced to:

Covg2(0) = {(a, B,71,72) € Covga | 1 =2, (o, () acts transitively on {1,...,d}};
Covga(h,1) = {(a, B,71,72) € Covga | 71 = 72, (o, ) acts transitively on a partition (h | d — h)};
Covg2(2) = {(a, B,71,72) € Covaz | 11 Ny2 =0}

Cova2(3) = {(a, B,71,72) € Covaz | [v1 N2l =1}

Recall that 1%t ... d* denotes a conjugacy class of S; that has a; cycles of length-i. We need the following
lemma and definition.

Lemma 2.8. For an element 7 in Sq, if T commutes with all the elements in a transitive subgroup G of
S4, then T consists of m cycles of length-l, Im = d. Namely, T belongs to the conjugacy class I .

Proof. Tt suffices to prove that for any t € Z, if 7 fixes an element in {1,2,...,d}, then 7* = id. Suppose

that 7¢(7) = i. For any j # i, there exists £ € G such that £(i) = j. Since 7 commutes with &, we have

¢rté=t = 1t Hence, 78(j) = j and 7t = id. O

Definition 2.9. For positive integers d and i, define the sum o;(d) := Y I%, where the summation ranges
1|d

over all positive divisors [ of d.

Let us first figure out the number Ny 2(0) = |Covg2(0)/ ~ |. Consider the conjugate action of Sy on
the set Covg,2(0). Each orbit corresponds to an element of Covg 2(0)/ ~. Introduce a new set

Covg2(0)(1) = {(a, B,71,72) € Covg2(0) | 7 commutes with o, 8,v1,72}

parameterizing data in Covg2(0) that have 7 as a stabilizer under the conjugate action of Sy. By
Burnside’s Lemma, we have

1
Ng2(0) = 7 Z |Covg,2(0)(T)].
TESY
Since 41 and 72 are both equal to the simple transposition (¢1t2), 7 commutes with v; and ~yo iff 7 either
fixes t1,t2 or permutes them. By Lemma 2.8 and the assumption that d is odd, 7 cannot have a cycle of
length-2. Therefore, 7 must be the identity. Then we have

1
Nd,g(O) = E |COUd,2(0)|.

For an element («, 3,71,72) € Covg 2(0), v1 = 2 can have (g) options. Fix a choice. We have a~!3a = .
In this form, if § has two cycles of different lengths, the letters in these two cycles can never be exchanged
by «, which contradicts to the transitivity of (a, ). Hence, 8 belongs to a conjugacy class (%, where
la =d. (8 has lf—:ﬂ choices. For a fixed 3, a has (a — 1)1l choices. In total, we get

d d! d—1
|Covg 2(0)] = (2> Z T and Ng2(0) =
I|d

Ul(d).

Similarly, one can verify that

Naa2(1,h) = Z lila,

ayly=h,
aglo=d—h

d—1
Ngo(1) = % > oi(h)or(d - h),
h=1
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3, 3 1
Naa(3) = 5(2 o1(h)o (d — h)) ~ (5d—Dor(d) + 505(d).
h=1

Since Ny 2(2) does not appear in the slope formula, we skip its enumeration. In order to simplify those
summations, the following equality will be used frequently.

Lemma 2.10. For a positive integer d, we have the following equality

d—1
> oi(k)or(d— k) = (% - g)al(d) + 15—203(d).
k=1

Proof. Note that

d—1 [eS) 2

EZm@bﬂd@“}jm@mﬂ] ,

k=1 k=1 d
where [-]; means the coefficient of the degree d term in the series expansion. Moreover,

ORI ) BIVCE) it
k=1 k=1j=1 k=1
Similarly, we have
S sl = - 0
k=1 k=1
Define three series:
Po1_2ay
- Z 1— g~
k=1
> kqu
Q=1+240) 0
k=1
& k5qk
R_1_504Z1qu'
k=1

There are relations among P, @) and R given by the Ramanujan differential equations, cf. [BY]:
dP  P?-Q dQ PQ-R dR PR-Q?
T~ 12 a8 a1
Using the first relation, we get

l<im(k)qk)2] = {(%)Q]d = {ﬁ - ﬁ + i(@ + 12q(il—]q3)

d

O

Proof of Corollary 1.6. We provide two proofs here. The first one only works for odd d. Plugging in the
expressions of those N4 2(7)’s, the desired equality is equivalent to the following

d—1
> oi(h)or(d—h) = (1—12 - g)al(d) + %Ug(d),
h=1

which has been proved in Lemma 2.10.

The other proof is indirect but more interesting. The moduli space M is special in that the equality
A= %60 + %51 holds. Note that in Proposition 2.1 and 2.2, the restrictions of A, 6o and d; on Wy 2 have
degree equal to §(Ng2(0) + Na2(1)) + 35Na2(3), 2Na,2(0) and 2Ny 2(1), respectively. Plugging them
into the relation A = %60 + %51, we get the desired equality. O
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Proof of Corollary 1.7. Using Corollary 1.6, we have the slope
10(Na,2(0) + Ng2(1))
Ng2(0) +2Ng2(1)

This quotient approaches 5 for large d, since Ny 2(0)/Ng2(1) approaches zero by their expressions and
Lemma 2.10. O

S(de) =

2.3.2. The slope of W3 4. Let us consider double covers of an elliptic curve. This case is easy to ana-
lyze since we are working with Ss. For (a, 8,71,...,72¢—2) € Covs 4, all the ;’s are the same simple
transposition (12) permuting the two sheets of the cover. « and /5 can take value on any element of Ss.
There are in total four different combinations. All of them are not equivalent. Hence, we get Ny , = 4.
In particular, one can check that No 4(0) = 3, N2 4(1) =1, N2 4(2) = N3 4(3) = 0. By the slope formula,
we get s(Ws 4) = 8. This was also noticed in [X, Example 3]. Moreover, the four equivalence classes in
Covy 4/ ~ can be sent to each other by the monodromy actions in Theorem 1.10. Hence, W5 4(E) is an
irreducible degree 4 cover of E. If an effective divisor D on ﬂg has slope smaller than 8, D must contain
the image of W 4(FE) in M. This completes the proof of Corollary 1.8.

When the Brill-Noether number equals —1, the Brill-Noether divisor parameterizing curves with a
g7 has slope 6 + % on My, cf. [HMu]. For g =5, r = 1 and d = 3, it has slope equal to 8. Since
s(Wa,4) = 8, this divisor has zero intersection with W5 5. This conclusion coincides with a classical fact
that a genus 5 bielliptic curve cannot be trigonal. For g > 5, the Brill-Noether divisor has slope strictly
smaller than 8. Hence, a bielliptic curve is contained in the Brill-Noether locus in that case. A similar
discussion can also be drawn for the Gieseker-Petri divisor.

2.3.3. The genus of Wg,4,. We can obtain the genus of Wy 4 by the following result.

Proposition 2.11. The morphism Wy, — X is triply ramified at a point corresponding to a local
degeneration of the covers in Covg 4(3)/ ~. It is unramified everywhere else.

Proof. Since the ramification type is local, the proof is the same as [HM1, Proposition 2.9.1]. 0

Applying the Riemann-Hurwitz formula to Wy , — X, we get
9(Wa,g) =1+ Nag(g9(X) — 1) + kNgg(3).
This completes the proof of Corollary 1.11.
For the case g = 2, d is odd and X = F, using the explicit enumeration for Ny 2(3) obtained previously,

one can verify Corollary 1.13 immediately. For the case d = 2, using Proposition 1.11, one can also verify
Corollary 1.12 directly.

Remark 2.12. Note that if Wy 4 is reducible, each component of Wy , admits a finite map to X. Once
we know the subset of Covg 4/ ~ corresponding to a component of Wy 4, the above formulae can be easily
modified to calculate the genus of that component.

2.3.4. The components of Wy ,. We present two examples where Wy , are irreducible and reducible,
respectively. Use (a;g ...a,) to denote a cycle of a permutation in Sy that sends the letter a; to a;11.

Example 2.13. For genus two triple covers of an elliptic curve, one can check that N3 o = 16. Moreover,
N32(0) = 4,N35(1) = 3,N32(2) = 0 and N32(3) = 9. Note that these numbers satisfy the equality
in Corollary 1.6. The slope of W35 equals 7 by the slope formula. Finally, the monodromy actions
in Theorem 1.10 act transitively on the 16 equivalence classes of Covs o/ ~. Therefore, W3 2(F) is an
irreducible 16-sheeted cover of E.

Example 2.14. Consider the case g = 2 and d = 4. Let a cover m1: C7 — FE correspond to an element
a= 0= (13)(24),11 = 72 = (12) in Covy 5. The group generated by «, 5,71,72 is a proper subgroup of
S4. On the other hand, let m: Cy — E correspond to another element o = 3 = (1234),v; = 72 = (12)
in Covys2. In this case, a, 3,71,72 generate S4. Since the conjugacy type of the group generated by
a, 3,71, 72 is invariant under the monodromy actions, the two covers m; and mo are contained in two
different components of Wy o(E). Hence, Wy 2(E) is reducible.
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The conjugacy type of the subgroup generated by «, 3,71, ... ,72¢—2 in Sq is a parity that distinguishes
connected components of Hy 4. Since Hq4 is a finite unramified cover of M 249, it does not make a
difference to consider connected or irreducible components of Hy 4. For the beginning case g = 2, Kani
studied the Hurwitz space Hq,2 over a field of characteristic prime to 2d. One of the related results is the
following, cf. [Ka, Corollary 1.3].

Proposition 2.15. If d is odd, the number of components of Ha2 equals >,  o1(n).
n|d, n<d

Therefore, Hg,o is irreducible iff d is prime. This coincides with our analysis for Example 2.13 and
2.14.

3. GEOMETRY OF Yg 4,

3.1. Slope. In this part, we will prove Theorem 1.15. The Hurwitz space ﬁd,g,g parameterizes degree d
genus g connected admissible covers of elliptic curves that have a unique branch point with the ramifi-
cation class 0. The morphism Hg 4, — M 1 is finite of degree N, 4, unramified away from [Cp] that
parameterizes the rational one-nodal curve Cy. The key observation is the following.

Proposition 3.1. For a cover parameterized by a point of ﬂd,g,a, the stable limit of its covering genus
g curve is not contained in the boundary d; for i > 0.

Proof. We need to show that the stable limit of an admissible cover of the rational one-nodal curve Cj is
not contained in §; for ¢ > 0. Suppose 7 : C' — Cj is such a cover. C' is a nodal genus g connected curve.
Let ¢ denote the node of Cy. By [HM2, Definition 3.149], 7=1(q) consists of all the nodes of C. Call a
node internal if its removal does not disconnect the whole curve. Otherwise, call it external. If all the
nodes of C are internal, the stable limit of C' will not be contained in §; for ¢ > 0.

Take an irreducible component A of C'. Consider all the nodes of C' that are contained in A. We assign
those nodes in pairs as follows. If A self-intersects at a node r, = maps the two local branches of r on A
to the local branches of p on Cjy with the same ramification order, respectively. Then we take r with itself
as a pair (r,7). If 7 maps a smooth point r; of A to p, since A is irreducible, there is another smooth
point ro of A that maps to p. Note that r; and ry are both nodes of C' by the definition of admissible
covers. Namely, A meets some other components of C' at r; and ro. We take r1 and 79 as a pair (ry,r2)
on A.

Suppose there is node of C, where two irreducible components Ag and A; meet by gluing ag € Ap and
a1 € A;. Consider the pair assignment on A;. The point a; must be contained in a pair (a1, as), where
as is a smooth point of A;. Since as is a node of C, there has to be another irreducible component A,
that meets Ay at as. Then as has to be contained in a pair (aq,a3) on Ay, where as is a smooth point
of As, etc. This process has to stop for some k. Hence, we get ax11 = ap, namely, (ag,ap) is a pair on
Ay, = Ag. The components Aq, ..., A form a loop along the nodes ay,...,ar. Therefore, these nodes
are internal.

A more intuitive argument was told to the author by McMullen. There is a local vanishing cycle
B € Hi(E,Z) when a smooth elliptic curve E degenerates to the rational nodal curve Cy. Consider a
cover 7 : C' — E. Since (3 is nonzero, as 3 shrinks to the node of Cy, any component v of 7=1(3) is not
vanishing in H;(C,Z). Hence, when v shrinks, the resulting node will be internal. O

Recall the set up for the one-parameter family Yy ,,. We take a general pencil Z of plane cubics.
Blowing up the 9 base points of the pencil, we get a smooth surface Blg(P?) as an elliptic fibration over
Z. There are 12 rational nodal fibers over Z. Fix a section I' corresponding to the blow-up of a base
point. Using I', Z admits a finite map of degree 12 to ﬂl,l. We define Yy 4 - as the fiber product of the
two morphisms Z — M 1 and Hg 4o — Mi1. The map Yy, , — Z is finite of degree Ny 4, possibly
branched at b1, ..., b2 that parameterize the 12 rational nodal curves in the pencil.

Proof of Theorem 1.15. Pull back Blg(IP?) via the map Yy ,, — Z to a surface S over Yy 4. As in the
proof of Theorem 1.5, we make a degree n base change ¥ — Yj ., such that there exists a universal
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family of admissible covers as follows:

~ © ~

T 4/ S

Y

Let us first figure out the degree of ¢ on Y. By Proposition 3.1, it is equal to the degree of Jp on
Y. Suppose over a point b; € Y, the fiber of S is a rational nodal curve. In a neighborhood of b;,
topologically we can identify all the smooth fibers of S toa punctured torus (E,p). Let a and § denote
the standard symplectic basis of 71 (FE}p, p) such that 8 is the vanishing cycle when the smooth elliptic
curve degenerates to the rational nodal curve over b;. Recall that a cover in Hy, 4., corresponds to an
equivalence class in Covg g,/ ~. We still use @ and /3 to denote the monodromy images in Sq associated
to the closed paths a and 3, respectively. Assume that 3 belongs to the conjugacy class 1% ...d%. Since
[ is the vanishing cycle, the degenerate admissible cover will have a; nodes where the map ¢ is locally
given by (u,v) — (u,v%). By the proof of Proposition 3.1, such a node is internal. It contributes % to

the degree of dg on Y. We count it with weight %, since ¢ nearby sheets in Y corresponding to smooth
covers approach together locally around this node. Therefore, the degree of § on Y is given by

12 ) (% d)Nl‘” A 9 My g0

d,g,0
191...d%d
The coefficient 12n comes from the total number of the singular fibers of S over Y.
To calculate the degree of A on Y, we use the equality 12X = § + & for the surface T" over Y. Let w
denote the relative dualizing sheaf. It suffices to compute k = w% ra Let the m sections I'y,..., I, of T

and the section I of S correspond to the pull-backs of the branch section I' from S. Since the ramification
class o is of type (I1)...(Iy), we have *I' = 3" I;,I';. Since S is the pull-back of Blg(PP?) from the
pencil Z to Yy 4, and the map Yy 4, — Z is of degree Ny 4, on S we have

W?;/Y = 0, F2 — 7Nd,g,a'7 FWS/Y = Nd,g,o’-

For ¢ : T8 , by the Riemann-Hurwitz formula, wz v and wg v satisfy the relation

Wiy = tp*wg/f, + Z(ll — 1)fZ

i=1

Moreover,

o'y =T, (Sﬁ*wg/f/)Q = dnw?g/y =0
and
r,.r; =0, i #j.
Hence, we get
L2 =T (¢*T) = (o, 13).T =2 = nI'? = —nNg,g.0
and N
T;. (ga*w§/)~/) (cp*F ). wg v = T. wg v = (F.ws/y) =nNgg.o.
Now, a routine calculation shows that

<Zl Z )nng(,(dil—li)nNdygyg.

=1

Using the equality 12\ = § + &, the degree of A on Y equals

1 1
(Mdg" T (di ZE)N”I*W) '
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The slope of Yy 4 » follows from that of }7, since a finite base change does not change the slope. O

Remark 3.2. In practice, the slope formula for Y, , can be applied to its components as well. An
irreducible component of Yy 4 » corresponds to a subset of C'ovg, 4.,/ ~ that is an orbit under the mon-
odromy actions in Theorem 1.18. We only need to re-enumerate the total sum Ny 4, and the weighted
sum Mg 4., for this subset. By the proof of Theorem 1.15, the slope formula does not change its form.

3.2. Monodromy. In this part, we study the monodromy of the map Yy 4, — Z. Fix a base point b
on Z = P!, Let Z° denote the punctured P! at the points by,...,b1s corresponding to the 12 rational
nodal fibers. Let E denote the smooth elliptic fiber over b and p € E be the marked point. Consider
the m-monodromy map pr : m(Z°,b) — Out™ (71 (E,)) = Out™(Z * Z), where Out™(Z x Z) = Aut(Z *
Z)/Inn(Z x Z) is the orientable outer automorphism group.

Proposition 3.3. The map pr is surjective. Its image group Out™(Z x Z) is isomorphic to SLo(Z).
Moreover, the group of the mi-monodromy actions on Covg,g../ ~ can be generated by the two actions

ha (e, 8) = (o, af) and hg : (o, ) — (af3, 5).

Proof. We give an indirect proof using the fact that the Hj-monodromy map py associated to a general
pencil of plane cubics is surjective. For Hj-monodromy, the marked point does not affect the homology.
Consider the map py : m (2% b) — Out™(H1(E,)) = Autt(Z & Z) = SLy(Z). To show that py is
surjective for a general pencil Z, it suffices to exhibit a special pencil for which the claim holds. Such
special pencils were already studied in [Sa], where the Hj-monodromy is surjective.

Next, we consider the following commutative diagram:

IR
<
IR

Here I'y and I'y; are the mapping class groups for an ordinary torus and a torus with one marked point,
respectively. T'; and Out™(Z x Z) are both isomorphic to SLz(Z). The map ¢ is induced by quotienting
out the commutators, i.e. Z*Z/([a, f]) 2 Z ® Z, where o and (8 are the generators of the group Z x Z.
Moreover, there is an isomorphism I'; ; =T Hence, the surjectivity of p, follows from that of pg.
Finally, Out™(Z *Z) is generated by the two actions induced from the Dehn twists along the two loops
represented by « and 8. Correspondingly, the monodromy actions send (a, 3) to (o, ) and (af3,3),
respectively. O

Proof of Theorem 1.18. Themap Yy 4, — Z is finite of degree Ny 4 , and unramified away from by, ..., by2.
Two smooth covers in Yy 4, are contained in the same component iff they can be sent to each other un-
der the monodromy actions induced by closed paths in 71(Z°,b). By Proposition 3.3, these actions are
generated by h, and hg. Therefore, the two covers are contained in the same component of Yy 4 » iff they
belong to the same orbit under the actions generated by h, and hg. O

Note that the actions h, and hg are well-defined for Covgg,/ ~. Let us further specify a local
monodromy action, which will be used when we study the genus of Yy 4 ..

Proposition 3.4. Suppose 3 corresponds to the local vanishing cycle around a nodal rational fiber over
b;. Going along a loop in a neighborhood of b; € Z, the induced monodromy action sends («, 3) to (af, 3).
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Proof. This is a direct consequence of the Picard-Lefschetz formula or the Kodaira’s classification of
elliptic fibrations. OJ

3.3. Application. In this part, we apply the general theory of Y; 4, obtained previously to various
examples.

3.3.1. The slope of Yyq2,,. In the case g = 2, let us compute those numbers N;E;'dad in Definition 1.14.
For simplicity, we only consider the case when d is prime.

Recall that Cové?g175-dad = {(a,8) € Sy x Sq | B~ ta"1Ba € o, {a,B) is transitive, 3 € 191...d%}.
The symmetric group Sy acts on C’ové:l;"(;d% by the conjugate actions. For an element 7 € S;, consider

the subset Covcll:l;;dad (1) ={(a, B) € C’ovclli;;dad | T = ar, 78 = B7}.

Lemma 3.5. When d is prime, the following equality holds

191...d%
1or e _ 1C%iag5” "

d.,g,o d!

1°%.-d% Byrnside’s Lemma implies that

Proof. For the conjugate actions of Sg on Covy , -

a a 1 a a
N 1.d 2 1..d
c},g,a' ‘= |COU;,d,0 d(7)|'
|Sd| TESY

By Lemma 2.8, if 7 commutes with all the elements of a transitive subgroup of Sy, it must belong to a
conjugacy class [, where Im = d. Since d is prime, 7 can be either id or a cycle of length-d. Take a cycle
(12---d) that sends the letter i to i + 1. We know that (12---d) = a(12---d)a™t = (a(1)(2) - - - a(d)).
Hence, a(i) = i+ s for all i, where s is an integer independent of 4. Similarly, 3(j) = j+t for all j and ¢ is
independent of j. One can check that 3~ 'a~!fBa = id, which is not in the conjugacy class o. Therefore,
Covéj;’;dad (7) is non-empty iff 7 is the identity. In this case, T = id automatically commutes with all

(ar, B). Hence, we get N;fgl,;dad = %|Cov£gl7'g“dad | O
When g = 2, by the Riemann-Hurwitz formula, the ramification class o can be of type 147331 or 197422,

Let us consider the case ¢ = 197331 first. Suppose a permutation v = (abc) € 19733 satisfies the equality

a~!fBa = By. Since a~'Ba and B are in the same conjugacy class, 47 is conjugate to 3. Note that a,b, ¢

cannot be contained in three different cycles of 3, since (a---)(b---)(c---)(abe) = (a---b---c---) changes

the conjugacy type of 5. Hence, only two cases are possible:

(1) (@--b--co-)(abe) = (a---c--b-);

(2) (a--b--)(c--)abe) = (a---)(b---c---).

Using the fact that (a, 8) is transitive, in case (1), 8 belongs to a conjugacy class I, where Im = d.
Since d is prime, 3 can only be a cycle of length-d. Take 8 to be (12...d). There are (g) choices for
the cycle (abc). Let us fix a choice. For a, we know that (a=}(1)a=1(2) - -a71(d)) = a (12 -d)a =
(@--+b---c---)(abc) = (a---c---b---). Hence, there are d choices for a. Overall, by Lemma 3.5, we get

1 1 d d
Nj72,1d7331 = a(d - 1)' (3>d == (3) .

l2
=
For case (2), we have (a---b---)(¢--:)(abc) = (a---)(b---c---). Hence, 8 belongs to the conjugacy

1 12

class 171152, where Iy > I3 and ajly + azle = d. There are choices for 8. Let us fix a choice.

d!
T, (7)) (as!)
There are ajliasls choices for the cycle (abc). Fix one of these. By the transitivity condition, there are
H?Zl(l;“)(ai — 1)! choices for .. Overall, by Lemma 3.5, we get
1102
Nd,271d—331 = lils.
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Finally, we have

d
Ny 1a-331 = (3) + Z l1lo

ajly+taglo=d
l1>1g

and

1/d al ag
Md,2,1d*331 = E <3> + Z (Z + E)lllQ

ayly+taglo=d
l1>1g

Proposition 3.6. When d is prime, the total sum Ny ja-s31 equals 2(d — 2)(d — 1)(d + 1) and the
weighted sum My 5 1a-s31 equals 25 (d — 2)(d — 1)(d + 1).
Proof. Recall that o;(n) = ka k. By Lemma 2.10, we have the equality

d—1

> oi(k)or(d— k) = (i - é)al(d) + iag,(d).

12 2 12
k=1

When d is prime, the right hand side of this equality equals - (d — 1)(d + 1)(5d — 6). Moreover, we have

d—1
> hly= % <Z o1(k)oy(d— k) — (d — 1))
k=1

ayly+agly=d,

11>

and

aq as 1

Mo 82y, = 2 ( l l)—dd—l

LZ,(11+12)12 2( Z aits + asty ( ))
atly+aglo=d, aili+azla=d
11>
1
= ( lllg) — §d(d —1).
aili+asla=d

The equalities for Ny ja-s31 and My 5 ja-s31 follow right away. O

Using Proposition 3.6 and the slope formula for Y, 5 1a-331, we get the slope of Yy 5 1a-331 equal to 10.
This completes the proof for Corollary 1.16 when o = 1¢733! and d is prime.

Next, let us consider the case ¢ = 197422, The analysis is similar as before. Hence, we only state the
result without giving the detailed proof.

Proposition 3.7. When d is prime, the total sum Ny a-s92 equals §(d —3)(d —2)(d — 1)(d + 1) and
the weighted sum Mg o ja-ag2 equals 25 (d — 3)(d — 2)(d — 1)(d + 1).

Using Proposition 3.7 and the slope formula for Y, o ja-192, we get the slope of Y 5 1a-192 equal to 10.
This completes the proof for Corollary 1.16 when o = 197422 and d is prime.
Now, we present a short but indirect proof of Corollary 1.16 for all d.

Proof of Corollary 1.16. The moduli space My is special in that the equality A = %60 + %61 holds.
Hence, for a one-dimensional subscheme B in M, that is not contained in the boundary, its slope satisfies
s(B) < 10. In particular, s(B) = 10 iff B does not meet the boundary component §;. By Proposition 3.1,
the image of Y 2 , does not meet ;. Therefore, it has slope equal to 10. Even if Yy , is reducible, by
the same argument, each of its components has slope 10. 0

Note that 10 is the sharp lower bound for the slope of effective divisors on M.
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3.3.2. The slope of Yy 3 14-551. Consider the case g = 3, d is prime and o is the conjugacy class 14551,
We have the following enumerative numbers:

1 d agqa
Ng,B,ld*%l = 8(5), Ni;&disgﬂ = 8(@2 - 1),

7111213, 1 =1+ 13 > 15 > 3.

a1 a2 11
lefgffd,;)sl =12 (312 + 312191 — 11l +4d +22), Iy > Iy > 1,
NG {11111213, L #4113 > 1 > I3;
d,3,14-551

Now the slope formula says that
12Md73,1d—551
Md73,1d—551 + %Nd,371d—551 ’

S(Yd,B,ld*f’Eﬂ) =

The slope s(Y; 3 1a-551) in general depends on d. Nevertheless, a computer check implies that the
slope decreases to 9 when d approaches infinity. Note that 9 is the sharp lower bound s3 for the slope of
effective divisors on M.

Next, we study in detail a beginning example.

Example 3.8. For g = 3, d = 5 and o = 5', a direct enumeration shows that there are 40 equivalence
classes in Covgs 351/ ~. Under the monodromy actions in Theorem 1.18, those classes fall into 4 orbits.
Therefore, Y5 5 51 has 4 irreducible components. The slope formula can be applied in the same form to
the components of Y5 5 51. One can check that two of the components have slope 9 and the other two
have slope 9%.

3.3.3. Counting weighted connected covers. In this part, we provide a method that systematically calcu-
lates N} dg.o 4** " For simplicity, we focus on the case when d is prime and o is the conjugacy class 1¢-2k2F

k =2g — 2. We also denote 1¢972k2% by 7, ;.. For a cover 7 : C' — E, an automorphism ¢ of this cover is
given by the following commutative diagram:

If 7 corresponds to the data (a, ) € Sq x Sy, the automorphism ¢ corresponds to an element 7 € Sy
such that (rar=!,78771) = (o, B). Hence, the automorphism group Aut(C, ) can be identified as the
set Stab(a, ) of stablizers under the Sy conjugate actions.

People are often interested in the weighted Hurwitz numbers, i.e. counting a cover (C, 7) with weight
Hence, we define a weighted number

- 1 1
N® — . A Vo s
E 2 Stab(a, B~ @il Vol

(a,8)€CovY . k/

1
[Aut(Cm)]

where p denotes the conjugacy class 1%1...d%. When d is prime, a cover does not have non-trivial
automorphisms, cf. the proof of Lemma 3.5. Therefore, counting covers with weight does not make a
difference in this situation.

Let us first get rid of the transitivity condition imposed on {«, 3). Define a set

—p L
Covgp :={(o,3) € Sax Sq | BEp, B a " Ba €t}
Denote its cardinality by
= ——p
Nga,k: |00vd,k|'
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We fix an element 7 € 74 and consider pairs (7, 5) € p X p such that §y = 7. For such a pair, there are

% choices for a that satisfy the equality a~!Sa = . Hence,

. S
Ngy = I7al- % (v, 8) € pxp: By =T}

By [St, 7.68 a], we know that

{(v.B) epxp:By=T}= :g' | <Z degl(x) Ix(p)lzx(7)> ,

where x runs over all the irreducible characters of Sy. Therefore, we get

NS = ol Tanl - (Z @Ix(@)ﬁx(mﬂ) :

Next, let us derive N £ from Nd w- Take a pair (o, ) € Covd x- The subgroup («, 3) of Sq may not
be transitive. Consider its orbits and the actions of «, 3 on them. They correspond to the following data:

{(aivﬂi)vl = 17" -, m | 6 10& 1505 € 1dl 2k12k1 = Tdy,ki>

Bi € g; a conjugacy class of S, , U i = P, Z k; =k,
i=1 j=
Z d; =d, {a;, ;) is a transitive subgroup of Sy, }.
i=1
Two data (p;, ki, d;) and (p;, kj,d;) are of the same type iff p; ~ p;, k; = k; and d; = d;. Hence, we get
the following equality

~ d (dl!)pl R (dml)p ~

NKJ — E NKJl P1 ... NKJm pm,
d.k (dla"'adlv"'vdma 7d’m) (pl')(pm') ( du, kl) ( dm7km)

——

p1 Pm

where the condition on the summation is that Y_.*, p;d; = d, >i" | piki = k and |J~, o = p. Simpli-
fying the above expression, we get

Nfl’k_Zd'H )pi.
i=1

If p is the conjugacy class 1% ...d%, the data (gp;, k;, d;) correspond to a vector (a;1, ..., a4, k;) with
integer entries, 0 < a;; < aj, 0 < k; <K, Z;l:l ja;j = d;. Put all the vectors in a matrix

aipr - ad ki
A=
mi -+ ama  km
Then the summation runs over all possible (p1,...,pn) satisfying

(p1y-+yPm) - A= (a1,...,aq,k).
Define an index set

I ={(a1,az2,--+) | a; > 0 and there are finitely many nonzero entries}.

For p = 191 ...d% rewrite it as 1%12°2 . ... Then it is determined by an element (a1, as,...) € I, where
d=ay+2az+---
Finally, define two generating functions as follows:
_ N¢
d,k k a1, .a
Z(y;x1,Ta,...) = sytxtag? -
(y 1,42 ) Z(a1+2a2+)' Y T Ty

Ik
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and N B
Z(yiwy,w2,..) = > Ny -yfafiag
Ik
where d = a; + 2as + - -- and p is the conjugacy class 11292 . .. for each term.

Therefore, we get the following relation between the generating functions for the number of connected
and possibly disconnected covers:
Z= eacp(Z ) —1.
Note that if k is odd or 2k > d = a1 + 2a2 + ---, we have ]szk = Nl?k = 0. The evaluation of a
character x on a conjugacy class p can be worked out by standard formulae from the representation
theory of Sy. Using the above method, we hope that one can estimate the quotient ]JC[TZS’Q—‘; to reveal how

the slope of Yy 4., looks like for large d and g.
3.3.4. The genus of Yyq2,. Fix g =2 and a prime number d. Let us first consider the case o = 197331,

Proof of Corollary 1.19. To get a feel of the method we will use below, consider the beginning case d = 3.
There are three non-equivalent pairs (o, 5) in Covg g 31/ ~:

(1) a = (13), 8 = (12);

(2) a = (123),8 = (12);

(3) a = (12), 8 = (123).

Let 3 correspond to the monodromy of the vanishing cycle when an elliptic curve degenerates to a
rational nodal curve. In Proposition 3.4, the local monodromy action («, 5) — (a3, 3) can switch sheets
(1) and (2) but keep (3) unchanged. Hence, Y3 5 31 is a triple cover of Z = P! simply branched at the 12
points by, ...,bi2. By the Riemann-Hurwitz fromula, 2g(Y3 2 51) — 2 = 3(29(Z) — 2) + 12. Therefore, we
get g(Ys231) = 4.

In general, we need to classify the orbits of the Ny, 1a-331 sheets of the finite map Y ja-331 — Z
under the local monodromy action. This will tell us how the map Y, 4 1a-331 — Z is ramified. Then one
can apply the Riemann-Hurwitz formula to compute the genus of Y, 5 ja—3s31.

Assume that d > 5 is prime. Let 87'a~!Ba = v = (abc) denote a fixed cycle in S4. By the local
monodromy action, we have to find the minimal positive integer k such that there exists 7 € Sy satisfying
7(aB%, )77 = (a, B). Note that such a 7 must satisfy 7y7~! = ~, since

=78 N aBh) T B(aBM) TR = p e Ba = .

If 3 belongs to the conjugacy class d', by 787! = 3, we get 7 = 3™ for some integer m. Hence,
T(abe)T™t = (a+m b+ m ¢+ m) = (abc). It implies that 3m is divisible by d. Since d > 5 is prime, T

is id. Hence, the minimal positive integer k satisfying % = id equals d. Since Nj; la—331 = (g), we get

é(g) = £(d—1)(d — 2) orbits of this form under the local monodromy action. Each orbit has cardinality
d. From the perspective of the covering map Yy 5 14-331 — Z, there are d sheets in such a orbit meeting
at a point that parameterizes an admissible cover of the rational nodal curve.

If 8 belongs to the conjugacy class 171152, Iy > la, we know that [; and lo are coprime. Without loss

of generality, assume that
B = (titia---tuy) - (tay1 - tays,)
.(511512 . 51l2) . (5a21 . 5a2l2)
and that a = ty;,, b = t1;,, ¢ = s11. From the condition that 73771 = 3, 7y7=! = v and d is prime, we
can verify that 7 fixes all the letters in the two cycles (t11t12 -+ t1;,) and (s11812 - $11,). Then we have

1

Qo= By = (t1 11ty sinc e Su,)(tan - tan) - (tays - tagny)

'(t11 .. 'tllg)(521 C. 5212) ca (5a21 R 5(12[2),
We can assume that « sends the cycle (4,1 ta,1;) and (Say1 - Sasis) 10 ($1 1541 -« - t11,511 - - - S11,) and
(t11---tu,), respectively. Furthermore, assume that a(t;;) = tiy15, 1 < i < a1 —1,1 < j < [y,
Oé(Sij) = Si+1 4, 1 S 1< as — 1, 1 S j S ZQ, Oé(ta1,1 j) = tal jH+ws and Oé(Sa2,1 j) = Sas jHwas where the
last two actions are twisted by w; and we. « contains a cycle (t11t21 + - - ta;—1 1ta; 14w ¥(tay 14w,) "+ )-



26 DAWEI CHEN

The corresponding cycle in a8* is (t11ts 14 - - “tay 14 (a1 —1)k+w: €(tay 14arktw, ) ). Since rafBFr—1 =«
and t11, a(ta, 14w, )s @(ta, 1+ak+w,) are all fixed by 7, we get ta; 14aktw, = tay 14wy, 1€ l1]ark.
Similarly, we have l3]agk. One can check that these two conditions on k are sufficient for the existence of
the desired 7. Since Nltllllgz = l1la, we get (I, a1)(l2, a2) orbits of this form under the local monodromy

action. Each orbit has cardinality m

The map Y, 9 14-331 — X is finite of degree N 4 1a-331. By the Riemann-Hurwitz formula, we have

(d—1)(d-2)

- 1)

29(Yd1271d—331) - 2= _2Nd1271d—331 + 12(

+ Z (ll,aﬁ(lz,w)(ml)).

ayly+aglyg=d
11>l

After simplifying the expression, we get the genus formula for Y o ja-sg1.
Finally, by Proposition 3.6, we know that Ng5 ja-s31 ~ %d3 and > lily ~ %d3. The fact

ayly+taglo=d
l1>1g

that > (l1,a1)(l2, a2) has asymptotic order smaller than d? follows from [HL, 7.4]. This tells us
ayly+aglo=d
11 >1o

9(Ya2,14-331) ~ %d? O

For the genus of Y}  j4-192, the argument is similar as above. Hence, we skip the proof of Corollary 1.20.

4. DENSITY

In this part, we will prove Theorem 1.21. Let us fix g. The closure of the image of the union Wy 4 for
all d in ﬂg contains the locus of genus g curves that admit a cover of an elliptic curve. The fact that
this locus is Zariski dense in M, was established in [CP, Theorem (3)].

Next, consider Yy, ,. The union of their images in M, for all d consists of infinitely many one-
dimensional subschemes. Let o denote the conjugacy class (I1)--- (L) in Sq, where (I;) stands for a
cycle of length-l;. Assume that l1,...,[; are greater than 1 and I; is equal to 1 for ¢ > k. By the
Riemann-Hurwitz formula, 2g —2 = Zle l;—1)= (Zle l;) — k. For a cover C'— E that has a unique
branch point with the ramification class o, the ramification divisor on C' has the form Zle 1;:qi, where
w; =1; — 1. Hence, we can fix [, ...,lx and add arbitrarily many cycles of length-1 to 0. This makes the
degree d of the cover vary from 2g — 2 + k to infinity. Meanwhile, the ramification divisor remains the
same. In this sense, we say that the ramification class ¢ does not change. Therefore, the density result
for Y4 4,0 in Theorem 1.21 is equivalent to the following statement.

oo —_
Proposition 4.1. In the above setting, the image of |J Y44, is Zariski dense in My iff k > g — 1.
d

Our strategy is to identify a genus g cover of an elliptic curve as a lattice point in the Hodge bundle
H over M, parameterizing a curve along with a section of its dualizing sheaf.

Definition 4.2. Let p = (p1,..., 1) denote a partition of 2g — 2. Define H () as the subvariety of H
parameterizing (C,w, q1, ..., qx), where [C] € Mg, w € H(K¢) and (w) = Zle i

The dimension n of H(u) equals 3g —3 + g — (Zle(,ui —1)) =29 — 1+ k. Take a basis 71,...,7n €
Hy(C,q1,...,q1;Z) the relative homology of C' with k marked points, such that ~1,...,72, are the
standard basis of H1(C;Z) and 7y24+; is a path connecting ¢; and gj+1, ¢ = 1,...,n — 2g. The period

map @ : (C,w) — C" is given by
(Cw) = /w,...,/ w),
(/. )

n

which provides a local coordinate chart for H(u), cf. [Ko] and [EO].
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Proof of Proposition 4.1. For a cover C — FE with a unique branch point and the ramification class
o= (ly)-- (I;m), the pull-back of a holomorphic 1-form from E becomes a holomorphic 1-form w on C.
Moreover, the divisor (w) equals Zle 1iq;, where p; = l; — 1 and Zle i = 2g—2. Take a torus T given
by C/A, where A = (1,7) is a lattice. Consider the local coordinates ¢ = ®(C,w) = (¢1,...,¢,) € C*
for the space H(u). By [EO, Lemma 3.1], we know that ¢; € A, i =1,...,2g iff the following conditions
hold:
(1) there exists a holomorphic map f: C' — T;
(2) w = /1 (d2);
(3) f is ramified at ¢; with the ramification order p; +1=1;,i=1,...,k;
(4) f(QiJrl) - f(‘h) = ¢29+i mod Av 1= 17 .- 'ak -1

To get a cover C — T branched at a point with the ramification class (I1) ... (I), it is equivalent to
find a point ¢ in H () that has local coordinates ¢; = 0 modulo A, i = 1,...,n. If we vary 7, the union
of such lattice points ¢ is Zariski dense in H(p). Consider the following diagram:

Us Ha.g.o H () ]III
\ Mg

As long as H(p) dominates M,, the image of |3~ Yy, will be dense in M,. Hence, we need to check
that when k > g — 1, for a general [C] € M, there exists w € H°(K¢) such that (w) = Zle i

The case k£ > g — 1 can be reduced to k = g — 1, since there is a natural stratification among all the
moduli spaces H(u). When k& = g — 1, we apply the De Jonquieres’ Formula from [ACGH, VIII §5].
Suppose that aq,...,a,, are distinct integers, where a; appears n; times in the partition p of 2g — 2. We
have Y-"  n; = g—1and > . n;a; = 29— 2. Define R(t) = 1+ 31" a?t; and P(t) =1+ 3", a;t;. On

K2
a genus g curve, the virtual number of the canonical divisors that have n; points of multiplicity a; equals

Rl

If this number is nonzero, H(u) dominates M. Define A = 7", a?t; and B = Y .| a;t;. Indeed, we
have

[(1+ A)
L 1+ B [ ynm

[ g g -1 2
= 1+<)A+-"+< )Ag > 1-B+B }
_< 1 g_l ( )tnlmt:zﬁm

1

(g -1 g -2 -1
- AL AI2B 4 ... 4 (—B)Y }
_(g - 1) (g - 2) ( ) tolgnm

1
AT (A- B)g}
B o

L 1 tm

= (A7 4 ATPA-B)+ -+ (A B)g_l}t?lv»»t?nm >0,

since A— B =3""(a? — a;)s; has nonnegative coefficients and A has positive coefficients.
On the other hand, if k¥ < g — 2, the dimension of H(p) is 29 — 14+ k < 3g — 3. Modulo a scalar, its
image in M, forms a proper subvariety. In this case, the image of | J~ Y4 4,- is not dense in M,. O

5. RELATED RESULTS AND OPEN PROBLEMS

First, let us compare the slopes of the two families Wy 4 and Yy 4.,. For g = 2, by Corollary 1.7 and
1.16, the slope of Y » » yields the sharp lower bound s, = 10 on M. But the slope of Wy 2 converges to
5 as d goes to infinity. For general g, since we do not have closed formulae for their slopes, it is unclear
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whether one should use Yy 4, other than Wy, for the purpose of bounding slopes of effective divisors
on ﬂg. Nevertheless, Yy 4.0 is special in that it can be regarded as a Teichmiiller curve. In particular,
Yag.0 — M, is rigid, c¢f. [CTM3, Theorem 1]. From this perspective, Y, ,, remains one of our best
hopes to pin down the slope problem.

In [HL], those covers in Yy 4 » were studied from the viewpoint of square-tiled surfaces. Take a standard
torus E. If C is a cover of E, C can be realized as a possibly degenerate lattice polygon with some edges
and vertices identified. If the degree of the map is d, this lattice polygon has area d. There is a natural
correspondence between our description and that in [HL]. The following example illustrates the idea.
Take two loops a and (8 of the torus E as in the picture below:

A
Ao
o q
Consider the following octagon:
‘A }
B 5 -
i I
1 2 3 4 +
7:77»{7777>777777\‘>77777>777

It parameterizes a degree 5 cover of E. All of its vertices are identified as the unique ramification point
marked with a e. Mark the unit squares covered by the octagon by 1,...,5. Consider the monodromy
actions of S5 induced by the two paths o and 8. It is easy to see & = (1234) and 8 = (15). Then we
get 37 ta~1Ba = (154), which belongs to the ramification class 123!, Using such square-tiled surfaces,
the genus and the number of components for the Hurwitz space Hy 5 1a-s31 were computed in [HL] for
prime d. In [CTM1], the number of components of H, 5 14331 was studied for general d. The result is
the following.

Proposition 5.1. H;; ja-331 s irreductble when d is even or d equals 3. It has two components when
d > 3 is odd.

Note that for a cover with non-trivial automorphisms, it corresponds to an orbifold point of the Hurwitz
space Hq,g,o. The orbifold Euler characteristic of Hg 5 14-331 was calculated in [B].

We conclude with several open problems that are important for a deeper understanding of these families
of covers.

Question 5.2. What are the limits for the slopes of Wq 4 and Yq 4.0 when d approaches infinity?

Question 5.3. How many irreducible components does Hq 4 have? In particular, does the conjugacy type
of (, 3,71, .., Y2g—2) uniquely determine a component of Ha 4 ?

Question 5.4. How many irreducible components does Hq.4,, have?

When ¢ > d with the full monodromy group, the irreducibility of the Hurwitz space has been estab-
lished, cf. [GHS], [Kan] and [V] for related results.

REFERENCES

[ACGH] E. Arbarello, M. Cornalba, P. Griffiths and J. Harris, Geometry of algebraic curves, Springer-Verlag New York,
1985

[B] M. Bainbridge, Euler characteristics of Teichmiiller curves in genus two, Geom. Topol. 11 (2007), 1887-2073

[BY] B.C. Berndt and A.J. Yee, A page on Eisenstein series in Ramanujan’s lost notebook, Glasg. Math. J. 45 (2003),
123-129



COVERS OF ELLIPTIC CURVES AND THE MODULI SPACE OF STABLE CURVES 29

[CR] M.-C. Chang and Z. Ran, On the slope and Kodaira dimension of Mg for small g, J. Differential Geom. 34 (1991),
no. 1, 267-274

[CP] E. Colombo and G.P. Pirola, Some density results for curves with nonsimple Jacobians, Math. Ann. 288 (1990), no.
1, 161-178.

[CH] M. Cornalba and J. Harris, Divisor classes associated to families of stable varieties, with applications to the moduli
space of curves, Ann. Sci. cole Norm. Sup. (4) 21 (1988), no. 3, 455-475

[CHS] I. Coskun, J. Harris and J. Starr, The effective cone of the Kontsevich moduli space, Canad. Math. Bull. 51 (2008),
no. 4, 519-534.

[EH] D. Eisenbud and J. Harris, The Kodaira dimension of the moduli space of curves of genus g > 23, Invent. Math. 90
(1987), 359-388

[EO] A. Eskin and A. Okounkov, Asymptotic of numbers of branched coverings of a torus and volumes of moduli spaces
of holomorphic differentials, Invent. Math. 145 (2001), 59-103

[F1]  G. Farkas, Syzygies of curves and the effective cone of Mg, Duke Math. J. 135 (2006), 53-98

[F2] _——, Koszul dwvisors on moduli spaces of curves, arXiv:math.AG/0607475

[F3] , Maa is of general type, preprint 2006

[FP] G. Farkas and M. Popa, Effective divisors on Mg, curves on K3 surfaces, and the slope conjecture, J. Algebraic
Geom. 14 (2005), 241-267

[F] M. Fedorchuk, Linear sections of the Severi variety and moduli of curves, arXiv:0710.1623

[GHS] T. Graber, J. Harris and J. Starr, A note on Hurwitz schemes of covers of a positive genus curve,
arXiv:math/0205056

[H] J. Harris, On the Kodaira dimension of the moduli space of curves. II. The even-genus case, Invent. Math. 75 (1984),
437-466

[HM1] J. Harris and I. Morrison, Slopes of effective divisors on the moduli space of stable curves, Invent. Math. 99 (1990),
321-355

[HM2] , Moduli of curves, Springer-Verlag New York, 1998

[HMu] J. Harris and D. Mumford, On the Kodaira dimension of the moduli space of curves, Invent. Math. 67 (1982), 23-86

[HL] P. Hubert and S. Leliévre, Prime arithmetic Teichmiiller discs in H(2), Israel J. Math. 151 (2006), 281-321

[Kan] V. Kanev, Irreducibility of Hurwitz spaces, arXiv:math/0509154

[Ka] E. Kani, Hurwitz spaces of genus 2 covers of an elliptic curve, Collect. Math. 54 (2003), no. 1, 1-51

[Kh] D. Khosla, Moduli spaces of curves with linear series and the slope conjecture, arXiv:math.AG /0608024

[Ko] M. Kontsevich, Lyapunov ezponents and Hodge theory, The mathematical beauty of physics, (Saclay, 1996), 318-332,
Adv. Ser. Math. Phys. 24, World Sci. Publishing, 1997

[CTM1] C.T. McMullen, Teichmiiller curves in genus two: Discriminant and spin, Math. Ann. 333 (2005), 87-130

[CTM2] , Teichmiiller curves in genus two: The decagon and beyond, J. Reine. Angew. Math. 582 (2005), 173-200

[CTM3| , Rigidity of Teichmiiller curves, preprint 2008

[P] R. Pandharipande, Descendent bounds for effective divisors on the moduli space of curves, arXiv:0805.0601

[Sa]  T. Sasai, Monodromy representations of homology of certain elliptic surfaces, J. Math. Soc. Japan 26 (1974) no. 2,
296-305

[S] Z. Stankova, Moduli of trigonal curves, J. Algebraic Geom. 9 (2000), no. 4, 607-662

[St] R. Stanley, Enumerative Combinatorics II, Cambridge University Press, 1999

[T] S. Tan, On the slopes of the moduli spaces of curves, Internat. J. Math. 9 (1998), no. 1, 119-127

V] F. Vetro, Irreducibility of Hurwitz spaces of coverings with one special fiber, Indag. Math. (N.S.) 17 (2006), no. 1,
115-127

X] G. Xiao, Fibered algebraic surfaces with low slope, Math. Ann. 276 (1987), no. 3, 449-466

DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY, 1 OXFORD STREET, CAMBRIDGE, MA 02138

Current address: Department of Mathematics, Statistics and Computer Science, University of Illinois at Chicago,
Chicago, IL 60607

E-mail address: dwchen@math.uic.edu



