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1 Outline of the lecture

A. Matchings in general and bipartite graphs

1. Haffnians and permanents

2. Upper bounds for matchings in bipartite graphs

3. Lower bounds for matchings in bipartite graphs

4. Exact matching bounds for 2-regular graphs

5. Conjectural upper bounds for 3-regular graphs

6. Asymptotic growth of matchings & AUMC, ALMC

7. Graphs illustrations for dimensions 2, 3

B. Positive hyperbolic polynomials

1. Properties

2. Examples

3. Lower bounds

4. Proof of cases of ALMC
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2 Matchings

G = (V, E) undirected graph with vertices V , edges E.

matching in G: M ⊆ E

no two edges in M share a common endpoint.

e = (u, v) ∈ M is dimer

v not covered by M is monomer.

M called monomer-dimer cover of G.

M is perfect matching ⇐⇒ no monomers.

M is k-matching ⇐⇒ #M = k.

φG(k) number of k-matchings in G, φG(0) := 1

ΦG(x) :=
∑

k φG(k)xk matching generating polyn.

roots of ΦG(x) nonpositive [16].

ΦG1∪G2(x) = ΦG1(x)ΦG2(x)

Γ(d, n) set of d-regular bipartite graphs on 2n vertices
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3 Formulas for k-matchings

A = A(G) ∈ {0 − 1}n×n-adjacency matrix of

G = (V, E), #V = n.

φk(G) = haff k(A) :=
2−k

∑
1≤i1<...<i2k≤n

∂2k

∂xi1 ...xi2k

(xTAx)k, k ≤ n
2

x = (x1, . . . , xn)T

G = (V, E) bipartite V = V1 ∪ V2, E ⊂ V1 × V2,

B = B(G) ∈ {0 − 1}m×n, #V1 = m, V2 = n.

φk(G) = perm k(B) :=∑
α∈Qk,m,β∈Qk,n

perm B[α, β].

for general G: φk(G) =
2−k

∑
α∈Qk,n,β∈Qk,nα∩β=∅, perm A[α, β]

Qk,n := {α = {i1, . . . , ik} :

1 ≤ i1 < i2 < . . . < ik ≤ n}.
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4 Upper bounds for matchings

A = [aij]ni,j=1 ∈ {0 − 1}n×n represents bipartite

graph G on n vertices in each class, with degree

ri =
∑n

j=1 aij, i = 1, . . . , n in first class

perm A = # perfect matchings.

Minc-Bregman inequality -73: perm A ≤ ∏n
i=1(ri!)

1
ri

Cor: If G is a bipartite graph on n vertices in each class,

each vertex in the first class of degree at most d then

φn(G) ≤ (d!)
n
d If d|n equality holds for

n
d
Kd,d- union of n

d
complete d-bipartite graphs

UMC: under the above conditions

φk(G) ≤ φk(
n

d
Kd,d), k = 1, . . . (4.1)

SUMC: Let G graph on 2n vertices and degree of each

vertex at most d. Then (4.1) holds

Open even for k = n.

Known for d = 2 Friedland-Krop-Markström
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5 Lower bounds for matchings

Ωn ⊂ Rn×n
+ set of doubly stochastic matrices

van der Waerden conjecture: for A ∈ Ωn

perm A ≥ perm Jn = n!
nn ∼ √

2πne−n ≥ e−n

(Jn = [ 1
n
] ∈ Ωn) Friedland-79, Falikman, Egorichev-81.

Cor: φn(G) ≥ (d
e
)n for any G ∈ Γ(d, n).

Tverberg conjecture (Friedland-82):

perm k(A) ≥ perm k(Jn) =
(n
k

)2 k!
nk

Cor: φk(G) ≥ (n
k

)2 k!dk

nk for any G ∈ Γ(d, n).

Reason: 1
d
B(G) ∈ Ωn.

Voorhoeve-79 (d = 3) Schrijver-98

φn(G) ≥ ( (d−1)d−1

dd−2 )n for G ∈ Γ(d, n)

Gurvits: A ∈ Ωn, each column has at most d nonzero

entries: perm A ≥ d!
dd

(
d

d−1

)d(d−1)(d−1
d

)(d−1)n
.

Cor: φn(G) ≥ d!
dd

(
d

d−1

)d(d−1)
( (d−1)d−1

dd−2 )n

for G ∈ Γ(d, n)

LMC: φk(G) ≥ (n
k

)2
(nd−k

nd
)nd−k(kd

n
)k
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6 Graphs with d ≤ 2

G-the degree of each vertex ≤ 2 is union of cycles, paths

and isolated vertices G bipartite if each cycle in G is even

Ck, Pk cycle and path of length k,

ΦCk(x) = ΦPk(x) + xΦPk−2
(x)

Friedland-Krop-Markström for 2-regular G, #V = n

ΦCi(x)ΦCj (x)−ΦCi+j
(x) = (−1)ixiΦCj−i

(x)

ΦCi(x)ΦCj (x) � ΦCi+j
(x) if i even (i ≤ j),

ΦCi(x)ΦCj (x) ≺ ΦCi+j
(x) if i odd (i ≤ j)

ΦG(x) 
 ΦC4(x)
n
4 if 4|n

ΦG(x) 
 ΦC4(x)
n−5

4 ΦC5(x) if 4|n − 1

ΦG(x) 
 ΦC4(x)
n−6

4 ΦC6(x) if 4|n − 2

ΦG(x) 
 ΦC4(x)
n−7

4 ΦC7(x) if 4|n − 3

ΦG(x) � ΦC3(x)
n
3 if 3|n

ΦG(x) � ΦC3(x)
n−4

3 ΦC4(x) if 3|n − 1

ΦG(x) � ΦC3
(x)

n−5
3 ΦC5

(x) if 3|n − 2
ΦG(x) � ΦC2n if G ∈ Γ(2, n)
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7 UMC for G ∈ Γ(3, n)

M10 G1

ΦM10 = 1+15x+75x2 +145x3+95x4 +13x5

ΦG1 = 1+15x+75x2 +145x3 +96x4 +12x5
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Q3 graph of 3-dimensional cube

Upper Matching Conjecture for G ∈ Γ(3, n)

• For n ≡ 0 (mod 3), ΦG 
 Φn
3 K3,3 , equality

holding only if G = n
3
K3,3.

• For n ≡ 1 (mod 3), ΦG 
 Φn−4
3 K3,3∪Q3

,

equality holding only if G = n−4
3

K3,3 ∪ Q3.

• For n ≡ 2 (mod 3), φG(k) �
max

(
φn−5

3 K3,3∪M10
(k), φn−5

3 K3,3∪G1
(k)

)
,

for k = 1, . . . , n.
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8 Asymptotic growth of matchings

Gn = (Vn, En) ∈ Γ(d, n), n = 1, 2, . . .

sequence of d-regular bipartite graphs with #Vn → ∞.

Let kn ∈ [0, #Vn

2
], n = 1, 2, . . . sequence of integers

with limn→∞ 2kn

#Vn
= p ∈ (0, 1]. upper and lower

(p)-asymptotic growth:

hud(p) : lim supn→∞
log φGn(kn)

#Vn
,

hld(p) : lim infn→∞
log φGn(kn)

#Vn
For

Gn := C2m1,n
× . . . × C2md,n

and

limn→∞ mi,n = ∞ for i = 1, . . . , d,

hud(p) = hld(p) = hd(p) is p-dimer density

Hammersley-66

UMC, LMC yield AUMC, ALMC:

hud(p) ≤ hK(d)(p), ghd(p) ≤ hld(p)
ghd(p) := 1

2

(
p log d − p log p−

2(1 − p) log(1 − p) + (d − p) log
(
1 − p

d

) )

PK(d)(t) =
log

Pd
k=0 (d

k)
2
k! e2kt

2d
, t ∈ R.

hK(d)(p(t)) = PK(d)(t) − tp(t)

K(d) countable union of Kd,d
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9 Graph estimates for h2(p)

B

FT

h2

AUMC

ALMC
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Figure 1: Monomer-dimer tiling of the 2-dimensional grid:

entropy as a function of dimer density. FT is the Friedland-

Tverberg lower bound, h2 is the true monomer-dimer entropy.

B are Baxter’s computed values. ALMC is the Asymptotic

Lower Matching Conjecture. AUMC is the entropy of a count-

able union of K4,4, conjectured to be an upper bound by the

Asymptotic Upper Matching Conjecture.
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10 Graph estimates for h3(p)

FT

h3Low

AUMC

h3High
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Figure 2: Monomer-dimer tiling of the 3-dimensional grid:

entropy as a function of dimer density. FT is the Friedland-

Tverberg lower bound, h3Low and h3High are the known

bounds for the monomer-dimer entropy. ALMC is the Asymp-

totic Lower Matching Conjecture. AUMC is the entropy of a

countable union of K6,6, conjectured to be an upper bound

by the Asymptotic Upper Matching Conjecture.
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11 The sharpness of the ALMC

Standard probabilistic model on Γ(d, n):

σ ∈ Snd permutation on nd elements.

e1, ..., end-nd edges from {1, ..., n} to {1, ..., n}.

ei connects vertex � i
d
� to �σ(i)

d
� for i = 1, ..., nd. The

probability of G is 1
(nd)!

.

ν(d, n) the induced probability measure on Γ(d, n)

ν(d, n) invariant under the action of Sn on V1 and V2

Eν(d,n)(φk(G)) = (n
k)

2
d2kk!(dn−k)!

(dn)!

limm→∞
log Eν(d,nm)(φkm(G))

2nm
= ghd(p),

where limm→∞ km

nm
= p ∈ [0, 1]

Same results holds for another probability on Γ(d, n).

Identify G with A(G) ∈ Zn×n
+ .

π : Γ(1, n)d → Γ(d, n),

(P1, . . . , Pd) �→ P1 + . . . + Pd

µ(d, n) is the push forward of uniform probability ηd,n on

Γ(1, n)d: µ(d, n)(G) = ηd,n(π−1(G)) FKM
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12 Positive Hyperbolic Polynomials

1. polynomial

p = p(x) = p(x1, . . . , xn) : Rn → R is

positive hyperbolic (php) if:

• p homogeneous polynomial of degree m ≥ 0.

• p(x) > 0 for all x > 0.

• φ(t) := p(x + tu), t ∈ R

has m-real t-roots for all u > 0 and x ∈ Rn.

2. For

p : Rn → R, 0 �= u = (u1, . . . , un)� ∈ Rn

let pu = pu(x) :=
∑n

i=1 ui
∂p
∂xi

(x).

3. degi p the degree of p(x) with respect to variable xi

4. ei := (δi1, . . . , δin)� ∈ Rn, i = 1, . . . , n

5. 1 := (1, . . . , 1)� ∈ Rn
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13 Properties positive hyperbolic pol.

p : Rn → R is php of degree m:

1. For u � 0, x fixed φ(t) = p(x + tu). If

p(u) > 0 then φ(t) has m real t roots

and pu(x) is php of degree m − 1.

y ≥ x ≥ 0 ⇒ p(y) ≥ p(x) ≥ 0.

2. u � 0, x � 0 and p(u) = 0.

either φ(t) > 0∀t ≥ 0

or p(x) = 0 and φ(t) ≡ 0.

If p(x) > 0 and φ(t) �= Const then all roots of

φ(t) real and negative.

if pu �= 0 then pu is a php of degree m − 1.

3. If q((x1, . . . , xn−1)) :=
p((x1, x2, . . . , xn−1, 0)) �= 0

then q is php of degree m in Rn−1.

In particular, r((x1, . . . , xn−1)) :=
∂p

∂xn
((x1, . . . , xn−1, 0)) is either 0 or php in

n − 1 variables of degree m − 1.

4. The coefficient of each monomial in php is nonnegative.
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14 Examples of php

1. A = (aij)
m,n
i=j=1 ∈ Rm×n

+ (A ≥ 0) and each

row of A is nonzero

pk,A(x) :=
∑

1≤i1<...<ik≤m

∏k
j=1(Ax)ij

is php of degree k ∈ [1, m]:

pk,A =
∂m−k

∂y1...∂ym−k

∏m
j=1((Ax)j +

∑m−k
i=1 yi)

2. A1, . . . , An ∈ Cm×m hermitian, nonnegative

definite and A1 + . . . + Am is positive definite

A(x) :=
∑n

i=1 xiAi

• p(x) = det A(x) is php

• pk(x)-the sum of all k × k principle minors of

A(x) is php:

pk(x) = 1
k!

∂k

∂tk det (A(x) + tIm)(x, 0)
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15 Capacity

Capacity for php p(x) : Rn → R:

Cap p := infx>0,x1...xn=1 p(x) =
infx>0

p(x)

(x1...xn)
m
n

≥ 0

1. Cap (p) = 0 for p = xm1
1 . . . xmn

n

0 � (m1, . . . , mn) �= k1

2. A = [aij] ∈ Rm×n
+ doubly stochastic:

each row has sum 1 each column has sum m
n

.

(a) pm,A =
∏m

i=1(
∑n

j=1 aijxj) ≥∏m
i=1

∏n
j=1 x

aij

i = (x1 . . . xn)
m
n ⇒

Cap (pm,A) ≥ 1
pm,A(1) = 1 ⇒ Cap (pm,A) = 1

(b)
(m

k

)−1
pk,A ≥ p

m
n

m,A ≥ (x1 . . . xn)
k
n ⇒

Cap (pk,A) =
(m

k

)

3. A ∈ Rn×n
+ irreducible A := D1BD2, B doubly

stochastic matrix and D1, D2 diagonal pos. def.

Sinkhorn.

Cap pk,A = (det D1D2)
k
n

18



16 Mixed discriminants

(A1, . . . , An) ∈ Hn
m,+ doubly stochastic tuple:

tr Ai = m
n

, i = 1, . . . , n, and
∑n

i=1 Ai = Im.

if Bi = diag(b1i, . . . , bmi), i = 1, . . . , n, then

B = (bji)
m,n
j,i=1 ∈ Rm×n

+ is d.s.

For d.s. tuple (A1, . . . , An)

Cap (pk) ≥ (m
k

)

If each Ai > 0 equality holds iff

Ai = 1
n

Im, i = 1, . . . , n.

Prf:

U∗(x)A(x)U(x) = diag(λ1(x), . . . , λn(x)),

λ1(x), . . . , λn(x) > 0.

Ci = U∗AiU = (cjk,i)m
j,k=1 for i = 1, . . . , n.

Then (C1, . . . , Cn) d.s. tuple. (cjj,1, . . . , cjj,n)
prob. vec. λj(x) =

∑
i=1 xicjj,i. arithmetic-geometric

in. λj(x) ≥ ∏n
i=1 x

cjj,i

i for j = 1, . . . , m

det A(x) ≥ ∏n
i=1 xtrAi

i = (x1 . . . xn)
m
n Hence

Cap (p) ≥ 1.
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17 The main inequality

Gurvits: Let (u1, . . . , un), (v1, . . . , vn) > 0,

f(t) :=
∏k

i=1(uit + vi), K(f) := inf t>0
f(t)

t
.

Then f ′(0) = K for k = 1 and

f ′(0) ≥ (k−1
k

)k−1K for k ≥ 2.

For k ≥ 2 equality holds iff v1

u1
= . . . = vk

uk
.

F-G: p : Rn → R phd deg p = m ∈
[1, n], degi p ≤ ri ∈ [1, m], i = 1, . . . , n.

Rearrange r1, . . . , rn to 1 ≤ r∗
1 ≤ r∗

2 ≤ . . . ≤ r∗
n.

k ∈ [1, n] is the smallest integer r∗
k > m − k.∑

1≤i1<...<im≤n
∂m

∂xi1 ...∂xim
p(0, . . . , 0) ≥

nn−m

(n−m)!
(n−k+1)!

(n−k+1)n−k+1 × (FG)
∏k−1

j=1(
r∗

j +n−m−1

r∗
j +n−m

)r∗
j +n−m−1 Cap p

Gurvits: A ∈ Rn×n
+ d.s. each column contains at most

r ∈ [1, n] nonzero entries:

perm A ≥ r!
rr

(
r−1
r

)(r−1)(n−r)
=

r!
rr

(
r

r−1

)r(r−1)( r−1
r

)(r−1)n

Improvement of Schrijver for perfect matchings in Γ(r, n)

20



18 Lower bounds for sparse matrices

(FG) yields the Tverberg conjecture with pk,A(x)

(FG) does not yield ALMC

Reason: (FG) proven using p(x)
(

x1+...+xn

n

)n−m

FG: p : Rn → R php deg p = m ∈
[1, n), degi p ≤ ri ∈ [1, m], i = 1, . . . , n.

Rearrange r1, . . . , rn to 1 ≤ r∗
1 ≤ r∗

2 ≤ . . . ≤ r∗
n.

for s ∈ N let k ∈ [1, n] first integer r∗
k + s > n − k:∑

1≤i1<...<im≤n
∂m

∂xi1 ...∂xim
p(0, . . . , 0) ≥

(sn)!
sn−m(n−m)!((s−1)n+m)!

(n−k+1)!
(n−k+1)n−k+1∏k−1

j=1(
r∗

j +s−1

r∗
j +s

)r∗
j +s−1Cap p

Prf: apply (FG) to ppn−m, 1
s A for A(G), G ∈ Γ(s, n)

and average on Γ(s, n)

Cor: degi p ≤ r ∈ [1, m], i = 1, . . . , n, s ∈
N, k = n − r − s + 1 ≥ 1∑

1≤i1<...<im≤n
∂m

∂xi1 ...∂xim
p(0, . . . , 0) ≥

(sn)!
sn−m(n−m)!((s−1)n+m)!

(r+s)!
(r+s)r+s ×(

r+s−1
r+s

)(r+s−1)(n−r−s)Cap p
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19 Lower asymptotic bounds

Thm: r ≥ 3, s ≥ 1, Bn ∈ Ωn, n = 1, 2, . . . each

column of Bn has at most r-nonzero entries.

kn ∈ [0, n] ∩ N, n = 1, 2, . . . , limn→∞ kn

n
=

p ∈ (0, 1] then

lim infn→∞
log perm knBn

2n
�

1
2
(−p log p − 2(1 − p) log(1 − p)) +

1
2
(r + s − 1) log(1 − 1

r+s
)−

1
2
(s − 1 + p) log(1 − 1−p

s
)

Cor: d-ALMC holds for ps = d
d+s

, s = 0, 1, . . . ,

Con: under Thm assumptions

lim infn→∞
log perm knBn

2n
� ghr(p) − p

2
log r

For ps = r
r+s

, s = 0, 1, . . . , conjecture holds
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20 Matching in general graphs

G = (V, E) non bipartite graph B = B(G)

number of m-matchings: haff mB = 2−m

∑
α,β⊂{1,...,2n},#α=#β=m,α∩β=∅ perm B[α, β] =

2−m
∑

1≤i1<...<i2m≤2n
∂2m

∂xi1 ...∂xi2m
(xT Bx)m

for 0 �= B ∈ Sn(R+) xT Bx php iff λ2(B) ≤ 0

Thm: B ∈ S2n(R+) irreducible, λ2(B) ≤ 0. Let

K := Cap (xT Bx). Then for m ∈ [1, n]
haff mB ≥ (2n

2m

)Km(2m)!
2m(2n)!

.

Lem: 0 �= B ∈ Sn(R+) irreducible.

0 < K := min xT Bx, subject

x = (x1, . . . , xn)T > 0, x1 . . . xn = 1, achieved

at unique

d := (d1, . . . , dn) > 0, d1 . . . dn = 1, n > 2:

D := diag(d1, . . . , dn). Then n
K

DBD d.s.

Thm G = (V, E) connected, xT A(G)x php iff G is

complete k-partite
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