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Abstract

Given two self-adjoint, positive, compact operators 4, B on a separable Hilbert space, we
show that there exists a self-adjoint, positive, compact operator C commuting with B such that

. Bt Bt 1
lim;_, . ||(e2 e?e2) —e€|| = 0.
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1. Introduction

Recall the fundamental inequality of Golden [8], Thompson [14] arising in
statistical mechanics. Let 4, B be n X n Hermitian. Then

Trace e?e® > Trace e 2. (1.1)
This inequality was generalized by Kostant [9] to general finite-dimensional Lie

groups. In a paper by Cohen et al. [3] (1.1) was parameterized as follows: the

1
function f () = Trace(e’e®")7 is increasing on [0, 00). The Lie-Trotter formula
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yields £(0) = Trace e*2. Hence (1.1) follows from f(0) <f (1) = Trace e?e®. It is of
interest to study lim,_, ., f(¢). It is convenient to consider the parameterized family

Bt Bt L. .. .. . .
e2el’e2, teR, which is Hermitian and positive definite, instead of e ¢® as both
expressions have the same eigenvalues. Friedland and So [5] showed

Bt 4 B

lim (€3 e ¢3)7 = ¢ (1.2)
t— w0
for some Hermitian matrix C.

The object of this paper is to generalize this result to the infinite-dimensional case.
Let R* := R\{0}. For a self-adjoint, positive, compact operator 4 on an infinite-
dimensional separable Hilbert space H we denote by o >--->wo,=>--->0 the
eigenvalue sequences of 4, where each eigenvalue is counted with its multiplicity.

Theorem 1.1. Let A, B: H—H be linear, self-adjoint, positive, compact operators on
an infinite-dimensional separable Hilbert space H with the eigenvalue sequences

= zo,=z-->0,  pfi=--=2p,=--->0  respectively. Then  for  each
Bt Bt - L.
teR* €2 efte2 = e where C(t) = C(—t) is a self-adjoint, positive, compact

operator C(t) with the eigenvalue sequence w(t)= - = w;(t) = --- >0. Furthermore

(@) Y, wi(t) is a nondecreasing function on (0,c0) bounded from above by
S (o + B;) for each neN. Hence

lim w;(f) =w;,i=1,...,012 - Zw,=--20, lim w, =0. (1.3)
n— oo

— 0

(b) lim,,¢C(¢) = 4+ B.

(c) There exists a self-adjoint, positive, compact operator C such that
lim,, ., ||C(¢) — C|| = 0.

(d) There exist two bijections @,V :N->N and an orthonormal basis of
H g, ....g, ..., consisting of eigenvectors of B such that

Cg; = wig;, w; =gy + Py, 1=1,...,. (1.4)

In particular BC = CB, w;>0, i =1, ..., and (1.2) holds in the norm topology.

We now survey briefly the contents of this paper. In this paper we assume that H is
an infinite-dimensional separable Hilbert space over C, unless stated otherwise, with
the inner product <-,-> and the norm ||x|| =,/<X,x>. Denote by ¥> % the
algebra of bounded linear operators on H and the real linear subspace of self-adjoint
operators, respectively. For Te & let T*, ||T||, 6(T) =C and p(T) be the adjoint, the
norm, the spectrum and its spectral radius of T, respectively. p(7T)<||T|| and
equality holds for any self-adjoint 7.

We always assume that 4, Be . Then one associates with 4 an increasing family
of commuting projections P(A, (— oo, 1)) which enable to define a projection P(A4, ©)



438 S. Friedland, G. Porta | Journal of Functional Analysis 210 (2004) 436464

for any Borel set ¢=R. We then define e’ == e P(4,0)eS. In Section 2 we
consider the function ¢(z,7) = In p(ef! ef?) on R?. The main result of Section 2
is Theorem 2.1, which characterizes some properties of ¢(¢,7). Namely if
P(A4,0,)P(B, ;) =0 then ¢(t,7) = —oco. Otherwise ¢(z,7) is a continuous convex

function on R2. Then the function

$(1,1) — In p(P(4, 01)P(B, 0))
t

g(1) =

is a nondecreasing function on (0, c0). We characterize the limits lim,\og(¢) and
lim,_, , g(#). (The characterization of the second limit is proved only for ¢, @, which
are a finite union of half open intervals (a,b].) In Section 3, we introduce the

operator A(t) = ¢3 e1163 for te R*. Then A(t) = e'“Dand C(t) = C(—t)e L. If 4, B
are also compact then C(¢) is compact. 4 is called diagonal if H has an orthonormal
basis consisting of eigenvalues of 4. 4 belongs to the class & if A4 is diagonal, each
eigenvalue 4 of A is an isolated point of (4), P(4,{A}) has a finite-dimensional
range, and for any tea(A) there exists &(¢)>0 such that (1 —¢,1)na(A) = (. The
main result of Section 3 is Lemma 3.4, which shows that for 4, Be & there exists
t>0 such that for ¢>¢, the p(e€?”) is an isolated point of ¢(e€") and
dim P(e€®, {p(e€)}) is a constant integer. Moreover, there is a fixed gap between
the next point in the spectrum of e for #>1,. In Section 4, we discuss the tensor
spaces and exterior spaces. We give natural examples of operators in class & which
are not compact. Section 5 is devoted to the proof of Theorem 1.1. Section 6 is
devoted to some connections between C(f) and A, B under the assumptions of
Theorem 1.1. We also raise the problem of extending our results to more general
operators A, Be &.

Parts of this paper are based on the dissertation of the second author [12], written
under the supervision of the first author.

2. The limit of spectral radius of a parameterized family

For a closed subspace G<H we denote by P(G) the orthogonal projection on G.
For any orthogonal projection P : H—H we denote by dim P the dimension of PH,
which is either a nonnegative integer or oo. Recall the spectral decomposition of
Te%, e.g. [13, VIL3]. T determines an increasing family of commuting orthogonal
projections P(T, (—o0,1))e¥, LeR:

P(T,(—o0,4))P(T,(—00,A)) = P(T,(—oc0,min(l;, 42))), for any 1;,L,eR,
P(T,(—0,41))=0, P(T,(—w0,4))=1, forany i< —||T||,%2>T|,

P(T, (=0, /1)) + (I = P(T,(=0,72)))#0 if 2> —||T|[,2<||T]|.
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Then T = [, AdP(T,(—0,1)). P(T,(—,2)) is called the spectral projection on
(—o0,4). Given a Borel function g: R—R, which is bounded on [—||T||,||T||],
we get a bounded operator g(T) = [ g(4) dP(T,(— 0, ), which commutes with 7.

Let OcR be a Borel set and denote by y, the characteristic function of 0.
Define

P(T,(Q):/RX(n(/l)dP(T,(foo,i)):/mdP(T,(foo,}v)),

egfz/ x@(z)e”dP(T,(—oo,A)):/e"“»dP(T,(—oo,A.))
R O

=eTP(T,0) = P(T,0)e'" = P(T,0)'"P(T,0), teR. (2.1)
Let o/ be an algebra of sets, where each (e.o/ is a finite union of intervals
of the form (a,b], where —oo <a<b< co. In what follows we use the convention

In0=—o0.
The following theorem is the main result of this section.

Theorem 2.1. Let A, Be ¥ and assume that O, 0, are Borel sets. Define
¢(t,7) = lnp(ef}feg;), t,7eR. (2.2)

Then ¢(t,1)=—c0 if and only if P(A,0,)P(B,02)=0. Assume that
P(A,0,)P(B, 0,)#0. Denote

K = P(B,0;)P(A, 0,)P(B, 0,) >0, (2.3)

which is a nonzero operator. Then the function ¢ is a real, continuous, convex function
on R?. The function

¢(t,t) —In p(P(A4, 01)P(B, 1))
t

g(1) =

is a bounded continuous increasing function on (0, oo ). Furthermore,

lim g(¢)

tNO

<((A+ B)P(4,0)) + P(A,0))(A + B))x,x>.

=1l 2.4
a/l‘rlr}(H SUPoxeP(K,(a,00))H 2||K|| <X, x> ( )

Assume that O, 0, € of. Then
lim ¢g(z) = sup A+ (2.5)

1= 2€0) e 0y, P(A,[1,00) " O,))P(B,[1t,00) " 02))) #0
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In particular
pledl ey <e™ ™' for ¢>0. (2.6)

To prove the theorem we need a few auxiliary results. 4€.% is called positive
(res. nonnegative) if (Ax,x)>0, Vx#0 (res. (4x,x)>0, Vx). A positive 4 is
denoted by 4>0 and a nonnegative A4 is denoted by 4>0. For A, Be ¥ we let A>B
(res. A=B)if A — B>0 (res. A — B=0). Whenever we write 4 > B (4> B) we assume
that 4, Be .

Let Ae.¥. Then A>20<=0d(A4)cR; = [0, 00). Furthermore, 4>0<0(4)cR;
and 0¢0,(4). Here 0,(A4) denotes the point spectrum of 4. For a>0 let g,(f) =
(max(0,17))*. Let go(t) = limy0 gx(?), i.e. go(¢) = 0 for 1<0 and go(¢) = 1 for >0.

Let A>0. Define 4* = g,(A4)>0. Note that A° = P(4, (0, ©)). For o, f,te R, we
have the standard relations 4%4f = 4**F and (4*)' = 4*. Furthermore
A>0<A*>0 for all a>0.

Let A=B>0. Let a>1. Then there are examples of finite-dimensional H, i.e.
A, B are hermitian matrices, such that 4A*% B*, e.g. [11, Chapter 16, Section E].
Hence there exist compact self-adjoint 4, B such that 4>B>0 and A*% B*,
e.g. [1, Lemma 7]. Let ae(0,1). A remarkable result due to Loewner [10] for
hermitian matrices, which extends to self-adjoint operators [1, Lemma 5] claims
that 4*> B*. Since A* converge in the strong topology to 4° as a0 we deduce
A°>B°. Note

A">B" < P(4,(0, 0))=P(B, (0, 0)) < P(4, (0, 0))H> P(B, (0, ©))H.

Although we are not using these results, they may be useful when trying to answer
the open problems raised in Section 6.

The following results are well known to the experts and we state their proofs for
completeness.

Proposition 2.2. Let A,>A;, Bij=B,>0, C=0, De¥. Assume that P,Q are
orthogonal projections. Then

(a) DA]D*>DA2D
(b) p(B2C) = p(CBy) = p(CZ B>CZ) = || C2 ByCH| | <p(Bi C) = p(CBy),

(¢) PO =0<PQP =0<QPQ = 0< QP = 0.

Proof. Clearly
A1=2A, < {A1x,x) =2{Ax,x» for any xeH.

Let x = D*y for any yeH and deduce (a).
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To prove (b) we first assume that in addition to B;>=>B,>0, C>0 that C is
1 1
invertible. That is there exists ¢ >0 such that ¢(C) = [e, o0 ). Note that o(C2) < [e2, 0),

1
i.e. C2 is also invertible. Then

CB, = C(B,C)C!,
1 1 1 1
C2B,C2 = CE(BZC)C_2
1 1
= p(BzC) = p(CBz) = p(CiBzCi)

I I 1 1 1 1
As C2B,C2e ¥ it follows that p(C2B,C2) = ||C2B,C2||. The first part of the

proposition yield that C%BlC%ZC%BzC%BO. Hence ||C%BlC%||>|\C]§BzC%|| This
proves (b) for C>0 and invertible.

Assume now that C>0. Let ¢>0 and define C(¢) = C + ¢l. Then C(¢) =el and
the second inequality of the proposition holds for C(g). Let ¢\ 0 to deduce (b) for
any C=0.

Let P, Q be orthogonal projections. Then

PQ(PQ)" = PQ°P = PQP, (PQ)"(PQ)=QP*Q = QPQ
and (c) follows. [
Definition 2.3. A€ % is called simple if 4 is self-adjoint and o(A4) is a finite set.

Let A be simple. Then

o(A)={A1, ., R, A >A> >4,

n
A= Z JiP;,

=1
P(A,{i}) = Pi#0, i=1,...,n > Pi=I PPj=0;P;, ij=1,.n

(2.7)

Vice versa, if Py, ..., P, are n orthogonal projections which satisfy P;P; = 0 for i#j
and are a decomposition of the identity: Y i, P; =1, then 4 =) | 2;P; is a simple
operator if Ay, ..., 4, are real. Furthermore a(4)<={/4,...,4,}. If each P;#0 then
a(A) ={ A1, ..., 2}
Proposition 2.4. Let Ae S, n>1 and assume that

vi=||4]]|+ 1>va>-->v, = —||4]| - L.
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Denote

n—1

Zﬂ V,jP(A, (Vi+1 ) Vi])7

Il |
- =

3
|

4, Vig1 P(A4, (Vigr, vi])-
1

1

Then A,,A,, A are commuting operators which satisfy

4,<A<A,,
1= 41,114 =TI <[ — il < max (5= i),
Let Oe o/ be a disjoint union of k intervals Oy, ..., Oy such that each of the intervals 0

is of the form (viy,v;] for some i = i(j)e[l,n — l] Then for any and te R,
0<e(p <edt<e ) (2.8)
Proof. The first claim of the proposition follows straightforward from the integral

representation of 4€.%. To prove (2.8) observe first that e’ = Zk

-1 e(f Thus it is
enough to show (2.8) for O; = (vi11,v;]. Then

0< e"’ o) = €P(A, (v, vi]) < / MdP(A, (—o0,2)) = el

(vis (Vig1,vi]
(vis1,vi]

< EPA, (vip,v]) = e

e O

Proof of Theorem 2.1. Suppose first that ¢}, (¢, are Borel sets. Let

P(1) = P(4,0,), P(2) = P(B,0,). (2.9)
In view of (2.1)

C(1,7) = el egt = e P(1)P(2) €.
Using the invertibility of ¢4’ and e5® we obtain

C(t,71) =0<=P(1)P2) =0<=¢(t,1) = —0.
We now assume that P(1)P(2)#0. Use (2.1) to obtain
ep) = AN P(1) = et p(1) = M P(1)e 2 P(1) = ¢/ ed. (2.10)

Since e4’>0 it follows from (2.1) that eg‘f >0. Similar results hold for B. Use

Bt B‘L’
Proposition 2.2 and the above identities to deduce e?("?) = p(e(g e(, el ). Clearly,
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Bt Bt
D(t,7) = el el'el is a self-adjoint nonnegative operator family, which is
continuous in (z,7). The maximal characterization:
p(D(t,7)) = sup  {D(t,7)x,x),
X, {x,xy=1

and the assumption that P(1)P(2)#0 = P(2)P(1)P(2)#0 implies straightforward
that p(D(t,7)) is a positive continuous function on R?. Hence ¢(¢,7) is a continuous
function on R?. Clearly,

¢(0,0) = In p(P(1)P(2)) < In|[P(1) P2)[| < In ([P [|P(2)]]) = O

To show the convexity of ¢ on R? it is enough to show

¢(I1+tz Tl+fz)<¢(11,fl)+¢(l‘2,fz)
2 7 2 )7 2

Use (2.10) and Proposition 2.2 to obtain

i Al i i A A% B% BY
nple, * e =Inp(e,?e,?e.? e,

Ul A[_l Ah BT_Z
:1np<€@22 8(912 e(f‘lz e(”f) = ll’lp(F]Fz),
By At—l L plo
where Fy = ¢, e,? and Fy=e,%e,?. Then, since p(X)<||X|| for a bounded
operator X, it follows
In||F1 B||<In (||F ||| F2|]).-
Since || X|* = p(XX*) we deduce

1 1 1
In (p(FyFY )20 (FoF5)2) = 5(1n p(F\Ff) +In p(FF)

= (o (e () ) oo ()
S (mp(E e ) g ()
= %(m p (egf‘ eg;‘) +1Inp (egfz egzz)) ,

establishing the convexity.

Let f(¢) = ¢(¢,t) — ¢(0,0),zeR. Then f(¢) is a continuous convex function on R.
Furthermore, f(0) = 0. Hence ¢(t) is nondecreasing on (0, o0), e.g. [3, Lemma 10].
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We first show (2.4). Recall that

<D(t, )x,X)
x>

Thus A(f) = p(D(t,t)) is a continuous function with 2(0) = ||K||. Use (2.1) to
obtain

) = p(D(1.0) = |ID(¢. )] = sup
X

D(t,t) = P(2)e% P(1)eA'P(1)e%P(2) =K +tE + *R(1),

P(2)BP(1)P(2) + P(2)P(1)BP(2)
2
[|R(?)]|<r, for te[0,1]and some r>0.

E= + P(2)P(1)AP(1)P(2),

In what follows we always assume that 7€[0, 1]. Thus

C(K + E + PR()x, %)

ht) = sup TR
Let
s@=  sup  SAFBPOFPOALBINN o0 0,1K]).

0%xeP(K,(a,0)H 2{x,x)

Then s(a) is a nonincreasing function on (0, ||K]||). Let s := lim, » x| s(a). Note that
P(1)AP(1) = AP(1) = P(1)A and for a>0 P(K, (a, o))H< P(2)H. Hence {((4 +
B)P(1) 4+ P(1)(A + B))x,x) = (2Ex,x ) for any xe P(K, (a, c0))H. Since t€[0, 1],
for any a€ (0, ||K]|)

h()> sup (K +tE + PR(1))x,X)
0%xeP(K,(a,0))H (X, x5

>a+ s(a)t — rt.

Let a ~||K|| and deduce A(¢)>||K|| + st — r¢*. Thus lim,o g(?) =iy Fixae (0,]IK1])

and consider the ratio

C(K + 1E + PR())x,x)
(X, X)

b(t,x) = for x#0.

For xe P(K, (a, o0 ))H we get
b(t,x)<||K|| + ts(a) + r*. (2.11)
For xe P(K, (—o0,a])H we have

b(t,x)<a+t||E|| + rt*.
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Let

o/ Kl—a |IK]-a
) ‘m‘“(l’ IE] (@ A& )

Then (2.11) holds for xeP(K,(—o0,a])H and €[0,(a)]. Assume now that
x¢ P(K,(—o0,a))HUP(K, (a, co)H. Let

P(K,(—o0,a))x P(K,(a, 0))x

“TPK, o)Xl TP, (@ o) panlenes)

€]

As ey, e; is an orthonormal basis in X it follows

{((K+tE)x, x) B
orsrélp?exx {X,X) = 4K +iE),

<<K91,91> <Kelae2>>:<<Kelael> 0 )
(Key,er ) <(Keyer) 0 (Key,e;)

()
A = )
0 [IK]|

E:(<Eel,el> <Ee1,ez>>
YT\ (Bee )y (Eerery )

1 —

where 4;(C) is the maximal eigenvalue of any 2 x 2 hermitian matrix C. Then for
te(0,1(a))

)L](K] + ZE1)<}~1(K2 + IE])

= JUKN 0t i(CEerery + CEerer)

VKN =0t 1(CEeser) — CEerery))? + 42 Bepen)
< SUIKI +a+ 1(CEes.er) + CEerer)

AR —at ((CEeser) — CEerer)

2| {Ee;, e |
||K|| —a+t({Eeyer) — {Eeje;))
22| Eey,ex >
IK[| —a

+

<||K|| +t{Eey,er) +

22| E||

<[IK|| + ts(a) + oot
K| —a



446 S. Friedland, G. Porta | Journal of Functional Analysis 210 (2004) 436464
Then for 1€ (0, t(a))

2||E]|
b(t,x)<||K|| + ts(a +z2<7+r

= h(t)<||K|| + ts(a) + 12(2|—E||a+r>

K

= o< (1K1 + 00+ 2 (L)) < mig)
. s(a)

= 111\%1 g(t)gm.

Let a ~||K]|| to deduce lim, g(?) <ty The proof of (2.4) is completed.

We now prove (2.5) for Oy, 0, € o/. We first establish (2.5) in the case where 4 and
B are simple operators. Let 4 be of form (2.7) and B = 37" | 11,0, be of similar form.
In particular

O-(B):{Mh“-aum}a Wy > >y,
Let
O'/(A) = U(A)ﬁ@l = {)v,'l, ...7/11‘/’}7 1<ll< <ip<n7

d'(B) = a(B)n Oy = {, ..., py, }, 1<H < <ig<m.

The assumption P(1)P(2)#0 yields that ¢'(A4) #0, o’ (B) #0. Clearly

q
i t Br __ it
eC_E:elkPlk e@_E:e#Qj/.

/=1

In view of Proposition 2.2 it is enough to consider the spectral radius of

B B pag ( /‘//ﬂ‘/,«)
_ 2 A, Wt
D(t,t) =eg, ey eq, = 0,P, 0,
k=1
N
= Z e(),~t Rr; 91 >92> >QS. (212)

In the above first sum we deleted the zero terms corresponding Q;, P;, Q;, = 0 and
rearranged the nonzero terms in decreasing order of the exponentials (#>0). (Recall
that the left-hand side of the above equality is not identically zero.) Proposition 2.2
claims that Q;, P, = 0P, Q;, =0. So

0y = max Z; +u;
P0, %0 T

0#R, = Z Qj/Piij/ =0. (2.13)
kit Py 0, #0
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As lim,, , e%'D(t,1) = R; we deduce that

. Inp((D(t,t . Inp(e='D(1,1 . t
im PPULWD) g mpeD@Y) i 90 g
t— 0 t t— t t—-ow
It is straightforward to check in this case that
0, = sup A+ p.

A€ ,uer,P(A,[2,00)N0O))P(B,[n,0) N 02))#0

Hence (2.5) holds for simple 4 and B.

To prove (2.5) for arbitrary A, Be % we use Proposition 2.4. Recall that O}, (0, € .</.
Clearly, it is enough to assume that )< (—||4|| - 1,||4||+ 1], O2<=(—||B|| -1,
[|B|| + 1]. (Otherwise replace ¢y, 0y by Oy (—||A4|| — 1,||4]| + 1], O2(—]||B|| — 1,
[|B|| + 1] respectively.) Let e>0 be given. Choose n big enough so the following
conditions hold. We subdivide the interval (—||4|| — 1,]|4]|+ 1] to n subintervals
(viy1,vi], i=1,...,n— 1 such that v; —v;y1<e, i=1,...,n— 1 and ¢ is a union of
some of the intervals (v;1,v;]. (That is, the end points of the disjoint intervals in 0,
appear in the set {v, ...,v,}.) Let 4,,, 4, be defined as in Proposition 2.4. Repeat the
same construction for B. That is, subdivide the interval (—||B|| —1,||B||+ 1] to n
subintervals (v, ,vi], i=1,...,n— 1 such that vi — v} <e, i=1,...,n— 1l and O, is
a union of some of the intervals (v;;1,v;]. Then

Combine (2.8) for the operators 4 and B with Proposition 2.2 to obtain
for teR,:

A,t B, B, A, At B,
P(ec?‘lt e(f‘zt) <p(623f e(rxzt) <P(€?¢t egi) <P(5(fi1, Eg;) SP(ec‘lt e(ﬂi)‘ (2.14)
Let
0= sup A+,
A€0, e 0s,P(A,5,50) N O) P(B,[1,00) 0 0)) £0
0, = sup S+,
1€ 01,pu€ O3, P(Ay,[2,00) N O ) P(By,[p1,00) N 02)) #0
0, = sup A+

A€ Oy ,ue 02,P(4,,[A,0)N0)P(B,,[1,0) N 03))#0

It is straightforward to show

0,<0<0,, 0,>0—2, 0>0,—2e¢.
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Combine the above inequalities with (2.14) and with the fact that (2.5) holds for simple
operators to obtain that
0—2e< tlim g(1) <0+ 2.

Since ¢>0 was arbitrary we deduce (2.5) for arbitrary A, Be .¥.
To show (2.6) observe that for >0

pleg, e¢;) = "Vp(P(A, C1)P(B, (7)) e[| P(4, 1) P(B, Oy)|| <™. DI

Corollary 2.5. Let A,Be .. Then In p(e! €B%) is a continuous convex function on R2.

At ,Bt
The function g(t) = % is a nondecreasing function on (0, 00) such that

lim g() = In p(e* ) < g(1) = In p(e" )

NGO

< lim ¢g(7) = sup Adu.  (2.15)
ndes JeRueR,P(A,[1,0))P(B,[1,50))#0

Proof. One needs only to show the first limit in (2.15). This follows from the Lie—
Trotter formula [13, VIIL.8]

1
lim (eA’eBt)t — €A+B.
NGO

One can also deduce the first equality of (2.15) from (2.4). O

3. The main lemma

For Te % let 6,(T) co(T) be the point spectrum of T, i.e. the set of eigenvalues
of T. Te¥ is called diagonable if H has an orthonormal basis consisting of
eigenvectors of 7. Assume that 7 is diagonable and ¢(7) =R. Then T is self-adjoint
and ¢(T) is the closure of ¢,(T). Since H is separable o,(7T) is countable.

Definition 3.1. Let 2 <.% be the family of all diagonable A satisfying the following
conditions:

(a) g,(A4) is a discrete set (6,(4) does not have an accumulation point);
(b) for each aeo,(A4) ind(4,a) = dim P(A,{«}) is finite;
(c) for any tea\o,(A) there exists &(¢)>0 such that (1 — &(¢), 1) na(A4) = 0.

Let 7, ={deZ: A>0}.

It is straightforward to show that for any 4€ 2, g(A) is a countable set. (We are
not going to use this fact.) Denote by ¥ < .% the ideal of compact operators. Let
Ae%. Then o(A) is a countable set with 0 the only possible accumulation point.
Furthermore Aeé¥n.% is diagonable, also for each lea(A4)\{0} the subspace
P(A,{2})H is finite dimensional.
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Assume that A€ and 4>0 (#0). Then

a(A)\{0} = Uo?i, G, >--->4;>0 for each ie.7. (3.1)
ied

The eigenvalue sequence of A, which is a nonnegative nonincreasing sequence {;},”
converging to 0, is defined as follows:

k=1
o = d; for k =ind;_1(4) + 1, ...,ind;(4),

J
indg(4) = 0, ind;(4) = dim P(A, U{o?k}>, for each je.s

if #4 =n<oo then o4 =0 for each k>ind,(4), (3.2)

where #.# is the cardinality of .#. Note that A€ 2, < 4>0. We will give later other
natural examples of 4eZ ..
Let

H={B=I+A4: Ae%)}.

Then 2 is a closed convex set in .. Furthermore " is a semigroup: A4 A < A .
For A,Be % and teR*(= R\{0}) let

Proposition 3.2. Let A,Be. Then for each teR" there exists a unique C(t) =
C(A,B,t)e Y such that

A=Y, Q) =, C(=1) =), (IC@lI<|l4ll+|IBI],

and
liII(l) C(t)y=A+ B.
11—

If A,B=0 then C(t)=0. If either A>0 and B=0 or A=0 and B>0 then C(t)>0.
If A,Be ¥ "€ then C(t)e ¥ "€ for each teR*.

Proof. Clearly A(—t) = A(t)"" for reR*. Hence C(—t)= C(r) for teR*. To
prove the rest of the proposition we assume that ¢>0. Let 4e%. Then
elMIf >4t > e~1IMlIf Assume that Be.¥. Use Proposition 2.2 to obtain
Bt Bt
A(t)<e2 (M) e2 = eMllBr < oIl B — QIIAIIBID
Bt Bt
A(t)=e2 (e MMI)e2 = ¢ MlleBt > o=l o=lIBll f — =4I
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Hence C(1) =1lnA(r)es and ||C(1)||<||A]| + [|B||. The equality lim,_C(r) =
A + B follows from the Lie-Trotter formula [13, VIIL.8]. Assume that 4>0, B>0.

Bl Bt
Then e'>1, eB'>1 and A(f)>e2 Ie2 = P >1. Hence C(¢)>0. Similarly if 4>0

and B>0 then C(r)>0. For the case 4, B=0 it is clear that C(¢)>0.

Assume that 4, Be ¥ n%. Then et eB'e #" = A(t)e #". Hence A(t) = I+ D(t)

where D(t)e.# n%. Then A(f) = e 'IMI+IBI [ is diagonable and 1 is the only possible
accumulation point of ¢(A(¢)). Thus C(¢) is diagonable with 0 the only possible

accumulation point in ¢(C(?)). Hence C(t)e¥. O

Combine the above Proposition with Corollary 2.5 to obtain:

Corollary 3.3. Let A,Be¥, te(0,0) and assume that C(t) is defined as in

Proposition 3.2. Then

_Inp(e® ) Inl[A(n)]]
g(t) = ; = —xegmzlw(ﬂxw

is a nondecreasing function on (0, c0) which converges to

W) = sup A4 pu
LeR,ueR,P(A,[7,0))P(B,[u,0))#0

as t— 0. If A, B=0 then
g9(t) = [|C(1)]]

is a nondecreasing function on (0, c0) and lim,_, , ||C(?)|| = w.

The main result of this section is:

(3.3)

Lemma 34. Let A,BeZ. Let te(0,00) and assume that C(t) is defined as in

Proposition 3.2. Let ®, be defined by (3.3). Then
My ooy Am€0p(A), ty, ..., Iy €0, (B) with the following properties:

Wy = + u,

max A
Aeap(A),uca,(B),P(4{\})P(B{n})#0

j-l > >/1ma Hy > >,le, U {)“i}CGP(A)7 U {:ui}co-p(B)?
i=1 i=1

i + Myy—jp = 01, P(Av {/li})P(B7 {/“li})7é07 i=1,..,m,
0, = sup A+,
reap(A\T{4i}neoy(B).P(A{7})P(B{u})#0

0, = sup A+ u,
reap(A)peoy(B\OT{u},P(A{2})P(B{u}) #0

0 .= max(0;,0,) <.

Let ¢ =200

exists
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and
Py = P(P(B, {p;})P(A, {Am-i+1})P(B, {p;})H),
ny;= dim P ;>0,i=1,...,m,
m
P1 = Z P]S,*. (35)
i=1
Then Py ;P j = 0P, i,j=1,...,m. Hence Py is an orthogonal projection commut-

ing with B and ny = dim Py =Y ", ny;. There exists ty>1 such that

a(C(1)) = (—007%04—8) u(w) — & o]

and
dim P(C(?),(w; — &, o)) = n for 1> 1,

lim C(t)‘P(C(t),(wlﬂ:,w)) = (Dl[nl, tl—lrnolo P(C(t)’ ((,l)] ) OO)) = P17 (36)

t— 0

where I, is ny x ny identity matrix.
Proof. Let O <R be a Borel set. Then for any De 2 we have

P(D,0)= > P(D{}). (3.7)

iea,(D)n 0

Here the countable summation should be understood as a limit in the strong
operator topology. Thus

P(4,[s, 0))P(B, [t,20)) #0 = P(4,{4})P(B,{u}) #0,
for some A€a,(4)N|[s, 0), peo,(B)N[t, ©).
Clearly s + 1< A+ v. Hence (3.3) implies the characterization

w; = sup A+ p.
reay(A),ueay,(B),P(A.{A})P(B{u})#0

Assume to the contrary that the supremum is not achieved. Then we have two
bounded sequences {4;}” =a,(4), {w}” =0,(B) such that {4; + p,},° is a strictly
increasing sequence whose limit is w;. By taking subsequences we may assume that
{237, {w}” are two converging monotonic sequences. By taking subsequences
again we may assume that at least one of the sequences is strictly monotonic and the
other sequence is either a constant sequence or strictly monotonic. If one of the
sequences is a constant sequence than the other one must be a strictly increasing
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sequence. If both are strict monotonic then one of them must be strictly increasing.
Assume for simplicity of notation {/;},° is strictly increasing. Then lim;_, oo A; =
aea(A). Since AeZ there exists 6>0 such that (a—d,a)na(A4)=0. This
contradicts the assumption that {;}," <a,(4) is a strictly increasing sequence
which converges to a. That is, w = A+ v and P(4,{A})P(B,{u})#0. The above
argument also shows that there is a finite number Aeg,(4) and peo,(B) which
satisfy this property. The same argument shows that the suprema for 6; and 6, must
be achieved. Clearly these maxima cannot be equal to w;. Hence 0 <w;.
Let

m

Ki = P(B7 {:ui})P(Av{imfiJrl})P(Bv {:u“i})a i=1,....m K= ZKi~
i1

As P(B,{i;})P(B,{1;}) =0 for i#j we deduce that K;K; =0 for i#j. Clearly
H; = KH< P(B, {i;})H. As K;#0 it follows that n;; = dim H;>0. Then P is the
projection on H;. In particular for any xeH; Bx = y;x. Hence P;; commutes with B
and each P(B,{u}). More precisely

Py iP(B,{u}) = P(B,{u})Pr; = 0if p#u;,
Pl,iP(B7 {,ui}) = P(B7 {ﬂi})Pl,i =Py

Hence P ;P ; = 6;P;;, and KH = P|H.
We claim that

A)) = K + R(D), RO — 1)+ e "3 for 10, (3.8)

Since ,(A4) and ¢, (B) are discrete sets there exist bounded ¢ 1, 0> | € o/ with the
following properties:

O1100,(A U {4}, Or10n0,(B) = LmJ{,uz}

Let O;» = R\O;; for i =1,2 and t>0. Then

2 Bt 2 2 Bt
_ 2 At 2
- Z €0y, Z e("‘l.f Z €0rs
i=1 j=1 k=1

Bt Bt Bt Bt
=eg,, ef%r e(%ll + e(%z,,- e?f,, e(%z,k-
1<, jk<2,(i, jk) #(1,1,1)
Observe next
Bt Bt Bt At At Bt Bt At At Bt
||ec%2~,- eg, ecm” ||30 (2 e(? e(f ||<||€(f 2 || ||€(f e(fMH

P P 1 (o0
! pleg, | e 2<e 2 if (i, j,k)#(1,1,1).

P(ec, e@ )

BO—
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In the last inequality we used Theorem 2.1, (2.6) and (3.4). Hence

Bt Bt ((D] +9)I

2 At 2
€0, €01 ;€0 <Te 2

1<i, jk<2,(i, jk) #(1,1,1)

Clearly,

Bt Bt
2 At 2
€0, €0y, €0,

o (24 j+mtm)t
="K+ > e 2 PB{w})P(A.{%;})P(B,{})-
1<i, jk<m,(ijk)# (i,m—i+1,i)
The definitions of wy, 0 yield
lle 2 P(B,{u}) P(A,{%}) P(B, {1 })]]

(4wt
<e 2 ||P(B,{1;})P(4, {%})]|

Gttt
e

2 |[P(A4, {4 1) P(B, {c )|

((01+9)t
<e 2z for (i,j,k)#(i,m—i+1,i).

This establishes (3.8).

Note that if we replace 4 by 4; = 4 — w I then A(¢) and C(t) are replaced by
A1(t) = e @' A(¢) and Ci(t) = C(t) — w11, respectively. Thus it is enough to prove
the theorem in the case w; =0. Then &= —-0>0. Eq.(3.8) yields that
lim;_, ,, A(t) = K. Hence K|gy = K|PlH has n; positive eigenvalues x> - iy, >0.
Let & = k1> - >R; =K, be all distinct eigenvalues of K|, . That is ¢(K) =

Uf;l{;%i}u{O}. Since each ||K;||<1 it follows that x; <1. We claim that

2Ky,
3

o) =l0. (0 m 1)+ e (P51,

&mPMULG?Hw)>_m,

2(Inx,, —In3(m*(m—1)+7))
0

for t>1 = . (3.9)

In what follows we use the results of [4, Section 5]. For Fe% and XcH a
subspace denote

E. X) = inf E .
V( ’ ) xe)(l,l?|x||:1< X’X>

Then for ie N the ith width of E is given by

vi(E)= sup v(E,X).
X,dim X=i
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The sequence {v;(E)}|” is a nonincreasing sequence. Furthermore, if v;(E) >v;;(E)
then

(@) 6(E)c(—o0,vir1]U[vi(E),vi(E)];
(b) dim p(E, (EE o0)) = 4

E . " h i 1 E)z---zvw(E ted with thei
(© ‘P(E,("H(E>2+ {E) as eigenvalues v;(E) v;(E) counted wi eir

multiplicities.
In particular, if E€ % and E>0 then {v;(E)} is the eigenvalue sequence

of E.

Let dim X =n; +1. Then dim(Xn(PH)")>1. Choose xeXn (PH)" of
length 1. Then {Kx,x)» =0 and

CA@X, XY = CR)%, x> < (P (m — 1) + T)e?
= (A1), X) < (1P (m = 1) + T)e?

0t
S sup (A, X) = v (A()) < (r(m — 1)+ T)e?.
X, dim X=n;+1

On the other hand for |x|| =1

CA(D)X,x) = (KX, x> + (R(1)X,x) = (Kx,x) — (m*(m — 1) —&-7)6%

S (A 2 wi(K) — (m2(m — 1) + T)e2.

Therefore, for >t and i = n

2n, K g
L>L>(m2(m — 1) + 7)€2f>"n1+1(/1([))7

o (A() >3

which implies (3.9). (Note that A(z)>0 and in view of the assumptions w; =0
14@)[I<1)
Use (3.9) and the countour integration on C to obtain

2Kf,1 >> 1 -1
P A(2), L, o0 = (2l — A(t)) 'dz, for t>1t.
(a0 (% T L A0 :
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2)(.',1]

As lim,, , A(z) = K it follows that lim,_, ,, P(A(z), (5", o)) = P;. Observe next
that for

a(C(t)= | —o0, ; ;

P(C(l), <w, oo)) = P(A(t), (2’;’”, oo)), for t>1.

Letting t— oo we obtain (3.6). [

0
2 _ vl _
In(m*(m — 1) + 7)e O <1n 2Ky, — In 3’0} 7

Combine Lemma 3.4 and its proof, Proposition 3.2 and Theorem 2.1 to deduce:

Corollary 3.5. Let A,Be ¥ n% and assume that A,B>0, t>0. Let C(¢)>0 be a
compact operator defined as Proposition 3.2. Let {o;}”, {B:}]", {wi(t)}|" the
eigenvalue sequences of A, B, C(t) respectively. Let wy, 0,¢, Py, n| be defined as in
Lemma 3.4. Then

| (¢) is a nondecreasing function on (0, o),
tlim wi(t)=w; fori=1,... ny,
— 00

W] = 0, +ﬁj,,1+1,k7 P(Aa{aik})P(Bv {ﬁ/‘,,lﬂ,/\.})#ov k = la RN

for appropriate 1<ij <+ <iy,, 1<j1 <+ <Jy,,

. 0
lim sup wl11+l(t)<wl ha )
t— 0 2
tlim P(C(2),(w) —¢,00)) = Py.

4. Exterior spaces

To prove Theorem 1.1 using Corollary 3.5 we need to pass to the exterior spaces
over H and exterior powers of operators. Let H" be the n-fold tensor product
H®H® --- ®H. An element ue H" is called a tensor product (of uy, ..., u,) if uis of
the form

u=u®Ww® - - ®u,, weH, i=1,..,n

Let v be a tensor product of vy, ...,v,. The inner product (u,v) is given by

(w,v) = Cup, vy ) {up, va) - (W, vy )

Then H" is the linear closure of the subspace spanned by the tensor product
elements. See for example [13, I1.4]. Denote by #", ", %" the set of linear operators
which are bounded, self-adjoint and compact on H", respectively.
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Let 4,eZ,i=1,....,.n. Then T =44, ® - R®A,e¥" is given by the
following action on the tensor product element u:

Tu:=(A1u])® (Aw) ® -+ ® (A,uy).

If 4y, ..., A, are self-adjoint (res. compact) then T is self-adjoint (res. compact).
Furthermore

(41®A® - ®A4)(BI®B® - ®B,) = A1BI®4:B:® -+ ® A, By,

A, Bie?, i=1,...n
It is straightforward to show that

p(T) = p(A1)p(A2) -~ p(An).

If4,=A4,i=1,...,n we consider T = ®"A4. For Ae.¥ define

FlA)=1Q - QIQA+I® - QAR + - + AQI® - QI ZL". (4.1)
It is a straightforward computation

&) — @net teC.

We now recall the definition of nth exterior space over H. (It is called nth fold
antisymmetric Fock space over H in [13, 11.4]). We will use some elementary facts of
nth exterior spaces which can be found (for finite-dimensional inner product spaces)
in [2, Section 3]. Let II, be the nth symmetric group which acts as a group of
permutation on the set {1, ...,n}. Let ¢ : IT, — {—1, 1} be the group homomorphism
which maps any odd permutation onto —1 and any even permutation onto 1. Let
O,: H'->H" be the orthogonal projection on H” given on the tensor product
elements as follows:

1
U AmA Al = O Qu® - ®u,) = N Z (0)ug(1) @ug) ® - @ugp)-

n: Oell,

(In [2] the factor # is omitted.) Then O,(H")=H" is the nth exterior space over H.

It is denoted by A" H. We call uj AupA --- Au, an exterior product in A" H.
Let vi AVa A -+ AV, be another exterior product in A" H. Then

U AUQA - Al VI AVIA - AV,] = det(<u,~,vj>)ﬁj:1. (4.2)
It is well known that a nonzero exterior product @i := u; Auz A --- Au, determines a
unique n-dimensional subspace U = span(uy, ...,u,) =H. Vice versa, any n-dimen-
sional subspace UcH determines a unique one-dimensional subspace Uc N'H
spanned by Gi=ujAuA---Au, for some basis uj,...,u, of U. Given two
subspaces U, V of the same dimension, say n, we define [U, V] by the inner product
given in (4.2), where uy, ..., u, and vy, ..., v, are any orthonormal bases of U and V,
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respectively. Then |[U, V]| is independent of the choices of orthonormal bases in U, V
and is called the cosine angle between U and V. U and V are called orthogonal if
[U,V] = 0. In the next section will use the following fact [2, Lemma 3.1]:

Proposition 4.1. Let U, VcH be two finite-dimensional subspaces of H of the same
dimension. Then the following are equivalent:

(a) [U,V]#0,
(b) U+ nV = {0},
(¢) UnV+ = {0}.

It is straightforward to show that A"H is an invariant subspace for any
®"A4,A€¥. We define the nth exterior power of 4 as the restriction of ®”"A4 to
AN"H. We denote the nth exterior power of 4 by A" A. For 4,Be# we have
A"AB = A"AA"B. It is straightforward to show that A" H is an invariant subspace
of F,(A) for any A€ . Denote by D,(A) the restriction of F,(4) to \"H:

Dn(A) :EI(A)|/\"H' (4-3)

Hence A"e! =4 The following proposition gives natural examples of
operators in class Z, .

Proposition 4.2. Let A>0 be a compact operator. Let {o;}," be the eigenvalues

sequence of A. Let {ey,...,e; ...} be an orthonormal basis of H consisting of
eigenvectors of A:

Ae; = u;e;, a1>a2>--~>ai>0, l:l,,

Let n>1. Then F,(A) and D,(A) are noncompact operators on H" and \"H in class
9. More precisely

n

Fi(A)(e;, ® - ®e;,) = (Z“ik>(eil ® - ®e;,), i1, ...,in€N,
=1

Dy(A)(ej A+ ne;) = (Z oc,-k> (en Ao ney), 1<ii<-<iy.
=1

Furthermore,
o (Fu(A))\op(Fu(A)) = 0(Fu-1(4)),  0(Da(A))\0p(Dn(A)) = 6(Dp-1(A)).

In particular, the eigenvalue sequences of ®"e" and N\" e consist of the elements
n
1 ) .
He“‘k, i, ...,ipeN,
k=1

n
He‘“w, 1<ij< - <iy
k=1
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respectively. Hence
n n
p(®netA) :etmq’ p</\etA> :e’Zk:l“’,

If 0, > 0,01 then p(\" ™) is a simple eigenvalue of \" e

am r(Aer Lo(Ae)}) 1

The proof of the proposition is a basic excercise.

5. Proof of Theorem 1.1

Let C(¢) be defined as in Theorem 1.1. Proposition 3.2 yields that C(—t) = C(¢),
C(t) is compact and C(f)>0 for teR*. Hence ||C(1)|| = wi()<||4]|+||B|| =
o + fB;. We now assume that #>0.

We first prove (a) Lemma 3.4 yields that w;(¢) is a nondecreasing function which
converges to w; <o + ;. Consider now

(D,(B) (D,(B)
A(t) = A"A(t) = e 2 P2 = B0 E, (1) = D,(C(2)).

Proposition 4.2 yields p(A,()) = e'2=1 “®. Corollary 3.3 implies that p(E, (1)) =
> wi(t) is a nondecreasing function of 7 on (0, co) bounded above by ||D,(4)|| +
[|Dy(B)|| = > (o + ;). Let 1y = tlim S, wi(t), neN. For n>2 define w, =

- W
Fn — Fp—1. Thus lim,_, ,®,(7) = w, for each neN. As {w;(7)}|" is a nonincreasing

positive sequence it follows that {w;},” is a nonincreasing nonnegative sequence
converging to w>=0. Observe next that

n

1
o= nlini)n Zw,\ lim n; (o; + f8;) =0,

as lim, ., ,o; = lim,,, ., §; = 0. Hence lim,,, ,, w; = 0. This completes the proof of (a).

Corollary 3.5 implies that if n;>1 then w;=w; for i=2,..,n;, and
On 1 <2 <o, If np =1 then 0, <2 <w;. There are two cases: either each
;>0 or w; = 0 for i=N. We first show that the second possibility cannot hold.

Assume to the contrary that wy_; >wy = 0. Apply Lemma 3.4 to Dy (A), Dy (B).
Hence there exists an integer k>1 and 7y >0 such that

dim P(Ey(t), (ry — 9, 0)) =k for t>1t,.

That is for any > 1, the interval (ry — J, c0) contains exactly k eigenvalues of Ey(7)
(counted with their multiplicities). On the other hand our assumption that w, = 0 for

any /=N yields that Z VL wi(t) + ws(1) converges to ry_ =ry. Let £/ =N +k.
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Then for t>Ty>1t at least k+ 1 eigenvalues of Ey(f) (counted with their
multiplicities) satisfy

N-1

rN—5<Za), ) + oni(t (1) + on(t
i=1

This is impossible in view of Lemma 3.4. Hence each w;>0.
For j>1 define n; recursively:

Wy = Oy 41 = 00 = Wy > WOpg1, =2,3,...,.

We claim that for each j>1 there exists §;>0 with the following properties:
Wy, — 0;> @y 11+ 0; and P(C(1), (w,, — J;, 0)) converges in the norm topology to
an orthogonal projection P; as t— oo, where dim P; = n;. Furthermore BP; = P;B,
i.e. the finite-dimensional subspace P;H has an orthonormal basis spanned by
eigenvectors of B. For j = 1 this claim follows from Lemma 3.4.

Let j>1. Since each w;(7) converges to w; and w, >, it follows that there

Op;—Op +

. 1
exists ;€ (0,——=~—) and ;>0 such that
@y, () >y, — 07 and @y, 11 (1) <y 41 + 0 for 1>
= wi(t)>w, =6 i=1,...,m, op(t)<wy1+90 k=n+1,..., for t>1.

Let P;(t) = P(C(1), (w,, — 0;, 00)). Then dim P;(z) = n; for ¢>1¢;. Consider E,(t)
as an operator in A" H for each neN. Let P;(1) = P(E,, (1), {p(E,,(1)}). Assume that
t>1t;. Combine the above inequalities with Proposmon 4.2 to deduce that
dim Isj(t) = 1. It is straightforward to show using the properties of exterior
products that P;(f) = A" P;(1). Since D,(A),D,(B) are in the class 2, we can
apply Lemma 3.4. Let P; = lim,_, ., P;(¢). As dim P;(¢) = 1 for ¢>1; it follows that
dim P; = 1. That is P; A" H = span(¥) for some ¥ with ||¥|| = 1. Let g, (¢), . s 8y (1)
be an orthonormal basis of P;(#)H. Then

APJ(I)H =span(¥(2)), (1) =g () A Ag, (1)

Since lim,, ., A" P;(t) = P; it follows that up to a multiple of s(¢), |s(¢)| = 1 ¥(¢)
converges to V. That is, by replacing g,(z) with s(¢)g;(r) we deduce that
lim,, o |[¥(#) — ¥|[ = 0. Hence V:=g A-Ag,, for some orthonormal vectors
g1, ..-,8,. Let G;:=span(g,,...,g,) and P; == P(G;), the orthogonal projection
on G;. It is straightforward to show lim,_, ., ||P;(f) — P;|| = 0. Lemma 3.4 yields that
¥ is an eigenvector of D, (B). As BeZ, it is diagonable, it is straightforward to
show that G; is an invariant subspace of B. Therefore, there exist an orthonormal
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basis of H consisting of eigenvectors of B: g, ..., such that
(Pj— Pi-1)H =span(g, .,...,8,), j=1,...,and ng =0,
Bg; = g, i=1,...

We now apply the same arguments to 4. To be precise interchange the roles of 4 and
B. That is consider

~ A A A
A1) = €7 ePleT = 'O — Wy AW (1),

C(y=w) 'CyW(r), W(t) =e2 e2. (5.1)

Then C(r)>0 is compact operator with the eigenvalue sequence {w;(r)};". Let
Q;(1) = P(C(1), (wy; — 9j, 0)), j=1,...,. Thenlim,, ., Q;(#) = Q; and dim Q; = n;.
Therefore there exist an orthonormal set of eigenvectors of A: fy, ..., such that

(Qj — Qi-1)H =span(f, 41, ....f,), j=1,..., and ny =0,
Af; =24, i=1, ...
Let @t = fj A -+ Af,,. Lemma 3.4 implies that there exist unique 7, ie R, such that
Fy = A+ fi, Dy(A) =i, D, (B)¥ = ¥, and (ii, ¥)#0.

(The last condition is equivalent to the condition P(D,,(A4), {1})P(D,,j (B),{a})+#0.)
Hence there exist {4;};  <a,(4) and {y;}7,<0,(B) so that r, =37 2+ u.
Apply Lemma 3.4 for D,  i(4) and D, _ i(B). Observe now that r, 41 =

S 1* ! ;. Furthermore for #>max (1, 1)

Pj(1) = Pi1 (1) = P(C(1), (0n, = 6j, @ny 41 + 9j-1)),

Q;(1) = Q-1(1) = P(C(1), (0, = &), 0, 41 +0j1)),

dim (P;(¢) = Pj-1(¢)) = dim (Q;(1) — Q;-1(2)) = mj — mj1.
That is there exists 0 >0 small enough so that

lim dim P(D,, 1(C(1)), (ry \s1 — 8, 00)) = nj — nj_1.

—> 0

This construction gives an ordering of subsets of the eigenvalues sequences of 4 and
B so that

w; =i + 1, i=1,..,n. (5.2)
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Equivalently there are two injections @, : N - N such that
Ai = oa(iys 1 = By @i = %) + By, i=1,.,.

Let H; and H, be the closed subspaces with orthonormal bases {f;,....} and
{g,, ...} respectively. Then @ () is a bijection if and only if H; (H;) are equal to H.

Assume first that Hj is a strict subspace of H. Then H;* has an orthonormal basis
consisting of eigenvectors of A. Hence there exists u,eHj" such that Au, =
opU,, ||luy|| = 1. Recalling that the eigenvalue a, is of multiplicity dim P(A4, {«,}) itis
possible to choose a p such that p¢ ®(N). Let n; be the maximal number such that
oy, =0, Hence w11 <o,. Recall that

nj
D, (A)i = (Z oc¢(,~)>ﬁ7 i=fiAAf,,
i=1

i=1

(ﬁv €I)7é0<:>[FI’(;/]7é07 F/ = Span(f17 "'afn,)a G/ = Span(gla n.)gnj)'
Proposition 4.1 yields that F ijji = {0}. That is the n; linear functionals
¢i: H_)Ca d)i(x): <X,fi>,i:1,...,7’l_j,

are linearly independent linear functionals on G;. Since u, e H;" chl it follows that
u, ¢ F;. Hence there exists a vector weF; such that {x,u,) = {x,w) for any xeG;,
ie. 0#u, — weGji. Let F =span(F;,u,). Clearly dim F=mn;+1. Since B is
diagonable, there exists an eigenvector v, of B such that {u, —w,v,> #0. Clearly
v,¢G;. Let G =span(Gj,v,). Then dim G=mn;+1. We claim that [F,G]#0.
Observe that the exterior products @ :=1uiA(u, —w) and V:=VAv, represent the
subspaces F and G, respectively. Use (4.2) and the assumption that u, — weGjl to
deduce

[,V] = [0, ¥]<u, —w,v,>.

As [F;, G;]#0 we get that [0, V] #0. Hence the above inner product of two exterior
products in A" "' H is nonzero, which is equivalent to [F,G]#0. Lemma 3.4 yields
that ry12> (o) + B,) + 1, = @y1 >0, + B, which contradicts the choice of ;.
Hence H; = H. Similarly H, = H. Thus @ and ¥ are bijections.

Let

0
C = Z w”j(Pj — P/_1)7 Py = 0. (53)
=
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Since each projection P; is finite-dimensional and lim;_, ., w,, = 0 it follows that
Ce ¥ n% and the convergence of the above infinite sum is in norm topology. Since
each w;>0 and H, = H it follows that C>0. As P;H = G; is a finite-dimensional
invariant subspace of B it follows that P;B = BP;, jeN hence BC = CB. We claim
that lim,, o, ||C(¢) — C|| = 0. Clearly

C=GC+(C—GC), Ci=)Y_ w,(Pj—Piy), ||C— Cil| = oy,
j=1
C(1) = Ci(n) + (C(1) = Ci(1)),
Ci(t) = C(0)Pi(1), ||C(2) — Cil)[| o, For 1) 1;.
Let £>0 be given. Choose i> 1 such that w,, <§. The definition of Py, ..., P; yields

that the finite-dimensional operator C;(f) converges in norm topology to C; as
t— oo. Hence for > 1

& & &
IC() = ClI<NCW) = Gl +1G) = Gl +1IG = Cll <5 +5+5 =

Hence lim,_, . ||C(?) — C|| = 0.
Note that e“) — I,¢¢ — Te ¥ n% with the eigenvalue sequences {e®() — 1},
{e” — 1};2, respectively. Clearly

€O 1 =G _ 4 CO-CO _ T for t>¢,
o0

€ —1= (" = 1)(P = P).
=

Hence the above arguments imply lim,_, .. ||e€®) — €| = 0.
Finally, part (b) of the Theorem 1.1 follows from Proposition 3.2. The proof of
Theorem 1.1 is completed.

6. Additional results and open problems

Let the assumptions of Theorem 1.1 hold. Theorem 1.1 yields that
C=U"AU + B, Uis unitary operator. (6.1)

U transfers the orthonormal basis g;, ... of H to the orthonormal bases fi, ... the
two bases constructed in the proof of Theorem 1.1. It is natural to ask if

C(ty=U(t)"AU(t) + V(1)"BV(t), U(t), V() are unitary for any re R". (6.2)

Note that if we agree that C(0) = A+ B then the above equalities hold for
t =0, + co. We now show that (6.2) holds under additional assumptions. Recall that
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a compact, self-adjoint nonnegative operator A with a eigenvalues sequence {o;}," is
called of trace class if Trace 4 == > .7, 0;< 0.

Theorem 6.1. Let the assumptions of Theorem 1.1 hold. Then for each t e R* there exist
unitary operators U(t), V(t) such that

C(O)SU@) " AU(t) + V(1) BV (1). (6.3)
If A and B are in trace class then (6.2) holds for each teR*.

Proof. Since C(—t) = C(¢) it is enough to assume that #>0. Recall that C(¢) >0 and
compact with the eigenvalue sequence {w;(¢)};”. So A(f) = ¢'“) is a diagonable
operator with the eigenvalue sequence {e’” ()}, Note that A(¢) = I'(¢)['()*, where

(B 14 . . e .
I'(t) = e2e2. That is the eigenvalue sequence of ¢ 2 is the singular value sequence

if I'(¢). We now apply Schubert calculus as in [6] to singular values of I'(¢), combined
with the convoy principle as in [4] to obtain that the eigenvalue inequalities [4, (3')]
for the eigenvalues sequences {o;},”, {B;},", {wi(¢)}|”. That is for any three sets finite
sets J, K, LN of the same cardinality obtained from Schubert calculus we have the
inequalities

YooY @+ d B (6.4)

ieL ieJ ieK

Combine the results of Fulton [7] with [4, Theorem 2], (see Note added in proof), to
deduce (6.3).

Assume that A4, B are in the trace class. Then Trace C(7)<Trace A + Trace B =
Trace A+ B< oo, i.e. C(7) is in trace class, e.g. [4]. Let {y;},” be the eigenvalue
sequence of 4 + B. Part (b) of Theorem 1.1 yields that > 7 | 7; = lim,o Y, @i(2).
As Y% | w;(t) increase on (0, o0) we get

n n
Z Vi< Z ;(1) <Trace C(¢)

i=1 i=1

= Trace 4 + B<Trace C(t) = Trace 4 + B = Trace C(¢).

[4, Theorem 3] yields (6.2). O

It is an interesting problem to find out which parts of Theorem 1.1 and this section
hold for the following cases:

(a) A,Be¥Sn% and A, B are neither both positive definite nor both negative
definite.

(b) A,Be %, and at least one of the operators is not compact.

(c) A4, B are simple operators.

(d) 4,Be¥.
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