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Generic rank of real 3-tensor

(R4, Ro, R3)-rank approximation of 3-tensors
Algorithms to find best (Ry, Rz, R3)-rank approximations
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F=R,C.

3-Tensor Space FM*M2xMs :— M x M2 x FMs

Tensor 7 = [t;; k]2 or simply T = [t; k-

Abstractly U :=U; @ Uo @ UsdimU; = m;,i =1,2,3,dmU = mymoms
Tensor 7 € Uy ® Us ® Us

Rank one tensor t,'J’k = XiYjZk, (i,j, k) = (1 1, 1), ey (m1 , Mo, m3)
or decomposable tensor xRy ® z

[Ui,....Um, ] basis of U;j=1,2,3

U, 1 ®U;» ®ui3,37ij =1,.. '7mj7j: 1,2,3,

basis of U

T= Z/:m ,lr2n271;ns1 biy iz ip Wiy 1 @ Ujp 2 @ Ujs 3

Rank 7 denoted rank 7 is the minimal k:

T = Zi:1 X;®Yi®z;

(CANDEC, PARFAC)
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Vector ranks of tensors

Unfolding tensor: in direction 1:

T = [tij«] view as a matrix Ay = [t; (j )] € F™>(me:ms)

R; :=rank Ay: dimension of column subspace spanned in direction 1
Tiq = [kl 0P € EM M i=1,....m

7 =>"™, T;1e;1 (convenient notation)

p1 :=dimspan(Ty1,..., Ty, 1)

Claim 1: p1 = R1
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Unfolding tensor: in direction 1:

T = [tij«] view as a matrix Ay = [t; (j )] € F™>(me:ms)

R; :=rank Ay: dimension of column subspace spanned in direction 1
T,‘71 = [ti,j,k]ﬂ?’:n;'s e FMxms j =1, .. my
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Vector ranks of tensors

Unfolding tensor: in direction 1:

T = [tij«] view as a matrix Ay = [t; (j )] € F™>(me:ms)

R; :=rank Ay: dimension of column subspace spanned in direction 1
T,‘71 = [ti,j,k]ﬂ?’:n;'s e FMxms j =1, .. my

7 =>"™, T;1e;1 (convenient notation)

P11 = dim span( T171 sy Tm1,1 )

Claim 1: p1 = H1

Prf: View each matrix as a row vector in moms coordinates

Then pq is the rank of A4

Similarly, unfolding in directions 2, 3
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Basic inequality

Claim rank 7 > R

Reason Uy @ Uz ~ FM2xMs = [pma2/s

View Uy @ U ® Uz as Uy ® (Up @ Ug) ~ F™ x(mzms)
So 7 is viewed as Ay € FmM>(mms) R, — rank Ay
X®Yy®zviewed as X ® (y ® z) € Fmx(mams)
rankX® (y®z)=1ifxoy®z#0

So any CANDEC of 7 induces a decomposition of A
as a sum of rank one matrices

Hence

rank 7 > max(Ry, Rz, R3) (WELL KNOWN)

Note:

@ Ry, Ry, Rs are easily computable
@ Itis possible that Ry # Ro # Rs
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Rank 3-tensor characterization

OBSERVATION:
U; c F™,dimU; = R;,i=1,2,3s.t. 7 € Uy @ Up ® Us.

PROP :Forr =7 = [l',"/"k] let

Tk73 = [ti,j,k],,'?:’qnz e FMm>xm k —1,. .., mz. Thenrank7 =
minimal dimension of subspace L C F™*™ gpanned by rank one
matrices containing Ty 3,..., Tm, 3.

PROOF: Suppose 7 = 3 . x;@y; @2 (1)

Write z; = Z}"; zj jej3 then each Ty 3 € span(Xy @ Y1, ..., Xp ® Yp).
Vise versa suppose Tk 3 = Zf:1 ak i Xi Y, k=1,...,ms.

Then (1) holds with z; := >"}° | a i€k 3.
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Generic rank of 3-tensor

Basic results of algebraic geometry imply:
THM 1: A randomly chosen tensor 7 € C™ *M2xMs with probability one
has a fixed rank denoted by grank(m;y, mo, mg), called the generic rank.
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That is, there exists an algebraic variety X G C™*M2*Ms gych that for
any T € CM>xmM2xMs\ X rank 7 = grank(my, mo, m3).

RMK: Usually there exist a subvariety Y & X such that for any 7 € Y
rank 7 > grank(my, mo, mg).

RMK: grank(my, mo, mg) is easily computable (See later)

RMK: For 7 € R™M>MXMs there is a finite number of open connected
semi-algebraic sets Z1,...,Zk, K > 1 with properties

Q@ RMxMxms\ (UK 7)) a real algebraic variety.
@ TherankofeachT € Zjisrforl=1,...,K.
© ry = grank(my, mp, mg)

Shmuel Friedland Univ. lllinois at Chicago () 3-Tensors



Generic rank of 3-tensor

Basic results of algebraic geometry imply:

THM 1: A randomly chosen tensor 7 € C™*MxMs wijth probability one
has a fixed rank denoted by grank(m;y, mo, mg), called the generic rank.
That is, there exists an algebraic variety X G C™*M2*Ms gych that for
any T € CM>xmM2xMs\ X rank 7 = grank(my, mo, m3).

RMK: Usually there exist a subvariety Y & X such that for any 7 € Y
rank 7 > grank(my, mo, mg).

RMK: grank(my, mo, mg) is easily computable (See later)

RMK: For 7 € R™M>MXMs there is a finite number of open connected
semi-algebraic sets Z1,...,Zk, K > 1 with properties

Q@ RMxmxms\ (UK 7)) a real algebraic variety.
@ TherankofeachT € Zjisrforl=1,...,K.
© ry = grank(my, ma, ms)
Qrn>nforl=2....K
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Generic rank of 3-tensor

Basic results of algebraic geometry imply:

THM 1: A randomly chosen tensor 7 € C™*MxMs wijth probability one
has a fixed rank denoted by grank(m;y, mo, mg), called the generic rank.
That is, there exists an algebraic variety X G C™*M2*Ms gych that for
any T € CM>xmM2xMs\ X rank 7 = grank(my, mo, m3).

RMK: Usually there exist a subvariety Y & X such that for any 7 € Y
rank 7 > grank(my, mo, mg).

RMK: grank(my, mo, mg) is easily computable (See later)

RMK: For 7 € R™M>MXMs there is a finite number of open connected
semi-algebraic sets Z1,...,Zk, K > 1 with properties

Q@ RMxmxms\ (UK 7)) a real algebraic variety.
@ TherankofeachT € Zjisrforl=1,...,K.
© ry = grank(my, ma, ms)
Qrn>nforl=2....K

It is possible max; r; > ry
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An example-|

Claim: grank(m, m,2) = mforany m > 2.
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An example-|

Claim: grank(m, m,2) = mforany m > 2.
Proof: 7 =T = [t 4]/7%"%, in standard bases of
U; = U, = C™ Uz = C? is represented by

A= [t,'7j71], B := [t,'J’g] e ¢cmxm
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An example-|

Claim: grank(m, m,2) = mforany m > 2.

Proof: 7 =T = [t 4]/7%"%, in standard bases of

U; = U, = C™ Uz = C? is represented by

A= [t,'7j71], B := [t,'J’g] e ¢cmxm

If we change the bases of U1 = C™ U, = C™ using matrices P, Q then
T represented by A' = PAQ', B' = PBQ"
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An example-|

Claim: grank(m, m,2) = mforany m > 2.

Proof: 7 =T = [t 4]/7%"%, in standard bases of

U; = U, = C™, U3 = C? is represented by

A= [t,'7j71], B := [t,'J’g] e ¢cmxm

If we change the bases of U1 = C™ U, = C™ using matrices P, Q then
T represented by A' = PAQ', B' = PBQ"

For randomly chosen 7, A'is invertible and A~'B is diagonable over C,
(that defines X). S0 A"'1B =T \Uuj2 @ U2, In= > Uj2 ® U;>.
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An example-|

Claim: grank(m, m,2) = mforany m > 2.

Proof: 7 =T = [t 4]/7%"%, in standard bases of

U; = U, = C™ Uz = C? is represented by

A= [t,'7j71], B:.= [t,'J’g] e cmxm,

If we change the bases of U1 = C™ U, = C™ using matrices P, Q then
T represented by A' = PAQ', B' = PBQ"

For randomly chosen 7, A'is invertible and A~'B is diagonable over C,
(that defines X). S0 A'1B =T \Uj2 @ U2, In= > Uj2 ® U;>.
Choose a new basis in [Uy 1,...,Um 1] in Uy = C™ given by A-1and
leave other bases as is. Then in new bases 7 represented by

T = lme173 + AT 36273 = 2,11 UoRQUjo Q€13+ )\,‘U,',z QU2 D23 =
2;11 Uo® Uiz & (91’3 + )\,’0273).
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An example-|

Claim: grank(m, m,2) = mforany m > 2.

Proof: 7 =T = [t 4]/7%"%, in standard bases of

U; = U, = C™ Uz = C? is represented by

A= [t,'7j71], B:.= [t,'J’g] e cmxm,

If we change the bases of U1 = C™ U, = C™ using matrices P, Q then
T represented by A' = PAQ', B' = PBQ"

For randomly chosen 7, A'is invertible and A~'B is diagonable over C,
(that defines X). S0 A'1B =T \Uj2 @ U2, In= > Uj2 ® U;>.
Choose a new basis in [Uy 1,...,Um 1] in Uy = C™ given by A-1and
leave other bases as is. Then in new bases 7 represented by

T = lme173 + AT 36273 = 2,11 UoRQUjo Q€13+ )\,‘U,',z QU2 D23 =
2;11 Uo® Uiz & (91’3 + )\,’0273).

Sorank7 < m. Easy Ry = R, = mfor 7'. Hence rank 7 = m
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If B is not diagonable then rank = > m (over C).
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An Example-ll

If B is not diagonable then rank = > m (over C).
The variety of all B € C™™ which are not diagonable is essentially the

variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.
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The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R?*2x2
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An Example-ll

If B is not diagonable then rank 7 > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R2x2x2
0£47=T7 = [ti,j,k] e R2x2x2 T — Aeq + Be,, A, B € R2*%2,
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An Example-ll

If B is not diagonable then rank 7 > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R?*2x2

0£47=T7 = [ti,j,k] e R2x2x2 T — Aeq + Be,, A, B € R2*%2,

Suppose A invertible
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An Example-ll

If B is not diagonable then rank = > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R2x2x2

0#A7=T=[tijk] € R2%2X2 T — Ae; + Bey, A, B € R?*2,

Suppose A invertible

If A='B has two distinct real eigenvalues, or A='B = al then

rank 7 = 2.
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If B is not diagonable then rank = > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R2x2x2

0#A7=T=[tijk] € R2%2X2 T — Ae; + Bey, A, B € R?*2,
Suppose A invertible

If A='B has two distinct real eigenvalues, or A='B = al then

rank 7 = 2.

If A= B has two distinct complex eigenvalues or it is not diagonable
rank 7 = 3.
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If B is not diagonable then rank = > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R2x2x2

0#A7=T=[tijk] € R2%2X2 T — Ae; + Bey, A, B € R?*2,

Suppose A invertible

If A='B has two distinct real eigenvalues, or A='B = al then

rank 7 = 2.

If A= B has two distinct complex eigenvalues or it is not diagonable
rank 7 = 3.

If the subspace spanned by A, B does not contain an invertible matrix
thenrank 7 =1, 2.
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An Example-ll

If B is not diagonable then rank = > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R?*2x2

0#A7=T=[tijk] € R2%2X2 T — Ae; + Bey, A, B € R?*2,

Suppose A invertible

If A='B has two distinct real eigenvalues, or A='B = al then

rank T = 2.

If A= B has two distinct complex eigenvalues or it is not diagonable
rank 7 = 3.

If the subspace spanned by A, B does not contain an invertible matrix
thenrank 7 =1, 2.

(This can happen if either dim span(AR?, BR?) = 1 or

dimspan(ATR?, BTR?) = 1.)
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An Example-ll

If B is not diagonable then rank = > m (over C).

The variety of all B € C™™ which are not diagonable is essentially the
variety of all complex matrices with one eigenvalue of multiplicity 2.
Hence its codimension is 1.

The case R?*2x2

0#A7=T=[tijk] € R2%2X2 T — Ae; + Bey, A, B € R?*2,

Suppose A invertible

If A='B has two distinct real eigenvalues, or A='B = al then

rank 7 = 2.

If A= B has two distinct complex eigenvalues or it is not diagonable
rank 7 = 3.

If the subspace spanned by A, B does not contain an invertible matrix
thenrank 7 =1, 2.

(This can happen if either dim span(AR?, BR?) = 1 or

dimspan(ATR?, BTR?) = 1.)

Forexample r=u®@v®ei+uwes,u=0

If v,w linearly independent rank 7 = 2
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map
f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ
note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss
fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

fe (X1, 1,21, - Xk, Vi Zk) 7= oy F(Xi, Y1 27)-
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ
note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss

fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

fk(x17y1vz1a' .. 7xk7y1(72k) = Ef';‘l f(xivyhzi)-

fi((C™ x C™M x CMs)k)

the irreducible quasi-variety of all 3-tensors of rank k at most
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ

note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss

fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

Fe (X1, Y1240 Xk, Vi Zk) 1= SO0 F(X0, Y1, 2)).

fi((C™ x C™M x CMs)k)

the irreducible quasi-variety of all 3-tensors of rank k at most

|.e. there exists an irreducible variety X, strict subvariety Zx G X, s.t.
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ

note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss

fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

Fe (X1, Y1240 Xk, Vi Zk) 1= SO0 F(X0, Y1, 2)).

fi((C™ x C™M x CMs)k)

the irreducible quasi-variety of all 3-tensors of rank k at most

|.e. there exists an irreducible variety X, strict subvariety Zx G X, s.t.
f((C™ x C™ x CMs)K) = Xy \Zx
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ

note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss

fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

F(X1, Y1, 24, -+ X Vi Zi) = Donq F(X1, Y7, 20).

fi((C™ x C™M x CMs)k)

the irreducible quasi-variety of all 3-tensors of rank k at most

|.e. there exists an irreducible variety X, strict subvariety Zx G X, s.t.
f((C™ x C™ x CMs)K) = Xy \Zx

dim¢ Xk=the maximal rank of the Jacobian matrix of J(fx)(X1, ..., 2k),
which is equal to dim¢ X for any random choice of (xy, ..., 2x).
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ

note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss

fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

Fe (X1, Y1240 Xk, Vi Zk) 1= SO0 F(X0, Y1, 2)).

fi((C™ x C™M x CMs)k)

the irreducible quasi-variety of all 3-tensors of rank k at most

|.e. there exists an irreducible variety X, strict subvariety Zx G X, s.t.
fi((C™ x C™M2 x CM)K) = X, \Zk

dim¢ Xk=the maximal rank of the Jacobian matrix of J(fx)(X1, ..., 2k),
which is equal to dim¢ X for any random choice of (xy, ..., 2x).
THM 2:

rank J(fx) = dimspan{e;, 1 ®X;2 ®X; 3, X1 ®€j, 2 X3, X/ 1 @X/2 Q€ 3},
ij: 17"'7mj7j: 172737/: 17"'7k
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Algebraic geometry & tensor rank

View tensor one rank matrices as the map

f:C™M x CMe x CM — CM>xMxMs: f(Xy,2) =XQYRZ

note (ax, by, cz) — (abc)x ® y ® z = 2-parameters loss

fk . ((Cm1 x CM2 % Cmg)k — CMxmzxmg

Fe (X1, Y1240 Xk, Vi Zk) 1= SO0 F(X0, Y1, 2)).

fi((C™ x C™M x CMs)k)

the irreducible quasi-variety of all 3-tensors of rank k at most

|.e. there exists an irreducible variety X, strict subvariety Zx G X, s.t.
fi((C™ x C™M2 x CM)K) = X, \Zk

dim¢ Xk=the maximal rank of the Jacobian matrix of J(fx)(X1, ..., 2k),
which is equal to dim¢ X for any random choice of (xy, ..., 2x).
THM 2:

rank J(fi) = dimspan{e;, 1 @X;2 ®@X;3,X;1 ® €}, 2 @X;3,X/1 D X/2 D€} 3},
f=1.....m.j=1231=1, .k
Terracini’s lemma ~ 1915
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-
r(k, my, mp, mg) = rank J(fc)(X1,¥1,21, ..., Xk, Yk, Z)
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors

COR : grank(my, mo, m3) minimal k s.t. dim X, = mymoms.
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors

COR : grank(my, mo, m3) minimal k s.t. dim X, = mymoms.
COR:Fork=1,... ,grank(m1 , Mo, m3) —1dimXy, < dim Xk+1.
Furthermore dim X, = mymymg for k > grank(my, mo, ms).
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors

COR : grank(my, mo, m3) minimal k s.t. dim X, = mymoms.
COR:Fork=1,... ,grank(m1 , Mo, m3) —1dimXy, < dim Xk+1.
Furthermore dim X, = mymymg for k > grank(my, mo, ms).

CLAIM: k* := grank(my, mp, mgz) > [%] and

(1) Xk* = C™ szxm:i\zk*
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors

COR : grank(my, mo, m3) minimal k s.t. dim X, = mymoms.
COR:Fork=1,... ,grank(m1 , Mo, m3) —1dimXy, < dim Xk+1.
Furthermore dim X, = mymomg for k > grank(my, mo, m3).

CLAIM: k* := grank(my, mp, mgz) > [%] and

(1) Xk* = C™ Xm2xm3\2k*

PROOF Fact: Any quasi-variety in C™ of dimension m is of the form
C™\Z for some subvariety Z S C™. Hence (1).

Shmuel Friedland Univ. lllinois at Chicago () 3-Tensors




COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors

COR : grank(my, mo, m3) minimal k s.t. dim X, = mymoms.
COR:Fork=1,... ,grank(m1 , Mo, m3) —1dimXy, < dim Xk+1 .
Furthermore dim X, = mymomg for k > grank(my, mo, m3).

CLAIM: k* := grank(my, mp, mgz) > [%] and

(1) Xk* = C™ Xm?xm3\2k*

PROOF Fact: Any quasi-variety in C™ of dimension m is of the form
C™\Z for some subvariety Z S C™. Hence (1).

Each factor x ® y ® z has my + mo + ms — 2 parameters. If all the
parameters are independent we need at least [ 7278 ] to obtain
mymoms parameters of C™ *M2xMs,
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COR : r(k, my, mo, m3) := dim X, dimension of the subspace given in
THM 2, for a randomly chosen X1,¥1,24, ..., Xk, Yk, Zk-

r(k, my, mo, mg) = rank J(f)(X1,¥1,21, .- -, Xk, Yk Zk)

COR : If r(k, my, mo, m3) = k(my + mo + m3 — 2) then a generic tensor
of rank k can be represented exactly in N(k, my, mo, m3) ways as a
sum of k rank one tensors

COR : grank(my, mo, m3) minimal k s.t. dim X, = mymoms.
COR:Fork=1,... ,grank(m1 , Mo, m3) —1dimXy, < dim Xk+1.
Furthermore dim X, = mymomg for k > grank(my, mo, m3).

CLAIM: k* := grank(my, mp, mgz) > [%] and

(1) Xk* =Cm Xm2xm3\2k*

PROOF Fact: Any quasi-variety in C™ of dimension m is of the form
C™\Z for some subvariety Z S C™. Hence (1).

Each factor x ® y ® z has my + mo + ms — 2 parameters. If all the
parameters are independent we need at least [ 7278 ] to obtain
mymoms parameters of C™ *M2xMs,

grank(m1 , Mo, m3) > grank(/1 s /2, I3) for my > 4 , My > /2, mg > 13
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Maximal tensor rank

Lemma: f_1((C™ x C™ x CM)k=1) G fi((C™ x CM2 x C™)k)
for k =1, ..., mrank(my, mp, m3) and
fi((C™ x C™M2 x CMs)k) = C™M*MXMs for k > mrank(my, My, mM3).
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Maximal tensor rank

Lemma: f_1((C™ x C™ x CM)k=1) G fi((C™ x CM2 x C™)k)
for k =1, ..., mrank(my, mp, m3) and
fi((C™ x C™M2 x CMs)k) = C™M*MXMs for k > mrank(my, My, mM3).

mrank(my, mo, mz) maximal (tensor) rank
(of T e CMx*Mm2xms)
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Maximal tensor rank

Lemma: f_1((C™ x C™ x CM)k=1) G fi((C™ x CM2 x C™)k)
for k =1, ..., mrank(my, mp, m3) and
fi((C™ x C™M2 x CMs)k) = C™M*MXMs for k > mrank(my, My, mM3).

mrank(my, mo, mz) maximal (tensor) rank
(of T e CMx*Mm2xms)

grank(myq, mp, m3) < mrank(my, mp, m3) (usually <)
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Maximal tensor rank

Lemma: f_1((C™ x C™ x CM)k=1) G fi((C™ x CM2 x C™)k)
for k =1, ..., mrank(my, mp, m3) and
fi((C™ x CM2 x CMs)K) = C™M*MXMs for k > mrank(mq, My, mg).

mrank(my, mo, mz) maximal (tensor) rank
(of T e CMx*Mm2xms)

grank(myq, mp, m3) < mrank(my, mp, m3) (usually <)

mrank(m1 , Mo, m3) > mrank(l1 s /2, /3) formy > K , Mo > /2, ms > /3
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Maximal tensor rank

Lemma: f_1((C™ x C™ x CM)k=1) G fi((C™ x CM2 x C™)k)
for k =1, ..., mrank(my, mp, m3) and
fi((C™ x CM2 x CMs)K) = C™M*MXMs for k > mrank(mq, My, mg).

mrank(my, mo, mz) maximal (tensor) rank
(of T e CMx*Mm2xms)

grank(myq, mp, m3) < mrank(my, mp, m3) (usually <)
mrank(m1 , Mo, m3) > mrank(l1 s /2, /3) formy > K , Mo > /2, ms > /3

The computation of grank(my, mo, mg) difficult,
probably NP-hard

Shmuel Friedland Univ. lllinois at Chicago () 3-Tensors



Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.
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Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.

PROOF: Vp, nk € C™*", variety of matrices of at most rank k
has dimension k(m+n—k) = PV px NPL# (O
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Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.

PROOF: Vp, nk € C™*", variety of matrices of at most rank k
has dimension k(m+n—k) = PV px NPL# (O

Generic L of dim L = (m — k)(n — k) + 1 has exactly

k=1 (mh) k-1 )1 !
=107 oy = I epyim e

matrices of rank k which span L.
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Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.

PROOF: Vp, nk € C™*", variety of matrices of at most rank k
has dimension k(m+n—k) = PV px NPL# (O
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THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.
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has dimension k(m+n—k) = PV px NPL# (O
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Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.

PROOF: Vp, nk € C™*", variety of matrices of at most rank k
has dimension k(m+n—k) = PV px NPL# (O

Generic Lof dimL = (m — k)(n— k) + 1 has exactly
oy k=1 (o) oy k=1 (me)ijt

(mEH) (kDT (m=k+)P
matrices of rank k which span L.
THM:For2</<m<n:

Q grank(/,m,n) =nif (I -—1)(m—-1)+1<n<Im
Q grank(/,m,n) = mnifim<n

Yk,m,n -
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Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.

PROOF: Vp, nk € C™*", variety of matrices of at most rank k
has dimension k(m+n—k) = PV px NPL# (O

Generic L of dim L = (m — k)(n — k) + 1 has exactly

k=1 (mh) k-1 )1 !
=107 oy = I epyim e

matrices of rank k which span L.
THM:For2</<m<n:
Q grank(/,m,n) =nif (I -—1)(m—-1)+1<n<Im
Q grank(/,m,n) = mnifim<n
PROOF Forn> (I —=1)(m—1) +1span(Ty 3,..., Tp3) = min(n, mn)
and is spanned by rank one matrices

Yk,m,n -
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Exact generic rank values

THM 8: Any subspace L ¢ C™"dimL = (m— k)(n— k) + 1
has As.t. 1 <rank A < k.

PROOF: Vp, nk € C™*", variety of matrices of at most rank k
has dimension k(m+n—k) = PV px NPL# (O

Generic Lof dimL = (m — k)(n— k) + 1 has exactly

Yk,m,n ‘= Hn o 1(:(17mk{£) Hn - 1%’

matrices of rank k which span L.
THM:For2</<m<n:
Q grank(/,m,n) =nif (I -—1)(m—-1)+1<n<Im
Q grank(/,m,n) = mnifim<n
PROOF Forn> (I —=1)(m—1) +1span(Ty 3,..., Tp3) = min(n, mn)
and is spanned by rank one matrices
COR: (I=1)(m—1)+1 =grank(/,m,(/ —1)(m—-1)+1) >
grank(/, m, (I — 1)(m — 1)) > [0 3 — (/_1)(m—1) + 1

Fm+(—1)(m—1)+2

Shmuel Friedland Univ. lllinois at Chicago () 3-Tensors



Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3,2p, 2p) = us_ﬁ} and grank(3,2p —1,2p— 1) = [3(35 1)21 +1
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

12p? _ 3(2p—1)2
grank(3,2p, 2p) = [4p+1} and grank(3,2p —1,2p — 1) = 25—~ ip—T 1+ 1
CON1:For3</<m<n<(I-1)(m-1)
not satisfying conditions THM 4

grank(/, m, n) = [,Jrn’q’j’rr,'? 71
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3, 2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(35 1)21 +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn’q’j’rr,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3, 2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(35 1)21 +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn’q’j’rr,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),

(n—1,n,n)if n=0 (mod 3),
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3, 2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(35 1)21 +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn’q’j’rr,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),

(n—1,n,n)if n=0 (mod 3),

(4,m,m)if m> 4,
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3, 2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(35 1)21 +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn’q’j’rr,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),

(n—1,n,n)if n=0 (mod 3),

(4, m, m) if m> 4,

(n,n,n)ifn>4
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3, 2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(35 1)21 +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn’q’j’rr,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),

(n—1,n,n)if n=0 (mod 3),

(4, m, m) if m> 4,

(n,n,n)ifn>4

(1,2p,2q) if | <2p < 2qg and and W is integer

Shmuel Friedland Univ. lllinois at Chicago () 3-Tensors



Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3,2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(?;7:1)2] +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn'{ir,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),

(n—1,n,n)if n=0 (mod 3),

(4,m,m)if m> 4,

(n,n,n)ifn>4

(,2p,2q) if I < 2p < 2q and and ;25— is integer
CON2:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4 and k < [
dim fi((C' x C™ x CM¥) = k(I + m+n—2)
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Generic rank conjecture

COR: grank(2, m, n) = max(m,n) for2 < m,n
THM 4: Strassen Forp > 2

grank(3,2p, 2p) = us_ﬁ} and grank(3,2p—1,2p—1) = [3(?;7:1)2] +1
CON1:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4

grank(/, m, n) = [,Jrn'{ir,'? 71

Con 1 true for

(n,n,n+2)if n# 2 (mod 3),

(n—1,n,n)if n=0 (mod 3),

(4,m,m)if m> 4,

(n,n,n)ifn>4

(,2p,2q) if I < 2p < 2q and and ;25— is integer
CON2:For3</<m<n<(I-1)(m-1)

not satisfying conditions THM 4 and k < [
dim fi((C' x C™ x CM¥) = k(I + m+n—2)

CON 2 holds in above cases CON 1 holds
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Numerical verification of Conjectures 1 &2

We verified numerically' the above two conjectures for
my < mp < mg <10, by finding random k € [2, [#%}] vectors

X ;i€ (Zn[-99,99])™ i=1,2,3, I =1,..., ksuch that the rank of the
Jacobian matrix at the corresponding rank k tensor

k

T = Z X1 ® X2 ®X3 (0.1)
=1

was min(k(my + my + mg — 2), mymomg).

'] thank M. Tamura for programming the software to compute grank(my, my, ms)
and r(k, my, my, ms).
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Numerical verification of Conjectures 1 &2

We verified numerically' the above two conjectures for
my < mp < mg <10, by finding random k € [2, [#%}] vectors

X ;i€ (Zn[-99,99])™ i=1,2,3, I =1,..., ksuch that the rank of the
Jacobian matrix at the corresponding rank k tensor

k

T = Z X1 ® X2 ®X3 (0.1)
=1

was min(k(my + my + mg — 2), mymomg).
We call (my, mo, mg) regular if (my, mo, m3) satisfies Conjecture 1 and

myMoms Tafi H
| mrmeeme—z] satisfies Conjecture 2.

'] thank M. Tamura for programming the software to compute grank(my, my, ms)
and r(k, my, my, ms).
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COR:
forn>m>2: m+1 <mrank(2, m,m) <2m —1
and mrank(2, m,n) <2mEq. if n > 2m
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COR:
forn>m>2: m+1 <mrank(2, m,m) <2m —1
and mrank(2, m,n) <2mEq. if n>2m
form,n> 3:
Q grank(n,m,m) < [3/m+ (n—2[5])(m— [vVn—1])
ifm>2[vVn—1]
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COR:

forn>m>2: m+1 <mrank(2, m,m) <2m —1

and mrank(2, m,n) <2mEq. if n > 2m

form,n> 3:

Q@ grank(n,m,m) < [3|m+ (n—2[5])(m—[vn—1])
ifm>2[vVn—1]

Q grank(n,m,m) < n(m— |v/n—1])
ifm<2(vVn—1] <2(m-1),
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COR:

forn>m>2: m+1 <mrank(2, m,m) <2m —1

and mrank(2, m,n) <2mEq. if n>2m

form,n> 3:

Q@ grank(n,m,m) < [3|m+ (n—2[5])(m—[vn—1])
ifm>2[vVn—1]

Q grank(n,m,m) < n(m— |v/n—1])
ifm<2(vVn—1] <2(m-1),

© mrank(n,m,m) <

ZL\/iJ(ZI Nm—i+1)+(m—|vVa—12m-|vVn—1))
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(2, m, n) - Kronecker canonical form for (T1 1, Ta,1) € (Cmxn)2
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(2, m, n) - Kronecker canonical form for (T1 1, Ta,1) € (Cmxn)2

For (1) and (2) assume that Ty 1,..., Tp1 € C™™ generic
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(2, m, n) - Kronecker canonical form for (T1 1, Ta,1) € (Cmxn)2
For (1) and (2) assume that Ty 1,..., Tp1 € C™™ generic

(2): 1= [v/n—1]. Son> 2 +1. THM 3 yields span( Ty 1,..., Tn1) has
Ym—1,mm = N linearly independent matrices of rank m — /.
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(2, m, n) - Kronecker canonical form for (T1 1, Ta,1) € (Cmxn)2
For (1) and (2) assume that Ty 1,..., Tp1 € C™™ generic

(2): 1= [v/n—1]. Son> 2 +1. THM 3 yields span( Ty 1,..., Tn1) has
Ym—1,mm = N linearly independent matrices of rank m — /.
(1):spanTyq,..., Tpq C C™*M

span( Tpj_1,1, T2i2) is contained in subspace spanned by m rank one
matrices
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(2, m, n) - Kronecker canonical form for (T1 1, Ta,1) € (Cmxn)2
For (1) and (2) assume that Ty 1,..., Tp1 € C™™ generic

(2): 1= [v/n—1]. Son> 2 +1. THM 3 yields span( Ty 1,..., Tn1) has
Ym—1,mm = N linearly independent matrices of rank m — /.
(1):spanTyq,..., Tpq C C™*M

span( Tpj_1,1, T2i2) is contained in subspace spanned by m rank one

matrices

(3): Assume the worst case:

Ti14,T21,..., Tpq lin. ind. Choose new base Sy,..., 5, in
span(Tq1,..., Th1) s.t. rank Sy > rank S > ... > rank S, and
span(Sy,...,S;) =span(Ty1,..., Tiq) fori=1,...,n.

rank S; = m,rank So = rank S3 = rank S; = 2,

rank S5 = ... = rank Sg = 3,rank S1g = 4.. ..
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Theoretical bounds & explanations

4 < grank(3,3,3) <5=1-3+2 mrank(3,3,3) <7=3+2+2
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Theoretical bounds & explanations

4 < grank(3,3,3) <5=1-3+2 mrank(3,3,3) <7=3+2+2
grank(3,3,4) =5 (n=(m—1)?), mrank(3,3,4) <9=3+2+2+2
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Theoretical bounds & explanations

4 < grank(3,3
grank(3, 3,4)

grank(3,3,5) =
mrank(3, 3,5) <

3)<5=1-3+2 mrank(3,3,3) <7=3+2+2
5(n=(m —1)2), mrank(3,3,4) <9=3+2+2+2
5(n=(m-1)2+1),

10=3+2+2+2+1
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Theoretical bounds & explanations

4 < grank(3, 3,3)§ 5=1-3+2 mrank(3,3,3) <7=3+2+2
grank(3,3,4) = =(m-— 1)2), mrank(3,3,4) <9=3+2+2+2
grank(3,3,5) = =(m-1)2+1),

mrank(3, 3,5) < 10:3+2+2+2+1

/\/‘\

6 < grank(3,4,4) <7 =4+ 3, mrank(3,4,4) <10=4+3+3
7 < grank(4,4,4) <8 =24 mrank(4,4,4) <13=4+3+3+3
8 < grank(4,4,5) <10=2-4 + 2, mrank(4,4,5) <15=13+2
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Theoretical bounds & explanations

4 < grank(3,3,3) <5=1-3+2 mrank(3,3,3) <7=3+2+2

grank(3,3,4) =5 (n:(m—1)2), mrank(3,3,4) <9=3+2+2+2
grank(3,3,5) =5 (n=(m— 1) +1),

—~

mrank(3,3,5) <10=3+2+2+2+1

6 < grank(3,4,4) <7 =4+ 3,mrank(3,4,4) <10=4+3+3

7 < grank(4,4,4) <8 =2-4,mrank(4,4,4) <13=4+3+3+3

8 < grank(4,4,5) <10=2-4 + 2, mrank(4,4,5) <15=13+2

7 < grank(3,5,5) <9=1-5+4, mrank(3,5,5) <13=5+4+4

9 < grank(4,5,5) <10 =2-5, mrank(4,5,5) <17=5+4+4+4
5

10 < grank(5, 5,

~—

<13 = 2.5+3, mrank(5,5,5) <20 =5+4+4+4+3
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Generic rank of real 3-tensors

DEF: Semi-algebraic set in R” is given by finite number of polynomial
inequalities of the type g;(x) > 0 and/or h;(x) > 0.
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Generic rank of real 3-tensors

DEF: Semi-algebraic set in R” is given by finite number of polynomial
inequalities of the type g;(x) > 0 and/or h;(x) > 0.

THM: A polynomial map F : R" — R™ maps a semi-algebraic set to
semi-algebraic set
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Generic rank of real 3-tensors

DEF: Semi-algebraic set in R” is given by finite number of polynomial
inequalities of the type g;(x) > 0 and/or h;(x) > 0.

THM: A polynomial map F : R" — R™ maps a semi-algebraic set to
semi-algebraic set

THM: R/*™*" decomposes to finite number of open connected
semi-algebraic sets Cy, ..., Cy:

RIxmxm\ UM . C; is a strict algebraic subvariety of R/>*mx7,
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Generic rank of real 3-tensors

DEF: Semi-algebraic set in R” is given by finite number of polynomial
inequalities of the type g;(x) > 0 and/or h;(x) > 0.

THM: A polynomial map F : R" — R™ maps a semi-algebraic set to
semi-algebraic set

THM: R/*™*" decomposes to finite number of open connected
semi-algebraic sets Cy, ..., Cy:

RIxmxm M - C; is a strict algebraic subvariety of R/>mxn,
Each7T e Cjhasrank r;fori=1,..., M.
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Generic rank of real 3-tensors

DEF: Semi-algebraic set in R” is given by finite number of polynomial
inequalities of the type g;(x) > 0 and/or h;(x) > 0.

THM: A polynomial map F : R" — R™ maps a semi-algebraic set to
semi-algebraic set

THM: R/*™*" decomposes to finite number of open connected
semi-algebraic sets Cy, ..., Cy:

RIxmxm M - C; is a strict algebraic subvariety of R/>mxn,
Each7T e Cjhasrank r;fori=1,..., M.
min(ry, ..., ny) = grank(/, m, n).
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Generic rank of real 3-tensors

DEF: Semi-algebraic set in R” is given by finite number of polynomial
inequalities of the type g;(x) > 0 and/or h;(x) > 0.

THM: A polynomial map F : R" — R™ maps a semi-algebraic set to
semi-algebraic set

THM: R/*™*" decomposes to finite number of open connected
semi-algebraic sets Cy, ..., Cy:

RIxmxm\ UM . C; is a strict algebraic subvariety of R/>*mx7,

Each7T e Cjhasrank r;fori=1,..., M.

min(ry, ..., ny) = grank(/, m, n).

mgrank(/, m, n) :== max(r, ..., ry) is the minimal k € N such that the
closure of f((R/ x R™ x RM)k) is equal to R/*m*",
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases

Ttm=m=m>2m3=(m—1)>2+1,
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
Ttm=m=m>2m3=(m—1)>2+1,

2:my=me=4,mg=11,12.
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
Ttm=m=m>2m3=(m—1)>2+1,
2:my=me=4,mg=11,12.

Proof of 1: One constructs an (m — 1)2 4 1 real dimensional subspace
of L c R™Mthat does not have a rank one matrix.
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
Ttm=m=m>2m3=(m—1)>2+1,

22m=m=4mg=1112.

Proof of 1: One constructs an (m — 1)2 4 1 real dimensional subspace
of L c R™Mthat does not have a rank one matrix.

So there exists a neighborhood A C Gr((m — 1)? 4 1, R™™) such that
any subspace Ly € A does not contain a rank one matrix
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
Ttm=m=m>2m3=(m—1)>2+1,

2:my=me=4,mg=11,12.

Proof of 1: One constructs an (m — 1)2 4 1 real dimensional subspace
of L c R™Mthat does not have a rank one matrix.

So there exists a neighborhood A C Gr((m — 1)? 4 1, R™™) such that
any subspace Ly € A does not contain a rank one matrix

Let T = [tj«] € R™m™<((M=1%+1) gch that

span(T13,. .., Tm_1)2413) € A. Thenrank T > (m — 1)2 +1
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
Ttm=m=m>2m3=(m—1)>2+1,

2:my=me=4,mg=11,12.

Proof of 1: One constructs an (m — 1)2 4 1 real dimensional subspace
of L C R™™ that does not have a rank one matrix.

So there exists a neighborhood A C Gr((m — 1)? 4 1, R™™) such that
any subspace Ly € A does not contain a rank one matrix

Let T = [tj«] € R™m™<((M=1%+1) gch that

span(T13,..., Tm_1)2413) € A. Thenrank 7 > (m — 1)2 +1
Numerically, it is known mrank(3,3,5) = 6
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THM: mgrank(my, mo, mg) > grank(my, mo, m3) in cases
Ttm=m=m>2m3=(m—1)>2+1,

2:my=me=4,mg=11,12.

Proof of 1: One constructs an (m — 1)2 4 1 real dimensional subspace
of L c R™Mthat does not have a rank one matrix.

So there exists a neighborhood A C Gr((m — 1)? 4 1, R™™) such that
any subspace Ly € A does not contain a rank one matrix

Let T = [tj«] € R™m™<((M=1%+1) gch that

span(T13,..., Tm_1)2413) € A. Thenrank 7 > (m — 1)2 +1
Numerically, it is known mrank(3,3,5) = 6

Proof of 2: Radon-Hurwitz numbers, i.e existence of 3- dimensional
subspace of 4 x 4 skew symmetric nonsingular nonzero matrices
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(R4, Rz, R3)-rank approximation of 3-tensors

Fundamental problem in applications:
For F = C, R approximate well and fast 7 € F™*MxMs by rank
(R4, R2, Ro) 3-tensor.
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(R4, Rz, R3)-rank approximation of 3-tensors

Fundamental problem in applications:
For F = C, R approximate well and fast 7 € F™*MxMs by rank
(R4, R2, Ro) 3-tensor.

The best rank (Ry, Rz, R3) approximation of 7 is a hard optimization
problem.

C™MxM2xMs has a standard inner product (S, tik) := Z,-,jvk Siik i
induced by the standard inner products on C™,p = 1,2, 3.

For subsp. U; c F™ dimU; = R;,i =1,2,3,letV=U; @ U ® Us.
Pyv(7T) orthogonal projection on V, obtained by orthonormal bases
f1’,', ... ,fm,.,,' cFmi, span(f17,-, e ,f,qv’.’,') =U;

Best (R1, Ro, R3) approximation problem:
Find U; ¢ F™ of dimension R; for i = 1,2, 3 with maximal ||Py(7)|].
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Optimization methods

Relaxation method:
Optimize on U4, Uy, U3 by fixing all variables except one at a time
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Optimize on U4, Uy, U3 by fixing all variables except one at a time

This amounts to SVD (Singular Value Decomposition) of matrices:
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Optimization methods

Relaxation method:
Optimize on U4, Uy, U3 by fixing all variables except one at a time

This amounts to SVD (Singular Value Decomposition) of matrices:
Fix Ug, U3. ThenV = U1 ® (U2 ® U3) C F™ x (mp-m3)
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Optimization methods

Relaxation method:
Optimize on U4, Uy, U3 by fixing all variables except one at a time

This amounts to SVD (Singular Value Decomposition) of matrices:
Fix Uo,Us. ThenV=Uy ® (U2 Y U3) C Fmix(mz:ms)
maxy, ||Pv(7)|| is an approximation in 2-tensors=matrices
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Optimization methods

Relaxation method:
Optimize on U4, Uy, U3 by fixing all variables except one at a time

This amounts to SVD (Singular Value Decomposition) of matrices:
Fix Uo,Us. ThenV=Uy ® (U2 Y U3) C Fmix(mz:ms)
maxy, ||Pv(7)|| is an approximation in 2-tensors=matrices
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Optimization methods

Relaxation method:
Optimize on U4, Uy, U3 by fixing all variables except one at a time

This amounts to SVD (Singular Value Decomposition) of matrices:
Fix Ug,Us. ThenV =U; @ (U, @ Uz) C F™ x (me-ms)
maxy, ||Pv(7)|| is an approximation in 2-tensors=matrices
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Optimization methods

Relaxation method:
Optimize on U4, Uy, U3 by fixing all variables except one at a time

This amounts to SVD (Singular Value Decomposition) of matrices:
Fix Ug,Us. ThenV =U; @ (U, @ Uz) C F™ x (me-ms)
maxy, ||Pv(7)|| is an approximation in 2-tensors=matrices

Ay € FmMx(mms) _ynfolding of 7 in direction 1

B; = A1 Q, Q orthogonal matrix of change of orthogonal basis in F™™
Cy € Fmx(RiR2) sybmatrix of B;

U, is subspace spanned by the first Ry left singular vectors of C4

Relaxation method converges to local maximal critical point

When close to a critical point switch to Newton method on
Gr(Ry,F™) ® Gr(Ro,F™) ® Gr(Rs,F™)
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Fast low rank approximations

For matrix A € F™" CUR approximation:
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Fast low rank approximations

For matrix A € F™" CUR approximation:

C e F™ R R ¢ FRi*m sybmatrices of A
chosen using several random choices of columns and rows of A
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Fast low rank approximations

For matrix A € F™" CUR approximation:

C e F™ R R ¢ FRi*m sybmatrices of A
chosen using several random choices of columns and rows of A

Similar extensions of CUR approximation to tensors
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