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1 Outline of the lecture

A. Matchings in general and bipartite graphs
. Haffnians and permanents
. Upper bounds for matchings in bipartite graphs
. Lower bounds for matchings in bipartite graphs
. Exact matching bounds for 2-regular graphs
. Conjectural upper bounds for 3-regular graphs
. Asymptotic growth of matchings & AUMC, ALMC
. Graphs illustrations for dimensions 2, 3
B. Positive hyperbolic polynomials
1. Properties
2. Examples
. Lower bounds

. Proof of cases of ALMC
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G = (V, E) undirected graph with vertices V', edges E.
matchingin G: M C E

no two edges in M share a common endpoint.

e = (u,v) € M is dimer

v not covered by M is monomer.

M called monomer-dimer cover of G.

M is perfect matching <—> no monomers.

M is k-matching <— #M = k.

¢ (k) number of k-matchings in G, ¢ (0) := 1

bo(x) := ), ¢ (k)x® matching generating polyn.

roots of @ & (@) nonpositive [16].

(I)G1UG2 (CU) — (I)Gl (w)(I)Gz (213)

I'(d, n) set of d-regular bipartite graphs on 2n vertices




3 k-

A = A(G) € {0 — 1}™*™-adjacency matrix of
G=(V,E),#V =n.
Qbk(G) — haff k(A) =

—k 92k k
2 Zl§i1<...<i2k§n Ox; (XTA'X) 9 k S

1 . o.Xi2k

X = (T1y.eesTp)t

G = (V, E) bipartite V =V, U Vo, E C V1 X V3,
B = B(G) € {0—1}"%" 4V, = m,Vy =n.
¢1(G) = perm (B) :=

2 EQu.m,BEQr. PETM Bla, B].

for general G: ¢ (G) =

2 € Qum BEQunang=0, PETI Al O]
Qin:={a={t1,...,%}:

1<t <2< ... <1 < n}.
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A = [ai;]7 ;1 € {0 — 1}™*"™ represents bipartite
graph GG on n vertices in each class, with degree

n . . .
Ti = ) 44 Qijyt =1,...,ninfistclass

perm A — # perfect matchings.

1
Minc-Bregman inequality -73: perm A < [[i_, (ri!) ™

Cor: If (& is a bipartite graph on 71 vertices in each class,

each vertex in the first class of degree at most d then
On(G) < (d)d If d|n equality holds for

%Kd,d- union of % complete d-bipartite graphs

UMC: under the above conditions
n
?r(G) < ¢k(EKd,d)7k =1,... (41

SUMC: Let GG graph on 2n vertices and degree of each
vertex at most d. Then (4.1) holds

Open even for k = n.

Known for d = 2 Friedland-Krop-Markstrom
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Q, C ]R:"_X” set of doubly stochastic matrices

van der Waerden conjecture: for A € €2,
n!

perm A > perm J, = -+ ~ V27wne " > e

n

(Jn = [%] € (1,,) Friedland-79, Falikman, Egorichev-81.
Cor: o (G) > (g)n forany G € T'(d,n).

—n

Tverberg conjecture (Friedland-82):

perm x(A) > perm (Jn) = ()" &
Cor: o (G) > (% )2k'd forany G € T'(d, n).
Reason: —B(G) e,

Voorhoeve-79 (d = 3) Schrijver-98

dn(G) > ({07 tor G € T(d, n)

Gurvits: A € €,,, each column has at most d nonzero
( d )d(d—1)<d—1)(d—1)n

d—1

entries: perm A 2 3

' d(d—1 —1)4-—1
Cor: pn(G) > & (a5 : ) ( )((dd;22 )"

Z 44
for G € T'(d,n)

LMC: Cbk(G) > ( ) (nd k)nd k(kd)k

d—1




6 d < 2

G-the degree of each vertex < 2 is union of cycles, paths

and isolated vertices G bipartite if each cycle in GG is even

C'., Py, cycle and path of length k,

¢, (:13) = ®p, (w) + w(I)Pk;—z (w)
Friedland-Krop-Markstrom for 2-reqular G, 22V = n

(I)Ci (w)(I)C'j (m)_q)ci+j (:B) — (_1)iwi(I)Cj—i (CC)
Pc, ()P, (x) = Pc,,,(x)ifieven(z < 7),
Pc, (z)Pc, () < Pc,,,;(x)ifiodd (2 < )

Pg(x) X Pc,(x)4if 4|n
Do (x) 2 B, (2)"T Boy(z) if
Do (x) 2 B, (2)"T Bo,(z) if
Be(z) X Be,(2) T B, () i
Pg(x) = oy (x)3 i f 3n
Bo(z) = B, (2) "5 P, () i

Bg(x) = B, ()" Do, () if
bo(x) = P, TG € T'(2,n)




Dprr, = 1+15x+ 7522 + 1452 + 952 + 132°
o, =1+ 15x + 7522 4+ 145x3 + 96z + 12x°




Q3 graph of 3-dimensional cube

Upper Matching Conjecture for G € T'(3, n)

e Formn =0 (mod 3), Pg X P n g, 5, equality
holding only if G = §K3,3.

e Form =1 (mod 3), $g <X <I>n;4K3’3UQ3,

equality holding only if G = 252 K3 3 U Q3.
e Forn =2 (mod 3), ¢g(k) <
max (¢”_5K3,3uM10 (k), Prsp. e, (k)>

3 3
fork=1,...,n.




G,=(Vn,E, €T'(d,n),n=1,2,...
sequence of d-regular bipartite graphs with #V,, — o0.
Let k,, € [O, #V”] n = 1,2, ... sequence of integers

2k, __
#Vn
(p)-asymptotic growth:

with 121my, — o0 = p € (0, 1] upper and lower

: 1 ko,
hug(p) : limsup,,_,__ —=2 q;fﬁn( )

log ¢Gn (kn)
2V, For

Gn := Cam,, X ... X Capmp,,, and
lim,,_,oo m;, =ocofort=1,...,d,
hug(p) = hlg(p) = hq(p) is p-dimer density
Hammersley-66

hlg(p) : liminf,,_, o

UMC, LMC yield AUMC, ALMC:

huq(p) < hi@)(p); gha(p) < hla(p)
gha(p) := 5 (plogd — plogp—
2(1 —p)log(l1 —p) + (d—p)log (1 —£))

1o d (d 2k!62kt
Pk (a) (t) = ng_oz(;) ,t € R.

hi(a)(P(t)) = Pr(a)(t) — tp(t)
K (d) countable union of K4 4

10
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Figure 1: Monomer-dimer tiling of the 2-dimensional grid:
entropy as a function of dimer density. FT is the Friedland-
Tverberg lower bound, h2 is the true monomer-dimer entropy.
B are Baxter's computed values. ALMC is the Asymptotic
Lower Matching Conjecture. AUMC is the entropy of a count-
able union of K4,4, conjectured to be an upper bound by the

Asymptotic Upper Matching Conjecture.
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Figure 2: Monomer-dimer tiling of the 3-dimensional grid:
entropy as a function of dimer density. FT is the Friedland-
Tverberg lower bound, h3Low and h3High are the known
bounds for the monomer-dimer entropy. ALMC is the Asymp-
totic Lower Matching Conjecture. AUMC is the entropy of a

countable union of K6,6, conjectured to be an upper bound
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Standard probabilistic model on I'(d, n):
o € S,,q4 permutation on nd elements.
€1, ...s €ng-nd edges from {1,...,n} to {1,...,n}.

e; connects vertex |_"’_| to f#] fort = 1,...,nd. The

probability of & is )t d),

v(d, n) the induced probability measure on I'(d, 1)

v(d, n) invariant under the action of Sy, on V3 and Va

2k k1 (dn—k)!

d
E,(dan)(Pk(G)) = &) (dn)!
log Ey(d,nm) (Prm (G)) — ghd(p)’

2N,

limy, o
where lim,, o0 :,—m =p € [0,1]

Same results holds for another probability on I'(d, 1).
dentify G with A(G) € Z1™™.

m:T(1,n)? — I'(d,n),

(Pl,...,Pd) I—>P1—|—...—|—Pd

p(d, m) is the push forward of uniform probability 774,y on
r'(1,n)% u(d,n)(G) = Nan(m~1(G)) FKm

14



. polynomial
p=px) =p(x1y...,Tn) : R® = Ris
positive hyperbolic (php) if:
e p homogeneous polynomial of degree 1 > 0.
e p(x) > Oforalx > 0.
e (1) :=p(x +tu),t € R

has m-real t-roots forallu > 0 and x € R™.

. For
p:R* - R,0#4u=(ug,...,u,) €R"
et pu = pu(x) := > 1 uzg—ai(x)

. deg; p the degree of p(x) with respect to variable x;

L€ 1= (5i1,...,5in)T eER™, 2=1,...,n

= (1,...,1)T €R"

15



: R™ — R is php of degree m:

. Foru 2 0, x fixed p(t) = p(x + tu). If
p(u) > 0then ¢(t) has m real t roots

and py (x) is php of degree m — 1.
y2x20=p(y) 2px) >0
.1z 0,x 2 0andp(u) =0.

either ¢(t) > OVt > 0

orp(x) = 0and ¢(t) = 0.

f p(x) > 0and ¢(t) # Const then all roots of
¢(t) real and negative.

if pu # 0 then py is a php of degree m — 1.

1 q((T1ye ey Tpn_1)) 1=
p((wla L2geeeyln—1s 0)) #+ 0
then q is php of degree m in R~ 1.

In particular, P ((T1y e« vy Tp_1)) :=

gn—i((wl, ey Tpn_1,0))is either O or php in

1. — 1 variables of degree 1 — 1.

. The coefficient of each monomial in php is nonnegative.

16
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1.

A = (a5);25_ € Rmxn (A > 0) and each

row of A is nonzero

k
pkaA(w) = 21S21<<’Lkém Hg:l(AX)zJ
is php of degree k € [1, m|:

Pr,A —
am—k:

OY1...0Ym —k Hg 1((AX).7 _I_Zz 1 y’b)

L Aq,..., A, € C™X™ hermitian, nonnegative

definite and Ay + ...+ A,,, is positive definite
A(x) =301, T A,
e p(x) = det A(x) is php
e pr(x)-the sum of all k X k principle minors of
A(x)is php'
PE(x) = k, atk " det (A(x) 4+ tly,)(x,0)

17
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Capacity for php p(x) : R™ — R:

Cap p := infx>0,0,..2,,=1 P(X) =
infx>0 p(x) m Z 0

wl.o.wn n

1. Cap (p) =0forp =2 ...
O; (ml,...,mn) #k]_

2. A = [a;;] € RT"™"™ doubly stochastic:

each row has sum 1 each column has sum %

(@) Pm,A = Hzl(zyzl az-jajj) >
| H;'lzl ;Y = (1...Tp)" =
Cap (pm,A) > 1
Pm,a(l) =1 = Cap (pm,a) =1

m\ —1 m k
® (7) Pra>pra> (1., 2n)n =
Cap (pr,a) = (7)
3. A € R} irreducible A := Dy BD2, B doubly

stochastic matrix and D, D5 diagonal pos. def.
Sinkhorn.

Cap pi,a = (det DlDz)E

18
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(A1,...,An) € HJY | doubly stochastic tuple:
tr A; = %,Z = 1,...,n,andzy’=1 A, =1,

if B; = diag(bli, sbmi)st = 1,...,m,then
= (bji) 52, € Rmxn is d.s.

For d.s. tuple (Al, ceey n)

Cap (pr) > ()

If each A; > 0 equality holds iff
1 o
Ai=Ipn,1=1,...,n

Prf:

U*(x) A(x)U (x) = diag(A1(x),. .., An(x)),
A1(X)yeeey An(x) > 0.

C, =U*A;U = (Cjk,i):;?kzl fore =1,...,n.
Then (C1,...,Cy) ds. tuple. (Cjj,15+«+5Cjjn)
prob. vec. Aj(x) = ) ._, T;Cjj i. arithmetic-geometric
n. Aj(x) > [[ie,z;% forj =1,...,m

det A(x) > [, x™™ = (x1...%Xn)» Hence
Cap (p) > 1.

19
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Gurvits: Let (U1 e ey Up)y (V1yeeeyUy) > 0,
F(#) = TTims (wit + vi), K(f) = infyso 12
Then f/(0) = K fork = 1 and

f'(0) > (%)k_leork > 2.

For k > 2 equality holds iff ~+ =

FG:p: R" — Rphddegp = m €
1,n],deg,p < r; €[1l,m], i =1,...,n

Rearrange 1, ..., Tp 01 <7y <r; < ... < 7.

k € [1,n] is the smallest integer 7} > m — k.

am
Zl<z1< Lim<n oz, ...0x ,imp(()? ce O) 2

n"t—m™ n—k+41)!
(n m)! (n(k—l—lgtb )’“‘*‘1 X (FG)

H ("“ S+n—m— 1)r;—|—n—m—1 Capp

*—I—n m

Gurvits: A € R:ﬁxn d.s. each column contains at most

r € [1, n] nonzero entries:

perm A > I1:_]i(r—l)(lf‘—l)(lfl—lf‘) _

r

r_!( r )P(I‘—l)(r—l)(r—l)n
r‘- \r—1 r

Improvement of Schrijver for perfect matchings in I'(r, 1)

20
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(FG) yields the Tverberg conjecture with pg, 4 (X)

(FG) does not yield ALMC

Reason: (FG) proven using p(x) (wl‘l'-?-?:_l_wn )’n—m

FG:p: R™ — Rphpdegp = m €
[1,n),deg;p < 7; € [1,m],2 =1,
Rearrange T'1y...,Tpt0 1 < 77 <'r2< LT

fors € Nletk € [1,n]firstinteger 7} + s > n — k:

8m
Z1<’L1< L<im<n 8z;, .. aaz-mp(o’ e 0) 2

(sn)! (n—k41)!
s — m(n m) ((3—1)n+m)' (n k+1)n—k+1

[1;= (rg_fis )i +5~Cap p

Prf: apply (FG) t0 PP,y 1 4 for A(G), G € T'(s,n)
and average on I'(s, n)

Corrdeg;,p<rel[l,m],t=1,...,n,8 €
NykE=n—r—s+12>1

am
2 1<y <o < Bz, .- amimp((” cee50) 2
(smn)! (r+s)! <
sm—m(n—m)!((s—1)n+m)! (r+s)r+s

(r_,,l:_T_; )(r—|—s—1)(n T— S)Capp

21
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Thm:r» >3,s > 1,B,, € Q,,n=1,2,...each
column of B,, has at most 7-nonzero entries.

kn, € [0,n]NN,n = 1,2,...,limn_,oo’%” =
p € (0, 1] then

log perm x B, >
2n =

5 (—plogp — 2(1 — p) log(1 — p)) +
%(r + s —1)log(1l — r}rs)—

1—
s(s —1+p)log(l — 232

]

liminf,, o

Cor: d-ALMC holds for pg = di—l—s’ s=0,1,...,

Con: under Thm assumptions

log perm x B,
2n

liminf,, o > gh,(p) — $ logr

r

For Ps — ’I"——I—S

,s =0,1,...,conjecture holds

22
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G = (V, E) non bipartite graph B = B(G)
number of m-matchings: haftf ,B = 27™

Za,,@C{l,...,2n},#a:#,8:m,aﬂ,3:0 perm B[Oé, /6] —
(xT'Bx)™

o 82m
27 ) <y < <in, <2n Bs, .. Owiy

for0 # B € S, (Ry) xT Bx phpiff A2(B) < 0

Thm: B € Sa2,(R4) irreducible, Ao (B) < 0. Let
K := Cap (xI'Bx). Thenform € [1,n]

haff ,,B > (2») 5 2m)!

2m(2n)!

Lem: 0 # B € S, (R,.) irreducible.

0 < K := min xT Bx, subject

X = (T1y...,2n)T > 0,21 ...2, = 1, achieved
at unique

d:= (dyy...,d,) >0,dy...d, = 1,0 > 2
D := diag(dy,...,dy,) Then 2 DBD ds.

Thm G = (V, E) connected, xT A(G)x php iff G is

complete k-partite

23
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