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Abstract

We study theoretical and computational properties of the pressure function for
subshifts of finite type on the integer lattice Z¢, multidimensional SOFT, which are
called Potts models in mathematical physics. We show that the pressure is Lipschitz
and convex. We use the properties of convex functions to show rigorously that the phase
transitions of the first order correspond exactly to the points where the pressure is not
differentiable. We give computable upper and lower bounds for the pressure, which
can be arbitrary close to the values of the pressure given a sufficient computational
power. We apply our numerical methods to confirm Baxter’s heuristic computations for
two dimensional monomer-dimer model, and to compute the pressure and the density
entropy as functions of two variables for the two dimensional monomer-dimer model.
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1 Introduction

The most celebrated models in statistical mechanics are the Ising models, introduced by
Ising in [17], and their generalizations to Potts models [23]. Usually, the one-dimensional
Ising or Potts models admit a closed-form analytical solution and do not exhibit the phase
transition phenomenon, as in the case of the original work of Ising for ferromagnetism. The
importance of Ising models was demonstrated by Onsager’s closed-form solution for the
two-dimensional ferromagnetism model in the zero-field case [22], which does exhibit phase
transition at exactly one temperature. Unfortunately, there are only a handful of known
closed-form solutions for two-dimensional Potts models, including the dimer problem due to
Fisher, Kasteleyn and Temperley [8], [19], [27]; residual entropy of square ice by Lieb [21];
hard hexagons by Baxter [5]. See also [6].

Thus, most of the interesting Potts models, in particular all problems in dimension 3 and
up, are treated by ad hoc asymptotic expansions or by some kind of numerical solutions,
in many circumstances with the help of Monte Carlo simulations, which usually have a
heuristic basis. The aim of this paper is to introduce a new mathematical foundation to
this subject, which also gives rise to reliable numerical methods, using converging upper
and lower bounds, for computing the pressure and its derivatives for known quantities in
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statistical mechanics. In principle, these quantities can be computed to any accuracy given
su [cieht computing power. The first-order phase transition is manifested by a jump in a
corresponding directional derivative of the pressure, which can be detected within the given
precision of the computation. Our approach to the phase transition is significantly simpler
than the approaches using the Gibbs equilibrium measures corresponding to the pressure,
e.g. [1, 7, 18, 25].

We now introduce the main ideas of this paper as nontechnically as possible. Assume
that we have a standard lattice Z9, consisting of points in d-dimensional space RY with
integer coordinates, which we call sites. Each site i = (iy,...,iq)" is occupied by exactly
one particle, or color, out of the set (n) := {1,...,n} of n distinct colors (if we do not insist
that every site be occupied, we agree to use color n for an unoccupied site). In general, one
has a local type of restriction on the allowed configurations of the colors, which is called a
subshift of finite type, or SOFT, known as the hard-core model in physics terminology. The
exact definition of a SOFT is given in the next section. For an example of SOFT, consider
the residual entropy of square ice studied in [21]. This entropy is the exponential growth
rate of the number of colorings of increasing sequences of squares in Z2 with n = 3 colors,
subject to the local restriction that no two adjacent sites receive the same color. More
generally, we consider a nonempty near neighbor SOFT (NNSOFT), specified by a d-tuple
I'=(l,...,[q4), where each 'y C (n) x (n) is a digraph whose set of vertices is the set (n)
of colors. Two adjacent sites i and i+ ey, where ex = (d1k, ..., dqk) ', are allowed to receive
the colors p and ¢ respectively only if (p, ¢) € k. We denote the set of all allowed colorings
in this NNSOFT by Cr(Z9).

We assume for simplicity of the exposition that the Hamiltonian of a particle of color ¢
is uj € R. If this is not the case, as for the Ising model or the monomer-dimer model, there
is a way to reduce such a model to our model by enlarging the number of colors. We show
how to carry out this reduction for the monomer-dimer model.

For m = (mq,...,mq) € N9, let (m) denote the d-dimensional box (m;) x --- x (mgq).
Let ¢ : (m) — (n) be a coloring (m) with n colors, i.e., an ensemble of vol(m) :=m; - --mgq
particles of n kinds occupying the sites in (m). Let cij(¢) be the number of sites in (m)
colored with color i. Let c(¢) = (c1(¢),...,cn(¢))" and u = (u1,...,un)" € R". Then the
Hamiltonian of the system ¢ is equal to c(¢) "u. The grand partition function corresponding
to the set Cr({m)) of all colorings ¢ : (m) — (n) allowed by T' is given by

Zrmu) = Y @ (1.1)
eCr((m))

It is well-known that log Zr(m, u) is a convex function. Furthermore, the multisequence
log Zr(m,u), m € N9 is subadditive in each coordinate of m. Hence the following limit
exists loa 7
. 0 ,
Pr(u) ;= lim w
m

—00 VOl(m) ’ (12)

where m — oo means mj — oo for all j € (d). This limit is called the pressure function.
The value hr := Pr(0) is the (free) entropy of the corresponding SOFT, and our previous
paper [12] was devoted to the theory of its computation. The function Pr(-) : R" — R is
a Lipschitz convex function. Hence it is continuous and subdi [erkntiable everywhere, and
di Lerentiable almost everywhere. Assume that Pr(-) is dilerkntiable at u with gradient
vector p(u) = (p1(u),...,pn(w))". Then p(u) is a probability vector, and pi(u) is the
relative frequency, or proportion, of color ¢ corresponding to the pressure Pr(u). We show
that the points u where Pr(u) is not di[erentiable correspond to phase transitions of the
first order, i.e., these are points u where the proportions of the colors are not unique.

Let M, € R" denote the simplex of probability vectors. Assume that p € I, is a limiting
color proportion vector for some multisequence of configurations in Cr({m)), m — oo. Then
one can define the density entropy hr(p) as the maximal exponential growth rate of the
number of configurations, the maximum being taken over all multisequences whose color



proportion vector tends to p. (See for example [14] for the special case of the monomer-dimer
configurations.) We denote by Mr C M, the compact set of all limiting color proportion
vectors.

Let Pi(-) : R" — [—hrp,o0] be the conjugate of Pr(-), which is called the Legendre-
Fenchel transform in the case of dilerkntiable convex functions [2, 24]. Recall that Pg(:)
is a convex function. We show that for a limiting color proportion vector p, that is also a
subgradient of the pressure function somewhere, hAr(p) = —Pf(p). Thus hr is a concave
function on each convex set of such vectors p in M.

We next show that in many SOFT arising in physical models, the set My is convex and
the function hr : M — Ry is concave. A simple example is as follows. Assume that our
SOFT given by T has a friendly color, say n. This is, in each digraph 'k the vertices n
and ¢ connected in both directions, i.e. (n,7),(i,n) €Nk, fori=1,....,nand k=1,...,d.
Then Mr is convex and hAr|Mr is concave. The hard core model has a friendly color. The
monomer-dimer model has essentially a friendly color, which corresponds to the dimer, hence
Mr = Mgy1 and hr|Mg41 is concave. These results can be viewed as generalizations of the
result of Hammersley [14].

For numerical computations of the pressure one needs to have lower bounds for the
pressure, which converge to the pressure in the limit. (The convergent upper bounds are

given by % since the multisequence log Zr(m, u), m € NY is subadditive in each
coordinate of m.) We extend the results in [9, 12] to give lower convergent bounds if at
least d — 1 digraphs out of 'y, ...,y are symmetric. (A digraph ' C (n) x (n) is called
symmetric, (reversible), if the diedge (7, 7) is in ' whenever (4,4) is in I'.) This condition
holds for most of the known physical models. In this paper we show how to apply the
computational methods developed in [12] to the pressure. We demonstrate the applications
of our methods to the two dimensional monomer-dimer model on Z2. First we confirm the
heuristic computations of Baxter [4]. Second, we find numerically a number of values of the
pressure function P,(vy,v2) and the value of the density entropy ha(p1, p2) for dimers with
densities p1, po in the directions z1, xo respectively. In Figures 1 and 2 we give the plots of
these functions. These computations go beyond the known computations of [4, 15], where
one considers the total density of dimers, (which reduce to the computations of functions of
one variable).

We hope to show that the methods of this paper can be applied to other interesting
models. We already know that our approach works for the numerical computation of the
pressure function for the 2D and 3D Ising models in external magnetic field. (It is similar
to the monomer-dimer model we study here.) We plan to study if our numerical compu-
tations are precise enough to discover the second order phase transitions, which occurs in
multidimensional Ising models.

We now survey briefly the contents of the paper. In Section 2 we describe in details
SOFT, NNSOFT and the pressure function. We also show that in the one-dimensional case,
the pressure is the logarithm of the spectral radius of a corresponding nonnegative matrix. In
Section 3 we show that under certain symmetry (reversibility) assumptions on d—1 digraphs
among Iy, ..., 4, we have computable converging upper and lower bounds for the pressure.
In Section 4 we relate certain properties of a convex function, as di[erkntiability and its
conjugate P (p), (the Legendre-Fenchel transform), to the physical quantities associated
with a given SOFT, i.e. the corresponding Potts model. In particular we show that the
points where the pressure Pr(-) is di [erkntiable correspond to unique color frequency vectors.
On the other hand the points were the pressure is not di [erkntiable correspond to the phase
transition of first order, since to this value of u correspond at least two dilerent color
frequencies. We also relate the density entropy hr(p) to the conjugate function Pf(p). In
Section 5 we apply the results of Section 4 to a one-dimensional SOFT. The importance
of one-dimensional SOFT is due to the fact that our approximations of the pressure are
obtained by using the exact results on one-dimensional SOFT. Section 6 we apply some of
our results in Section 4 to the monomer-dimer model in Z9. We also relate our results to the
works of Hammersley and Baxter [14, 4]. This is done by using the fact that the monomer-



dimer model in Z9 can be realized as SOFT with 2d + 1 colors [10, 12]. As we pointed
out in [12] this SOFT does not have symmetric properties, and hence can not be used for
computation. In Section 7 we use the symmetric encoding of the monomer-dimer model
developed in [12], to obtain computer upper and lower bounds for the pressure function.
In Section 8 we apply our techniques to the computations of two dimensional pressure and
density entropy for the monomer-dimer model in Z2.

2 SOFT, NNSOFT and Pressure

We use the notation (r) := {1,...,r} forr e N:={1,2,3,...}, and for m = (mq,...,mq) €
N9, (m) := (m;) x --- x (mgq) denotes a box with volume vol(m) := m; ---mq. Then
(n)™) is the set of all colorings ¢ : (m) — (n) of (m) with colors from (n). We denote by
c(@)i := #¢~1(:) the number of sites in (m) colored with the color i € (n), and let c(¢) :=
(D)1, ..., c(#)n)T. Similarly, with Z = {0,+1,+2,...}, (n)Z" is the set of all colorings
¢ : 78 — (n) of Z4 with colors from (n). Given a d-digraph T' = (I',...,¢) on (n) x (n),
let Cr(Z9) C <n>zd be the set of all I'-colorings, namely colorings ¢ = (¢m)mezd € <n>zd
such that for each i € Z9 and k € (d), (¢, Pite.) € Mk, Where e is the unit vector with
kth component equal to 1. In ergodic theory, the set Cr(Z9) is called a nearest neighbor
subshift of finite type (NNSOFT).

A general SOFT can be described as follows. Let M € NY and a nonempty subset
P C (n)™ be given. Every element a € P is viewed as an allowed coloring (configuration)
of the box (M) with n colors. For i € Z9, we define the shifted coloring 7;(a) of a € P as
the coloring of the shifted box (M) + i that gives to the site x + i the same color that a
gives to x € (M). We denote by 7;(P) the set {ri(a) : a € P}, and regard it as the set of
allowed colorings of (M) +i. A coloring ¢ € <n>zd is called a P-state if for each i € Z9 the
restriction of ¢ to (M) +1i is in ;(P). We denote by <n)zd (P) the set of all P-states. In
ergodic theory, the set <n>zd (P) is called a subshift of finite type (SOFT) [26].

Each NNSOFT Cr(Z9) is a special kind of SOFT obtained by letting M = (2,...,2)
and P the set of all colorings ¢ € (n)™ such that i,i+ ex € (M) imply (é1, i) € Mk
Conversely [9], each SOFT <n)zd (P) can be encoded as an NNSOFT Cr(Z%), where T' =
(F1,...,Ig) is defined as follows. Take N = #P and use a bijection between P and (N).
The digraph 'k C (N) x (N) is defined so that for a,b € P we have (a,b) € Ik if and only
if there is a configuration ¢ € (n)M+ex) such that the restriction of ¢ to (M) is a and the
restriction of ¢ to (M) + e is 7, (b). Because of this equivalence, we will be dealing here
with NNSOFT only.

In the sequel we will take lim sup and lim inf of real multisequences (am)mene @S M — 0.
In order to be clear, we define these here and observe that they are limits of subsequences
[12]. We also define the limit of real multisequence in terms of limsup and liminf, which is
equivalent to other definitions in the literature.

Definition 2.1 Let (a¢m)mene be @ multisequence of real numbers. Then

(@) limsup,,_,. am is defined as the supremum (possibly +o0) of all numbers of the form
limsupy_, o @m,, Where (mg)qen IS @ sequence in NY satisfying limg_.oc mgq = o0, i.e.,
limg—. o0 (mg)K = oo for each k € (d). We define liminf,, .o am similarly.

) limy— oo am = a means limsup,,, ., am = liminf,y,_ o am = a.

As in [12], given an NNSOFT Cr(Z%) and m € N9, we denote by Cr((m)) the set of all
colorings ¢ € (n)™) such that i,i+ ex € (m) imply (¢, dire,) € Nc. Similarly, we denote
by Cr top({m)) C Cr({m)) the projection of Cr(Z%) on (m), i.e., the set of colorings in
(n){™) that can be extended to colorings in Cr(Z%), and by Cr pe:({m)) C Cr t0p((m)) the
set of periodic T-colorings with period m, i.e., the set of colorings in (n){™ that can be



extended to colorings in Cr(Z%) with period m. For a weight vector u = (uy,...,un)' € R"
on the colors, we define

Zr(mou) = Y @ (2.1)
9ECr ((m))
Zpgop(mu) = Y @
PECT top ((m))
Zp per(m, u) := Z ec@u,

QECr,per((m))

As usual, a summation over an empty set is understood as 0. Obviously

#CF(<m>) = ZF(m7 0)1
#CF,top(<m>) = Zl",top(m7 O)a
#Cr per((M)) = Zper(m, 0).

A function f(u) > 0 on R" is called log-convex when log f(u) is convex. (The zero function
is by definition log-convex.) Recall that the log-convex functions are closed under linear
combinations with nonnegative coe [ciehts [20]. Since for ¢ € R" the function e s log-
convex, the weighted sums Zr(m, u), Zr,top(m, 1), Zt per(m, u) are log-convex functions of
u for each m € NY. As in [12] it follows that for a fixed u, log Zr(m, u) and 10g Zr op(m, 1)
are subadditive in each coordinate of m, and so the limits (2.2) and (2.3) below exist. The
quantities

— |im 109 Zr(m,u)
PI‘(U) - nr!inoo Vol(m) ’ (22)
Fraon @)= 0 ™ Vol(m) 23)
Prper(u) = lim sup 109 ZL.per (1, 1) 0o

m—00 vol(m)

are called the pressure, the topological pressure and the periodic pressure of Cr(ZY), re-
spectively. The special cases hr := Pr(0), hr.top := Prtop(0), Ar.per := Pr,per(0) are the
entropy, the topological entropy and the periodic entropy, respectively, discussed in [12].
Clearly

—0o0 S Pr,pcr(u) S P].",top(u) S PF(u)'

By the log-convexity of Zr(m, u), Zr top(m, 1), Zr per(m, u), it follows that Pr(u), Pr top(u),
Prper(u) are convex functions on R™. (We agree that the constant function —oo is convex.)
As in [9], one has the equality

Pr’top(u) = Pr(u).
Since log Zr(m, u) is subadditive in each coordinate of m, it follows that

log Zr(m, u)

Pr(w) = —5om

(2.5)

In the one-dimensional case d = 1, we can express Pr, (u) as the logarithm of the spectral
radius (largest modulus of an eigenvalue) of a certain n x n matrix as follows.

Proposition 2.2 Let Dr, = (dij)i je(n) be the (0,1)-adjacency matrix of ', and let
Dr, (u) = (dij (u))ije(ny be defined by

dij (u) = dij -e%(e?u+e;u). (2.6)
Let pr, (D(u)) be the spectral radius of Dr, (u). Then
Pr, (u) = log pr, (D(u)).



Proof Recall the following characterization of the spectral radius of a nonnegative matrix
M: for any vector w with positive components, we have p(M) = limk_..o(w ' M*w)& (cf.,
Proposition 10.1 of [10]). Consider the positive vector

1(w) = (€% %igqn)-

Since Cr,({m)) is the set of walks of length m; — 1 on 'y, we have Zr,({m1),u) =
1(u) " Dr, (u)™~11(u). Therefore

. log1(w) "D miq
log pr, (D(u)) = m!linoo 91(w) 721(“) (u)
T my—1
lim log 1(u) ' Dr, ()™ '1(u) _ im log Zr, (ma, u) _ e
my—o0 mq mi—oo my

3 Main Inequalities for Symmetric NNSOFT

In this section we derive bounds for the pressure analogous to those for the entropy in [12,

Section 3] under the assumption that some of the digraphs I'1,..., 4 are symmetric.
For d > 2, consider m = (my,...,mq) € N¢ and m~ := (ms,...,mq). We denote
by T'(m) the discrete torus with sides of length m;,...,mg, i.e., direct product of cycles

of lengths my,...,mq. Let Cr ,er(13(m) be the set of I'-colorings of the box (m) that
correspond to I'-colorings of T'(m;) x (m™), i.e., that can be extended periodically in the
direction of e; with period m; into I'-colorings of Z x (m~). We can view these colorings

as T-colorings of the box (m™), where [ = (T,,...,Tq), for each k the vertex set of Iy is
the set F’fgcr of closed walks a = (a1,...,am,,a1) of length m; on 'y, and (a,b) € Ik if

and only if (ai, b;) € M for i = 1,... m4. For this reason, the limit (3.1) below exists and
is equal to the pressure Pn(u) of the NNSOFT Cy(Z91):

Zl",pcr,{l}(m,ll) = Z ec((P)Tll7
(pecr.per,{l} (m)

-5 . IOg 21 per {1}(1'1’1,11)
P = | Pt
rlmyw) = lim = )

, mp €N (3.1)

Then Pr(mi,u) is a convex function of u € R"™. In the degenerate case m; = 0, we
define Zp per,{13((0,m™),u) to be #Cr (m™) (regardless of u), where C (m™) is the set
of (Ia,...,Mg)-colorings of the box (m~). Then (3.1) is also valid for m; = 0, where
Pr(0,u) := P, 14)(0) is the entropy of Cr,, _r,)(Z%71).

.....

Theorem 3.1 Consider the NNSOFT Cr(Z9) for d > 2, and let Pr(u) and Pr(m;,u)
be defined by (2.2) and (3.1), respectively. Assume that I'; is symmetric. Then for all
p,reNandqeZ,,

Ff(p + ZQ7 u) - Ff(zqa u)
p

> Pr(u) >

Pr(2r,u) (.2)
2r

Proof Fix m~ = (ma,...,mq) € N9~! and let Q;(m™) be the following transfer digraph
on the vertex set C(m™), analogous to the transfer digraph Qq(m’) described in [12,
Section 1]. Vertices i and j satisfy (i,j) € Q:(m™) ifand only if [i, j] € Cr(2, m™), where [i, j]
is the configuration consisting of i, j occupying the levels z; = 1,2 of {((2, m™)), respectively.
Let N = #C(m™)and let Dr(m™) = (dij)ivjecrf(m,) be the N x N (0, 1)-adjacency matrix
of Q;(m™). Let Dp(m~—,u) = (dij(u))i’jecg(m,) be defined by

c@ ure@du

dij(u) =dy-e- 2z , ije C’IT(mf), (3.3)



and let the positive vector 1(u) be defined by

(:(i)T u

1) = ("7 iccrm-)-
Then
1(w)" Dr(m™~, w)™1(u) = Zr((m1,m"), ),
and as in the proof of Proposition 2.2

log1(u) " Dr(m—, u)™1(u)

mi

log p(Dr(m™, u)) = _lim
mq—o0
(In particular, p(Dr(m™—,u)) is a log-convex function of u [20].) It follows that

log p(Dr(m~,w) _ . log Zr((mi,m"),u)

vol(m™) m;—oo my vol(m™)

(3.4)

Now send mo, ..., mq to oo, and observe that by (2.2) and (2.5), the right-hand side of (3.4)
converges to Pr(u) and bounds it from above for each m~. Thus we obtain an analog of [9]

log p(Dr(m~, u))

> - e Nd-! .
vol(m-) > Pr(u), m- €N (3.5)
. logp(Dr(m~,u)) _
T Volmy e (3.6)
Next, we observe that
trDF(m_a U—)q = Zr,pcr,{l}((qa 1'1’1_), u)7 qc Z+7 (37)

where Dr(m~,u)? is the N x N identity matrix. Recall that

N
ter(m*,u)qZZ)\?, q €Ly,
i=1

where A{,...,A\n be the eigenvalues of Dr(m™,u). Since Dr(m~,u) is a nonnegative
matrix, its spectral radius p(Dr(m™,u)) := maXje(ny | il is one of the \; by the Perron-
Frobenius theorem. Since by assumption Iy is symmetric, Q;(m~) and hence Dr(m~,u)
are symmetric. Therefore \q,..., A\ are real, and hence tr Dr(m—, u)?" > p(Dr(m—,u))?"
for each r € N. Taking logarithms and using (3.7), we obtain

|Og ZF,per,{l}((zra m7)7 u) > |Og p(DI‘(m_a u))
2rvol(m™) - vol(m™)

., reN. (3.8)

Sending ms, ..., mg to co in (3.8) and using (3.1) and (3.6), we deduce the upper bound for
Pr(u) in (3.2).
To prove the lower bound in (3.2), we note that

tr Dp(m—,u)P™2 = Zx\?”q < Z |Ai|PT20 = Z A [P
i i

S Z p(DF(m77 u))p)\?q = p(DI‘(mia u))p tr Dr(m77 u)2q

and thus by (3.7)

B Pt+2d ZT per +2¢,m™),
A(Dp(m-),uyp > Torm =, w = (P +2g m ), u) 3.9
trDF(m 7u) Zl",per,{l}((ZQam )7u)




Therefore

|Og p(Dr(mia u)) > |Og ZF,pﬁr,{l}((p + ZQa mi)a u) - |Og ZF,per,{l}((ZQa mi)a u)
vol(m~™) - pvol(m~—) ’

Sending m™ to co and using (3.6) and (3.1) (recall that the latter holds for m, € Z.), we
deduce the lower bound in (3.2). —

When d = 2, Pr(mi,u) is the pressure of the NNSOFT Cf. (Z) (recall that Pr(0, u)
is the entropy hr,). Since this is a 1-dimensional NNSOFT, Proposition 2.2 implies that
Pr(my,u) = log p(Dg, (u)), where Dy (u) is defined as in (2.6). We denote p(Dg, (u)) by
f>(m1,u), and obtain the following corollary to Theorem 3.1.

Corollary 3.2 Let d =2 and assume that I'; is symmetric. Then for all p,r € N and

q € Ly,
log 62(2r, u) > Pr(u) > log f2(p + 2¢, u) — log #2(2g, u)’ (3.10)
2r P
where 65 is defined above. —

In (3.10) take ¢ = 0 and p = 2r, and send r to co. Clearly the upper and lower bounds
then converge to Pr(u). Hence Pr(u) is computable, as shown in [9] for the entropy Pr(0).
Combining the arguments of the proof of Theorem 3.1 with the arguments of the proof of
Theorem 3.4 in [12], we obtain

log p(Dr(m~, u))

Pr(w) = = 5am)

, Mo, ..., mq €ven, o, ... [y Symmetric, (3.11)

where Dr(m™,u) is defined in (3.3).

4 The Conjugate of Pressure and the Density Entropy

The purpose of this section to exhibit a striking connection between the conjugate function
P (p) of the pressure Pr(u) and the density entropy hr(p) for certain probability vectors
P

First we need to recall some properties of convex functions, which can be found in [24].
We adopt the notations of that book.

In this paper we consider only convex functions f : R™ — R U {+o0o} that are not
identically equal to +oo. Such convex functions are called proper in [24]. Let f be a proper
convex function. Then dom f := {x € R™ : f(x) < oo}, which is called the e [ective
domain of f, is a nonempty convex set in R™. Let L. C R™ be the minimal a Cnelsubspace
that contains dom f, and let [ be its dimension. The a Cneltransformation A that maps
L onto R' maps dom f onto a convex set C C R'. We denote the interior of C by int C.
Then ri (dom f) := A=!(int C) is called the relative interior of dom f (note that if I = 0,
then dom f and ri (dom f) consist of the same single point). A proper convex function
f is Lipschitzian relative to any closed bounded subset of ri (dom f) [24, Thm 10.4]. In
particular, f is continuous on ri (dom f) [24, Thm 10.1].

A proper convex function f is called closed if f is lower semi-continuous [24, Section 7, p.
52]. In particular, if f : R™ — R is convex, then dom f = R™ = ri (dom f), f is a continuous
function on R™, hence closed, and f is Lipschitzian relative to any closed bounded subset
of R™,

A vector y € R™ is called a subgradient of f at x € R™ if f(z) > f(x) +y ' (z — x) for
all z € R™. The set of all subgradients y at x is called the subdi [erential of f at x and is
denoted by 0f(x). As usual, for any set S C R™, 9f(S) denotes Uxcsdf(x). Obviously
df(x) is a closed convex set. If 9f(x) # 0, then f is said to be subdi [erentiable at x. A
proper convex function f is not subdi [erkntiable at any x ¢ dom f, but is subdi [erentiable



at each x € ri (dom f) [24, Thm 23.4]. Recall that f is di[erkntiable at x if there exists a
vector Vf(x) =y € R™ (necessarily unique) such that f(x +w) = f(x) +y ' w + o(||w]|]),
w — 0. The vector V f(x) is called the gradient of f at x. We denote by di [_fl the set of all
points where f is di [erentiable, so 0 f(di f)) denotes the set of all gradient vectors of f. A
proper convex function f is di [erentiable at a point x € dom f if and only if Jf(x) consists
of a single point, which is then V f(x) [24, Thm 25.1].

Assume that f is a proper convex function and int (dom f) # (. Then di[flis a dense
subset of int (dom f), f is dilerkntiable a.e. (almost everywhere) in int (dom f), and V£ is
continuous on di [Cf1[24, Thm 25.5]. Moreover, for each x € int (dom f) \ di [.fl the convex
set df(x), which consists of more than one point, can be reconstructed as follows from the
values of the gradient function V f on di[Cfl Let S(x) consist of all the limits of sequences
V f(xi) such that x; € di[_fland x; — x. Then S(x) is a closed and bounded subset of R™
and 9f(x) = conv S(x) [24, Thm 25.6, 7.4].

We now recall properties of the conjugate of a convex function f [24, Section 12], denoted
by f*:

f*(y):= sup x"y — f(x) foreachyeR™.
x€eRN

Since we assumed that f is proper, it follows that f* is a proper closed convex function;
moreover, if f is closed then f** = f [24, Thm. 12.2]. A straightforward argument shows
that
f*(y)=x"y— f(x) for each subgradient y € df(x). 4.1)
Recall that if f is closed then 0f* is the inverse of df in the sense of multivalued
mappings, i.e., x € 9f*(y) if and only if y € 9f(x) [24, Cor 23.5.1]. In what follows we
need the following result:

Lemma 1 Let f be a proper closed convex function on R™. Then 9f(R™) is exactly the
set of points in R™ where f* is subdi [erkntiable. In particular, ri (dom f*) C 9f(R™) C
dom f*, and the closure of 9 f(R™) is equal to the closure of dom f*. o

Proof Assume that f* is subdilerkntiable at y. Then there exists some x € R™ such that
x € 0f*(y). Since f is closed, it now follows that y € 9f(x), soy € 9f(R™). The converse
is shown in the same way. The first statement of the “in particular” now follows since f* is
proper and hence, as noted above, is subdi Lerentiable in ri (dom f*) but not outside dom f*.
The second statement of the “in particular” follows from the first one and from the fact
that for a convex set S such as dom f*, ri S and S have the same closure [24, Thm 6.3]. —

We return to a general NNSOFT Cr(Z%). We assume throughout that Cr(Z%) # 0, for
otherwise the pressure function Pr is identically —oo.

Proposition 4.1 The pressure Pr is a convex nonexpansive Lipschitz function on R"
with constant at most 1 with respect to the norm [|(v1, ..., vn)|lcc ‘= MaXjc(ny |vil :

|[Pr(u+v) — Pr()| € [|[V]e, u,veR" 4.2)

In particular, Pr is finite throughout R" (this also follows from (2.5)). Therefore it is a
proper closed convex function.

Proof The convexity of Pr was pointed out in Section 1. Let ¢ € Cr({m)). Then
1e(6) V| < vol(m)||v]].c.
Therefore a term-by-term comparison gives
efwal(m)HVIlooZl,(m7 u) < Zr(m,u+v) < ewal(m)IIVHacZl,(m7 u).
Take logarithms and divide by vol(m) to obtain

log Zr(m,u+v) log Zr(m,u)
vol(m) ~ vol(m)

< [vlloo- (4.3)

Letting m — oo, we deduce (4.2). -



Since Pr : R™ — R is a convex function, it is di [erkntiable almost everywhere. Consider
the set of probability distributions on the set of colors
My ={p=@1,---spn) :P1,---,Pn =20, p1 +---+pn =1}.
For m € N, we denote
Ma(m) ={c=(c1,...,cn) €Z] ic1+---+cn =m} =mMyNZ".
Let
Cr({(m),c) :={¢ € Cr({m)) : c(¢) =c}, for all c € Mu(vol(m)).

This is the set of I'-colorings of (m) with color frequency vector c.

Definition 4.2 A probability distribution p € My, is called a density point of Cr(Z%)
when there exist sequences of boxes (mg) C N9 and color frequency vectors cq € My (vol(my))
such that

mgq — 0o, Cr((mg),cq) Z0 Vge N, and lim

460 vol(an) — P (4.4)

We denote by My the set of all density points of Cr(Z9). For p € My we let

hr(p) := sup limsup log #Cr ((myg), ¢q)

>0, 45
mg,cq J—0o0 V0|(mq) ( )

where the supremum is taken over all sequences satisfying (4.4). One can think of hr(p) as
the entropy for color density p, called here the density entropy.

It is straightforward to show (using a variant of the Cantor diagonal argument) that Mg is
a closed set. Furthermore, hr is upper semi-continuous on Mg, because it is defined as a
supremum.

Theorem 4.3 Let P be the conjugate convex function of the pressure function Pr.
Then

(@) hr(p) < —Pp(p) for all p € Mr.

(b)
Pr(u) = gr;%x(pTu + hr(p)) forallu eR". (4.6)

For u € R", we denote

Mr(u) = arg I[T;%ﬁ(pTu +hr(P) ={peNr:Pr(w)=p u+hr(p)}, &7)

(c) For each p € Mr(u), hr(p) = —Pi(p).

(d) Nr(u) € dPr(u). In particular, if u € diCAr, then Nr(u) = {VPr(u)}. Therefore
dPr(diCAr) C Mr.

(e) Let u e R"\ diCHr, and let S(u) consist of all the limits of sequences V Pr(u;) such
that u; € diCAr and uj — u. Then S(u) C MNp(u).

(f) conv Mr(u) =conv S(u) = 9Pr(u). Hence 9Pr(R™) C conv M C My.

(9) conv My = dom Pf.
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Proof First we show that Pr(u) > p " u+hr(p) for all p € Mr. Fix p € Mr and let mq, cq,
g € N, be sequences satisfying (4.4). We have Zp(mg,u) > #Cp(mq,cq)ech“, since the
right-hand side is just one term of the sum represented by left-hand side. Take logarithms,
divide by vol(mg), take limsup,_,., and use the definition of Pr(u) and the limit in (4.4)

to deduce Pr(u) > pTu + limsup,_,,, ‘6£Crlmaca)l - Now take the supremum over all

vol(myg)

sequences mg, cq satisfying (4.4) and use (4.5) to obtain

Pr(u) >p u+hp(p) forall pelp (4.8)
and thus
Pr(u) > sup p'u+ hr(p). (4.9)
pellr

On the other hand, (4.8) can be written as p"u— Pr(u) < —hr(p) for all p € My, and then
taking the supremum over u gives Pr(p) < —hr(p) < oo for all p € MNy. Thus we have
established (a) as well as

Mr C dom Pg. (4.10)

We now show that for each u € R" there exists p(u) € My satisfying Pr(u) < p(u)'u +
hr(p(u)), which together with (4.9) will establish (4.6). Observe first that

m+n—1

#Mn(m) = ( _1 ) =0(m" 1), m— .

Therefore for each m € N9,

Zp(m,u) = O(vol(m)"™!) max  #Cp((m),c)e® .
c€Iln (vol(m))

Let

C(m,u):=arg max #Cr({(m), c)eCT“. (4.11)
c€lIln (vol(m))

Then for ¢(m, u) € C(m, u) we have
Zp(m, ) = O(vol(m)"~H)#Cr((m), c(m, u))e™™ v, (4.12)

Since Cr(Z9) # 0, for each m € N¢ and u € R", <=9 js a well-defined point in Mp.

vol(m)
c(mg,u)

Choose a sequence my — oo such that vol(mg) COnverges to some p(u). We have p(u) € MNr

by Definition 4.2. Apply (4.12) to mg, and use the definition of Pr(u) and hr(p(u)) to
deduce

Pr(u) < p(u) ' u+ limsup log #Cr ((my), ¢(mg, u))

.
q—o0 vol(m,) < p() u+hr(p(w),

which is the desired inequality establishing (b).
By the definition of Mr(u), for each p € Mr(u) we have —hr(p) = p' u—Pr(u) < Pi(p).
Combining this with (a), we deduce (c).
Let p € Mr(u) and v € R". Then the maximal characterization (4.6) of Pr(u + v) and
(4.7) give
Pr(u+v)>p'(u+v)+he(p) =p'v+ Pr(u).

This proves (d).

We now prove (e). Assume that u € R" \ diCAr and p € S(u). Then there exists
a sequence u; € diCAr such that uj — u and VPr(ui) — p. We have {VPr(ui)} =
Mr(ui) € MNr by (d), and since Mr is closed, p € Mr. By definition of Mr(u;) we have
Pr(uj) = VPr(uj) "uj+hr(VPr(uj)). When i — oo we have firstly Pr(u;) — Pr(u) by the
continuity of Pr, secondly VPr(u;)"u; — p'u, and thirdly limsup hr(VPr(ui) < hr(p)
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by the upper semi-continuity of Ar. Therefore Pr(u) < p'u+ hr(p). This, the fact that
p € Ny, and (4.6) show that Pr(u) = p"u + hr(p), which by definition means p € Mr(u).

We show the first first identity of (f). Let u € R™\ di[Ar, and let S(u) be as in (e).
By (e) we have S(u) C Mr(u), and therefore 9Pr(u) = conv S(u) C conv MNr(u). Since
O0Pr(u) is convex, from the first claim of (d) we obtain 0Pr(u) 2 conv MNr(u). Hence
OPr(u) = conv MNr(u). Clearly, conv MNy(u) C conv My. Hence 0Pr(R™) C conv M. The
second inclusion of the second claim of (f) follows from My C My, which holds by definition
of Mr.

We finally show (g). By (4.10) and the convexity of dom P}, we have conv Ny C dom Pf.
It is left to show that dom Pt C conv M. By Lemma 1 0Pr(R") is the set of all points
where Pf is subdilerkntiable. In particular ri (dom Pf) € 90Pr(R"™), so by (f) we have
ri (dom Pf) C conv My. Apply the closure operator to both sides of this inclusion. On the
left we get cl (dom Py) by the convexity of dom P (by [24, Thm 6.3], every convex set C'
satisfies cl (ri C) =cl C). On the right we get conv MNr because My is closed. So we obtain
dom Pf: C cl (dom Pf) C conv My, as required. —

As hr = Pr(0), we obtain from (4.6) the following generalization of [12, (4.12)], which
deals with the case of monomer-dimer entropy:

Corollary 4.4

hr = max hp(p).
p€llr 1
For each p € Mp(R") := J,crn MNr(u) we have hr(p) = —Pp(p) by (c) of Theorem
(4.3). Since Pf is a convex function, we obtain the following generalization of the result
Hammersley [14].

Corollary 4.5 The function Ar(-) : Nr — Ry is concave on every convex subset of
Mr(R™). —

To obtain the exact generalization of the result of Hammersley that Ny is convex and
hr(-) : M — Ry is a concave function on the entire My, we need additional assumptions
on the digraph T, which do hold for the T' that codes the monomer-dimer tilings of Z9. For
m € N9, if o : (m) — (n) is a coloring of a box (m) and j € Z9, then to color the shifted
box (m) + j by a means to give to x + j the color a(x) for each x € (m). Recall that
Cr({m)) denotes the set of all I"-allowed colorings « : (m) — (n), that is to say, such that
if x,x +ej € (m), then (a(x), a(y)) € Ti.

Definition 4.6 For a given digraph T' = (I'y,...,4) on the vertex set (n), a set F =
Umena Cr((m)), where Cr((m)) C Cr((m)) for each m € N9, is called friendly if the
following condition holds: whenever a shifted box is cut in two and each part is colored by a
coloring in F, then the combined coloring also belongs to F. More precisely, let m,n € N4
and j € Z9 be such that (m) N ({(n)+j) = @, and such that 7' := mU ((n) +j) is a box (k) +i
for some k € N9 and i € Z9. Let o € Cp((m)), 8 € Cr((n)), and let ~ : T — (n) color (m)
by a and (n) +j by 8. Then the coloring ¢ : (k) — (n) defined by §(x) = v(x + i) belongs
to Cr((k)). R

The digraph T is called friendly if there exist a friendly set 7 = U, cnaCr((m)) and a
constant vector b € N9 such that if any box (m) is padded with an envelope of width b; in
the direction of e, then each I'-allowed coloring of (m) can be extended in the padded part
to a coloring in F. More precisely, for each m € N and each o € Cr((m)), there exists a

coloring in Cr((m + 2b)) that colors (m) + b by a.

Example 4.7 Let T' = (I'y,...,[4) be a coloring digraph with vertex set (n). Then T'
is a friendly digraph with b =1 if one of the following conditions holds:
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(@) T has a friendly color f € (n), i.e., for each i € (d) we have (f,7),(J, f) € I for all
j € (n) (we can take 5'p(m) to be those T'-allowed colorings of (m) whose boundary
points are colored with f). This example is useful for the hard-core model with n =2
and I = {(1,1),(1,2),(2, 1)}, f = 1.

(b) T is the digraph associated with the monomer-dimer covering as defined in (6.1) (we
can take Cr({m)) to be the set of tilings of (m) by monomers and dimers, i.e., the
coverings in which no dimer protrudes out of (m), as in Hammersley).

The following theorem strengthens Theorem 4.3 and generalizes the results of Hammer-
sley in case T is a friendly digraph.

Theorem 4.8 Let I' = (I"1,...,4) be a friendly coloring digraph. Then
(&) Mr is convex. Hence My = dom Pf.
() Ar():MNp — Ry is concave.
(c) For each u € R", MNr(u) = dPr(uw).
(d) For each u € R", hr(:) is an a [Cnelfunction on dPr(u).
(e) hr(p) = —Pg(p) for each p € Mr.

Proof We first first prove (a). Let a € Cr((m)), let ¢(e) = (c1, .. .,cn) € Ma(vol(m)) be
the color frequency vector of o, and let p := mc(a). We assert that p € MNr. For k =
(k1,...,kq) € N9, we define k- m := (kymy, ..., kgmg) and view (k -m) as a box composed
of vol(k) boxes isomorphic to (m), i.e., as (m) duplicated by a factor of k. We color each of
these boxes by «, obtaining a coloring a(k - m) of (k- m). Clearly, p = ol k ED] c(a(k - m)).
Since a € Cr((m)), it follows that a(k - m) belongs to Cr(k - m), so in particular is T-
allowed. Choosing a sequence kq — oo, we deduce that p = limg_. mc(a(kq -m)).
Hence p € lMNr according to (4.4), as asserted.

Let 8 € Cr((n)). By the above argument we also have q := ﬁ(n)c(ﬁ) € Mr. We assert
that all 4, j € N satisfy %p -+J —-q € MNr. Let a(n - m) and G(m - n) be defined as above.
Notice that (n - m) is isomorphic to (m - n). By the above argument, a(n-m) € 01"(11 -1m)
and f(m - n) € Cr(m - n). We define k := (min1,...,mq—1nd4—1, (i + j)mgng) and view
the box (k) as composed of i + j boxes isomorphic to (m - n) aligned side-by-side along the
direction of eq. Color the first i of these boxes by a(m - n) and the last j by ﬁ(n m),
obtaining a coloring ~ of (k), which satisfies l(k) c() = 75P + 159 Also V€ Cr((k)),

so in particular ~ is T-allowed. By the above argument we obtain that H—J —p+ I+J —=q € lNr,
as asserted. Since Mr is closed we deduce that ap + (1 — a)q € MNr for all a € [0, 1].
Let Mr be the convex hull of all points of the form mc(a) for some m and some « €

Cr((m)). By the argument above we have M C Mr. Let p € My. By Definition 4.2 there
exist sequences mq — oo and color frequency vectors cq € Mn(vol(my)) satisfying (4 4). Let
ag € Cr((mg), cq) By Definition 4.6, aq can be extended to a coloring aq € Cr(<mq

2b), ¢q) for some ¢q. Since b is constant and mq — oo, we have limg_.. - ol(mq726) C0 = P-

Since Cq € I'Ip, we have p € cl I'Ip Thus I'Ir C Mg Ccl I'Ip Applying the

vol(m, +2b)
closure operator, we deduce My = cl I'Ip, and since I'Ir is convex, so is Mr. The equality
Mr = dom P follows from part (g) of Theorem 4.3.

We now prove (b). Choose any ¢ > 0. Let p € lMNr. By Definition 4.2 there exist
sequences mq — oo and color frequency vectors cq € Mn(vol(my)) satisfying (4.4). By (4.5)
we may assume by selecting appropriate subsequences that the following limit exists and
satisfies limg_ log#Cr({ma).ca) hr(p) — e. Each coloring aq € Cr({mg),cq) can be

vol(myg)
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extended to some coloring &g € 5r(<mq + 2b)). Denote by c(aq) the color frequency
vector of &q. Since b is constant and mq — oo, we have limg—.oc Formcrap7¢(Ga) = p. Let

Cq C Mn(vol(mq + 2b) be the set of all possible color frequency vectors of all extensions
of the colorings of Cr({(mg),cq) to Cr({(mq + 2b)). CIearI)i #Cy < ("Ol(mqrffll’ﬁnfl) =
O(vol(mq + 2b)"1), ¢ — oo. For each c € Mn(vol(m)), let Cr({m),c) be the set of those
colorings in Cr({m)) that have color frequency vector c. From the above it follows that

#Cr((mgq), cq) < Y #Cr({(mg +2b), c) < #Cr((mgq + 2b), €)#C,

c€Cq

= #Cr((mg + 2b), &)O(vol(mg + 2b)" 1)

for some ¢q € Cq. Taking logarithms, dividing by vol(mq + 2b), and noting that

limg_, ., Yelmat2b) — 1 \ve deduce that
q vol(myg)
_ ¢ . log #Cr((mgq + 2b), &)
lim —— ——=p and lim g 97 > —e.
% vol(mg + 2b) P A T oltmg +2b) = P =€
Thus for p, q € Mr, e > 0we have sequences mg := (M1, ...,Mdgq),Ng := (N1,q,---,Nd,q) €

N9, ¢ € N, with mq, nq — oo such that the following two conditions hold:
Cr((mg), cq), Cr((ng),dq) 7 0,q € N, m'q'Lnoo qu)cq =p; nlanoo qu)dq =q

log #Cr((my), cq) log #Cr((ng), dq)

lim > h — lim >h —e.
A T oitmg) - @ — e lim S @ e
For ¢, € N we show that
he(——p+ —Lq) > —hr(p) + —Lhr(a) - <. (4.13)
1+7 1+7 T+ 1+

Observe first that for any m,n € N® and ¢ € M, (vol(m)) one has the inequality:
#Cr((n - m),vol(n)c) > (#Cr((m), c))*'™. (4.14)

Indeed, view as above, the box (n-m) as a disjoint union of vol(n) boxes (m). Color each box
(m) in some color in the set CN'F(<m>, c). Such a coloring is a member of 5p(<n-m), vol(n)c).
Hence (4.14) holds.

Let kq g := (mi,qn1,q,--.,Md—1,gRd—1,q), Kq := (ki,q, (¢ + j)mdqng,q). View (kq) com-
posed of (i + j) boxes (mq - ng). The above arguments show that

#ar(<kq>,vol(k1,q)(icq + jdg) >
#Cr(((k1,q, imd,qnd,q), VOl (k1,q)icq#Cr (((k1,q, jmd,qnd,q), VOl (k1,q)jdg) >
(#Cr((mg), ¢q)) "™ ®) (#Cr ((ng), dg)) " (ma)

Since Cr((kq), vol(ki,q)(icq + jdg) D 5p(<kq),vol(k1,q)(icq + jdg) by considering the first
coloring sequence in this inclusion, and using the maximal characterization of hr‘(ﬁp +

%q), we deduce (4.13). Since € was an arbitrary positive number we deduce (4.13) with
e = 0. Since hr is upper semi-continuous we deduce the inequality hr(ap + (1 — a)q) >
ahr(p) + (L — a)hr(q) for any a € [0, 1].

We now prove the claims (c-d). Assume first that Let u € dilC_Ar. Then MNp(u) =
{VPr(u)} = dPr(u) and our assertions trivially hold. Assume next that the assumptions of

part (e) of Theorem 4.3 hold. Recall that S(u) C MNy(u) and conv S(u) = Pr(u) D MNr(u).
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Let pj € S(u),i =1,...,j. So Pr(u) = pj u+ hr(pi),i = 1,...,j. Since Mr is convex, we
obtain that for any a = (a1,...,aj) € Nj p .= Z{Zl aipi € Mr. As hr concave we deduce

]
Pr(u) =) aipj u+hr(pi) < p'u+hr(p).
i=1

The maximal characterization (4.6) yields that Pr(u) = p'u+ hr(p). So p € MNr(u) and
hr(p) = >_1_, aihr(pi). This proves (c-d).

We now prove (e). Recall that p € 9Pr(R") if and only if p € dPr(u) for some
u € R". Use part (c) of this Theorem and part (c) of Theorem 4.3 to deduce the equality
hr(p) = —Pf(p). If Mr consists of one point then My = 0Pr(R™) and (e) trivially holds.
Assume that Mr consists of more than one point. Since dPr(R™) D ri (dom Pg) # 0, use
the second part of (a) of this Theorem to deduce hr(p) = —Pg(p) for each p € ri (MNr).
Suppose that q € Mr\ ri (Mr),p € ri (MNr). Let

f(a) := —hr(aq + (1 — a)p), g(a) := Pr(aq + (1 —a)p), fora € [0,1].

Since aq+(1—a)p € ri (Mr) for a € [0,1) it follows that f(a) = g(a) for a € [0,1). Since Py is
a proper closed function, it is lower semi-continuous. Hence MNr(q) = g(1) < liminfa ~ g(a).
Since g is a convex function on [0, 1] it follows that liminf, ~; g(a) = lima ~ g(a) < g(1).

Hence ¢g(1) = lima ~ g(a). Recall that hr is a concave upper semi-continuous on MMy.
Hence —hr is a convex lower semi-continuous function on MNy. Hence —Ar(q) = f(1) =
lima ~1 f(a). Therefore f(1) = g(1), i.e. hr(q) = Pi(q). —

We now list several facts which are consequences of Theorem 4.3. Given u € R", then by
(d) each p € Mr(u), namely each p achieving the maximum in (4.6), is a possible density
of the n colors in an allowable configuration from Cr(Z%) with the potential u. That is,
the relative frequency of color i is equal to p;. For each u where Pr is di[erentiable, there
exists a unique density of the n colors. Assume that Pr is not di [erkntiable at u. Then 0Pr
consists of more than one point. Let S(u) be defined as in (). Since 9Pr(u) = conv S(u),
S(u) consists of more than one point. Hence by (e) My (u) consists of more than one point,
that is to say, there is more than one density for u. In this case u is called a point of phase
transition, sometimes called a phase transition point of the first order.

Proposition 4.9 Let e:=(1,...,1)T € R". Then for all t € R
Pr(u) =t + Pr(u—te).

Proof Recall the definition of Zr(m, u) given in (2.1). Clearly c(¢) "e = vol(m). Hence

Zemuy= 3 e@Tu= Y @) tere@) (ot

9€Cr((m)) @€Cr((m))
= ol 7 (m,u — te), (4.15)
which implies the proposition. —
Thus to study Pr, we may restrict attention to those potentials u = (u1,...,un) " that

satisfy un = 0. (l.e. we reduce the number of variables in the function Pr to n —1.) We
show that the same holds for 9Pr and VPr. For u € R", we use the notation

u:= (u17 .- 'aul”lfl)—r

for the projection of u on the first n — 1 coordinates, and extend it naturally to sets U :=
{u:u e U} for UCR". In the other direction, for x € R"~!, we use the notation

ux) = (x1,...,2pn_1,1 =21 — -+~ —xn—l)T
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for the unique lifting of x to the hyperplane =, := {x € R" : x"e = 1}, and
) = (x1,...,2n_1,0).
A straightforward computation shows that
A Z—ze)=uq)z—2n VYqeR" ! zeR" (4.16)
We define the convex function 131~(-) on R"~1 by
Pr(x) = Pr(o(x))  xeR™L (4.17)
By taking ¢ = up in Proposition 4.9, we obtain
Pr(u) = un + Pr(d — und). (4.18)

We now obtain a straightforward generalization of the density theorem proved in [12] for
monomer-dimer tilings.

Theorem 4.10 Let Pr(-) be defined on R"~! by (4.17). Then
dOPr(u) = OPp(d — une))  Vu € R, (4.19)

OPr(RN) = 0Pp (R ). (4.20)

Furthermore, Pr is dilerkntiable at u if and only if 131~ is di [erkntiable at @ — une. If 131~
has all n — 1 partial derivatives at @ — un€, then Pr is di[erkntiable at u and

. . oy~
VPr(u) = aﬁ(ﬁ—uné),...,ai(ﬁ—uné),l— 8ﬁ(ﬁ—uné) . 421
Oouy Oun—1 — Ouj

Proof Assume that p € 0Pr(u). By definition of 0 Pr(u) we have
Pr(u+v)>p'v+Pr(u) Vv (4.22)
Choose v such that v, = 0. Then, using (4.18) for Pr(u+v) and Pr(u) in (4.22), we obtain
Un + Pr(0— une +V) > P 'V +un + Pr(d — une) V¥,

which by definition means p € Bﬁp(ﬁ — upée).
Conversely, assume that q € 9Pr(a — un€), which means that

Pr(@—une+v)>q v+ Pp(W—une) VW (4.23)

Now for arbitrary z, choose v =z — zne in (4.23), and use (4.16) once and (4.18) twice in
the resulting inequality to obtain

Pr(u+2z) —un — 2n ZL(Q)TZ—Zn"'PI‘(u)—Un vz,

which means by definition that .(q) € 9Pr(u), and therefore q € 9Pr(u). We have
proved (4.19).

We now show (4.20). It follows easily from (4.19) that 0 Pr(R") C 6ﬁp(R”‘1). To show
the reverse inclusion, let q € 6ﬁp(w), and let u = (p(w) so that w = u — une. By (4.19)
we have q € 9Pr(u), as required.

Assume that Pr is di Lerentiable at u. Then 0Pr(u) is a singleton, and therefore 0 Pr(u)

is a singleton. By (4.19) 8]3p(ﬁ — une)) is a singleton, and therefore Pr is di [erentiable at
u-— Uné.
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Conversely assume that ﬁp is di Lerentiable at ©w — une, and therefore 6ﬁp(ﬁ — une)
is a singleton {q}. We assert that 0Pr(u) = {«(q)}. Indeed, if x € dPr(u), then X €
OPr(u) = OPr(W — ung) = {q}, where the first equality is by (4.19), and so X = q. Since
x € 0Pr(u) CMn C Zn by (f) of Theorem 4.3, it follows that x = «(q), proving the assertion
since 9 Pr(u) # (0. Therefore Pr is di[erkntiable at u.

The last statement of the theorem follows from the previous statement and the fact [24,
Thm 25.2] that a convex function f : R — R is di[efkntiable at a point a if merely the &
partial derivatives 2 ax ,1=1,...,k exist at a. —

We can reformulate Theorem 4.3 for 131~.

Theorem 4.11 Let ]3; be the conjugate convex function of Pr. Then
(@) hr(p) < —Pi(p) for all p € Mr.

(b)
Pr(x) = max (' x + hr(p)) for all x € R"1, (4.24)
P T

For x € R"1, let q(x) € MNr(to(x)) i.e., q(x) is any vector satisfying

Ya(x)) € Mr and  Pr(x) = u(a(x)) " 1o(x) + hr((a(x)))

(4.25)
= q(x) " x + hr(1(a(x))).

(©) hr((ax))) = —Pi(ax)).

(d) q(x) € 0Pr(x). In particular, if x € diCAr, then q(x) = VPr(x). Therefore
dPr(diCAr) C Mr.

(e) Let x € R 1\ di CAr, and let S(x) consist of all the limits of sequences V Pr(x;)
such that x; € diCHAr and x; — x. Then S(x) C Mr(to(x)).

(f) conv M = dom P;.

Proof From (4.6) we have Pr(u) > p'u+ hr(p) for all u € R" and p € Mr. Fix p € M,
and let x € R"! and u = (y(x). Then ﬁp(x) = Pp(u) > p'x + hr(p), S0 —hr(p) >
ﬁx—ﬁp(x). Now take the supremum over x € R"~! to obtain —hr(p) > ﬁr*(ﬁ), which is (a).
Substitute u = 14(x) in (4.6) to deduce (4.24). We now show (c). By (4.25) and the definition
of P* it follows that —hr((q(x))) = q(x) "x — Pr(x) < Pi(q(x)). Combining this with the
opposite inequality (a), we deduce (c). To prove (d), let x,z € R"~!. Since «(q(x)) € Mr,
(4.24) applied to x +z and (4.25) give Pr(x+2z) > q(x)T(x +2z) + hr(1(q(x))) = q(x) "z +
Pr(x). This proves (d). To ) prove (e), let x € R"—1 \d| [ABr and let q € S(x). Then there
exists a sequence x; € di DBF such that x; — x and VPp(x.) — q. By the “furthermore”
part of Theorem 4.10 we have :o(xi) € diCHr and «(x) € R" \ dilAr. By (4.21) and
the continuity of . we have VPr(,o(xi)) = «(VPr(xi)) — «(q). This shows that «(q) €
S(to(x)) € MNr(o(x)), where the inclusion is by (e) of Theorem 4.3. It follows that q =
1(q) € MNr(w(x)), as required. Now we prove (f). By (a) we have ﬁr*(ﬁ) < —hr(p) < ©
for all p € Mr, so My C dom ]3*, and taking the convex hull gives conv My C dom 1311‘. It
remains to show the reverse inclusion. We know by Lemma 1 that 813F(R”*1) is the set of all
points where ]3; is subdi Lerkntiable, so in particular ri (dom 131:*) - 8]31~(R”*1). By (4.20)
and (f) of Theorem 4.3 we have 8]3F(R”*1) = OPr(R") C conv Mr = conv M. Combining
the above inclusions gives ri (dom 131’5) C conv Mr. Applying the closure operator, we obtain
dom ]3; Ccl (dom 131:*) =cl (ri (dom ]3;)) C conv My as in the proof of (g) of Theorem 4.3. —,
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Since a probability vector p € My, is determined completely by its projection p on the
first n — 1 components, we can view the function hr : My — R, as a function on My.
Formally, let _

hr(q) := hr((q)) for all q € Mr. (4.26)

5 Pr and density entropies for one dimensional SOFT

In this section we apply the results of Section 4 to one dimensional SOFT. In this case I is
given by a digraph I' :=T; C (n) x (n).

Theorem 5.1 Let ' C (n) x (n) be a digraph on n vertices, with at least one strongly
connected component. Then Pr(u) = log p(D(I", u)), where the nonnegative matrix D(I", u)
is given in Proposition 2.2. If " is strongly connected, or more generally I" has one connected
component, then Pr is an analytic function on R", Mr is a closed convex set of probability
vectors equal to dom P2, hr is concave and continuous on ri My, and coincides there with
—Pf. In particular, for any u € R"

Vp(D(T', u))

hr(p(u)) = —p(u) "u + log p(D(", u)), where p(u) := : (5.1)
: p(D(T, u))
Furthermore Y o(D(r. 0))
hr = max hr(p) = he(~2757) = log p(T). (5.2)
pellr p()
Assume that I has £ > 1 connected components Ay, ...,Ax. Then Pr(u) =
max(Pa, (u), ..., Pa,(u)), where each Pa, is an analytic function on R".

Proof Proposition 2.2 yields the equality Pr(u) = log p(D(I",u)). Assume first that I
is strongly connected, which is equivalent to the assumption that the adjacency matrix
D(T) = (dij)ije(n is irreducible. From the definition of D(I, u) = (dij - €27 ™o W), 1y
it follows that D(I",u) is an irreducible matrix for each value u € R". Then p(D(I",u))
is a simple root of the characteristic equation p(z,u) := det(zI — D(I',u)) = 0 for each
u € R". Since the coe [ciehts of p(z,u) are analytic in u, where u € C", the implicit
function theorem implies that p(D(I", u)) is analytic function in a neighborhood of R" of
C". Since p(D(I", u)) is positive on R" it follows that log p(D(I", u)), u € R" has an analytic
extension to some neighborhood of R™ in C". Hence Pr is analytic on R". In particular, Pr
is di [erkntiable on R". Theorem 4.3 and Lemma 1 yield that dom Pt = conv p 2O Mr D
OPr(R™) D ri (dom Pf). Since Mr is closed we obtain that Mr = cl (dom P) = conv Mr,
hence My is convex. According to Theorem 4.3 cl (dom P}t) = dom P}..

Since Pr is dilerkntiable, Theorem 4.3 yields that hr(p) = —F/(p) for p € 0Pr(R").
As OPr(R™) D ri (dom Pt) we deduce that Ar = —P; on ri (dom Pf). Since Pf is a convex
continuous function on ri (dom P;), it follows that Ar is a concave continuous function on
ri (dom Pp).

As Pr(u) = log p(D(T,w)) it follows that VPp(u) = % Hence (5.1) holds.
Clearly, p(D(I',0)) = p(I") and (5.2) follows.

Assume now that I is not strongly connected digraph. Rename the vertices of I" such
that D(I") is its normal form [13, XI11.4]. That is, D(I") is a block lower triangular form
matrix, where each submatrix on a diagonal block is either a nonzero irreducible matrix
or 1 x 1 zero matrix. Then each nonzero irreducible submatrix corresponds to a strongly
irreducible component of I'. Let Ay, ..., Ax be the k£ > 1 irreducible components of I". Since
D(I",u) is also in its normal form it follows that p(D(I", u)) = maXic1,k P(D(Dk, u)). Note
that log p(D(Ai,u)) = Pa,(u) fori=1,... k.

Assume first that £ =1 and A; # I'. Rename the vertices of I such that (m) is the set
of vertices of Ay, where 1 < m < n. Let @ = (u1,...,um)'. Then Pr(u) = Pa, (1) and the
theorem follows in this case.
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Assume finally that & > 1. The above arguments show that each Pa, is an analytic
function in u, which does not depend on a variable u; if j is not a vertex of A;. —

Assume that I is strongly connected and we want to compute p(u) = %. We
give the following simple formula for p(u) which is known to the experts.

Proposition 5.2 Let ' C (n) x (n) be a strongly connected digraph on n vertices. Let
D(I", u) be the nonnegative matrix given in Proposition 2.2. Let x(u) = (z1(u),...,zn(0))",
y() = (y1(u), ..., yn(u)) " be positive eigenvectors of D(I",u), D(I",u) " respectively, nor-
malized by the condition y(u)"x(u) = 1. Then

Vp(D(T, u))
p(D(I", u))

Proof Let D(u) := D(I,u),p(u) := p(D(,u)). Since p(u) > 0 is a simple root of
det(zI — D(u)) it follows that one can choose x(u),y(u) to be analytic on R" in u. (For
example first choose x(u),y(u) € R'! to be the unique left and right eigenvectors of D(u)
of length 1. Then let y(u) = my(u).) Let 0; be the partial derivative with respect
to uj. Then

VPr(u) = = (y1(W)z1(0),. .., yn(u)zn(u)) for each u € R". (5.3)

y(u) " x(u) = 1vu € R" = diy(u) "x(u) + y(u) "dix(u) =0, for i=1,...,n.

Observe next that y(u) " D(u)x(u) = p(u). Taking the partial derivative with respect to u;
and using the formula (2.6) for the entries of D(u) we obtain

dip(u) = diy(w) " D()x(u) +y(u) " D(w)dix(u) + y(u) " & D(u)x(u).

p() @iy () " x(w) +y(u) " dix(u)) + p(w)yi(W)zi(u) = p(u)yi(w)zi(w).

This proves (5.3). —

We now apply the above results to the following simple digraph on two vertices:

e%)

Identify the red color with the state 1 and the blue color with the state 2, which is usually
identified with the state 0. Then Cr(Z) consists of all coloring of the lattice Z in blue and
red colors such that no two red colors are adjacent. This is the simplest hard core model in

statistical mechanics. The adjacency matrix D(I") is the following 2 x 2 matrix ( 2 1 )
Let u = (s,t)". Then VPr(u) = (p1(u),p2(u)) € My it follows that po(u) = 1 — py(u).

It is enough to consider u = (s,0) and p;(s) = %SS’O)T). So p = p1(s) is the density of
1 in all the configurations of infinite strings of 0,1, where no two 1 are adjacent. Clearly

D u) = ( 60% ef ) Hence
1+ 1+ 4es 2e®
plu) = ———— pi(s) = =
2 (1 + V1+4c5)y1+ 4
2 1 1 1
_ =Z(1-———)€(05)
(e 2 +VeS+4)/esS+4 2( \/1+4es) ( 2)

Note that p;(s) is increasing on R, and p;(—o0) = 0, p1(o0) = % Hence MNp =

conv ({(0,1)7,4(2,1)™}) and 9P-(R?) = ri Ar. As Pr(0) = hr = log 175 it follows
- — 2 H H * ’ H

that the value p* := p1(0) = RV .2763932024 is the density p* of 1's for which

hr = hr((p*,1 —p*)).
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To find the formula for ﬁr(p) = hr((p, 1 — p)) first note that if p = p;(s) then

1 p(L—p)
V1+4eS= —— = E
1+4e 12, s(p) =log a—2)2
Then 1 1) 1
— —-bp pil—p
hF(P) IOg 1 2 plog (1 2 )21 pe (Oa 2)

Our computations of Pr, for d > 2, are based on upper and lower bounds, for example as
given in Corollary 3.2. We claim that the function % can be viewed as the pressure
function of certain corresponding one dimensional subshift of finite type given.

Consider for the simplicity of the exposition two dimensional SOFT given by T' =
(F'1,T2), where I'; is a symmetric digraph. Let A be the transfer digraph induced by
"2 between the allowable Iy coloring of the circle T'(m). Then V := Cr, per(m) are the set
of vertices of A. For any «, 5 € Cr, per(m) the directed edge (o, 3) is in A if and only if the
configuration [(a, B)] is an allowable configuration on Cr((m,2)). Note that the adjacency
matrix D(A) = (dag)a,peCr, per(m) 1S N x N matrix, where N := #Cr, per(m). Then the
one dimensional SOFT is Cr(7'(m) x Z): all T' allowable coloring of the infinite torus in
the direction e, with the basis 7'(m). The pressure corresponding to this one dimensional
SOFT is denoted by Pa(u). It is given by the following formula: Let

D(&, 1) = (dap())apecy, por(m): dap() = dage? (@@ v .4)
Then ~
~ log p(D(A, u
Pa(u) := M (5.5)
m
The reason we divide log p(ﬁ(A, u)) by m, is to have the normalization
Pa(u+te) = Pa(u)+t foranyteR.
It is straightforward to show that % = ﬁA(u). Assume that A has one irreducible

component. Then the arguments of the proof of Proposition 5.2 yield that IBA(u) is analytic
on R". Furthermore

VPa(u) = (y(w)" (@1 D(A, w)x(u),...,y(w) " (GnD(A, w)x(u)), (5.6)

for any u € R". Here x(u) and y(u) are the nonnegative eigenvectors of D(A,u) and
D(A,u) ", respectively, normalized by the condition y(u) "x(u) = 1. Then VPa(u) € My,
corresponds to the limiting densities of the n kind of particles in this one dimensional SOFT.

In the numerical computations, as in the next section, we use one dimensional subshifts
to estimate the pressure Pr from above or below as described for example in Corollary
3.2. To estimate the partial derivatives of Pr one can find the partial derivatives of the
pressure corresponding to the one dimensional subshift approximation using Proposition
5.2. Since Pr(u) is convex in each variable we can estimate each partial derivative from
above and below by finite dilerknces. However, these estimates are not as good as taking
the derivatives of the one dimensional subshift approximation to Pr(u).

6 The monomer-dimer model in Z¢

A dimer is a union of two adjacent sites in the grid Z9, and a monomer is a single site. By
a tiling of a set S C Z9 we mean a partition of S into monomers and dimers. By a cover
of S we mean a tiling of a superset of S with each monomer contained in S and each dimer
meeting S; in other words, dimers are allowed to protrude halfway out of S. Usually our
set S will be a box or the entire Z9; in the case of a torus we only speak of tilings. As
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mentioned in [12], the set of monomer-dimer tilings of Z9 can be encoded as an NNSOFT
Cr(29) as follows. We color Z9 with the 2d+1 colors 1,...,2d+ 1: a dimer in the direction
of ex occupying the adjacent sites i, i+ ey is encoded by the color k£ at i and the color & +d
at i + ex; a monomer at i is encoded by the color 2d + 1 at i. This imposes restrictions on
the coloring, which are expressed by the d-digraph T' = (I'y,...,4) on the set of vertices
(2d + 1), where

) elk<= @=k,g=k+d)or (p#k,qFk+d). (6.1)

It is easy to check that this gives a bijection between the monomer-dimer tilings of Z¢ and
Cr(Z9). Let Pr(u),u € R*4+1 pe the pressure function for the monomer-dimer model in
Z8. Since each dimer in the direction ey corresponds to the colors & and k + d it follows
that Pr(u) is e [edtively a function of d + 1 variables. To show that we define the following
linear transformations

Definition 6.1 (a) Let 7,7y : R9+! — R2d+1 pe the linear transformations

w1 Wd Wi Wd
T(wla" '7wdawd+1) = (77 'a?a 77" 'a?awd+l)a

Ti(wy, ..., wy, wqr1) = (w1, ..., w4, W1, ..., W4, Wdt1)-
(b) Let Q : R29+t!1 — RI+1 pe the linear transformation given by Q(ui, ..., usd11) =
(u1 +udy1, - .-, Ud + U2d, Uad+1)-
(c) Let Qq :RY — R be the linear transformation (v, ...,vq)" — vy + - + vq.

Theorem 6.2 Let I' = (I'y,...,¢)-coloring, with 2d + 1 colors given by (6.1) For
u € R%*! let Pr(u) denote the pressure function. Then

(@) Pr(u) = Pr(TQu).

(b) OPr(R*+1) C T(RM).

(c) My =T (Mgy1). Hence Pp (R4 € T(Mg1).

(d) The function hr : TNy — R4 is a concave function.

Proof (a) Since the colors i and i + d describe the two halves of a dimer in the direction
ej for i =1,...,d, we have the identity Pr(u) = Pr(TQu).

(b) Let p = (p1,.-.,p2d+1) € 9(Pr(u)). In case u € di CAr, the Chain Rule applied to
the identity in (a) yields the equalities pi = pg+i,i =1,...,d. In case u € I(Pr(u)) \
di Ar, this follows from the fact that 0Pr(u) = conv S(u) as in the beginning of
Section 4.

(c) Since the color i appears with color i + d, it follows that p; = pjrq for i = 1,... d.
Hence My C TTMg41. Itis left to show that any

P = (p1,---,PdsP1,---,Pd, P2d+1) € Mags1 is in Mp. Equivalently, the probability

vector r := (2p1, ..., 2pg, pd+1) is the density vector of the dimer-monomer covering of
Z8. For d = 1, this result is straightforward, e.g. [12]. So assume that d > 1. Suppose
first that all the coordinates of r are rational and positive: r = ({,..., 14, ":;1), where

m is a positive integer. Consider the sequence mq = (2gm, 2gm, ...,2qm) € NY g € N.
Partition the cube (mq) to d + 1 boxes with a basis (mg), (2gm, ...,2qm) € I\
((mg,2qi5)),j = 1,...,d + 1. Tile the boxes ((mg,2qij)) with the dimers in the
direction e; for j = 1,...,d, and the last box ((mg,2qiq+1)) with monomers. Then
p =Tr € MNr. Since Mr is closed we deduce that My D TTgy;. Hence My = TMg41.

In case u € diCHr, then VPr(u) € MNr = TMNg41. In case u € 9(Pr(u)) \ di Ar,
clearly S(u) C TNy, 1. Hence dPr(u) = conv S(u) C TMg, ;. Therefore 9Pr(R24+1) C
T(Mg1)-
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(d) According to part (b) of Example 4.7, the graph T, corresponding to the monomer-
dimer model, is friendly, (as explained in [12, §4]). Part (b) of Theorem 4.8 yields that
hr is concave My = TMy. [ |

Define
Ryq(w) := Pr(T1(w)).

In analogy with Proposition 4.1 and Proposition 4.9, Rg(w) : R4t — R is convex Lipschitz
function which satisfies the conditions

|Rg(wW +2) — Rg(W)| < [|Zllmax W,z € R, (6.2)

Ry(w) =t+ Ry(w —te) weRIT tcR. (6.3)

We now derive the properties Rq(w) that are analogous to the properties of Pr(u)
discussed in Section 4. First we view Ry as the restriction of Pr to the (d + 1)-dimensional
subspace TRY*!. Observe that QMayg,1 = QTMgy1 = Mgii. Note that the vector r =
(r1,...,7d,7d+1) " € Mgy1 can be defined intrinsically, where r; the dimer density in the
direction e; for i = 1,...,d, and rq,1 is the monomer density in the lattice Z9. Let

Hy(r) := hr(Tr), for any r € Mg 1.

We view Hy(r) as the anisotropic dimer-monomer entropy of density r.
It is straightforward to show that R4 satisfies an analogous theorem to Theorem 4.3. In
particular, Rq(w) = MaXyem,,, (r' w + Hq(r)). For w € RY+!, we denote

Mgy (W) := arg rénnale(rTw + Hy(r)) = {r € Mgy1 : Re(w) =r'w+ Hy(r)}.  (6.4)

Because of the equality (6.3), we can use the analogous results to Theorems 4.10 and 4.11.
More precisely, for v € RY, let Py(v) be defined as in (4.17), i.e.,

Py(v) = Ra(to(v)) = Pr((uo)), uy = (VT,VT, O),v—r = (v1,...,04) € RY. (6.5)

In other words, the two halves of a dimer in the direction of ex are given the positive
weight zx = eV« each, and a monomer is given the weight 1 = ¢°. Then Z,e(m,v) =
Zr per(m, up), is the grand partition monomer-dimer (counting) function in which we sum
over all monomer-dimer tilings of the torus 7'(m), and each tiling having exactly p; dimers
in the direction e; for : = 1,...,d plus monomers contributes H?:l e2HiVi_ Ag in [12], the
function Z(m, v) := Zr(m, up) does not exactly count the weighted monomer-dimer covers
of (m), because protruding dimers have only half of their weight counted. This can be easily
taken care of as in [12], and the pressure Py(v) is a convex function of v € RY.

Lemma 2 Let vI = (v1,...,v9) € RY and let o : (d) — (d) be a permutation. Then
Py((v1,...,va)") = Pa((vs(1), - - ->Vo(a)) ' ); in other words, Py(v) is a symmetric function
of v1,...,vq. Similarly for Z(m, v) o

Proof By applying the automorphism of N9 given by

(m1,...,maq) = (Mg(1),-- -, Ma(d))
we obtain the equality
Z((m1,...,ma), (v1,...,va) ") = Z((moq), - - -, Ma(@)), Wa(1)s - - - Vo)) 1), (6.6)
and the result follows from (2.1). —

Then each for each r € MNg4+1(to(v)) We have T € 9Py(v). We define Aq := My41 to be the
projection of Mg, on the first d coordinates. Let

ha(r) = Ha(r), r € Mas1. (6.7)
We can repeat the proof Theorem 4.11 to obtain:
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Theorem 6.3 Let P; be the conjugate convex function of the pressure function Fy.
Then

(@) ha(q) < —P;(q) for all q € Aq.
(d _
Py(v) = max(q' v + hg(q)) for all v e RY. (6.8)
q€Ag
For v € RY, we denote
Ag(v) = arg max(q' v + ha(a),
q€Ag
that is to say q(v) € Ag(v) if and only if

a(v) €Ag and  Py(v) = q(v) ' v + ha(a(v)). (6.9)

(©) ha(a(v)) = —F;(a(v)).

(d) Ag4(v) C 9Py4(v). In particular, if v € diCHy, then Aq(v) = {VP4(v)}. Therefore
OPy(di[CHy) C Ag.

(e) Let v € RY\ di[Hy, and let S(v) consist of all the limits of sequences V Py4(v;) such
that vi € diCHy and vi — v. Then S(v) C Ag(v).

(f) conv Ay = dom Fj.

Thus, the first order phase transition occurs at the points v where Py is not di [erkntiable.

As in [14, 4, 16] we consider the total dimer density ¢ := g1 +- - - + gq. This is equivalent
to the equalities v; = --- = vg = v = log s, where s > 0 is the weight of a half a dimer in
any direction. We define presy(v) := Py((v,...,v)") = Py(ve) : R — R. Then pres, is a
nondecreasing convex Lipschitz function satisfies |presy(u) — presy(v)| < |u — v|.

Proposition 6.4 For each d € N Qq(Aq) = [0,1]. Let

ha(p) == max i_Ld(q), for each p € [0, 1]. (6.10)
A€A4,Qaa=p

Then R
presy(v) = max pv + hq(p). (6.11)
pe(0,1]

Furthermore, ﬁd(p) is the p-dimer entropy as defined in [14] or [12].

Proof Let p € [0, 1] be the limit density of dimers, abbreviated here as p-dimer density, as
(m) — oo as discussed in [12]. We recall the definition of the p-dimer density in terms of
quantities defined in §4. (See in particular Definition 4.2.)

For each m € N9 and a nonnegative integer a € [0, vol(m)] define

Cr(<m>a a) = Uc:(cl ..... 02d+1)6H2d+1(vol(m)),ch+1:aCF(<m>v C)' (612)

So Cr({m), a) is roughly equal to the set of all covering of the box (m) c Z% with monomer-
dimers, such that the number of monomers is a. (It may happen that some of the dimers
protruding “out of” the box (m), see [12].) Then p € [0,1] is dimer density if there exists
a sequence of boxes (mq) C N and a corresponding sequence of nonnegative integers aq €
[0, vol(myg)], such that

mg — oo, Cr((mg),aq) # 0 Vg € N, and q|im —p. (6.13)

q —
_% =
~15 vol(myg)
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From the definition of the density set Ay of the dimers it follows that p is a dimer density
if and only p = Qqq for some q € Ay. Since Ay = Mgy, it follows that Qq(Ag) = [0, 1].
For each p € [0,1] let

ha(p) :== sup limsup log #Cr ((mg), aq)

>0, (6.14)
mg,aqg §—00 VOl(mq)

where the supremum is taken over all the sequences satisfying (6.13). Then hq(p) is the
p-dimer entropy as defined in [12]. Let hpresy(p) be defined as in (6.10). We claim

ha(p) = ha(p) for all p € [0,1]. (6.15)

Observe first that Cr((m), ¢) C Cr({m), cag+1) forany ¢ = (e, . . -, cad+1) € Magy1(vol(m)).
The dejinition of hg(q) and hq(p) implies straightforward the inequality hq(q) < hq(Q4q).
Hence hq(p) < hq(p). (6.12) yields the inequality

#Cp((m),a) < <vo|(n2l+ 2d>

max #Cr((m), c).

c=(C1,..-,C2d+1) EMl2g+1(vol(m)),Cag+1=a

Use the arguments of the proof of part (b) Theorem 4.3 to deduce the existence of q € Ayq,
such that Qgq = p and hq(p) < hq(q). Hence hq(p) < ?zd(p) and therefore hq(p) = ?zd(p).

To show (6.11), take v = ve in (6.8). We have q' v = pv, where p = q'e. In (6.8) take
the maximum in two stages. The first stage is for fixed p, and the second stage over all p. —

The results of [16] yield that presy(v) is analytic. Since presy(v) is also convex and not
a [nelit follows that pres)(v) can not be constant on any interval (a,b). Hence p(v) :=
presy(v) is increasing on R with p(—oo) = 0 (no dimers) and p(co) = 1 (only dimers).
Therefore the analytic function p : R — (0,1) has an increasing analytic inverse v(p) :
(0,1) — R. Recall that pres}(p) is a convex function of p. Moreover

do(p)  dv(p) _

dpresy
dp b dp

dv dpresy dv
PTG — (p) +p T APTESa 0
P

dp dv dp

=uv(p) +p

v(p).

As v(p) is an increasing function of p it follows that presj(p) is a strictly convex function
on (0,1). The corresponding dimer density entropy presj(p) = —ha(p) is a strictly concave
function. This is an improvement of the result of Hammersley [14] which showed that
ha(p) is a concave function on (0,1). [11, Corollary 3.2] claims a stronger result, namely
ha(p) + %(p logp + (1 — p) log(1 — p)) is a concave function on [0, 1]. (Observe that plogp +
(1 — p)log(1 — p) is a strict convex function on [0, 1].)

Since presy is dilerentiable it follows that presj(p) = pv(p) — presq(v(p)). Hence we
obtain the well known formula, e.g. [4]

ha(p(v)) = presyq(v) — p(v)v, where p(v) = presj(v) for all v € R. (6.16)

Note that hq(0) := limp\ o hda(p) = 0 and hq(1) := limp ~ hq(p) is the d-dimensional
dimer-entropy.

7 Symmetric encoding of the monomer-dimer model

The disadvantage of the encoding (6.1) is that the 'y are not symmetric, so we cannot
apply the results of Section 3 directly. However, as pointed out in [12], there is a hidden
symmetry, which enables us to obtain results analogous to those of Section 3. We now
adapt the arguments of [12, Section 6] to Py(v), the pressure corresponding to the weighted
monomer-dimer coverings.
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For d € N, K C (d) and m € N9, we denote by (my) the projection of (m) on
the coordinates with indices in K. Let Cper,k(m) be the set of monomer-dimer covers of
T(mk) X (mg)\k ), ad Zyer k (m, v) the corresponding weighted sum. Thus Cpe; (g)(m) =
Cper(m) and Z,c, (gy(m, v) = Zper(m, v). Note that by the isotropy of our T', #C',er k (m)
is invariant under permutations of the components of m if K undergoes a corresponding
change. Similarly for Zye, k(m, v), if K and v undergo a corresponding change.

In order to analyze C\., (4)(m), we focus on the dimers in the cover lying along the
direction eq. More precisely, with m’ = (mq,...,mg—1), we consider (m’) x T'(mg) as
consisting of mgq levels isomorphic to (m’). A subset S of the sites on level ¢ is covered by
dimers joining levels ¢ — 1 and ¢ (with level 0 understood as level mgy); a subset T' disjoint
from S is covered by dimers joining levels ¢ and ¢ + 1 (with level mg + 1 understood as level
1); and the remainder U of level ¢ is covered by monomers and dimers lying entirely within
level ¢. We are interested in counting the coverings of U subject to various restrictions.
With that in mind, for m’ € N9—! we define an undirected graph G(m’) whose vertices are
the subsets of (m’), in which subsets S and 7' are adjacent if and only if SNT = }. When
SNT = () we also define, using U = (m’) \ (SUT), and v’ = (vy,...,v4-1) ',

ast (v') = sum of weighted monomer-dimer tilings of U

bsT (v') = sum of weighted monomer-dimer tilings of U viewed as a subset of
T(m")
PpsT(v") = sum of weighted monomer-dimer covers of U, viewed as a subset of
T(m1) x {(ma2,...,mg—1)), €ach monomer within U, and each
dimer meeting U but not SUT.
st (v) = sum of weighted monomer-dimer covers of U, each monomer within U,
and each dimer meeting U but not SUT.

In the tilings/covers counted by ast(v'), bsT(v'), Bst(V'), Zst(v'), each monomer lies
within U and each dimer meets U but not SUT'. In ast(v'), each dimer occupies two sites
of U that are adjacent in (m’). In bst(v’), each dimer occupies two sites of U that are
adjacent in T'(m’), so is allowed to “wrap around”. In pst(v’), the dimers in the direction
of e; are allowed to “wrap around” and the other dimers are allowed to “protrude out” of
{((ma,...,mg_1)). In st (v’), the dimers may “protrude” out of (m’). The weight of each
monomer-dimer cover is a product of the weights of dimers and “half”” dimers appearing in
the cover. If a dimer in the direction of e is entirely within U, then its weight is e?<. If a
dimer “protrudes out” in the direction of e, then its weight is only eV<. Therefore

st (V') <bsT(V') < PsT (V') < BT (V).

By definition, if U = (, then ast (v') =~35T (v") = pst(v') = Es1(v') = 1. Notice that when
d = 2, there is no distinction between bst (v') and pst (v').
We define matrices A(m’, v) = (ast(V))s,Tc(m), B(m',v) = (bst(V))s,1C(m), P(m',v) =
(psT(V))s,TC(mry, C(m’,v) = (esT(V))s,Tc(my With rows and columns indexed by subsets
of (m’) as follows:
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sT(v)e#SH#TVa jf gnT =

A(m/, =]
(', Vst {o ifSNT %0
. bt (v/)e#SHHTVa if AT =)
B(m aV)ST = .
0 if SNT #0
, Pst (v)e#STHTVG it g AT =)
P(m’,v)st = .
0 if SNT#0
=, Ne#S+#T)Va  jf ST =
C(m/,v)sT =4 =T e I 0
0 if SNT 0.

Thus A(m',v), B(m',v), P(m’,v), C(m’, v) are symmetric matrices—here is the “hidden
symmetry” referred to above. Clearly

0<A(m',v) < B(m',v) < P(m’,v) < C(m’,v)

(where the inequalities indicate componentwise comparisons). We use the notation a(m’, v),
B@m’,v), m(m’,v), v(a’, v) for the spectral radii of these matrices, respectively, so that

a(m’,v) < f@m’,v) < 7(m’,v) < y(m’,v).

Note that by Kingman’s theorem [20] all the spectral radii are log-convex in v.

The four matrices have the same zero-nonzero pattern, namely the adjacency matrix of
the graph G(m’). If the graph is connected, we say that the matrix is irreducible; if in
addition the greatest common divisor of the lengths of all its cycles is 1, equivalently for
su Lciehtly high powers of the matrix all entries are strictly positive, we say that the matrix
is primitive.

Proposition 7.1 Let 2 < d € N and m = (m’, mq) € N%. Then

(@) tr A(m’,v)™e is the sum of the weighted monomer-dimer tilings of (m’) x T'(mq) ;
(b) tr B(m',v)™M = Zper(m, v);
(C) trP(m/aV)md = chr,{l,d}(mav);
(d) tr C(mlvv)md = Zper,{d}(mvv) ;
(e) for mg > 2, if column vector x(v) = (z5(V))sc (m) IS given by zs(v) = bgp(v/)e#SVa,
then x(v)  B(m', V)™ 2x(v) = Zper,(a-1y(m, V),
if column vector y(v) = (ys(v))scm) is given by ys(v) = Cgp(v')e#SVe,
then y(v) C(m’,v)™ 2y (v) = Z(m,v),
and if column vector z(v) = (zs(v))sc(m:) IS given by zs(v) = pgg(v/)e#SVe, then
2(v) P/, V)™ 25(v) = Zyer, (1) (m, V);
(f) the matrices A(m’,v), B(m’,v), P(m’,v), C(m’,v) are primitive.
Proof We begin with proving (b), observing that (a), (c), (d) and (e) are similar. Assume
first that mq = 1, and let ¢ € Cpe(m). Since ¢ can be extended periodically in the
direction of eq with period 1, it can be viewed as an element of Cpe (m’). Therefore
#Cper(m) = #Cper(m’) and moreover, Zpe,(m,v) = Z,o(m’,v’) (vq does not matter

since no dimer lies in the direction of eq). We have tr B(m’,v) = ngm,> bss(v). Only
the term S = () contributes to the sum, and for this term we have U = (m’) and byy =
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Zper(m', V') = Z,er(m, v). Hence tr B(m',v) = Zpe(m,v). Now assume that mg > 1,
and consider a closed walk 51,5, ..., Smy,S1 0Of length mq in G(m’). For each p’ € S,
place a dimer in the direction of eq occupying the sites (p’, ¢) and (p’, ¢ + 1) (with mg + 1
wrapping around to 1). We want to extend these dimers to a monomer-dimer tiling of
T(m') x T(mq) = T(m), i.e., to a member of Cpe(m), by monomers and by dimers not
in the direction of eq, i.e., lying within the levels 1,...,mq. The weighted number of
choices of such monomers and dimers to fill the remainder of level q is given by bs, ,s,(Vv'),
and together with the weight of the dimers in the direction of eq intersecting level ¢ it
becomes bs,_,s,(v). Therefore the weighted number of extensions to a member of Cy,,(m),
i.e., the corresponding term of Zy,c,(m, v), is bs,s,(v)bs,s5(V) - - - bsy, —1Sm, (V)bsm,s: (V).
Conversely, each term of Z,..(m,v) is obtained in this way. Hence Z,¢.(m, v) is the sum
of all the products of the above form, namely tr B(m’, v)™<.

To prove (f), we note that A(m’,v) is irreducible, since whenever SNT = (), U can be
tiled by monomers and therefore each subset of (m’) is adjacent to {) in G(m’). Furthermore,
A(@m’,v) is primitive since the graph has a cycle of length 1 from @) to (. Since A(m’,v) <
B@m',v) < P(m’,v) < C(m’,v), it follows that B(m’,v), P(m’.v) and C(m’, v) are also
primitive. —

For the next lemma, we define C(m) as the set of colorings of (m) corresponding to its
monomer-dimer tilings (so no dimer protrudes out of (m)), and the corresponding weighted
sum

Zo(m,v) = Z ec(®"u u' =", vT",0).
9E€Co(m)

Lemma 3 Let2<deNand m’ € N9~ v € R4, Then

log Zo((m’, mq), v)

lim = log a(m’, v) 1)
mg— oo md

109 Zper, (d— '
lim 109 Zper,(d-1) (0, ma), v) = log A(m’, v) (7:2)
mg—o0 md

log Z er /’ ’
lim 109 Zper, (13 (0, ma), v) = log 7(m’, v) (73)
Mg — 0o md

/

fim 1092 ma) V) o0 vy (7.4)
mg—o0 md

(]

Proof From Part (a) of Proposition 7.1 Zy((m’, mq),v) < tr A(m’,v)™M<, and therefore
/ , Mg
lim sup log Zo((m', mq), v) < limsup log tr A(m’, v)

mg—o0o mq mg—o00 mq

= log a(m’, v). (7.5)

The equality in (7.5) follows from a characterization of p(M) for a square matrix M > 0,
namely p(M) = lim supk_)oo(ter)% (see for example Proposition 10.3 of [10]). Since
—log Zy(m', mq) is subadditive in mg, the first limsup in (7.5) can be replaced by a lim.
In order to prove the reverse inequality and thus (7.1), observe that each monomer-dimer
tiling of (m’) x T (mg) extends to a monomer-dimer tiling in Cy(m’, mg + 1) having the
same weight (replace each dimer occupying (m’, 1) and (m’, mq) by a monomer occupying
(m’, 1) and a dimer occupying (m’, mq) and (in’, mq + 1), and tile the rest with monomers).
Hence Zy((m', mq +1),v) > tr A(m’, v)™< by Part (a) of Proposition 7.1. Therefore, since
—log Zoy((m’, mq), v) is subadditive in mq and thus the limits below exist, we obtain

. log Zo((m’, mq),v) . log Zo((m', mq + 1),v)
lim = lim
mg—o0 mqg mg—o0 mqg

li myg
> limsup logtr A(m’, v)

mMg— o0 mq

= log a(m’, v).
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To prove (7.2), (7.3), (7.4), we use the fact mentioned in the proof of Proposition 2.2 that
if M > 0 and w is a column vector with positive entries, then p(M) = Iimkﬂoo(wTMkw)%.
Applying this to M = B(m’,v), P(m’,v),C(m’,v) and using Part (e) of Proposition 7.1

with w = x(v), z(v), y(v) defined there proves (7.2), 7.3), (7.4). —
Now we introduce the following notation. For m € N% and & € (d),
m™~K = (m,...,mK_1,Mks1,...,mg) € N9=1 As special cases we have the previous
notation m’ = m™~% and m~ = m™~'. For v = (vy,...,vq)" € RY we use the notation
vK = (v1,...,0k—1,Vks1,.--,vd, k) . Note that v¢ = v. Part (b) of Proposition 7.1
implies
Zper(m, v) = tr B(m', v)™d = tr B(m™¥, vK)Mk, (7.6)

Proposition 7.2 Let m € N% v € RY, and assume that mq is even. Then each k €

(d — 1) satisfies
log f(m™9, v) _log2  log B(m™~K, v¥)
vol(m~9) = my vol(m~k)

7.7
Proof We have
Am™?, v)™ < tr B(m™%,v)™M = tr B(m™X, vK)Mk < 2volm™) g~k ykymic,

The first inequality above follows since 3(m™9,v) is one of the eigenvalues of B(m™¢,v),
which are all real, and mgy is even; the next equality from (7.6); and the last inequality

from the fact that B(m™K, vK) has 2+°!(m™) gigenvalues, all real, whose moduli are at most

B(m~K, vX). Taking logarithms and dividing by vol(m), we deduce (7.7). 7
We define
- L . IOg chr,{l}((mlam_)av)
Pd—l(mlav) E m[IToo V0|(m*) ) my € N (78)
Pq_1(0,v) :=log 2. (7.9

Notice that for m, € N, Py_1(my,v) is the same as Pr(m, u) defined in (3.1), where T is
given by (6.1). For this reason the limit Py_1(my,v) exists. The following theorem is an
analog of Theorem 3.1 and (3.11).

Theorem 7.3 Let2<deN,p,reN,qgeZ;,ve RY. Then

Pa_1(2 Py _1(p+2 — Py_1(2
Pa1@rv) o p vy » Lo *20.V) = Pa-1(29,v) (7.10)
2r D
Let m’ = (m1,...,mq—1) € N1 and assume that m, ..., mq_, are even. Then
log 3(m’, v)
P, < =— " 7 7.11
s = ol (7.11)

Proof Since #Cy(m + 21) > #C(m) as explained in [12], it follows that Zy(m +21,v) >
Z(m,v). Hence, as in [12, formula (4.6) and (6.19)] and by Lamma 3,

log a(m’, v) — log S(m’,v) . logv(m’, v)

P, = lim = lim ————=. 7.12
i) = M —oiam) e Tvolm) e e vol(m) (7.12)
First we prove (7.11). Let m’ = (my,...,mq—1) € N9~ my, ..., mq_; even, and let

s = (s1,...,54—1) € N9~1 pe arbitrary. Set

m1=($1,...,5d,1,m1), m2=(82,...,5d,m1,m2), Ceey

mgy—_1 — (Sd, mi,..., mdfl).
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Note that (7.7) with k = 1 states that

log B(m’, v) < log 2 N log f(m—,v?!)
vollm’) — my vol(m~—)

Using it d — 1 times along with s = m{, m] = m), m; = mj, etc., we obtain

IOgﬁ(S,(Ug,’U3,...,’Ud,’l}l)T) < Iogz + Iogﬁ(m;,(’l}3,...,’Ud,’l}l,’l}g)—r) <
vol(s) T s vol(m;) -

log 2 N log 2 N log 8(m;), (v4, . . ., vd, v1, v, v3) " <

S1 So VOI(m;) -

d—1 ,
< Z log 2 . log ﬁ(m/,v).
= s vol(m’)

Letting s — oo and using (7.12) and Lemma 2 for the left-hand side, we deduce (7.11).

We now demonstrate the lower bound in (7.10). Let m~ € N9-! s € N, ¢ € Z_. Assume
first that ¢ € N. Since y(m~,v') = p(C(m~,v')) and C(m~,v!) is symmetric, it follows
as in the arguments for (3.9) and by the analog of (7.6) for C(m—,v!) that

tr C(m_, V1)5+2q _ chr,{l}(s + ZQ7 m-, V)
trc(mivvl)Qq B Zper,{l}(zqvmi)vv) .

y(m~,v!)s > (7.13)
Taking logarithms, dividing by vol(m™), letting m~ — oo, and using (7.12), Lemma 2 and
the definition of Py_;(m1,v), we deduce the lower bound in (7.10) for the case ¢ € N. If
¢ = 0, we have to replace the denominators in (7.13) by tr I = 2v°/(m™) 'and the lower bound
in (7.10) is verified by (7.9).

We now prove the upper bound of (7.10). Let v! = (vo,...,v4_1,v1)". For each m’ €
N9-1 we have

V(m/v V1)2r <tr C(mlv V1)2r = per,{d}((m/a 27’), Vl) = Zper,{l}((zra m’), V),

where the inequality above is true because the eigenvalues of the symmetric matrix C(m’, v')
are real and v(m’, v!) is one of them, the first equality follows from Part (d) of Proposition
7.1, and the last equality from (6.6). Therefore

|Og V(m/v Vl) < |Og Zper,{l}((zrv m’), V)
vol(m’) — 2rvol(m’)

3

and letting m’ — oo, we deduce the upper bound of (7.10) by (7.12), Lemma 2 and the

definition of Pq_1(m1, v). 7
In view of (7.12) we assume that % is a good approximation to Py(v), and its
partial derivative vol(m,)E(m,’v) aBg\"I’;’V) is a good approximation to g; := a%;(iv), the density

of dimers in the direction of e;.

8 Numerical computations for the monomer-dimer model
in Z2

In this section we explain in detail our computations for two dimensional pressure Py (v) =

P> (v1,v2) along the lines outlined in Sections 6-7. Our computations based on our ability

to compute the spectral radius of the transfer matrix corresponding to the monomer dimer
tiling of the torus (Z/m) x Z. This is a two dimensional integer lattice corresponding to a
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circle of circumference m times the real line. In the notation of Section 7 this lattice is given
by T'(m) x Z. This transfer matrix is denoted by B(m,v). Let z = e,y = ¢¥2. The the
weight of the dimer in direction X, i.e. the horizontal dimer that lies entirely on the circle
T(m), is 22. The weight of the dimer in the direction Y, i.e. the vertical dimer that lies on
two adjacent circles, is 2. The matrix B(m, V) is of order 2™, corresponding to all subsets of
(m). Denote by 2{™ the set of all subsets of (m). For S € 2(™M denote by #S the cardinality
of the set S. Then B(m,v) = [y#*ST#T f(z, S, T)]s 1 cowm . Here f(z,5,T) =0if SNT # 0.
For SNT = () the function f(x, S, T) is a polynomial in z, which is the sum of the following
monomials. Consider the set F := (m)\S U T viewed as a subset of the torus T'(m). Let F
be a tiling of F' with monomers and dimers. A dimer [, ¢+ 1], occupying spaces 4,7+ 1, can
be in F, ifand only if i and : +1 are in F', where m and and m+1 = 1 are adjacent. To each
tiling F corresponds a monomial 22!, where [ is the number of dimers in the tiling F of F.
Then f(z,S,T) is the sum of all monomials corresponding to all tilings of F'. Note that if
SNT =0 and SUT = (m) then f(z,S,T) = 1. Furthermore f(x,S,T) = f(=,T,S). Hence
the transfer matrix B(m,v) is a nonnegative symmetric matrix. The quantity P;(m,v),
defined by (7.8), is given as the logarithm of the spectral radius of B(m,v). In numerical

computations, we view (r’:? V) as an approximation to the pressure P>(v). More precisely,
one has the upper and lower bounds on the pressure which are given by (7.10).

As in [12], the matrix B(m,v) has an automorphism group of order 2m, obtained by
rotating the discrete torus 7'(m) and reflecting it. Thus, to compute the spectral radius of
B(m,v), it is enough to compute the spectral radius of the nonnegative symmetric matrix
E(m, v) whose order is slightly higher than % See for details [12, Section 7]. [12, Table
1, page 517] gives the dimensions of f}(m,v) form =4,...,17. We were able to carry out
some computations on a desk top computer up to m = 17.

We first apply our techniques to examine the Baxter computations in [4]. Baxter com-
putes essentially the values of the pressure pres,(v) := P> (v, v) and the corresponding density
of the dimers p(v) := C?—VpreSQ(v). Recall that the corresponding density entropy hs(p(v)) is
given by pres,(v) — vp(v) (6.16). Note the following correspondence between the variables
in [4] and our variables given in Section 6:

—V+pres, (V)
)

K
s=e, -
S

=e

N.I”G

p=

The case s = v = oo corresponds to the dimer tilings of Z2. In this case p = p(occ) =1 and
ho(1) has a known closed formula due to Fisher [8] and Kasteleyn [19]

ho(1) = Z(( L’ - = 0.29156090 .

As in [4] we consider the following 18 values of s

s~1 =0.02,0.05,0.10, 0.20, 0.30, 0.40, 0.50, 0.60, 0.80,
1.00, 1.50, 2.00, 2.50, 3.00, 3.50, 4.00, 4.50, 5.00.

We computed the upper and the lower bounds for pres,(log s) for the above values of
s, using inequalities (7.10) for v = (log s,log s) and m = 2,...,17. In these computations

we observed that the sequence w is decreasing for » = 1,...,8. So our upper

bound was given by w for all 18 values of s. The lower bound was given

by Pall6.logslogs)—Pu(id.(ogsilogs) for =1 = 0,02,...,0.3 and by P;(17,(logs, logs)) —
Py (16, (log s, log s)) for other values of s

The vaIues of Baxter for the pressure were all but two values between the upper and the
lower bounds. In the two exceptional values s—! = 1.5,2.0 Baxter’s result were o Chy 1 in
the last 10th digit. As in Baxter computations, the di[erknce between the upper and lower
bounds grows bigger as the value of s increases. That is, it is harder to compute the precise
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value of the pressure and its derivative in configurations where the density of dimers is high.
This perhaps points to the phase transition in the case where Z? is tiled by dimers only.
The pressure value for s—! = 0.02 computed by Baxter has 8 values. Our upper and lower
bounds give 4 digits of precision of the pressure. For the value s = 1.0 our computations
confirm the first 9 digits of 10 digit Baxter computation. (This value of the pressure is equal
to the monomer-dimer entropy h» discussed in [12].) For the values s—' = 2.0,...,5.0 our
computations gives at least 12 digits of the pressure.

We also computed the approximate value of the dimer density p(logs) = pres;(log s)
using the following two methods. The first approximation was obtained by computing

the exact derivative of M for m = 2,...,14. The second approximation was

obtained by computing the ratlo P1(m, (log(s+1), log(SH))) Pi(m,(logs,0g9) for ¢+ = 10~5 and
m = 2,...,14. It turned out that the values of the numerical derivatives for m = 14
agrees with most values of Baxter computations up to 5 digits, while the values of the exact
derivatives agrees only up 2 digits with Baxter computations. Note that to compute the
value of ha(p(log s)) we need the values of pres,(log s) and p(log s) (6.16).

We next computed the approximate values of the pressure pres,((v1,v2)) and its partial
numerical derivatives for 422 = 1764 values. The 42 values of v; and v, were chosen in the
interval (—1.8,4.). For the lower bound and upper bounds we chose the values of

Pi(12, (v1,v2)) — Pi(20, (v1,v2)) Pi(12, (v1,12))
> and 12

respectively. (8.1)

Follows below the graph of W and the approximate values of EQ((pl,pQ)), where
p1,p2 are the densities of the dimers in the direction x;, x5 respectively. The approximate
values of ho obtained by using the formula

Pi(12, (v1,v))

ﬁz((Plapz)) ~ 12 — P1V1 — P2V, (8.2)
P1 (12 (’Ul +1 1)2)) P1(12 (’Ul7 ’02))
p1= 12t (8.3)
P1 (12 (’Ul7 V2 + t)) — P1(12 (’Ul7 ’02))
b2 = 12t

In our computation t = 10~4.

_ The graph of the pressure P»((x1,z2)) is convex and the graph of the density entropy
ha(z1,x2) is concave. Both graphs look is symmetric with respect to the line z; = z2. In
reality this is not the case, since P;(m, vi,v2) is the pressure of an infinite torus with a basis

m. So in direction z; we have at most Lmj dimers, while in the direction x5 we can have

an infinite number of dimers. For m > 10 the di[erknce Pa(m.va, "2) PiMmV2.v1) s Jess than

103, which explains the symmetry of our graphs. Note that in Flgure 2 the densities p1, po
satlsfy the condition py, p2 € [0,1], p1 +p2 € [0, 1]. The entropy hs is in the interval [0, 0.67].

We also got similar graphs for the lower bound given in (8.1) and the corresponding
analog of the approximation of ho((p1, p2)) given by (8. 2) These graphs were very similar

to the graphs of w and the approximation of ha((p1, p2)) given by (8.2).
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