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Abstract

We introduce the notion of a generalized interval exchange ¢ 4 induced by
a measurable k-partition A = {A1,..., Ax} of [0,1). ¢4 can be viewed as the
corresponding restriction of a nondecreasing function f4 on R with f4(0) =
0, fa(k) = 1. A is called A-dense if A\(4; N (a,b)) > 0 for each ¢ and any
0 <a<b<1 We show that the 2 — 3 Furstenberg conjecture is invalid if
and only if there are 2 and 3 A-dense partitions A and B of [0,1), such that
fao fes= feo fa. We give necessary and sufficient conditions for this equality
to hold. We show that for each integer m > 2, such that 3 1 2m + 1, there exist
2 and 3 non A-dense partitions .4 and B of [0, 1), corresponding to the interval
exchanges on 2m intervals, for which f4 and fz commute.
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1 Introduction

Let ¥ the o-algebra of measurable sets in R with respect to the Lebesgue measure
A Let ke Nand J € . A := {A,..., Ay} is called a partition (or k-partition)



of J if Aq,..., A} are pairwise disjoint measurable sets whose union is J. Let I =
[0,1). Then a k-partition A of I induces the following partition {I,..., I} of I to
k intervals:

I] = [ﬁj*laﬁj)? ] = 17 '“aka O - O B] ZA -,k‘. (]_1)

A is called regular if A(4;) > 0 for j = 1,...,k. For A C R let xa(z) be the
characteristic function of A. Then the partition .4 induces the following generalized
k-interval exchange ¢4 : I — I:

gbA : Aj — Tj, ¢A($) = ﬁj_l —|—/0 XA].d)\, T e Aj, ] = 1,...,k. (1.2)

¢ 1 — I is a measure preserving transformation of (I,3([),\). If each A; is a
finite union of intervals then ¢ 4 is an orientation preserving interval exchange See
[1] for other generalizations of interval exchange maps.

Let A C R be the following measurable set induced by A:

ANnm—1,m)=A;+m—1 form € Z with m =i mod k. (1.3)

Define .
fa(z) 22/ xad\, z€R. (1.4)
0

Clearly f4 is a continuous nondecreasing function on R with the properties
fa0) =0, fa(z+k)=falx)+1, zeR. (1.5)
A measurable set T' C [s, ] is called A-dense if
AT N(a,b)) >0 foralls<a<b<t.

A is called A-dense if each A; is A-dense in I. Then f4 is increasing on R if and only
if A is A-dense. Assume that f4 is increasing on R. Let F4 be the inverse function
of f4. Then F4(0) =0 and F4(1) = k. Furthermore F4 = F is expansive:

y—z < F(y) — F(x), forallz <uy. (1.6)

Let S' = R/Z. Then F, induces an expansive orientation preserving k-covering
map Fu : St — S, which fixes 0 and preserves A. Furthermore F4 is M-invertible.
The A-inverse of F 4 is ¢4. Hence the entropy hy(¢4) is 0 if A is A-dense. (We
prove that hy(¢4) = 0 for any partition A of 1.)



We show that F "4 is conjugate to the standard k-covering map ék, where G () =
kx, r € R. X is conjugate to a nonatomic probability measure w on I whose support
is S1. Gy preserves w and Gy, is w invertible. Vice versa, a nonatomic G-invariant
probability measure, w whose support is S' and which is invertible with respect to
w, is conjugate to F4 for some A-dense k-partition A.

Recall the 2 — 3 conjecture of Furstenberg [2]. Let w be a nonatomic probability
measure on S which is invariant for Gg, éd Then w = A. Furstenberg showed that
the support of w is S'. Rudolph [4] proved the 2 — 3 conjecture if either hw(éz)
or h,,(G3) are positive. Thus it is left to consider the 2 — 3 conjecture in the case
ho(G2) = hy(G3) = 0. This is equivalent to the w invertibility of Go and Gs. We
show

Theorem 1.1 The 2 — 3 conjecture is false if and only there exist 2 and 3 -
dense partitions A and B of I respectively such that

FuoFg=FgoFy. (1.7)
Clearly the condition (1.7) yields that condition

fao fs= fsofa, (1.8)

which in turn implies
bu0 P = b o da. (1.9)

We give necessary and sufficient conditions for the equality (1.8) for any 2 and
3-partitions A and B respecitively. A k-partition C is called a k-n-partition if it
is induced by the partition of I to n equal length intervals. (C is not A-dense.)
Assume that A and B are 2-n and 3-n-partitions of I respectively. Then ¢4, o5
induce permutation o, n respectively on the set < n >:= {1,...,n}. Assume that
(1.8) holds. Then ¢ and 7 are two commuting permutations. The equality (1.8)
gives the precise structure of o and 1. We show that for n < 3 there are no regular
2-n and 3-n-partitions for which (1.8) holds. For n = 4 there are unique regular 2-4
and 3-4-partitions which satisfy (1.8)

11, .3 1, .13 13 1, .3 11
A= {{[17 5)7 [17 1)}7 {[07 1)7 [57 Z)}}ﬂ B = {{[57 Z)}v {[07 Z)v [Z’ 1)}7 {[17 5)}}

(1.10)

It is possible to extend this example in a trivial way to any n > 5, by letting ¢ and

n to fix a few first and last integers in the interval [1,n]. For each integer m > 2,

where 3 t 2m + 1, the maps Ga, G3 induce regular 2 — 2m and 3 — 2m partitions

which satisfy (1.8). It seems that the non-validity of the 2 — 3 conjecture is closely

related to the existence of other type 2-n and 3-n-partitions which satisfy (1.8).



We now summarize briefly the contents of the paper. Section 2 is devoted to the
discussion of the connection between k- dense partitions and a nonatomic invariant
measure of Gj, whose support is S*. In Section 3 we discuss the map ¢4 for any
k-partition of I. In particular we show that the A\ entropy of ¢ 4 is zero. In Section
4 we discuss the conditions on 2 and 3 partitions A and B of I which satisfy the
condition (1.8). In the last section we discuss the combinatorial conditions on 2-n
and 3-n-partitions of I which satisfy (1.8). In particular we show that the example
(1.10) is the first nontrivial example of 2-4 and 3-4-partitions of I satisfying (1.8).
This example is a particular case of the examples of 2 — 2m and 3 — 2m partitions
(312m + 1) satisfying (1.8), induced by the maps G2, G3.

2 Covering maps of 5!

Let F : I — R be a continuous function such that F(0) = 0, F(1) = k for some
1 <k eZ. We then extend F to R

F0)=0, F(z+1)=F(x)+kforalzeR. (2.1)

Then F induces the map F : S' — S* where the degree of F' is k. F is a k-covering
map if and only if F' is increasing on R. We call F' expansive if (1.6) holds.

Theorem 2.1 Let F : R — R be a continuous increasing function on R satis-
fying (2.1) for an integer k > 2. Assume that F is expansive. Then there exist a
unique continuous increasing function H : R — R satisfying (2.1) with k = 1 such
that

FoH = H oGy, (2.2)

where Gi(z) = kx. In particular F is conjugate to Gy, on S*.

Proof. Observe that (2.1) implies that F(j) = jk for j € Z. Let 1 < m € Z and
define F°" = F'o...o F. Then F°"(1) = k™. Observe that F°™ is also expansive.
—_—

m
For i € [0,k™] NZ let x(i,m) € [0,1] be the unique solution of F°"(xz(i,m)) = i.
Clearly, if i = ¢’k then x(¢/,m — 1) = z(i,m). Moreover

0=2xz(0,m) <z(l,m) <..<z(k™ m)=1

We claim that the set T := U_; UK" {2(i,m)} is dense in I. This is equivalent
to the statement that for any 0 < z < y < 1 there exists x(i,m) such that z <
x(i,m) < y. Assume to the contrary that there exist 0 < z < y < 1 such that
for any m > 1 and i € [0,k™] N Z the condition z(i,m) ¢ (z,y) holds. Hence



0 < F°™(y) — F°(x) < 1, m = 1,... Choose 2’,3 such that x < 2’ <y’ <y. As
F°™ is expansive

Fmy) = P (a) =

Fo™(y) — F°"(2) — (F°"(y) = FT"(y) — (F" () — F*™(2)) <

l—e, e=@wW—y +2"'—2)>0.
Since F' is expansive it follows that

0< F(y) — Fo™(z') < FP () — Fem D (/) < 1—¢, m=0,1,...

Hence
lim Fo(y') — F™(2') =a, 0<a<l1l-—e

m—0o0
Let
Pm = [ F"(2)], i i= FO(2) — pm € 0,1), v i= F(Y) — pmy, m=0,1, ...

Choose a subsequence uy,;, j =1, ... which converges to u € I. Then vp,;, j =1,...
converges to u + a. Observe that

F(v) ~ F(u) =
Jim F(vm,) = Flun,) = lim F(F™ () = pm,) = F(F™ (@) = pm,) =
Jim FF (y/)) = pm, b = (F(F™ (&) = pm, k) =

Jim FeUED () - Fm @) =a = v~

This contradicts the expansiveness of F'. Define H on the following dense countable
set S = USe_; URT) {5}

H(—)=z(i,m), i=0,..,k™, m=1,.. (2.3)
Note that if i = i’k then H (%) = H(k,fl—l,l) =z(i',m —1) = x(i,m). So H is well
defined on S. Furthermore H is an increasing function on S. As S and T are dense
in I H has a unique continuous extension to I. Clearly the function H is increasing
on I with H(0) =0, H(1) = 1. Extend H to R by (2.1). For ¢ € [0,k™] NZ such
that i = j +i;k™ ! with j € [0,m* Y NZ, i; € [0,k] N Z we have

H(Grly) = H(my) = H(y +5) = H{

J
kjmfl

)—f—ij:x(j,m—l)-i-ij.



Observe next that F(H (%)) = F(z(i,m)). We claim that F(z(i,m)) = z(j,m —
1) +4;. Indeed

FOU D (a(j,m = 1) +d5) = FOO" D (a(j,m — 1)) +ih™ " =
j+ k™t =i = FO U (B (2 (i, m)).

Hence (2.2) holds on S. Since S is dense in I (2.2) holds on I. Use the ”periodic”
properties of F, Gy, H to deduce (2.2) on R.

It is left to show that H is unique. Recall that H is the identity map on Z.
Assume that (2.2) holds. Then H o GJ™ = F°™ o H. Clearly

7

o)) = H(1) = 0= F"(z(i,m)) = F*" (H( :

H(G™( o)) 1E0.ETNZ.

Hence H (%) = (i, m). O

Theorem 2.2 Let F be a continuous increasing function on R satisfying (2.1)
for an integer k > 2. Let f be the inverse function of F. Then the orientation
preserving k-covering map F : St — ST preserves the Lebesgue measure A if and
only if there exists k nonnegative measurable functions p1, ..., pr such that

b
0</pz-d)\ foral0<a<b<1l, i=1,..k,
a

k
Zp,(m) =1, ae.inl, (2.4)
i=1

T i—1 1
f(a:—l—z'—l):/ pz-d/\—i—Z/ pid\, po(x)=0,z€el, i=1,..k.
0 —Jo
7=0

In particular, F is \-preserving and is invertible with respect to \ if and only if
there exists a k-A-dense partition A = {Aq, ..., 41:} of I such that p; = xa, a.e. for
i=1,....,k. In this case ¢4 is the X\ inverse of F'.

Proof. Clearly, for 0 <z <y <1

Then F is A-preserving if and only if \(F~!(x,y)) = y — 2. Hence for each i €< k >
0< fly+i—1)— f(x+i—1) < y—x. Therefore 0 < % =p; <1 for
some measurable function on [ for ¢ = 1,...,k. In particular the last equality of



(2.4) holds. Since f(x) is increasing in the interval [0, k] we deduce the first equality
of (2.4). The second equality of (2.4) is equivalent to the assumption that F is
A-preserving.

Vice versa, suppose that we are given k nonnegative measurable function p1, ..., pg
which satisfy the first two conditions of (2.4). Define f : [0,k] — R by the last
condition of (2.4). Then f is an increasing function which maps [0,k] on I. Let
F : 1 — [0,k] be the inverse of of f. Then F is an orientation preserving k-covering
of S! which preserves A. Note that for any set B C I, which is a finite union of
intervals, the last equality of (2.4) and (2.5) yield

k
Mf(B+i—1)) = / pid\, i=1,..,k, XB)=XMF1(B)) = Z)\(f(B +i—1)).
B i=1
(2.6)
Hence the above equalities hold for any measurable set B C I. Suppose furthermore
that p;(x) = x4, a.e. for some measurable set A; C I for i = 1,..., k. The first two
conditions of (2.4) are equivalent to the assumption that A = {41, ..., Ax} can be
chosen to be k-A-dense partition. (2.6) yields

FY(B) = / XA,dA, for any measurable set B C 4;, i €<k > . (2.7)
B

Hence F has the \ inverse ¢ 4 given by
oalz)=flx+i—1) forzed;, ie<k>. (2.8)

Assume finally that F preserves A and F has X inverse ¢. In particular (2.4)
holds. As F~1(z) = UF_, f(z + i — 1), the existence of ¢ implies the partition of I
to k measurable pairwise distinct sets Ay, ..., Ay, such that for ¢(z) = f(z +i—1)
z € A;. Let B be a measurable subset of A;. Since F preserves A the first equality
of (2.6) implies

A(B) = NE1(B)) = A¢(B)) = M(f(B+i—1)) = /B P\ < /B 0\ = \(B).

Hence p;|B = 1 a.e.. The second condition of (2.4) yields p; = xa, a.e. for i =

1,...,k. The first condition of (2.4) implies that A = {Aj,..., Ay} is k-A-dense

partition of I. O
Theorem 2.2 was inspired by Parry’s paper [3].

Theorem 2.3 Let A= {Ay, ..., Ax} be k-A-dense partition with k > 2. Let fa
be given by (1.4) and F4 be the inverse of fa. Then Fy is expansive, F4 is an



orientation preserving k covering of S' which preserves X. The generalized interval
exchange ¢ 4 given by (1.2) is the A inverse of F 4. Furthermore

ha(Fa) = ha(¢a) = 0. (2.9)

Proof. Assume that z,y € [j—1,j], j € Z and z < y. Let j = ¢ mod k for some
i1 €< k >. Since A is A-dense

Y k Y Yy
y—x—/x d/\_pz:l/x ><pd/\>/z XidA = f(y) — f(@).

Hence F(v) — F(u) > v — u for any v > u. The proof of Theorem 2.2 and the
definitions of f4 and ¢4 yield that F4 is A\ preserving and ¢4 is the \ inverse
of F4. As Fy is expansive by Theorem 2.1 F is conjugate to Gj. In particular
F 4 is conjugate to G. X is conjugate to nonatomic probability measure w, whose
support is I and which is Gj-invariant. As Gy has the standard Markov partition
M,; = [%, %), i =1,....k, we deduce that F4 is equivalent to complete Z, shift
on k symbols. Let M = {H(M),..., H(My)}) the Markov partition for F,4. Then
F = Vi’iop ~i M is the o-subalgebra generated by the cylinders, which is equivalent
to the Borel algebra for any nonatomic probability measure v. Since F is \ invertible
it follows that hy(E) = 0 (cf.[6, Cor. 4.18.1]). O
In the next section we show that for any k-partition A of I hy(¢p4) = 0.

Problem 2.4 Let A= {Ay,..., A} be k-partition of I. When ¢4 is ergodic?

Corollary 2.5 Let A = {Ay,...,A,},B = {DBy,..., By} be two p,q-\-dense par-
titions of I with p,q > 2. Then

ha(¢a 0 ¢5) = ha(Fi o Fa) = 0. (2.10)

Proof. F':= FgoF4 is a continuous increasing expansive function on R satisfying
(2.1) for k = pq. Furthermore F' preserves A\. Theorem 2.2 implies that F' = F¢ for
some k-A-dense partition of /. Hence (2.10) holds. 0

Problem 2.6 Let A = {Ay,...,Ap},B = {Bi,..., By} be two p and g-\ dense
partitions of I with p,q > 2. Estimate from above

ha(¢4' o dB) = ha(dg' © pa). (2.11)

Theorem 2.7 Let F: R — R be a measurable function satisfying (2.1) a.e. for
some k € Z. Assume that

FoGp=GnoF, |m|e€|200)NZ. (2.12)
Then F = G, = kx a.e..



Proof. Let E(z) = F(z) — kz. Then E(zx + 1) = E(z) a.e. in R. Let j be a
positive integer. Since F' and G, commute with G, it follows that EoG,,; = G,,joF.
Hence

m]E(x) _ E(mjx) — E(mjx +1)= E(mj(x + %)) = ij(CU + %) =

Bz + %) = E().

Since j is an arbitrary positive integer it follows that F is constant a.e.. The
condition E(mx) = mE(x) yields that £ =0 a.e.. O

The above theorem is related to a theorem (unpublished) of Jean-Paul Thou-
venot:

Theorem 2.8 Let p,q € Z\{—1,0,1} and assume that p and q are multiplica-
tively independent, i.e. p and q are not integer powers of some integer r. Let
T : 8" — S! be measurable \-preserving. Assume that T commutes with ép and
é'q. Then T = Gy, for some k € 7*.

Proof of Theorem 1.1. Suppose first that there exist 2 and 3-A-dense partitions
A and B of I such that (1.7) holds. Theorem 2.3 yields that Fj is expansive.
Theorem 2.1 yields that H Yo Fqo H = Gy. Let FF := H ' o Fgo H. Then F
is a continuous function on R satisfying (2.1) with & = 3 which commutes with
Gs. Theorem 2.7 yields that F = Gs. As Fy, Fi preserve the Lebesgue measure
A it follows that Ga,G3 preserve the probability measure w = (H~1)*), which is
nonnatomic and whose support is I. As Fyu, Fz are A-invertible (Theorem 2.3),
G4, G5 are w-invertible. Hence w # )\, which contradicts the 2 — 3 conjecture.

Assume now that 2 — 3 conjecture is false. Then there exists a nonatomic prob-
ability measure w which is Gy, G3 invariant. According to [2] the support of w is
1. Rudolph’s theorem [4] claims that h,(G2) = h,(Gs) = 0. Hence Ga,G3 are
w-invertible (cf.[6, Cor. 4.14.3]). Let

H(az):/ dw, ze€l.
0

Then H(z) is strictly increasing function on I with H(0) = 0, H(1) = 1. Extend
H to R using (2.1) with k = 1. Let Fx = HoGro H™ !, k=2,3. Then Fyo F3 =
F3 o Fy. Furthermore FQ, ﬁ’g preserve A and are A invertible. Theorem 2.2 implies
that Iy, = F 4 and F3 = Fj for some 2 and 3-A-dense partitions A and Bof I. O



3 ha(ga) =0

Let F': R — R is be a nondecreasing function, which may be discontinuous. Then F’
has a countable number of point of discontinuities. We will assume the normalization
that F is right continuous. Assume now that F' is an increasing function on R
which is not bounded from below and above. Then there exists a unique continuous
nondecreasing function f : R — R, which unbounded from below and above, such
that foF' =1d. We call f the inverse of F'. Vice versa, if f : R — R is a continuous
nondecreasing function, which is not bounded from below and above, then there
exists a unique increasing function F': R — R such that f o F' =1d. We call F the
inverse of f.

Let £ € N and assume that F' is an increasing function on R which is continuous
at the integer points Z and satisfies (2.1). Then we can define a measurable map
F:S'"— S'. We call F' an almost k-covering map.

Theorem 3.1 Let F' be an increasing function on R continuous on Z and sat-
isfying (2.1) for an integer k > 2. Let f be the inverse function of F'. Then almost
k-covering map F : St — S preserves the Lebesque measure X if and only if there
exists k nonnegative measurable functions p1, ..., pr such that

k
sz(iﬂ) =1, ae.inl,
i=1

T i—1 1
f(:z:+i1):/ pid)\+2/ pidX, po(x)=0,xz€l, i=1,.., k.
0 —0 /0
7=0

In particular, F is A-preserving and is invertible with respect to A if and only if there
exists a k-partition A = {A1, ..., A} of I such that p; = x4, a.e. fori=1,... k. In
this case ¢ 4 is the X inverse of F.
The proof of this theorem follows from simple modifications of the proof of Theorem
2.2 and is left to the reader.

Let U,V € X. In what follows we use the notation:

U~V <= ANUAV)=0, U#V < ANUAV)>0.

Let J C R be an interval of positive Lebesgue measure (open, closed or half open).
Let A= {Ai,...,Ax} and B = {Bjy, ..., B, } be two partitions of J. Recall that A and
B are equivalent if there exist permutationa p :< k >—< k >, v:<m >—<m >
and positive integer p such that

Au(z) ~ By(z‘)» 1=1,...,p, A#(z) ~ By(j)) ~ () for i > pand j > p.

10



Theorem 3.2 Let k > 1 and assume that A = {Ay,..., Ax} is a partition of
I =10,1). Let fy be the continuous nondecreasing function defined by (1.3-1.4).
Let Fa : R — R be the increasing function which is the inverse of fa. Let Fq be
almost k-covering of S' preserving A\ and whose \ inverse is ¢4. Let 0 = By <
b1 < ... < Bk =1 be defined in (1.1). Let B = {[Bo, 1), [51,52), - [Bk—1,0k)} be
a partition of S* to k intervals. Then the partition B, = BV ¢zBV ...V (bZiB
is equivalent to a partition of [0,1) to intervals Cp = {Jn1,...; Jn )} with the
following properties:
(a) E(O) =k, <]07j = [/Bj—hﬂj)v J=1..k.
(b) Cy, is obtained from Cn_1 by subdividing each interval J,,—1; to a finite number
of subintervals for each n € N.
Then one of the following conditions holds:
(¢) The partitions Cy,, n = 0,1, ..., separate points on S*.
(d) The partitions C,,, n = 0,1, ..., do not separate points on S*. Then there exists
a nonempty countable J with the following properties. For each j € J there exist
m; € N pairwise disjoint open intervals Iy, ..., Ljm; C S of equal length such that
oA acts on {11, "'7Ij7mj} as an orientation preserving cyclic interval exchange up
to a set of zero measure:

$ALjp) C Tjpt1,
Ij:erl ~ ¢A(Ii,p)7 b= 17 ey My, (Ij,mj+1 = i,1)7 for anyj € ja (31>
IipNIy,y=0foranyj#jandpe<m; >, pe<my >.

Let X = Ujeg U;n:jl I;4. Then the restriction of the partitions Cn, n = 0,1, ... to
S\X separate the points in S\ X.
Hence in both of the cases the measure entropy hy(¢4) equals to zero.

Proof. For k = 1 F4 = Id and the theorem is trivial. Without a loss of generality
we may assume that k > 2 and A(4;) >0 fori=1,..., k.

Let J C R be an interval. From the definition of f4 it follows that f4(J) is
an interval. Let J C [0,1). Define I; = fa(J +i— 1) N [Bj—1,05;) for i = 1,...,k.
Then I, ..., I are pairwise distinct intervals, which may be empty or consisting of
one point. From the definition of ¢4 it follows that ¢4(J) ~ UF_,I;. Hence B,
is equivalent to a partition C,, of [0,1) to disjoint intervals. Furthermore C, is the
refinement of C,,—1. Hence (a) and (b) hold.

Assume first that the partitions C,,, n =0, 1, ..., separate points. Hence V2 ,Cp,
is equivalent to the Borel o-algebra on S! up to sets of zero measure. Therefore
Vilo®4B is equivalent to the Borel o-algebra on S1 up to sets of zero measure.
As Fjl = ¢4 we deduce that hy(F4) = 0, e.g. [6, Cor.4.18.1], which implies that

ha(¢a) = 0.

11



Assume now that C,, 0,1,..., do not separate points. That is there is at least
one nested set of intervals Ji 4, D Jag, D ... such that N2, J; . = K = K,, K, =
(a,b), 0 < a < b < 1. Note that for each i > 2 there exists Jz.l_1 . such that

-1

Ji,qi\qu(Jil_1 . ) ~ (. Then ‘]11 g2 J21 g 2 is nested set of intervals such that
;1 s11 12
ﬂ;ﬁljiq; = K'is a closed interval in S. Clearly A(K\¢4(K*')) = 0. Hence A\(K*!) >

MK),ie K! :F},, K} =(a1,b1), 0<a; <b; <1, by —a; >b—a. Since K and
K are intersection of nested sequences of the intervals in the partitions C,, n = 1, ...,
it follows that either K, = K! or K, N K} = (). Repeating this argument we obtain

for each integer p > 2 a sequence of nested intervals Jf o2 Jg 2 2 such that
"] 142

filjiqf = KP? is a closed interval in S. Furthermore A\(K?~!'\¢4(K?)) = 0. Hence
KP = fﬁ, KP = (ap,by), 0<ap, <b, <1, by—a, >by_1 —ap_q for p=2,3,.....
Let K = K°. Then for any 0 < r < p either K} = K} or KINK? = (). Consider the
sequence of open intervals KO, K}, K}, ... in (0,1), whose length is a nondecresing
sequence. Then it is impossible that all these open intervals are pairwise disjoint.
So assume that K! N K5 # 0 for some 0 < r < p. Hence K! = KJ. If K™ = K7
we choose p = r + 1. Otherwise we can assume without loss of generality that
K} # Kl for j =p—1,...,r+ 1. Clearly A\(K7) = M(K"), j =p—1,...,7 + 1.
Therefore up a zero measure ¢ 4 acts the orientation preserving interval exchange
K' = KP — KP™' — . — K7 of p — r distinct open intervals in (0,1). Obviuosly
K? appears among this p — r intervals.

Clearly all maximal open intervals K, whose points are not separated by C,, n =
0, ..., is a countable set of pairwise disjoint intervals of (0,1). If we group each K,
with the other p — r — 1 intervals as above, we obtain a countable set J of such
groups as described in the theorem. Let X = Ujes U;n:jl I;4 Then ¢p4(X) =X (up
to zero measure sets). Clearly hy(é4|x) = 0. Then Y = S1\ X is ¢4 invariant set
(up to a set of zero measure). C, NY, n = 0, ..., separates the points on Y. The
arguments in the beginning of the proof of the theorem yield that hy(¢4ly) = 0.
Hence hy(¢.4) = 0.

4 The condition f4o fs= fa0 f3

Lemma 4.1 Let A, B be 2 and 3 partitions of I = [0,1) respectively. Then

faofs=fe, feofa=/fp (4.1)

for some 6-partitions C, D of I. Suppose furthermore that A and B are \-dense
partitions. Then C and D are A-dense partitions.
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Proof. Clearly

fa=xa  fz=xB:

(f.A ° fB)/ = ngl(A)XBv (fB o fA)/ = Xf;l(B)XAv

faofa(x+6)=fao fo(x)+1, faofalr+6)=fsofalz)+1.
Let

Bij:={z€B;: fpli—1+z)€A;}, fori=1,273, j=1,2,
Ajji={z€Aj: fa(ij—1+2)€B} fori=123 j=1,2
(4.2)

We claim that

C:={Bi11,B21,B31,B12,B22,B32}, D:={A11,A21,A412,A22,A13,A23}

(4.3)
are 6-partitions of I and (4.1) holds. Since B is a partition of I B;; N Bpq = 0
for i # p. As Ais a partition of I B;; N B;, = 0 for j # p. As f5([0,3]) = [0,1]
and fp(B N [0,3]) has measure 1 it follows that C is a 6-partition of I. Similar
arguments show that D is a 6 partition of I. Let C, D C R be the induced sets by
C, D respectively. The definition of C and a straightforward calculation shows that
(faofB) = xc- As fao fg(0) =0 we deduce the first equality of (4.1). The second
equality of (4.1) follows similarly.

Suppose now that A and B are A-dense partitions. Then f4 and f are increas-
ing. Hence f4 0 fg and fgo f4 are also increasing. The equalites (4.1) yield that C
and D are \-dense partitions. O

For a set A C R we denote

A(s,t) == AN|s,t], s<t,
A(t) :=AN[0,¢], 0<t.

Let A= {A1,..., Ay} and A" = {A], ..., A} } be two k-partitions of [0,1). We say that
A and A’ are strongly equivalent, and denote it by A ~ B if A; ~ Al fori=1,.... k.

Lemma 4.2 Let A and B be 2 and 3 partitions of [0, 1] respectively. Let A, B €
Y be defined by A, B using (1.3) respectively. Then the following are equivalent
(a) (1.8) holds.
(b) The partitions C and D given in (4.3) are both strongly equivalent to the partition

A-B:= {Al NB1,AsN By, Ay N B3, Ao N B1, A1 N By, As N Bg} (44)
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A(fs(s), f8(t)) ~ f8(A(s,t) N B(s,t)), foralls<t,
(4.5)
B(fa(s), fa(t)) ~ fa(A(s,t) N B(s,t)), foralls<t.

Proof. Assume (a). Then (4.1) implies that C ~ D. Furthermore C ~ D C
ANB. A straightforward argument yields that AN B is induced by a partition A-B.
As 1= XC(6)) = AN(ANBN|0,6] we deduce that C ~ ANBand C~D ~ A-B.

Assume (b). Then (4.1) implies (a).

Assume (a) and (b). Use the definition of C and the condition C' ~ AN B and to
deduce the first condition in (4.5) with s = 0 and ¢ > 0. Hence the first condition
of (4.5) holds for any 0 < s < ¢. Use the the condition (1.5) for fz with & = 3 to
deduce the condition of (4.5) for any s < ¢. The second condition in (4.5) is derived
similarly.

Assume (c). Recall that fz maps any measurable set E C B to a set E’ of the
same measure. Furthermore the complement of B (B€¢) is mapped to a set of zero
measure. Hence

f8(B(t)) ~ f5([0,1]) = [0, f5(t)] = A(A(t) N B(t)) = A(f5(A(t) N B(t))-

Similar conditions hold for f4([0,t]). Assume first that (4.5) holds for s = 0 and
any ¢t > 0. Then

falfs(t)) = MA(fs(t) = M fs(A(t) N B(t))
M fa(A@®) N B(t) = MB(fa(t)) = fa(fa(t)).

Hence (1.8) holds for any ¢ > 0. Since the two functions appearing in (1.8) satisfy
(1.5) we deduce (1.8) for all t € R. O

It is straightforward to show that the condition (1.8) yields the condition (1.9).
In the next section we show that the condition (1.9) is sometimes weaker than (1.8).
Recall that a (k-)partition A = {Aj,..., A} of I is called a regular (k-)partition if
A(4;) >0 for i =1, ..., k. The following Proposition is straightforward.

AA() N B(t)) =

Proposition 4.3 Let
A={[0,t),[t,1)}, B={[0,t),0,[t,1)} forte[0,1]. (4.6)

Then (1.8) holds. Let A and B be 2 and 3-partitions of I which are not strongly
equivalent to the corresponding two partitions given in (4.6). Assume that (1.8)
holds. Then A and B are reqular partitions of I.
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5 Interval exchanges

In this section we consider only partitions of the interval I = [0,1) induced by the
partition of I to n intervals of equal length % Let J :={J1,..., Jn} be a partition
of I to n > 2 half closed intervals of length % arranged in an increasing order. Let
2 <k <nandlet Q, ..., be a partition of < n > to k disjoint (possibly empty)
sets. Set

Aj :UZGQ].J[, j=1,..k.

Then A = {Ay, ..., Ax} is called a k-n-partition of I. A is a regular k-n-partition of
I' if and only if each {2, is a nonempty set. Then ¢4 is an interval exchange. ¢4
induces the following permutation o :< n >—<n >:

¢ali) = Iy, 1=1,..,m.

o maps the nonempty set Q; to the set [y;—1 +1,v;-1 + |©2;]] N Z monotonically for
j=1,...,k. Here

J
70:07 7]22’9”7 ]:177k
=1

Any k-n-interval partition A induces a unique regular m-n-interval partition A" with
1 < m < n, by discarding the empty sets. Clearly, ¢4 = ¢4, that is A and A’
induce the same interval exchange on I. Equivalently, A and A’ induce the same
permutation ¢ :< n >—< n >. Any permutation ¢ on < n > we identify with the
ordered set of the elements of < n >:

{i1,i2, nrin} = {0 (1), 071(2), o (n)} (5.1)

It is easy to show that o given in the above form is iduced by a unique minimal
regular m-n-interval partition, where m is exactly the number of j < n —1 for which
ij > ij+1.

Lemma 5.1 Let A and B be 2-n-interval and 3-n-interval regular partitions of
I respectively. Assume that the condition (1.8) holds. Suppose furthermore that the
induced permutations o, n fixes either 1 or n. Then there exist 2-(n — 1)-interval
and 3-(n — 1)-interval partitions A" and B’ satisfying the condition (1.8).

Proof. Since B is a regular 3-n partition of I we obtain that n > 3. Let
I ={1<id; <ipg < ... <ip},

Lo ={1 <ipp1 <ipg2 < ... <in},
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1<p<n, I'ul'y =<n >,
Ap:={1<j1 <jo<..<jg}
A2:{1 < Jg+1 < Jgt2 < - <jl]’}7
Az ={1 <jys1 <Jg+2 < .. <Jn}
1<g<qd <n, AfUAYUA3 =<n >,
m—1 m m—1

. m .
A = UmEFi[Ta 5)7 1=1,2, Bj = UmEAj[Tv 5)7 J=123.

Assume first that o,n fix 1. Then i1 = j; = 1. Let

I = {iy— 1, ...y — 1},

T = {ipg1 — 1, . in — 1},

Ay ={j2 -1, -y Jq — 1},

A,Q = {ig+1— Ljgr2 — 1, oo Jg — 1},

Aé = {jg+1 — Ljg+2 — 1, .iin — 1}
Let A, B’ be induced by {I'},T%}, {A], A}, AL} respectively. A straightforward ar-
gument using Lemma 4.2 shows that

faofs=feofa= faofp=fsofa. (5.3)

(Another way to deduce the above implication is to collaps each interval [m, m+ %) C
R, m € Z to a point to obtain R. Then (1.8) holds also on R, which is equivalent

to fA/ o fB’ = fB’ o fA/.)
Assume now that o, n fix n. Then iy = jg» = n. Let Ty = Ty\{n}, Ay = As\{n}.
Let A’, B’ be induced by {I'1,T'5}, {A1, Ag, AL} respectively. Then (5.3) holds. O

Lemma 5.2 Let A and B be regular 2-n and 3-n-partitions induced by the reg-
ular 2-n and 3-n-partitions of < n > given in (5.2). Let the partition C = A - B,
given by (4.4), be induced by

N =T1NA = {k‘l, ...krll}, ri1 > 0,

Qo =T2NAg = {kpyy 415, kryp by 722 > 711,

Q3 =T1 N A3 = {krpg 415, kris by 713 > 722,
Qa=ToN Ay ={krygt1,s ko by 721 > 713,

Qs =T1N Ay = {kryy 11,0, krpn }y - 112 > 121,

Qg =TsN A3 = {krl2+1, ey kr23}7 n = T3 > T'12.
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Assume that (1.8) holds. Then
q=rn<p=r13<¢ =ra. (5.5)
k‘u = iju = jl'u, u = 1, ceey T (5.6)
j’r‘u S p< jr11+1 S qu

jq+1 < jp <p< jp+1 < jq’a
jQ’+1 < j?"12 <p< jr12+1,

(5.7)
Uy S ¢ <lpp41 < iqg < q/ < iQ+1 < ip?
Z‘p—‘,-l < Z‘q’ <q< Z‘q’—l-l < irlg < q/ < irlg—i—l‘
(5.8)
If one the below equalities hold
O=r, "1=¢ q=p, p=4q, ¢ =712, 12 =17, (5.9)
then the above corresponding inequalities are vacuous.
Proof. Lemma 4.2 yields
7’22 q
falAR) N B@) = B() = Bi = "2 = X(fA(A2) N B(2)) = A(B) = £,
fa(A(4) N B(4)) =B(2)=B (1+B2) =
r q
= MfA(AR)NBR) = AB1) + A(B) =
r
f(A(3) N B(3) = A(1) = Ay = "2 = \(f5(A(3) N BE))) = \(A) = .

Hence (5.5) holds.

Let o,n be the permutations of < n > induced by {I'1,2}, {A1, Ag, A3} re-
spectively. Consider k,,€ I'; N A; for some i €< 2 >,57 €< 3 >. Then k, = ¢
forl e< p>ifi=1and!l > pifi = 2. k, corresponds to the interval
[tw — 1,t.] € A(2m4;) N B(2my;) for the smallest integer m;; €< 3 >. Then
fa(A(ty) N B(ty)) = B(fa(tu)) is of total length %. So the interval [t, — L,t,)
is mapped on the interval [m;; — 1 + jugl,mij -1+ %) € mi; — 1+ By,,;. Hence
o(1;) = Il = ju. This proves the first equality in (5.6). Observe next that k, = j,.
Use the identity fg(A(t,) N B(ty)) = A(fs(ty)) to deduce the the equality v = i,.
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If ry7 > 0 then k,,, € & C I'1. As k,, = Bjpy, it follows that j,,, < p. If
q =12 > ryy then k11 € Q2 C T As k41 = iij it follows that j,,,4+1 > p.
If ¢ = r99 < r13 = p then Qg3 75 (. Then kq+1,kp eI'y. As kiq+1) = ’L'q+1,k‘p = ’ijp
it follows that jor1 < jp < p. I p = r13 < ro1 = ¢ then Q4 # 0. Then k,y1 € Io.
As kpy1 = ij,,, it follows that j,41 > p. If ¢ = ro1 < 712 then Q5 # 0. Then
kq’—i—l;krlg e I'y. As kq’—i-l = iq/+1,kr12 = ijrl? it follows that jq/+1 < Jrps < p.
If 719 < 793 then Qg ?é (. Then kr12+1 € I's. As kr12+1 = /I;jr12+1 it follows that
Jria+1 > p. These arguments prove (5.7).

Recalling that €; is also a subset of the corresponding A; and combining the
above arguments with the equality k, = j;, we deduce (5.8). O

Corollary 5.3 Let the assumptions of Lemma 5.2 hold. Then
q+qd =2p,ru=q—q +p, r2=4q¢ —q+p,

1<qg<qd<n,qg<p<dq,2¢>p, 3p—2¢<n.
(5.10)

Corollary 5.4 Let A and B be 2-n and 3-n-partitions which are not of the form
(4.6). Assume that n < 3. Then (1.8) does not hold.

Let n = 3 and assume that o is the cyclic permutation on < 3 >. Let n = o2.

A straightforward calculation shows that for A = {A;, A2} and B = {By, By, Bs}:
Ay ={Jz,J3}, Ay ={J1}, Bi1=J3, Bo=J1, Bs=Ja,

¢4 and ¢p are inducing the permutations o and 7 of < 3 > respectively. Hence
(1.9) holds. In view of Corollary 5.4 (1.8) does not hold.

Lemma 5.5 The following regular 2-4 and 3-4-interval partitions

A= {J2, Ju}, {1, J5}},  B={{Js},{J1,Ja},{J2}} (5.11)

are the unique regular 2-4 and 3-4-interval partitions for which (1.8) holds. The
induced permutations o,m are cyclic permutation with n = o~ ".

The proof of the lemma is left to the reader. Combine Lemma 5.1 with Lemma
5.5 to obtain:
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Corollary 5.6 Let p,n be nonnegative integers such that 0 < p <n —4. Then
the following regular 2-n and 3-n-partitions satisfy (1.8):

A=

{0, 2y, PX1 PE2) PES pHAy P DRy E2 PED) PEL ),
B:=

{0, 2, (252 25y, (2 P Dy 22 2E Sy (2L 2R RS .

The corresponding permutations o,n satisfy n = 0*1.

For n = 2m with m > 2 and 3 { 2m + 1, there exist regular 2 —n and 3 —n
partitions of I, induced by the commuting maps Gg, G3, for which (1.8) holds.

Lemma 5.7 Let m > 2 be an integer and assume that 2m + 1 is not divisible
by 3. Let o1,m1 :< 2m >—< 2m > are given by the maps x — 2x,x — 3x modulo
2m+1 restricted to < 2m >. Then o1 and 11 commute. Let Aoy, Bom, be the reqular
2 — 2m, 3 — 2m partitions induced by

Iy :={o1(1),01(2),...,01(m)}, T :={o1(m+1),001(m+2),...,0(2m)},
Av= (), om (DY A= (T S, (T,
A3 = {nl(t4m3+ 2J + 1)7 .o 'an1(2m)}'

Then ¢ a,,, © OBy, = OBy, © DAy, -

The proof is left to the reader. Note that

lim 64y, (1) = % = G3H(2),  lim_6p,,(x) = 5 = G5 (x).

Thus Lemma 5.7 does not give in the limit a contradiction to the 2-3 conjecture.

We do not know for which m > 3 the converse to Lemma 5.7 holds. That is,
assume that m > 3, 31 2m + 1 and A = {41, A2}, B = {By, B2, B3} are regular
2 — 2m, 3 — 2m partitions. Suppose furthermore that Jo,, € Ay, J; € Az and (1.8)
holds. Are A, B equal to Ay, Baym respectively?

Another way to find a counterexample to the 2-3 conjecture is to study the
ergodic measures invariant under Go, G, which are supported on a finite number
of points. It is straightforward to show that such measure is equi-distributed on an
orbit of the action of the permutations o1, 71 given in Lemma 5.7. It seems that this
approach is not straightforward related to the problem of the converse to Lemma
5.7 we discussed above.
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