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1 Basic facts on vector spaces, matrices and linear trans-
formations

1.1 Fields and vector spaces

A commutative group, also called an abelian group, denoted by G, is a set of
elements with a binary operation @, i.e. a®b € G for each a,b € G. This operation
is

1. associative: (a®b)®c=a® (bD c);

2. commutative: a ®b=0® a;

3. there exist a neutral element () such that a + O = a for each a € G;

4. for each a € G there exists a unique Sa such that a + (©a) = Q.
Examples of commutative group:

1. The following subset of complex numbers where & is the standard addition +,
© is — and the neutral element is 0.

(a
(b

(c
(d

The set of integers Z.
The set of rational numbers Q.

The set of real numbers R.

~— — ~— ~—

The set of complex numbers C

2. The following subsets of C* := C\{0}, i.e. all nonzero complex numbers, where

the operation @ is the product, the neutral element is 1, and Sa is a ™.

(a) Q" :=Q\{0}.
(b) R* := R\{0}.



(c) C*:=C\{0}.

From now on, we will denote the operation @& by +. An abelian group R is
called a ring, if there exist a second operation, called product, denoted by ab, which
satisfies:

1. associativity: (ab)c = a(bc);
2. distributibity: a(b+ ¢) = ab+ ac, (b+ c)a = ba + ca;
3. existence of identity 1 € R: 1la =al =1 for all a € R.

R is called a commutative ring if ab = ba for all a,b € R.

Examples of rings:

1. The following subsets of n x n,n > 1 complex valued matrices, denoted by
C™*™ with the addition A + B, multiplication AB, with the identity I,,, n X n
identity matrix.

(a) Z™*", the ring of n X n matrices with integer entries. (Noncommutative

ring.)

(b) Q™™™ the ring of n X n matrices with rational entries. (Noncommutative
ring.)

(¢) R™™ the ring of n x n matrices with real entries. (Noncommutative
ring.)

(d) C™*™. (Noncommutative ring.)

(e) D(n,S), the set of n x n diagonal matrices with entries in S = Z,Q, R, C.
(Commutative ring.)

2. S[z], the commutative ring of polynomials in one variable z with coefficients
inS=27,QR,C.

3. Zpy = Z/(mZ), all integers modulo a positive integer m, with the addition and
multiplication modulo m. #Z,,, the number of elements in Z,,, is m. Z,, can
be identified with {0,1,...,m — 1}.

A commutative ring R is called a field if each nonzero element a¢ € R has a
unique inverse, denoted by a~! such that aa=! = 1. A field is denoted by F.

Examples of fields:
1. Q,R,C.
2. Zy,, where m is a prime integer.

An abelian group V is called a vector space over a field I, if for any a € F,v € V
the product av is an element in V. This operation satisfies the following properties:

a(u+v)=au+av,(a+bv=av+bv,(ab)(u+v)=alblu+v)),lv=v,

for all a,b € F,u,ve V.



A ring R is called an algebra over F if R is a vector space over F and a(xy) =
(ax)y = x(ay) for any a € F,x,y € R. A standard example of an algebra over F is
the set of n x n matrices with entries in F, denoted by F"*"™. Another example is
F[z], the ring of polynomials in one variable z with coefficients in F.

A set H is called a group, if there exists a binary operation ab € H for each
a,b € H such that

1. associative: (ab)c = a(bc);

2. identity: la = al = a;
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3. inverse: a ta = aa~! =1 for each a € H.

H is abelian if ab = ba for each a,b € H. This is the case discussed in the beginning
of this section for G, where the product operation is replaced by ¢ and the identity
by the neutral element.

A standard example of noncommutative group is GL(n,C) C C"*" n > 1, the
group of n X n complex valued invertible matrices.

1.2 Dimension and basis

Let V be a vector space over a field F. (For simplicity of the exposition you may
assume that F =R or F = C.) U C V is called a subspace of V, if ajuj +asuy € U
for each uy,uy € U,aj,ay € F. The subspace U := {0} is called the zero, or trivial,

subspace of V. Let x1,...,x, € V be n vectors. Then for any a,...,a, € F, called
scalars, a1x1 + ...+ apX, is called a linear combination of x1,...,x,. 0 = Z?Zl 0x;
is the trivial combination. x1,...,X, are linearly independent, abbreviated to L.i. or
lin. ind., if the equality 0 = > " | a;x; implies that a; = ... = a,, = 0. Otherwise
X1,...,Xy are linearly dependent, abbreviated to 1.d. or lin. dep.. The set of all
linear combination of x1,...,x, is called the span of xi,...,X,, and denoted by
span(xi,...,Xp). span(xy,...,X,) is a subspace of V.

1.2.1 More details on vector space - January 13, 2012

V is called finitely generated if V. = span(xi,...,x,) for some vectors xi,...,Xp.
{x1,...,%X,} is a spanning set of V. (In these course we consider only finite generated
vector spaces. We will show that every finitely generated vector space is finite
dimensional). We will use the following notation for a positive integer n:

n]:={1,2,...,n—1,n} (1.1)

Observe the following ”obvious” relation for any n € N. (Here N is the set of all
positive integers 1,2,...,.)

span(uy, ..., W1, Wit1,...,U,) Cspan(uy,...,u,), for each i € [n]. (1.2)

It is enough to consider the case i = n. (We assume here that for n = 1 the span of
empty set is the zero subspace U = {0}.) So for n = 1 spaninc holds. Suppose that
n > 1. Clearly, any linear combination of uy,...,u,_1, which is u = 2?2—11 b;u; is a
linear combination of uy,...,u,: u= 0u, + E?z_ll biu;. Hence (1.2) holds.



Theorem 1.1 Suppose that n > 1. Then there exists i € [n] such that
Span(ub s 7un) = Span(u17 sy W1, U1, - - 7un) (13)
if and only if uy,...,u, are linearly dependent vectors.

Proof. Suppose that (1.3) holds. Sou; = byuy+...b;—1u;—1+bi11u;41+. .. byuy,.
Hence Y ; a;ju; = 0, where aj = b for j # ¢ and a; = —1. Hence uy,...,u, are
linearly dependent. Assume that uy,...,u, are linearly dependent. Then there exist
scalars a1, ..., a, € F not all of them are equal to zero so that a;u; +...+a,u, = 0.

Assume that a; # 0. For simplicity of notation, (or by renaming indices in [n]), we
may assume that ¢ = n. So u, = —% E;:ll a;u;. Let u € span(uy,...,u,). So

n—1

n n—1 n—1 @ n—1 a b b
7 nV; — UyUn
u = E biui = bnun + E b,-uz- = —bn E —u; + E biui = E —u;.
=1 =1 i=1 i=1

i=1 n

That is u € span(uy,...,u,—1). This proves the theorem. O

Corollary 1.2 Let uy,...,u, € V. Assume that not all u; are zero vectors.
Then there exists d > 1 integers 1 < 41 < i9 < ... < ig < n such that u;,,...,u;
are linearly independent and span(u;,,...,w;,) = span(uy, ..., uy).

d

Proof. Suppose that uy,...,u, are linearly independent. Then d = n and
i = k for k=1,...,n and we are done.

Assume that uy,...,u, are linearly dependent. Apply Theorem 1.1. So con-
sider now n — 1 vectors uy,...,u;—1,U4+1,..., U, as given by Theorem 1.1. Note
that it is not possible that all vectors in {uy,...,u;—1,u;41,...,u,} are zero since
this will imply that u; = 0. This will contradict the assumption that not all u; are
zero. Apply the previous arguments to uy,...,u;—1,U;41,...,U, and continue in

this fashion until one gets d linearly independent vectors wu;,, ..., u;,. O

Corollary 1.3 Let V be a finitely generated nontrivial vectors space, i.e. con-
tains more than one element. Then there exist n € N and n linearly independent
vectors Vi,...,Vy, such that V.= span(vy,...,vy).

In the following lemma we use the fact that any m homogeneous linear equations
with n variables has a nontrivial solution if m < n. (This will be proved later using
REF of matrices.)

Lemma 1.4 Letn > m > 1 beintegers. Then any wi, ..., w, € span(uy, ..., Uy)
are linearly dependent

Proof. Observe that w; =) ™", a;;u;. So
n n m m n
E :Ejo = E :Ej E aijui = E ( E aijznj)ui.
J=1 j=1 =1 i=1 j=1

. . : M . n .. .
Consider the following m homogeneous equations in n unknowns: > j=1 Gijrj =0

for i = 1,...,m. Since n > m we have a nontrivial solution (z1,...,2,)". So
n —
> j=1 LW = 0. (N



Theorem 1.5 Let V = span(vy,...v,) and assume that vy,...,v, are linearly
independent. Then the following holds.

1. Any vector u can be expressed as a unique linear combination of vi,...,Vn,.
2. For an integer N > n any N vectors in 'V are linearly independent.
3. Assume that uy, ..., u, are linearly independent. Then V = span(uy,...,u,).

Proof. Assume that > ", z;v; = > yivi. So > (@ —yi)vi = 0. As
Vi,...,Vy are linearly independent it follows that z; —y; = 0 for ¢ = 1,... n.
Hence 1 holds.

Lemma 1.4 implies 2.

Suppose that uy, ..., u, are linearly independent. Let v € V and consider n+ 1
vectors uy, ..., u,,v. 2implies that uy, ..., u,, v are linearly dependent. Thus there
exists n+1 scalars aq, ..., an+1, not all of them zero, such that an+1v+2?:1 a;v; =
0. Assume first that a,11 = 0. Then Z?:l a;u; = 0. Since not all a; zero it fol-
lows that uy, ..., u, linearly dependent, which is a contradiction to our assumption.
Hence ap41 #0and v =", a;‘fl u;. O

Definition 1.6 vi,...,v, is called a spanning set of a linear space V if V =
span(vy,...,vy).

1.2.2 Dimension

The dimension of a trivial vector space, consisting of the zero vector V. = {0} is
zero. The dimension of a finite dimensional nonzero vector space V is the number
of vectors in any spanning linearly independent set. The dimension of V is denoted
by dimV. Assume that dim'V = n. Suppose that V = span(xy,...,z,). Then
X1,...,Xp 18 a basis of V. Le., each vector x can be uniquely expressed as Y ;- | a;X;.
Thus to each x € V one corresponds a unique column vector a = (ay, ... ,an)T eF”,
where F™ is the vector space on column vectors with n coordinates in F. The
correspondence X — a is an isomorphism of + : V — F™. It will be convenient to
denote x = )" ; a;x; be the equality x = [x1,X2,...,X,]a (= >_,_; x;a;). (Note
that we use the standard way to multiply row by column.)
Assume now that yq,...,y, be n vectors in V. Then

n
Yy, = E yjin, 121,,Tl
7j=1

Denote by Y = [yji]?:jzl the n x n matrix with the element y;; in j-th row and i-th
column. The above equalities are equivalent to the identity

Vi, -y ¥n] = [X1,...,xn]Y. (1.4)
Then yi,...,y, is a basis if and only if Y is invertible matrix. (See for details
next subsection.) Y is called the matrix of the change of basis from [yq,...,y,] to
[X1,...,X,]. The matrix of the change of basis from [x1,...,X,] to [y1,...,¥n] is
given by Y1, (Just multiply the identity (1.4) by Y ~! from the right.) Suppose also
that [z1,...,2,]isabasisin V. Let [z1,...,2,] = [y1,...,Yn]Z. Then [z1,...,2,] =

[X1,...,%,](YZ). (Use (1.4).)



1.3 Matrices
1.3.1 Basic properties of matrices

The set of m x n matrices with entries in F is denoted by F™*"™, F™*" is a vector
space over F of dimension mn. A standard basis of F™*" is given by FEjj,i =
1,...,m,j =1,...,n where E;; is a matrix with 1 in the entry (4,7) and 0 in all
other entries. F™*! = F™ the set of column vectors with m coordinates. A standard
basis of F™ is €; = (614, .. ,0ms) i =1,...,m.

For A € F™*" B € FP*? the product AB is defined if and only if the number of
columns in A is equal to the number of columns in B, i.e. n = p. In that case the
resulting matrix C' = [¢;;] is m x ¢. The entry ¢;; is obtained by multiplying row i of
A by the column j of B. Recall that for x = (21,...,2,) ",y = (y1,...,yn) | € F?
x'y = Yo zy;. (This product can be regarded as a product of 1 X n matrix
x| with n x 1 product matrix y.) The product of corresponding sizes of matrices

satisfies the properties:
1. associativity (AB)C = A(BC);
2. distributivity (A1 + A2)B = A1B + A3B, A(By + Bs);
3. a(AB) = (aA)B = A(aB) for each a € TF;

4. identities I,,A = AI,, where A € F™*" and I,, = [5@']?;]-:1 € F™*™ is the
identity matrix.

For A = [a;;] € F™™ denote by AT € F"*™ the transposed matrix of A. So the
(i,7) entry of AT is the (j,4) entry of A. The following properties hold

(@A) =aA, (A+B)T=AT + BT, (AC)T =C7A".

A = [a;5] € F™" is called diagonal if a;; = 0 for i # j. Denote by D(m,n) C
F™*™ the vector subspace of diagonal matrices. A square diagonal matrix with
the diagonal entries dy,...,d, is denoted by diag(di,...,d,) € F"*™. A is called

a block matrix if A = [Aij]‘;’-”:qul where each entry A;; is an m; x m; matrix. So

A € F™™ where m = Y77 mj,n = 3>9_;nj. A block matrix A is called block
diagonal if Aj; = Op,xm, for i # j. A block diagonal matrix with p = ¢ is denoted
by diag(Ai1,. .., App). A different notation is &_; Ay := diag(Ai1, ..., App).

1.3.2 Elementary row operation

Elementary operations on the rows of A € F™*™ are defined as follows:
1. Multiply row ¢ by a nonzero a € F.
2. Interchange two distinct rows ¢ and j in A.
3. Add to row j row ¢ multiplied by a, where i # j.

A € F™*™ can be brought to a unique canonical form, called the reduced row
echelon form, abbreviated as RREF by the elementary row operation. The RREF of
zero matrix Oy, xn 18 Omxn. For A # Opxn, RREF of A given by B is of the following
form. the first £ rows of B are nonzero rows. The last m — k rows are zero rows.



The number of nonzero rows is called the rank of A, and is denoted by rank A. The
first nonzero element in each i-th row, ¢ < rank A, located at the column j; is 1. It
is called a pivot. All other elements of B, in the same columns as the pivot, are zero
elements. Futhermore the following condition hold 1 < j; < jo < ... < ji < n.

1.3.3 Invertible matrices

A € F™*M ig called tnwvertible if there exists B € F"™*™ such that AB = BA = I,,.
Note that B is unique. If AC = CA = I,,, then B = BI,,, = B(AC) = (BA)C =
I,C = C. So we denote B, the inverse of A by A~!. Denote by GL(m,F) C
F™>™ the set of all invertible matrices. Note that GL(m,F) is a group under the
multiplication, with the unit I,. (Observe that for A, B € GL(m,F) (AB)™! =
B~1A~1)

A matrix E € F™*™ is called elementary if it is obtained from I,,, by applying
an appropriate elementary row operation. Note that applying an elementary row
operation on A is equivalent to FA, where F is the corresponding elementary row
operation. By reversing the corresponding elementary operation we see that E is
invertible, and E~! is also an elementary matrix.

Theorem 1.7 Let A € F™*™, The following are equivalent.
1. A is invertible.

2. Ax = 0 has only the trivial solution.

3. The RREF of A is I,.

4. A is a product of elementary matrices. A matriz A € GL(m,F) if and only if
1,, is its reduced row

Proof. 1 = 2. Ax = 0 implies that A~}(Ax) = I,,x =x=A"10=0.
2= 3. The system Ax = 0 does free variables, hence the number of pivots is the
number of row, i.e. RREF of A is n.
3= 4. There exists a sequence of elementary matrices so that E,E,_1--- E1A = Iy,.
Hence A = E 1E2_ L. E; 1 and each E; s also elementary.
4= 1. As each elementary matrix is invertible so is their product, which is equal to
A. O

Theorem 1.8 Let A € F™™. Define the matriz B = [A I,] € F™*®") . Let
C = [Cy Cy],C1,Cy € F™™ be the RREF of B. Then A is invertible if and only if
Ci = I,,. Furthermore, if Cy = I,, then A1 = C».

Proof. The fact that A is invertible if and only if Cy = I, follows straightforward
from Theorem 1.7. Note that for any matrix F = [F| Fy], Fy, Fy € F™*P,G € Fix™
we have GF = [(GF1)(GF»)]. Let H be a product of elementary matrices such that
HB =[ICy). So HA=1I,,HI, = C;. Hence H = A~! and O = A~ ]



1.3.4 Row and column spaces of A

A, B € F™*™ are called left equivalent if A and B have the same reduced row
echelon form, or B can be obtained from A by applying elementary row operations.
Equivalently, B = UA for some U € GL(m, F). A, B € F™*" are called equivalent
if B=UAYV for some U € GL(m,F),V € GL(n,F). Equivalently, B is equivalent to
A, if B can be obtained from A by applying elementary row and column operation.
A is equivalent to a block diagonal matrix I.an 4 @ 0.

Let A € F™*™ Denote by cq,...,c, the n column of A. We write A =
[c1 c2 ... ¢,]. Then span(cy,...,c,) is called the column space of A. TIts di-
mension is rank A. Similarly, the dimension of the columns space of AT, which is
equal to the dimension of the row space of A, is rank A. Le. rank AT = rank A.
Let x = (z1,...,2,) . Then Ax = >oi i xic;. Hence the system Ax = b is solvable
if and only if b is in the column space of A. The set of all x € F” such that Ax =0
is called the null space of A. It is a subspace of dimension of n — rank A, and is
denoted as N(A) C F™. dimN(A) is called the nullity of A, and denoted by nul A.
If A€ GL(n,F) then Ax = b has the unique solution x = A~'b.

Theorem 1.9 Let A € F™*". Assume that B € F"™*™ is a row echelon form of
A. Let k =rank A. Then

1. The nonzero rows of B form a basis in the row space of A.

2. Assume that the pivots of B are the columns 1 < j1 < ... < ji < n, i.e.
Zji,...,Tj, are the lead variables in the system Ax = 0. Then the columns
J1,---,Jk of A form a basis of the column space of A.

3. If n = rankA then the null space of A consists only of 0. Otherwise the null
space of A has the following basis. For each free variable x, let x, be the
unique solution of Ax = 0, where x, =1 and all other free variables are zero.
Then this n — rank A wvectors form a basis in nul A.

Proof. 1. Note that if E € F™*™ then the row space of FA is contained in A,
since any row in EA is a linear combination of the rows of A. Since A = E~1(EA)
it follows that the row space of A is contained in the row space of FA. Hence the
row space of A and F A are the same. Therefore the row space of A and B are the
same. Since the last m — k rows of B are zero rows, it follows that the row space
of B spanned by the first k rows by , ... ,b,I. We claim that by , ... ,bg are linearly
independent. Indeed, consider zb] + ...+ x;by = 0'. Since all the entries below
the first pivot in B are zero we deduce that 1 = 0. Continue in the same manner
to obtain that zo = 0,..., 2 = 0. So blT, . ,bg form a basis in the row space of
B and A.

2. We first show that c;,,...,c;, linearly independent. Consider the equality
Z?:l 7;;¢;; = 0. This is equivalent to the system Ax = 0, where x = (71, .. )"
and z, = 0 if x,, is a free variable. Since all free variables are zero, all lead variables
are zero, i.e. xj, = 0fori=1,...,k. Soc;,...,cj linearly independent. It is left
to show that cj,, where z, is a free variable is a linear combination of c;,,...,c;,.
Again, consider Ax = 0, where each x, = 1 and all other free variables are zero.

We have a unique solution to Ax = 0, which states that 0 = ¢, + Zle xj,Cj,;, 1.e.

_\k o
Cp =D i—1 —TjCj,-



3. This follows for the way we write down the general solution of the system

Ax = 0 in terms of free variables. O
Remark: Let xi,...,x, € F™. To find a basis in U := span(xy,...,X;)
consisting of k vectors in {xi,...,%,} apply Theorem 1.9 to the column space of

the matrix A = [x3 X2...%,]. To find a nice basis in U apply Theorem 1.9 to the
row space of AT.

1.3.5 Special types of matrices

The following are some special subsets of F™**",
1. Ais symmetric if AT = A. Denote by S(n,F) the subspace of n x n symmetric
polynomials.

2. A is skew-symmetric, or anti-symmetric, if AT = —A. Denote by A(n,F) the
subspace of the skew-symmetric matrices.

3. A = [ai;] is called upper triangular if a;; = 0 for each j < i. Denote by U(n,F)
the subspace of upper triangular matrices.

4. A = [ai;] is called lower triangular if a;; = 0 for each j > i. Denote by L(n,F)
the subspace of lower triangular matrices.

Denote (m) := {1,,...,m} the set of consecutive integers from 1 to m. Let
a={a <a<...<ap}tC(m),B =101 <pf2<...<pBp} C(n) Then
Ale, 8] is an p x ¢ submatrix of A, which is obtained by erasing in A all rows
and columns which are not in a and 3 respectively. Assume that p < m,q < n.
Denote by A(a,3) the (m — p) x (n — q) submatrix of A, which is obtained
by erasing in A all rows and columns which are in o and 3 respectively. For
i € (m),j € (n) denote by A(i,7) := A({i},{j}). Assume that A € F"*". The
Alex, B] is called a principal if and only if o = 3.

1.4 Determinants
1.4.1 The group of bijections on a set X

Let X,) be two sets of objects. Then ¢ : X — ) is called a mapping. L.e. for each
x € X ¢(x) is an element in V. ¢ : X — X is called the identity map if ¢(z) = = for
each z € X. The identity map is denoted as id or idy. Let ¢ : ) — Z. Then one de-
fines the composition map Yo¢ : X — Z as follows (Yo¢)(z) = ¥(é(x)). ¢: X = Y
is called bijection if there exists ¢ : Y — & such that o ¢ =idy,pop =idy. ¢ is
denoted as ¢~ !. Denote by Bi(X) the set of all bijections of X onto itself. It is easy
to show that Bi(X') forms a group under the composition, with the identity element
idy. See the below problem.

Problems

1. Let X be any nonempty set. Show that Bi(X') is a group.

2. Show that if X has one or two elements then Bi(X') is a commutative group.



3. Show that if X’ has at least three elements then Bi(X') is not a commutative
group.
1.4.2 The permutation group

Denote by S, is the group of the bijections of the set (n) := {1,...,n} onto itself.
Introduce the following polynomials

P,(x) := H (Tw(i) = Tuw(j))s X = (T1,...,2,), for each w € S,,. (1.5)
1<i<j<n
Define P, (x)
o (X
sign(w) := . 1.6
) 1= 120 (1.6

Theorem 1.10 For each w € S, sign(w) € {1,—1}. The map sign : S, —
{1, -1} is a group homomorphism, i.e.

sign(w o o) = sign(w)sign(o) for each pair w,o € S,. (1.7)

Proof. Clearly, if w(i) < w(j) then the factor (z.;) — 7w(j)) appear in Pq(x).
If w(i) > w(j) then the factor —(z.;) — Tw(;)) appear in Pq(x). Hence sign(w) €
{1,—1}. Observe next that

Pooo(X) _ Puoo (%) Fy(x)

= ? = sign(w)sign(o).
Pa() — Pab) Palx)  Oe)e(?)
(To show the equality P]ﬁz‘(’f{’)‘) = sign(w) introduce new variables y; = x,(; for

a

T € &, is a transposition if there exists a pair of integers 1 < ¢ < j < n such
that 7(¢) = j,7(j) = i. Furthermore 7(k) = k for k # i,j. Note that 7 o7 =id, i.e.
-1
T =T,

Theorem 1.11 For an integer n > 2 each w € S, is a product of transpositions
W=TLOT90 0Ty (1.8)

The product decomposition is not unique. However the parity of m is unique. More
precisely sign(w) = (—1)™.

Proof. We agree that in (1.8) m = 0 iff w = id. (This is true for any n € N.)
We prove the theorem by induction on n. For n = 2 Sy consists of two elements id
and a unique permutation 7, which satisfies 7(1) = 2,7(2) = 1.) So 7o 7 =id. In
this case the lemma follows straightforward.

Suppose that theorem holds for n = N > 2 and assume that n = N + 1. Let
w € S,. Suppose first that w(n) = n. So w can be identified with the bijection
W' € S,—1, where /(i) = w(i) for i = 1,...,n — 1. Use the induction hypothesis to
express w’ as a product of m transposition 7{ o 750+ o7/, in ¢S,_1. Clearly each
7/ extends to a transposition 7; in S,,. Hence (1.8) holds.

10



Suppose now that w(n) = ¢ < n. Let 7 be the transposition that interchange i
and n. Let w' = 7 ow. Then w'(n) = 7(w(n)) = n. The previous arguments show
that W' =7 o...07. Sow=To0ow =7T0T0...07].

It is left to show that the parity of m is unique. First observe that sign(7) = —1.
See problem 4. Theorem 1.10 yields that sign(w) = (—1)". Hence the parity of m
is fixed. O

Problems

Show

1. sign(id) = 1.

2. sign(w™!) = sign(w).

3. 7 is called an elementary transposition if T interchanges two consecutive in-
tegers 7(i) =1+ 1,7(i + 1) = i. Show that any nonelementary transposition
7(i) = j,7(j) =4, where i < j—1 can be represented as a product of 2(j—i)—1
elementary transpositions.

4. sign(7) = —1 for any transposition 7.

1.5 Definition and properties of determinants

For A € F™"*" we define the determinant of A as

det A = Z SIgN (W) @10(1)A200(2) - - - e (n) - (1.9)
NESn

Theorem 1.12 Let A = [a;j] € F"*". Then det A satisfies the following prop-
erties.

1. det A=det AT.
2. det A is a multilinear function in rows or columns of A.

3. The determinant of lower triangular or upper triangular matriz is a product
of the diagonal entries of A.

4. Let B obtained from A by permuting two rows or columns of A. Then det B =
—det A.

If A has two equal rows or columns then det A = 0.
A is invertible iff det A # 0.
Let A, B € F™"*", Then det AB = det Adet B.

NS =

(Laplace row and column expansion for determinants) For i,j € [n] denote by
A(i, 7) € F=Dx(=1) the matriz obtained from A by deleting its i-th row and
j-th column. Then

det A =) "a;;(—1)" det A(i, j) = Y _ aji(—1)" det A4, j) (1.10)
j=1 =1
fori=1,...,n.
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Proof. 1. In (1.9) note that if j = w(i) then i = w™1(j). sice w is a bijection,we
deduce that when ¢ = 1,...,n then j takes each value in [n]. Since sign(w) =
sign(w™!) we obtain Hence

det A= sign(w)ay1()lau1(2)2 - Gt (yn =
wGSn

Z sign(w_l)awq(l)lawq(g)g e Gy (), = det AT,
wESH

(Note since S, is a group, when w varies over S,, so is w™'.)

2. Fix all rows of A except the row i. From (1.9) it follows that det A is a linear
function in the row ¢ of A. I.e. det A is a multilinear function in the rows of A. In
view of the identity det A = det AT we deduce that det A is a multilinear function
of the columns of A.

3. Assume that A is upper triangular. Then @,y = 0 if w(n) # n. So all
nonzero terms in (1.9) are zero unless w(n) = n. So assume that w(n) = n. Then
A(n—1)wn—1) = 0 unless w(n — 1) = n — 1. So all nonzero terms in (1.9) must come
from all w satisfying w(n) = n,w(n — 1) = n — 1. Continuing in the same manner
we deduce that the only nonzero term in (1.9) comes from w =id. As sign(id) =1 it
follows that det A = H?:l a;;. Since det A = det AT we deduce the claim for lower
triangular matrix.

4. Note that a permutation of two elements 1 < i < j < n in [n] is achieved by a
transposition 7 € S, So B = [byy] and byq = ay As in the proof of 1 we let
7(i) = j, then j = 771(4) = 7(4). Hence

P)q-

det B= 3 sign(w)as(1)u(1)@r(2)u(2) - - - Gr(ny(n) =

wGSn
Z SIgN (W) A1 (r(1)) B20((2)) - -+ Inws(r(n)) =
weSy

Z —sign(w © T)a1(wor)(1) A2(wor)(2) - - - An(wor)(n) = — det A.

OJES'!L

5. Suppose first that we are not in characteristic 2, i.e. 0 # 2. Suppose A
has two identical rows. Interchange these two rows to obtain B = A. So det A =
det B = — det A, where the last equality is established in 4. So 2det A = 0. Hence
det A = 0.

Suppose now that 2 = 0, i.e. 1 = —1. In this case det A is equal to the permanent
of A:

perm A = Z A10(1)@20(2) - - - Aneo(n)- (1.11)
wESH

Since A has two identical rows each term appears twice. (For example if row
one is equal to two two them ay;a2; = ajjaz;. So we have only %’terms and each
term is multiplied by 2 = 0. Hence det A = 0. Use det A = det A" to deduce that
det A = 0 if A has two identical columns.

6. Use 2, 3 and 5 to deduce that det EA = det F' det A if F is an elementary matrix.
(Note that det E # 0.) Hence if Fy,..., Ej are elementary matrices we deduce
that det(Ey ... Ey) = Hle det E;. Let B be the reduced row echelon for of A. So
B = EyEy_;...E1A. Hence det B = ([[I, det E;)det A. If I, # B, then the
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last row of B is zero, so det B = 0 which implies that det A = 0. If B = I, then
det A =[], (det E;)~L.

7. Assume that either det A = 0 or det B = 0. We claim that (AB)x = 0 has a
nontrivial solution. Suppose det B = 0. 6 and Theorem 1.7 yields that Bx = 0
has a nontrivial solution which satisfies ABx = 0. Suppose that B is invertible and
Ay = 0 for some y # 0. Then AB(B~!x) = 0 which implies that det AB = 0.
Hence in these cases det AB = 0 = det Adet B. Suppose that A, B are invertible.
Then each of them is a product of elementary matrices. Use the arguments in the
proof of 6 to deduce that det AB = det Adet B.

8. First we prove the first part of the formula 1.10 for ¢ = n. Clearly, (1.9) yield the
equality

det A = Z QA j Z Sign(w)alw(l) < O(p—1)w((n—1)- (1.12)
j=1

WESH,w(n)=j

In the above sum let j = n. So w(n) = n. So w can be viewed as W’ € S,,_1. Also
sign(w) = sign(w’). Hence Y g  sign(w)aiy) - Gn-1)uw(n-1) = det A(n,n).
Note that (—1)"™" = 1. This justify the form of the last term of the expansion 1.10
for i« = n. To justify the sign of any term in 1.10 for i = n we take the column row
and interchange it first with column j + 1, then with column j + 2, and at last with
the column n. The sign of det A(n, j) is (—1)"*7. This proves the case i = n.

By interchanging any row ¢ < n with row ¢ + 1, row ¢ + 2, and finally with row
n we deduce the first part of the formula 1.10 for any i. By considering det AT we

deduce the second part of the formula 1.10.
Od

Observe next that det I,, = 1. Hence

1

1=det ], =det(AA™") =det Adet A~ = det(A™ 1) = )
e et( ) =de e = det(A™) ot A

For A = [a;j] € F"*™ denote by A;; the determinant of the matrix obtained from

A by deleting i-th row and j-th column and multiplied by (—1)"*/. (This is called
the (i,7) cofactor of A.)

Ajj = (=1)" det A(i, ). (1.13)

Then the expansion of det A by the row i and the column j respectively, i.e. (1.12),
is given by the equalities

det A = Z aiinj = Z aiinj. (1.14)
j=1 i=1

Then the adjoint matrix of A is defined as follows:

An A ... Ap
A A Ay

adjAi= | TR (1.15)
Aln A2n v Ann
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Proposition 1.13 Let A € F"*™, Then
A(adj A) = (adj A)A = (det A)L,,. (1.16)
Hence A is invertible if and only if det A # 0. Furthermore, A~! = (det A)~'adj A.

Proof. Consider an (i, k) entry of A(adj A). It is given as > " a;; Ay;. For
i = k (1.14)yields that >°%_; a;;A;; = det A. Suppose that i # k. Let By be the
matrix obtained from A be replacing the row k in of A by the row i. So By has
two identical rows, hence det By = 0. On the other hand, expand By by the row k
to obtain that 0 = det By = }°7_, a;jAy;. This shows that A(adj A) = (det A)I,,.
Similarly one shows that (adj A)A = (det A)1,.

Theorem 1.12 part 6 shows that A is invertible iff det A # 0. Hence for invertible
A AT = ﬁadj A. O

Proposition 1.14 (Cramer’s rule.) Let A € GL(n,F) and consider the system

Ax = b, where x = (z1,...,2,) . Denote by Cy the matriz obtained from A by

replacing the column k in A by b. Then xj = ddegtBAk fork=1,... n.

Proof. Clearly x = A™'b = 1+ (adj A)b. Hence zj, = (det A)~! > i—1 Ajibj,
where b = (by,...,b;)". Expand By, by the column k to deduce that det By =
Z?:l bjAjk- O

Let B be a square submatrix of A. Then det B is called a minor of A. det B is
called a principle minor of order m if B is an m X m principle submatrix of A.

1.6 Polynomials

For a field F, (usually F = R, C), denote by F[z], the ring of polynomials p(z) =
apz" + a12" ' + ... + a, with coefficients in F. The degree of p, denoted by degp,
is the maximal degree n — j of a monomial a;z"~7 which is not identically zero,
ie. a; # 0. So degp = n if and only if ag # 0, the degree of a nonzero constant
polynomial p(z) = ag is zero, and the degree of the zero polynomial is agreed to be
equal to —oco. For two polynomials p, g € F[z] and two scalars a,b € F ap(z) + bq(z)
is a well defined polynomial. Hence FF|[z] is a vector space over F, whose dimension is
infinite. The set of polynomials of degree n at most, is n + 1 dimensional subspace
of F[z]. Given two polynomials p = Y1 ja;z2"",q = >0 bj2™J € F[z] one can
form the product

n+m k
p(2)q(z) = Z (Z aibr_;)2" 7™ where a; = b; = 0 for i > n and j > m.
k=0 i=0

Note that pg = gp and degpg = degp+ degq. The addition and the product in F[z]
satisfies all the nice distribution identities as the addition and multiplication in F.
Here the constant polynomial p = 1 is the identity element, and the zero polynomial
as the zero element. (That is the reason for the name ring of polynomials in one
variable over F.)

Recall that given two polynomials p,q € F[z] one can divide p by ¢ # 0 with
the residue r, i.e. p = tq + r for some unique t,r € F[z], where degr < deggq. For
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p,q € Flz] let (p,q) be the greatest common divisor of p,q. If p and ¢ are identically
zero then (p,q) is the zero polynomial. Otherwise (p,q) is a polynomial s of the
highest degree that divides p and ¢. s is determined up to a multiple of a nonzero
scalar. s can be chosen as a unique monic polynomial:

s(z) = 2+ slzl_l + ...+ s €Fz]. (1.17)
For p,q # 0 s can be found using the Fuclid algorithm:

pi(2) = t;(2)pit1(2) + piya(2), degpipo < degpip1 i=1,... (1.18)

Start this algorithm with p; = p,ps = ¢. Continue it until p; = 0 the first time.
(Note that k > 3.) Then px_1 = (p, q). It is easy to show, for example by induction,
that each p; is of the form u;p + v;q for some polynomials u;,v;. Hence the Euclid
algorithm yields

(p(2),q(2)) = u(z)p(z) + v(2)q(z), for some u(z),v(z) € Flz]. (1.19)

(This formula holds for any p,q € F[z].) p,q € F[z] are called coprime if (p,q) = 1.

Recall that if we divide p(z) by z — a we get the residue p(a), i.e. p(z) =
(z —a)q(z) + p(a). So z — a divides p(z) if and only if p(a) = 0, i.e a is the root of
p. A monic p(z) splits to a product of linear factors if

p(z)=(z—2z1)(z —22)...(z — 2zp) = H(z—zi). (1.20)

=1
Note that z1,..., z, are the roots of p.
Let z = (21,...,2,) € F™ Denote
op(z) = Z ZiyZig -+ Ziy, k=1,...,n. (1.21)
1<i1 <i2<...<ix<n
or(z) is called the k — th elementary symmetric polynomial in z,. .., z,. Observe

01(z) = z1 + 22 + ... + 2z, n summands
n(n—1)
2
on(z) = 2122 ... 2,, n terms in the product.

09(z) = 2120+ ...+ 212 + 2223 + ... Zp—1, summands,

A straightforward calculation shows

n

[[z=2)=2"+> (-1)ioi(z)""". (1.22)
i=1

i=1
1.6.1 Finite extension of fields

A polynomial p(z) € F[z] is called irreducible, if all polynomials ¢ that divide p are
either constant nonzero polynomials, or polynomials of the form ap(z), where a €
F\ {0}. F is called an algebraically closed field if any monic polynomial p(z) € F[z]
splits to linear factors in F[z]. It is easy to see that F is algebraically closed if and
only if the only irreducible monic polynomials are z — a for all a € F. So F is not
algebraically closed if and only if there exists an irreducible monic polynomial in
F[z] of degree greater than 1.
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Theorem 1.15 Let F be a field. Assume that p(z) = 2% + 2?21 a;z%% be an
irreducible polynomial, where d > 1. Denote by F[z]/(p(2)F|z]) the set of all polyno-
mials modulo p(z). That is f(z) = g(z) if the polynomial f(z) — g(z) is divided by
p(2). Then this set is a field, denoted by Fp (), under the addition and multiplication
modulo p(z). Fp(2) is a vector space over F of dimension d. The set of all constant
polynomials in [, is isomorphic to F. () is called a finite extension of F, and
more precisely a an extension of degree d.)

Problems
Show

1. Prove Theorem 1.15.

2. Show that there is only one monic irreducible polynomial of degree two over
Zs. Describe the extension of Zo of degree 2.

3. Show that any finite extension of Z,, where p > 2 is prime, has p? elements.

4. Recall that the characteristic polynomial of A € F™"*" is defined as det(z1,, —
A). Show that the characteristic polynomial is a monic polynomial of degree
n. Prove that the coefficient of 2"~* of the characteristic polynomial of A
is the sum of all minors det Ao, @] where « runs over all subsets of [n] of
cardinality k.

5. Recall that A € F is an eigenvalue of A € F"*™ if there exists 0 # x € F" such
that Ax = Ax. This x # 0 is called an eigenvector of A corresponding to A.
Show that A is an eigenvalue of A if and only if ) is a zero of the characteristic
polynomial of A.

6. Find a A € Z§X2 which does not have eigenvalues in Zo.

7. Show that C is a 2-extension of R. What is the corresponding irreducible
polynomial in R[z]?

8. Let p > 3 be a prime and consider the polynomial f, = Z?:_ol 2t € Q[z]. Show
that this polynomial is irreducible over Q]z].

1.7 Complex numbers

C is the field of complex numbers. A complex number z can be written in the form
z = x + iy, where z,y € R. Here i2 = —1. Sometimes in this notes we denote i by
v/—1. So C can be viewed as R?, where the vector (z,y) represents z. Recall that
x = Rz, the real part of z, and y = Iz, the imaginary part of z. Z = x — iy is the
conjugate of z. Note that |z| = \/x? + 9?2, is the absolute value of z or the modulus
of z. For z # 0, the argument of z is defined as arctan £. The polar representation
of zis z = rel’ = r(cos@ +isinf). Here r and 6 are the modulus and the argument
of z(# 0). Let w = u + iv = R(cos ) +isin)), where u,v € R. Then

z4w=(x+u)+ily+v), z2w=(zxu—yv)+i(zv+yu) = rRe 0TV
Yo Lys=Bew-0i, 40
z 2z r

16



For a complex number w = Re'¥ and a positive integer n > 2, the equation 2" —w =
. . . 1 sY42k7
0 has n-complex distinct roots for w # 0, which are Ruel™ " for k = 0,1,...,n—1.

The fundamental theorem of algebra states that any monic polynomial p(z) €
Clz] of degree n > 2 splits to linear factors, i.e. p(z) =[], (z — z).

Problems
Show

1. Show that p(z) = 2% + bz +c € R[z] is irreducible over R if and only if b < 4c.

2. Show that any monic polynomial p(z) € R[z] of degree 2 at least splits to a
product of irreducible linear and quadratic monic polynomials over R[z].

3. Deduce from the previous problem that any p(z) € R[z] of odd degree must
have a real root.

1.8 Linear transformations

Let V,U be two finite dimensional subspaces, where dimV = n,dimU = m. T :
V — U is called a linear transformation if T'(au+bv) = a7 (u)+bT(v). Assume that
{vi,...,vp},{u1,...,uy} be two bases in V, U respectively. Then T is completely
determined by T'(v;) = > 212 ajju;,j = 1,...,n. Let A = [a;];27_; € F™*". Then
the above equality is equivalent to

Tvi,ve,...,vp] = [Tv1,Tve, ..., Tv,] = [uj,ug,...,uylA. (1.23)
A is called the representation matrix of 7. Assume that
Vi, s ¥n] = [V1, Ve, ..., vi]Y, [x1,...,%Xp] = [ur,ug, ..., uy)X, (1.24)

where Y € GL(n,F), X € GL(m,F), are another bases in V and U respectively.
Then
Ty1, ¥, ¥n] = [X1,X2, ..., Xn] X LAY (1.25)

Denote by L(V, U) is the set of linear transformations 7: V — U. L(V,U) is a
vector space by defining (aT'+bS)(v) = aT(v)+bS(v). Then L(V, U) is isomorphic
to F™*"_ (Choose bases [vi,Va,...,Vy],[u1,ug,...,u,] in V, U respectively, and
identify 7" with its representation matrix.)

Assume that dimU = dim'V. T € L(V,U) is called an isomorphism if it is
1—-1,ie. T(x) =T(y) = x =y and onto, i.e. T(V) =U.

Denote by L(V) := L(V, V). Any T € L(V) is represented by a matrix A € F"*"
in a basis [vy,...,v,] of V as follows:

Tlvi,...,va] = [01,...,Val, Le. T(v;) =) aivi for j € [n]. (1.26)
i=1

Denote by V* := L(V,F). V* is the set of all linear functions on V. V* is called
the dual space.

Problems
Show
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1. Any n-dimensional space V over F is isomorphic to F".

2. Any finite dimensional space V over F is isomorphic to (V*)*. Define an
explicit isomorphism from V to (V*)*.

3. Any T € L(V,U) is an isomorphism if and only if 7" is represented by an
invertible matrix in some bases of V and U.

4. Let T € L(V,U). What are the conditions on the dimensions of V and U
that the following holds: T"is 1 — 1; T is onto; T"is 1 — 1 and onto.

5. A, B € F™" are called similar if B = Q~*AQ for some Q € GL(n,F). Show
that similarity is an equivalence relation on F™*™,

6. A, B € F™ "™ are similar if and only if they represent the same linear transfor-
mation 7" € L(V) in different bases, for a given n-dimensional vector space V
over F.

7. If A, B € F™*™ are similar then A and B have the same characteristic polyno-
mial. Give an example where the opposite claim does not hold.

8. Suppose that A, B € F™ have the same characteristic polynomial, which has
n distinct roots in F. Show that A and B are similar.

2 Inner product spaces

2.1 Inner product
Definition 2.1 Let F = R,C and let V be a vector space over F. Then (-,-) :
V xV = F is called an inner product if the following conditions hold:

(a) (ax+by,z) =a(x,z) +b(y,z), foralla,beF, x,y,z€V,
(br) forF=R (y,x)=(x,y), forallx,yeV;
(

bc) forF=C (y,x)=(x,y), forallx,ye€V;
(¢) (x,x) >0 forallx e V\{0}.

[|1x]| :== \/(x,%) is called the norm (length) of x € V.

Other standard properties of inner products are mentioned in Problems 2.2-2.3.
We will use the abbreviation IPS for inner product space. In this chapter we assume
that F = R, C unless stated otherwise.

Proposition 2.2 Let 'V be a vector space over R. Identify V. with the set of
pairs (X,y), x,y € V. Then V. is a vector space over C with

(a+vV-1b)(x,y) :=a(x,y) + b(—y,x), foralla,beR, x,y € V.

If V has a basis ey, ..., e, overF then (e1,0), ..., (e, 0) is a basis of V. over C. Any
inner product (-,-) on 'V over R induces the following inner product on V.:

((x,¥), (0, v)) = (x,u) + {y,v) + V=-1({y,u) = (x,v)), x,y,u,v € V.
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We leave the proof of this proposition to the reader (Problem 2.4).

Definition 2.3 Let V be an IPS. Then
(a) x,y € V are called orthogonal if (x,y) = 0.
(b) S,T CV are called orthogonal if (x,y) =0 foranyxe€ S,y €T.
(d) For any S C 'V, S+ C V is the mazimal orthogonal set to S.
(e) X1, ...,Xp is called an orthonormal set if

(xi,x5) = 035, 4, =1,..,m.

(f) X1,...,Xp is called an orthonormal basis if it is an orthonormal set which is a
basis in V.

Definition 2.4 (Gram-Schmidt algorithm.) Let V be an IPS and S =
{X1,..,Xm} C V a finite (possibly empty) set (m > 0). Then S = {ey,...,e,}
is the orthonormal set (p > 1) or the empty set (p = 0) obtained from S wusing the
following recursive steps:

(a) If x1 = 0 remove it from S. Otherwise replace x1 by ||x1||~'x;.
(b) Assume that xi,...,X) is an orthonormal set and 1 < k < m. Let yx41 =
X1 — Zle(xkﬂ,xi)xi. If yp+1 = 0 remove xiy1 from S. Otherwise replace Xj11

by [yk1 |l Y-

Corollary 2.5 Let V be an IPS and S = {x1,...,Xxp,} C V be n linearly inde-
pendent vectors. Then the Gram-Schmidt algorithm on S is given as follows:

Y1
y1:=x1, 11 = ||y1l], e1:= =,
T11

Tji = <Xiaej>7 ,] = 17"'7i - 17 (21)

i—1
Yy =X — er,-ej, T — Hy,H, e;, = Z—;, 1= 2, N
j=1
In particular, e; € S; and ||y;|| = dist(x;,S;—1), where S; = span(xy,...,x;) for
i=1,...n and Sy = {0}. (See Problem 2.5 for the definition of dist(x;, Si—1).)

Corollary 2.6 Any (ordered) basis in a finite dimensional IPS V induces an
orthonormal basis by the Gram-Schmidt algorithm.

See Problem 2.5 for some known properties related to the above notions.

Remark 2.7 [t is known, e.g. [1] that the Gram-Schmidt process as described
in (2.1) is numerically unstable. That is, there is a severe loss of orthogonality of
Y1, ... as we proceed to compute y;. In computations one uses either a modified GSP
or Householder orthogonalization [1].

Definition 2.8 (Modified Gram-Schmidt algorithm.) Let V be an IPS
and S = {X1,...,%Xm} C V a finite (possibly empty) set (m > 0). Then S =
{e1,...,ep} is the orthonormal set (p > 1) or the empty set (p = 0) obtained from S
using the following recursive steps:
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o Initialize j =1 and p=m.

o Ifx; #0 let ej := ”xlj”xj. If x; = 0 replace p by p — 1 and x; by x;11 for
T1=17,...,p.

o p;:= (x;,ej)e; and replace x; by x; :==x; —p; fori=j+1,...,p.
o Let j = j+ 1 and repeat the process.

MGS algorithm is stable, needs mn? flops, which is more time consuming then
GS algorithm.

Problems
(2.2)
Let V be an IPS over F. Show
(0,x) = (x,0) =0,
for F =R (z,ax + by) = a(z,x) + b(z,y), forall a,b € R, x,y,z € V,
for F = C (z,ax + by) = a(z,x) + b(z,y), foralla,b € C, x,y,z € V.

(2.3)
Let V be an IPS. Show
(a) ||ax|| = |a| ||x]|| for @ € F and x € V.
(b) The Cauchy-Schwarz inequality:
|Gy < [l Iyl
and equality holds if and only if x,y are linearly dependent (collinear).
(c) The triangle inequality
[+ vl < [IxI[ +[lyl],
and equality holds if either x =0 or y = ax for a € R,..
(2.4)
Prove Proposition 2.2.
(2.5)

Let V be a finite dimensional IPS of dimension n. Assume that S C V. Show

(a) If x1, ..., Xy, is an orthonormal set then X1, ...,X;, are linearly independent.

(b) Assume that eq, ..., e, is an orthonormal basis in V. Show that for any x € V
the orthonormal expansion holds

n

X = Z(x,ei>e,~. (2.6)

i=1

Furthermore for any x,y € V




(c) Assume that S is a finite set. Let S be the set obtained by the Gram-Schmidt
process. Show that S = () <= spanS = {0}. Show that if S # 0 then e, ., €p s
an orthonormal basis in span S.

(d) There exists an orthonormal basis e, ...,e, in V and 0 < m < n such that

el,...,en €5, span S =span(ey,...,en),
SJ_ = Span(em—l-b "'7en)7
(81)+ = spans.

(e) Assume from here to the end of the problem that S is a subspace. Show V =
S S+t

(f) Let x € V and let x = u + v for unique u € S, v € S*. Let P(x) := u be the
projection of x on S. Show that P : V — V is a linear transformation satisfying

P?=P, RangeP=2S, KerP=5"
(g) Show

dist(x, S) :=||x — Px|| < ||x — w|| for any w € S
and equality <= w = Px. (2.8)

(h) Show that dist(x, S) = ||x—w]| for some w € S if and only if x —w is orthogonal
to S.

(i) Let eq,..., ey be an orthonormal basis of S. Show that for each x € V Px =

?:1 <Y7 ei>ei-

(Note: Px is called the least square approximation to x in the subspace S.)

(2.9)

Let X € C™*" and assume that m > n and rank X = n. Let x1,...,x, € C™ be the
columns of X, i.e. X = (x1,...,Xy,). Assume that C™ is an IPS with the standard
inner product < x,y >= y*x. Perform the Gram-Schmidt algorithm (2.5) to obtain
the matrix @ = (ey,...,e,) € C™*". Let R = (rj;)} € C"*™ be the upper triangular
matrix with r;;, j < i given by (2.1). Show that QTQ = I, and X = QR. (This
is the QR algorithm.) Show that if in addition X € R"*™ then @) and R are real
valued matrices.

(2.10)

Let C' € C™*" and assume that {\1, ..., A, } are n eigenvalues of C' counted with their
multiplicities. View C as an operator C' : C" — C". View C™ as 2n-dimensional
vector space over R?". Let C = A ++/—1B, A, B € M,,(R).

- A —-B
a. Then C := B A
operator over R in suitably chosen basis.
b. Show that {\i, A1, ..., An, An} are the 2n eigenvalues of C' counting with multi-
plicities.
c. Show that the Jordan canonical form of C, is obtained by replacing each Jordan
block A + H in C by two Jordan blocks AI + H and X\ + H.

€ Ma,,(R) represents the operator C' : C* — C" as an
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2.2 Geometric interpretation of the determinant

Definition 2.9 Letx1,...,X,;, € R"™ be m given vectors. Then the parallelepiped
P(x1,...,Xm) is defined as follows. The 2™ wvertices of P(x1,...,Xy,) are of the

form v := 3" a;x;, where a; = 0,1 for i =1,...,m. Two vertices v.="y ", a;X;
and w = Y bix; of P(X1,...,Xy) are adjacent, i.e. connected by an edge in
P(x1,...,%Xm), if |[(a1,...,am)" — (b1,...,by) || = 1, i.e. the 0 —1 coordinates of
(a1,...,am)" and (b1,...,by)" differ only at one coordinate k, for some k € [1,m)].

Note that if ey, ..., e, is the standard basis in R™, i.e. € = (614,...,0n) 3 =
1,...,n, then P(eq,...,e,) is the m-dimensional unit cube, whose edges are parallel
to eq,..., e, and its center (of gravity) is %(1, ...,1,0,...,0)", where 1 appears m

N—_——

times for 1 < m < n.
For m > n P(x3,...,%,,) is "flattened” parallelepiped, since xi,...,x,, are
always linearly dependent in R” for m > n.

Proposition 2.10 Let A € R™" and view A = [c1 c2...¢c,] as an ordered
set of n wvectors, (columns), c1,...,¢,. Then |det A is the n-dimensional volume
of the parallelepiped P(cy,...,cn). If c1,...,¢, are linearly independent then the
orientation in R™ induced by c1,...,c, is the same as the orientation induced by

el,...,e, ifdet A > 0, and is the opposite orientation if det A < 0.

Proof. det A = 0 if and only if the columns of A are linearly dependent.
If c1,...,c, are linearly dependent, then P(cy,...,c,) lies in a subspace of R",
i.e. some n — 1 dimensional subspace, and hence the n-dimensional volume of
P(cy,...,cy) is zero.

Assume now that det A # 0, i.e. cq,...,c, are linearly independent. Perform
that Gram-Schmidt process 2.4. Then A = QR, where Q = [e; e3...€,] is an
orthogonal matrix and R = (rj;) € R™*" is an upper diagonal matrix. (See Problem
2.9.) So detA = det@QdetR. Since Q'Q = I, we deduce that 1 = detl, =
det QT det Q = det Qdet Q@ = (det Q)2. So det @ = +1 and the sign of det Q is the
sign of det A.

Hence |det A| = det R = r117r92 ... rny. Recall that r1q is the length of the vector
c1, and r;; is the distance of the vector e; to the subspace spanned by eq,...,e;_1
for i =2,...,n. (See Problem 2.5 parts (f-i).) Thus the length of P(c;) is r11. The
distance of co to P(cq) is r92. Hence the area, i.e 2-dimensional volume of P(cy, c2)
is r117r22. Continuing in this manner we deduce that the ¢ — 1 dimensional volume

of P(cy,...,¢i-1) is 711...7(i_1)(i—1)- As the distance of ¢; to P(cy,...,ci-1) is 7y
it follows that the i-dimensional volume of P(cy,...,¢;) is r11...7. For i = n
we get that |det A| = ry1...7,, which is equal to the n-dimensional volume of
P(ci,...,cn).

As we already pointed out the sign of det A is equal to the sign of det Q = *1.
If det @ = 1 it is possible to "rotate” the standard basis in R™ to the basis given by
the columns of an orthogonal matrix ) with det Q = 1. If det Q@ = —1, we need one

reflection, i.e. replace the standard basis ey, ..., e, be the new basis —ej,es,..., e,
and the rotate the new basis —ej,es,..., e, to the basis consisting of the columns
of an orthogonal matrix ), where det QQ = —1. O
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Theorem 2.11 (The Hadamard determinantal inequality) Let A = [c1,...,c,] €
C™™. Then |det A| < ||c1]] ||e2]]---|lenl|- Equality holds if and only if either c; = 0
for some i or (c;,c;) =0 for alli # j, i.e. c1,...,¢, is an orthogonal system.

Proof. Assume first that det A = 0. Clearly the Hadamard inequality holds.
Equality in Hadamard inequality if and only if ¢; = 0 for some i.

Assume now that det A # 0 and perform the Gram-Schmidt process. From (2.1)
it follows that A = QR where @ is a unitary matrix, i.e. Q*Q = I, and R = (r;;) €
C™ ™ upper triangular with r;; real and positive numbers. So det A = det Q det R.
Thus

1 =det], =detQ*Q = det Q* det Q = det Qdet Q = |det Q> = |det Q| = 1.

Hence |det A| = det R = 711722 ... . According to Problem 2.5 and the proof

of Proposition 2.10 we know that ||c;|| > dist(c;,span(cy,...,ci—1)) = 4 for

i = 2,...,n. Hence |det A| = detR < |[|c1]] [|c2]].-.|lcn|]- Equality holds if

llcil| = dist(c;,span(cy,...,ci—1)) for i = 2,...,n. Use Problem 2.5 to deduce

that ||c;|| = dist(c;,span(cy,...,c;—1)) if an only if (¢;,c;) =0 for j =1,...,i—1.

Use these conditions for ¢ = 2,... to deduce that equality in Hadamard inequality

holds if and only if ¢y, ..., c, is an orthogonal system. O
Problems

1. Let A = (aij)i; € C™". Assume that |a;;| < K for all ¢,j = 1,...,n. Show
that |det A] < K™nZ.

2. Let A = (a5)};=; € C"" such that |a;;| <1 for i,j =1,...,n. Show that
|det A| = n% if and only if A*A = AA* = nl,. In particular, if |det A] = n?
then |a;;| =1fori,j=1,...,n.

3. Show that for each n there exists a matrix A = (a;5)7;_; € C"*" such that

la;j| =1fori,j=1,...,n and |det A| = n2.

4. Let A = (ai;) € R™™™ and assume that a;; = £1,4,5 = 1,...,n. Show that if
n > 2 then the assumption that |det A| = n? yields that n is divisible by 4.

5. Show that for any n = 2™, m = 0,1,... there exists A = (a;;) € R™*"
such that a;; = £1,4,5 = 1,...,n and |det A| = ns. (Hint: Try to prove by
induction on m that A € R2"*2" can be chosen symmetric, and then construct
B e R yging A.)

Note: A matrix A = (aij)ijl € R™ ™ such that a;; = £1 for 4,5 = 1,...,n
and |det A| = nZ is called a Hadamard matrix. It is conjectured that for each n

divisible by 4 there exists a Hadamard matrix.

2.3 Special transformations in IPS

Proposition 2.12 Let V be an IPS and T : V. — V a linear transformation
Then there exists a unique linear transformation T* : V.— 'V such that (Tx,y) =
(x, T*y) for all x,y € V.
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See Problems 1-2.

Definition 2.13 Let'V be an IPS and letT : V. — V be a linear transformation.
Then
(a) T is called self-adjoint if T* =T
(b) T is called anti self-adjoint if T* = —T';
(c) T is called unitary if T*T =TT* = I;
(d) T is called normal if T*T = TT*.

Denote by S(V), AS(V), U(V), N(V) the sets of self-adjoint, anti self-adjoint,
unitary and normal operators on 'V respectively.

Proposition 2.14 Let V be an IPS over F = R, C with an orthonormal basis
E ={ei,..,e,}. Let T : V =V be a linear transformation. Let A = (a;;) € F™*"
be the representation matriz of T in the basis E:

ai; = (Tej,e;), i,j=1,..,n. (2.1)
Then for F = R:

T* is represented by AT,

T is selfadjoint <= A= AT,

T is anti selfadjoint <= A= —A",

T is unitary <= A is orthogonal <= AA" = ATA =1,
T isnormal <= Aisnormal < AA" = AT A,

S
~—

~ T~~~
QL O
~— —

a
~—

and for F = C:

a) T*is represented by A* (:= A"),

T is selfadjoint <= A is hermitian < A = A",

T is anti selfadjoint <= A is anti hermitian <= A = —A",
d) T isunitary <= Aisunitary < AA*=A"A=1,

e) Tisnormal <= Aisnormal <= AA* = A"A.

See Problem 3.

Proposition 2.15 Let V be an IPS over R, and let T € Hom(V). Let V. be
the complexification of V. Show that there exists a unique T, € Hom(V.) such that
T.|V = T. Furthermore T is self-adjoint, unitary or normal if and only if T, is
self-adjoint, unitary or normal respectively.

See Problem 4
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Definition 2.16 For a field F let

S(n,F) :={AcF™": A=A"},
AS(n,F):={AcF™™: A=—-A"},
O(n,F):={AcF™": AAT =ATA=1},
SO(n,F):={A€O(n,F): detAd=1},
DO(n,F) := D(n,F) N O(n,F),

N(n,R) :={A e R™": AA" = AT A},
N(n,C):={AeC"": AA" = A*A},
H,={AeC"": A=A"},

AH, ={AecC"":. A=-A"},

U, :={AcCV": AA"=A*A=1},
SU,:={4e€U,: detA=1},

DU, :=D(n,C)NU,.

See Problem 5 for relations between these classes.

Theorem 2.17 Let V be an IPS over C of dimension n. Then a linear trans-
formation T :' V — V is normal if and only if V has an orthonormal basis consisting
of eigenvectors of T.

Proof. Suppose first that V has an orthonormal basis ey, ..., e, such that T'e; =
Mi€i, i = 1,...,n. From the definition of T* it follows that T*e; = \;e;, i = 1,...,n.
Hence TT™* =T*T.

Assume now T is normal. Since C is algebraically closed T" has an eigenvalue ;.
Let V1 be the subspace of V spanned by all eigenvectors of 1" corresponding to the
eigenvalue \;. Clearly TV, C V1. Let x € Vy. Then T'x = A\;x. Thus

T(T*x) = (TT*)x = (T*T)x = T*(Tx) = M\ T*x = T*V; C V.

Hence TVi,T*Vi C Vi. Since V = V; @ V1 it is enough to prove the theorem
for T|V; and T|V7y.

As T|V1 = My, it is straightforward to show T%|V; = A\ Iy, (see Problem
2). Hence for T|V; the theorem trivially holds. For T|V{ the theorem follows by
induction. O

The proof of Theorem 2.17 yields:

Corollary 2.18 Let 'V be an IPS over R of dimension n. Then the linear
transformation T : V. — V with a real spectrum is normal if and only if V has an
orthonormal basis consiting of eigenvectors of T .

Proposition 2.19 Let 'V be an IPS over C. Let T € N(V). Then

T is self — adjoint <= spec (T') C R,
T is unitary <= spec (T)C S'={z€C: |z| =1}
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Proof. Since T is normal there exists an orthonormal basis ey, ..., e, such that
Te; = M\;e;, i =1,...,n. Hence T"e; = \;e;. Then

T=T" << /\2:5\17 1=1,..,n,
TT* =T"T=1 < |N|=1,i=1,...,n.

|

Combine Proposition 2.15 and Corollary 2.18 with the above proposition to
deduce:

Corollary 2.20 Let 'V be an IPS over R and let T € S(V). Then spec (T') C R
and V has an orthonormal basis consisting of the eigenvectors of T .

Proposition 2.21 Let V be an IPS over R and let T € U(V). Then V =
Dic{-1,1,2,...k} Vi, where k > 1, V; and V are orthogonal for i # j, such that
(a) T|V_1 = _IV,1 dimV_1 2 0,
(b) T‘Vl = IV1 dimVl > O,
(c) TV; =V;, dimV; = 2, spec (T|V;) C SN\{~1,1} fori=2, ..., k.

See Problem 7.

Proposition 2.22 Let V be an IPS over R and let T € AS(V). Then V =
Dic(1,2,....k} Vi, where k> 1, V; and V; are orthogonal for i # j, such that
(a) T|V1 = 0V1 dlmVO Z 0,
(b) TV, =V,;, dimV; =2, spec (T|V;) C vV—1R\{0} fori=2,... k.

See Problem 8.

Theorem 2.23 Let V be an IPS over C of dimension n. Let T € Hom(V). Let
M,y Ap € C be n eigenvalues of T counted with their multiplicities. Then there
exists an orthonormal basis g1, ...,8n of V with the following properties:

Tspan(gy, ..., &) C span(gi, ..., &), (I'gi, &) =N\, i =1,...,n. (2.2)

Let V be an IPS over R of dimension n. Let T € Hom(V) and assume that
spec (T') C R. Let Ai,....,\, € R be n eigenvalues of T counted with their mul-

tiplicities. Then there exists an orthonormal basis gi,...,8, of V such that (2.2)
holds.

Proof. Assume first that V is IPS over C of dimension n. The proof is by
induction on n. For n = 1 the theorem is trivial. Assume that n > 1. Since
A1 € spec (T) it follows that there exists g1 € V, (g1,g1) = 1 such that T'g; = A\1g1.
Let U := span(g;)*. Let P be the orthogonal projection on U. Let Ty := PT|y.
Then 77 € Hom(U). Let A2, ..., A\p, be the eigenvalues of T7; counted with their
multiplicities. The induction hypothesis yields the existence of an orthonormal
basis go, ..., g, of U such that

Tlspan(g27 7g2) C Span(g27 "'7gi)7 <T1g27g2> = 5‘i7 1= 17 ey T

It is straightforward to show that T'span(gi, ..., ;) C span(gi,...,g;) fori =1,...,n.
Hence in the orthonormal basis g1, ..., g, 1 is presented by an upper diagonal matrix
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B = (b;;)}, with by1 = A\ and by = N, i = 2,..,n. Hence \i, \a, ..., \, are the
eigenvalues of T counted with their multiplicities. This establishes the theorem in
this case. The real case is treated similarly. O

Combine the above results with Problems 6 and 12 to deduce:

Corollary 2.24 Let A € C"*"™, Let Ay, ..., A\p, € C be n eigenvalues of A counted
with their multiplicities. Then there exist an upper triangular matriz B = (b;;)] €
C™™™ such that bj;; = N;, © = 1,...,n, and a unitary matriz U € U, such that
A=UBU™'. If Ac N(n,C) then B is a diagonal matriz.

Let A € R™™ and assume that spec (T) C R. Then A = UBU™! where U
can be chosen a real orthogonal matrix and B a real upper triangular matriz. If
A € N(n,R) and spec (A) C R then B is a diagonal matriz.

It is easy to show that U in the above Corollary can be chosen in SU,, or SO(n,R)
respectively (Problem 11).

Definition 2.25 Let 'V be a vector space and assume that T : V — V is a
linear operator. Let 0 # v € V. Then W = span(v,Tv,T?v,...) is called a cyclic
invariant subspace of T generated by v. (It is also referred as a Krylov subspace
of T generated by v.) Sometimes we will call W just a cyclic subspace, or Krylov
subspace.

Theorem 2.26 Let V be a finite dimensional IPS. Let T : V. — V be a linear
operator. For 0 # v € V let W = span(v,T'v,...,T""'v) be a cyclic T-invariant
subspace of dimension r generated by v. Let uy,...,u, be an orthonormal basis of
W obtained by the Gram-Schmidt process from the basis [v,TV,..., T""'v] of W.
Then (Tu;,uj) =0 for 1 <i < j—2, i.e. the representation matriz of T|W in the
basis [uy,...,u,| is upper Hessenberq. If T is self-adjoint then the representation
matriz of T|W in the basis [uy,...,u,] is a tridiagonal hermitian matriz.

Proof. Let W; = span(v,...,T971v) for j = 1,...,r + 1. Clearly TW; C
W1 for j = 1,...,7. The assumption that W is T-invariant subspace yields
W =W, = W,,;. Since dimW = r it follows that v,...,7"~'v are linearly inde-
pendent. Hence [v,...,T""!v] is a basis for W. Recall that span(uy,...,u;) = W;
forj=1,...,r. Let r > j > i+ 2. Then Tu; € TW; C W; 1. Asu; L W;
it follows that (Tu;,u;) = 0. Assume that 7% = T. Let r > i > j + 2. Then
(T'uj,uj) = (u;,Tuj) = 0. Hence the representation matrix of 7|W in the basis
[ug,...,u,] is a tridiagonal hermitian matrix. O

Problems
1. Prove Proposition 2.12.
2. Let P,Q € Hom(V),a,b € F. Show that (aP + bQ)* = aP* + bQ*.

3. Prove Proposition 2.14.
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4.

D.

10.

. a. Show that A € SO(2,R) is of the form A = [

Prove Proposition 2.15 for finite dimensional V. (Hint: Choose an orthonor-
mal basis in V.)

Show the following

SO(n,D) C O(n,D) C GL(n,D),

S(n,R) c H, C N(n,C),

AS(n,R) c AH,, C N(n,C),

S(n,R), AS(n,R) € N(n,R) C N(n,C),
O(n,R) Cc U,, C N(n,C),

SO(n,D), O(n,D), SU,, U, are groups

1
S(n,D) is a D — module of dimension <n —; ),

AS(n,D) is a D — module of dimension <Z>,

H, isan R — vector space of dimension n?.
AH,=+v-1H,

. Let £ = {ey,...,e,} be an orthonormal basis in IPS V over F. Let G =

{g1,...,8n} be another basis in V. Show that F' is an orthonormal basis if
and only if the tranfer matrix either from E to G or from G to F is a unitary
matrix.

Prove Proposition 2.21

. Prove Proposition 2.22

cos@ sinf

—sinf cos@] 0 ER.

b. Show that SO(2,R) = eASZR) That is for any B € AS(2,R) ef ¢
SO(2,R) and any A € SO(n,R) is e? for some B € AS(2,R). (Hint: Consider

the power series for e, B = [_09 g] )

c. Show that SO(n,R) = eAS(*R) (Hint: Use Propositions 2.21 and 2.22 and
part b.)

d. Show that SO(n,R) is a path connected space. (See part e.)
e. Let V be an n(> 1)-dimensional IPS over F = R. Let p € (n — 1). Assume

that x1,...,x, and y1,...,y, be two orthonormal systems in V. Show that
these two o.n.s. are path connected. That is there are p continuous mappings
z;(t) : [0,1] — V, i =1,...,p such that for each t € [0,1] z; (%), ...,2p(¢) is an
on.s. and z;(0) = x;,z;(1) = y;,i = 1,...,p.

a. Show that U,, = ¢AH»_ (Hint: Use Proposition 2.19 and its proof.)

b. Show that U,, is path connected.

c. Prove Problem 9e for F = C.
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11. Show
(a) D1DDY = D for any D € D(n,C), D; € DU,,.
(b) Ae N(n,C) — A=UDU* U cSU,, DeD(n,C).
(c) Ac N(n,R), 6(A)CR < A=UDU', U € S0O,, D € D(n,R).

12. Show that an upper triangular or a lower triangular matrix B € C™*" is normal
if and only if B is diagonal. (Hint: consider the equality (BB*);; = (B*B)11.)

13. Let the assumptions of Theorem 2.26 hold. Show that instead of performing
the Gram-Schmidt process on v,Tv,...,7""!v one can perform the following
process. Let wi := ﬁv. Assume that one already obtained i orthonormal
vectors wy,...,w;. Let w1 := Tw; — ZJ (Twi,wji)w;. If W11 = 0 then
stop the process, i.e. one is left with ¢ orthonormal vectors. If w;;; # 0 then
Wit] = %”W,H and continue the process. Show that the process ends
after obtaining r orthonormal vectors wq,...,w, and u; =w; for i =1,.
(This is a version of Lanczos tmdzagonalzzatzon process. )

2.4 Symmetric bilinear and hermitian forms

Definition 2.27 Let V be a module over D and QQ : V XV — D. Q is called a
symmetric bilinear form (on V) if the following conditions are satisfied:

(a) Q(x,y) = Q(y,x) for all x,y € V (symmetricity);

(b) Q(ax+bz,y) = aQ(x,y) +bQ(z,y) for alla,b € D and x,y,z € V (bilinearity).
For D = C Q is called hermitian form (on V) if Q satisfies the conditions (a')

and (b) where

(@) Q(x,y) = Qy,x) for all x,y € V (barsymmetricity).

The following results are elementary (see Problems 1-2):

Proposition 2.28 Let V be a module over D with a basis E = {eq,...,e,}.
Then there is 1 — 1 correspondence between a symmetric bilinear form QQ on 'V and
A€ S(n,D):

Q(x, .V) =n' Ag,

X—Zflela y = aneh 617- 7§n)—|—777: (7717"'77771)T e D™

Let V be a vector space over C with a basis E = {ey,...,e,}. Then there is 1 — 1
correspondence between a hermitian form @ on'V and A € H,,:

Q(x, .V) =n"Ag,

X = Zflela y = aneh 617 . 7§n)T777 = (7717 "'7777L)T e C™.

Definition 2.29 Let the assumptions of Proposition 2.28 hold. Then A is called
the representation matriz of QQ in the basis E.
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Proposition 2.30 Let the assumptions of Proposition 2.28 Let F' = {f1,....fa}
be another basis of the D module V. Then the symmetric bilinear form @ is repre-
sented by B € S(n,D) in the basis F, where B is congruent A:

B=U"TAU, U e GL(n,D)

and U is the matriz corresponding to the basis change from F to E. For D = C the
hermitian form @ is presented by B € H,, in the basis F', where B hermicongruent
to A:

B=U"AU, U € GL(n,C)

and U 1is the matriz corresponding to the basis change from F to E.

In what follows we assume that D = F = R, C.

Proposition 2.31 Let V be an n dimensional vector space over R. Let Q) :
V XV — R be a symmetric bilinear form. Let A € S(n,R) the representation
matriz of QQ with respect to a basis E in V. Let V. be the extension of V over C.
Then there exists a unique hermitian form Q. : V. x V. — C such that Q.|vxv = Q
and Q. is presented by A with respect to the basis E in V..

See Problem 3

Normalization 2.32 Let V is a finite dimensional IPS over F. Let QQ : V X
V — F be either a symmetric bilinear form for F = R or a hermitian form for F = C.

Then a representation matriz A of Q) is chosen with respect to an orthonormal basis
E.

The following proposition is straightforward (see Problem 4).

Proposition 2.33 Let V is an n-dimensional IPS over F. Let Q : V XV — F
be either a symmetric bilinear form for F = R or a hermitian form for ¥ = C. Then
there exists a unique T' € S(V) such that Q(x,y) = (IT'x,y) for anyx,y € V. In any
orthonormal basis of V. Q and T represented by the same matriz A. In particular
the characteristic polynomial p(\) of T is called the characteristic polynomial of Q.
Q has only real roots:

A(Q) > .. > M(Q),

which are called the eigenvalues of Q. Furthermore there exists an orthonormal basis
F = {f1,..,£,} in 'V such that D = diag(\(Q), ..., \n(Q)) is the representation
matriz of Q in F.

Vice versa, for any T € S(V) and any subspace U C 'V the form Q(T,U) defined
by

QT,U)(x,y) == (Tx,y) forx,yeU

is either a symmetric bilinear form for F =R or a hermitian form for F = C.

In the rest of the book we use the following normalization unless stated otherwise.

Normalization 2.34 Let V is an n-dimensional IPS over F. Assume that
T € S(V). Then arrange the eigenvalues of T counted with their multiplicities in
the decreasing order
M(T) > ... > M (T).

Same normalization applies to real symmetric matrices and complexr hermitian ma-
trices.
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Problems
1. Prove Proposition 2.28.
2. Prove Proposition 2.30.
3. Prove Proposition 2.31.

4. Prove Proposition 2.33.

2.5 Max-min characterizations of eigenvalues

Definition 2.35 Let V be a finite dimensional space over the field F. Denote
by Gr(m, V) be the space of all m-dimensional subspaces in U of dimension m €
[O, n] N Z+.

Theorem 2.36 (The convoy principle) Let V be an n-dimensional IPS. Let
T € S(V). Then

M(T) = max_ _ min (%, %) =
UcGr(k,V) 0#xeU (X, X)

A T.U k=1,..
UEI(r}lfgﬁ{,V) k(Q( ) ))7 y ooy 10y

(2.1)

where the quadratic form Q(T,U) is defined in Proposition 2.33. For k € [1,n]NN
let U be an invariant subspace of T spanned by eigenvectors eq, ..., e corresponding
to the eigenvalues A\ (T), ..., \e(T). Then A\ (T) = M(Q(T,U)). Let U € Gr(k, V)
and assume that \g(T) = M\ (Q(T,U)). Then U contains and eigenvector of T
corresponding to A\ (T).

In particular

(T, %)
T) —
M(T) OV (x,x)

Moreover for any x # 0

M(T) = <€(X’X);> — Tx =\ (T)x,
n(T) = <Z<X’X>;> — Tx = \(T)x,

({ x,>;>
(2.2) is called convc;y principle.

Proof. Choose an orthonormal basis E = {ey, ..., e, } such that

The quotient , 0 £ x € Vis called Rayleigh quotient. The characterization

Te;, = )\i(T)ei, <e;,e >= 52']' 1,7 =1,...,n. (2.3)
Then .
(Tx,%) _ 3o Mi(D)]af?
= &= , x= ) me; #0. (2.4)
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The above equality yields straightforward (2.2) and the equality cases in these char-
acterizations. Let U € Gr(k, V). Then the minimal characterization of A (Q(7, U))
yields the equality

(Tx,x)

M(Q(T,U)) = min

Sy for any U € Gr(k, U). (2.5)

Next there exists 0 # x € U such that (x,e;) =0fori=1,..,k—1. (For k=1
this condition is void.) Hence

(Tx,%) _ S AT
EE D SN

2
< M(T) = M\e(T) > M\ (Q(T, U)).

Let

/\1(T) =..= )\nl (T) > /\(T)n1+1(T) = .= )\nQ(T) > >
Ay 1 +1(T) = .. =2, (1) = X(T), no=0<n1 <..<n,=n. (2.6)

Assume that nj_; < k < nj. Suppose that A\ (Q(T,U)) = Ax(T). Then for x € U
such that (x,e;) = 0 we have equality A\x(Q(T,U)) = A\(T) if and only if x =
S xie;. Thus Tx = A (T)x.

Let Uy = span(eq,...,ex). Let 0 # x = Zle € Uyg. Then

(Tx,%) 3ot N(D)?
(x, %) Yy laif?

Hence A\, (Q(T,Uy)) = M\e(T). O

> )\k(T) = /\k(Q(T, Uk)) > )\k(T)

It can be shown that for £ > 1 and A\ (T") > A\, (T) there exist U € Gr(k, V)
such that A\ (T) = M\(7,U) and U is not an invariant subspace of T, in particular
U does not contain all ey, ..., e; satisfying (2.3). (See Problem 1.)

Corollary 2.37 Let the assumptions of Theorem 2.36 hold. Let 1 < £ < n.
Then
T) = T W =1,..¢ 2.
Ae(T) W M(QT, W), k=1,...¢ (2.7)
Proof. For k < ¢ apply Theorem 2.36 to A\ (Q(T, W)) to deduce that A (Q(T, W)) <
A (T). Let Uy = span(ey, ..., e¢). Then

)\k(Q(T, UZ)) - )\k(T), k= 1, ,€

Theorem 2.38 (Courant-Fisher principle) Let V be an n-dimensional IPS and
T € S(V). Then

Me(T) = min max {I'x, x)
WeGr(k—1,V) 0£xeWL (X, X)

, k=1,..n.
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See Problem 2 for the proof of the theorem and the following corollary.

Corollary 2.39 Let V be an n-dimensional IPS and T € S(V). Let k,{ € [1,n]
be integers satisfying k < 1. Then

An—t+k(T) < M (Q(T, W) < A (T),  for any W € Gr(¢, V).

Theorem 2.40 Let V be an n-dimensional IPS and S,T € S(V). Then for
any i,j € Nyi+j — 1 < n the inequality Niy;j—1(S +T) < Xi(S) + X;(T) holds.

Proof. Let U;_;,V;j_1 C V be eigenspaces of S,T spanned by the first
i — 1,7 — 1 eigenvectors of S,T respectively. So

(5%,%) < \i(S)(x,x), (Ty,y) < \(T)(y,y) for all x € Uj-1,y € Vj_y.

Note that dimU;_y =i —1,dimV,;_1 = 7 —1.. Let W = U;_1 + V,_;. Then
dimW =1 —1<i+j—2. Assume that z € W+, Then ((S + T)z,z) = (Sz,2z) +
(Tz,2) < (\:(S) + Aj(T))(2,7). Hence maxqew: L2 < Ai(S) + A(T). Use

Theorem 2.38 to deduce that A\j;—1(S +T) < N(S+T) < A\i(S) + X (T). ]

Definition 2.41 Let 'V be an n-dimensional IPS. Fix an integer k € [1,n].
Then Fy, = {f1,....,fy} is called an orthonormal k-frame if < £;,f; >= §;; for i,j =
1,...,k. Denote by Fr(k, V) the set of all orthonormal k-frames in V.

Note that each Fj € Fr(k, V) induces U = spanF}, € Gr(k, V). Vice versa, any
U € Gr(k, V) induces the set Fr(k, U) of all orthonormal k-frames which span U.

Theorem 2.42 Let V be an n-dimensional IPS and T € S(V). Then for any
integer k € [1,n]

k k
A(T) = max 1, f;).
ZZ_; () {fl,...,fk}eFr(k,V);< )
Furthermore
k k
D ON(T) =) (TH, )
i=1 i=1

for some k-orthonormal frame Fy = {fi,....fx} if and only if spanF}, is spanned by
e, ...,ex satisfying (2.3).

Proof. Define

k
trQ(T,U) ==Y _X(Q(T,U)) for U € Gr(k, V),
i=1
(2.8)

k

trp T =Y Ni(T)
i=1

Let Fy, = {f1,....,fx} € Fr(k, V). Set U = spanF}. Then in view of Corollary 2.37

k k
(Tf;,£) = tr Q(T,U) < > N(T).
i=1 i=1
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Let Ey := {ey, ...,e; } where ey, ..., e, are given by (2.3). Clearly try T = tr Q(T,spanFE},).
This shows the maximal characterization of try T .

Let U € Gr(k, V) and assume that try T = tr Q(T, U). Hence \;(T) = \(Q(T, U))
for i =1,...,k. Then there exists G = {g1, ..., 8k} € Fr(k,U)) such that

(Tx,x) .
=XQ(,U)) =N1T), i =1, ..., k.
0#x€span(gi,...,8i } <X,X> (Q( )) ( )
Use Theorem 2.36 to deduce that T'g; = A\;(T)g; for i =1, ..., k. O

Theorem 2.43 Let V be an n-dimensional IPS and T € S(V). Then for any
integer k,l € [1,n], such that k+1<mn

I+k k
Ai(T) = min max T, £).
Z (7) WeGr(l,V) {fl,...,fk}eFr(k,VﬂWl)Z:< i £
i=l+1 1=1
Proof. Let W, := span(ey,...,e;),j = 1,...,n, where ey, ...,e, are given by

(2.3). Then Vi := VN W, is an invariant subspace of T. Let T} := T|V;. Then
Ai(Ty) = Ngi(T) for i =1,...,n — I. Theorem 2.42 for T; yields

k I+k
max g (Tf;, £;) E Ai(
1
{f1,0. fx}EFX (R, VW) T arnd

Let Ty := T|Wy, and W € Gr(l,V). Set U := Wi, N W+, Then dimU > k.
Apply Theorem 2.42 to —T5 to deduce

k
i=1

The above inequality is equal to the inequality

(=Tt £;) for {f1,...., £} € Fr(k, U).

IIMw

I+k k

>N Z Tf;, £) for {f1, ..., £} € Fr(k,U) <
i=l+1 i=1

k
Tt £).
{fl,...,fk}é%‘zri(}/(ﬁ,VOWL) ;< >
The above inequalities yield the theorem. O
Problems

1. Let V be 3 dimensional IPS and 7" € Hom(V) be self-adjoint. Assume that
A(T) > Ao(T) > A3(T), Te; = N(T)e;, i =1,2,3.

Let W = span(eq, e3).

(a) Show that for each t € (A3(T),\1(T")) there exist two W(t) € Gr(1, W)
such that A\ (Q(T, W(t))) =t.

(b) Let t € [Mo(T), A\ (T)]. Let U(t) = span(W (t),e2) € Gr(2, V). Show that
A2 (T) = X(Q(T, U(1)).
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2. (a) Let the assumptions of Theorem 2.38 hold. Let W € Gr(k — 1, V). Show
that there exists 0 # x € W+ such that (x,e;) = 0 for k + 1,...,n, where
ey, ..., e, satisfy (2.3). Conclude that \;(Q(T, W+)) > (Ix) Me(T).

(%)

(b) Let Uy = span(ey,...,e¢). Show that A\ (Q(T,Uy)) = A1 (T) for £ =
1,....n—1.

(¢) Prove Theorem 2.38.

(d) Prove Corollary 2.39. (Hint: Choose U € Gr(k, W) such that U C W N
span(€,—¢1k41, - €n) " Then A,y 1(T) < M(Q(T, U)) < M(Q(T, W)).)

3. Let B= [bij]ijl € H,, and denote by A € H,,_; the matrix obtained from B
by deleting the 7 — th row and column.

(a) Show the Cauchy interlacing inequalities
)\Z(B) > )\Z(A) > )\i—i-l(B): for i = 1, e, — 1.

(b) Show that inequality A1 (B) + Ay (B) < A1(A) + by;.
Hint. Express the traces of B and A respectively in terms of eigenvalues
to obtain
n—1
AL(B) + An(B) = bii + A (A) + Z(/\i(A) —Xi(B)).
=2
Then use the Cauchy interlacing inequalities.

4. Show the following generalization of Problem 3.b ([?, p.56]). Let B € H,, be

Bu B ] Show that

the following 2 x 2 block matrix B = .
§ [ Biy B

/\1(3) + /\n(B) < )\1(311) -+ )\1(322).

Hint. Assume that Bx = \{(B)x,x' = (x{,xj ), partitioned as B. Consider
U= SpaH((XI, 0)T7 (07 X;—)T)' Analyze /\I(Q(T7 U)) + /\2(Q(T7 U))

5. Let B = (bj;)} € H,,. Show that B > 0 if and only if det(b;;)¥ > 0 for
k=1,..,n.

6. Let T € S(V). Denote by t4(T),w(T),c—(T") the number of positive, neg-
ative and zero eigenvalues among A;(7") > ... > A\, (7). The triple «(T") :=
(t4(T),00(T),0—(T)) is called the inertia of T. For B € H, let «(B) :=
(t+(B),10(B),t—(B)) be the inertia of B, where t4(B),t(B),t—(B) is the
number of positive, negative and zero eigenvalues of B respectively. Let
U € Gr(k, V). Show

(a) Assume that A\ (Q(T,U)) > 0, i.e. Q(T,U) > 0. Then k < 4 (T). If
k = 14 (T) then one can choose U to be an invariant subspace of V spanned
by the eigenvectors of T' corresponding to positive eigenvalues of T'. (Usually
such a subspace is not unique.)

(b) Assume that \p(Q(T,U)) >0, i.e. Q(T,U) > 0. Then k < 14(T) + 1o(T).
If kK =14(T) + wo(T) then U is the unique invariant subspace of V spanned
by the eigenvectors of T' corresponding to nonnegative eigenvalues of T
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(c) Assume that A\ (Q(T,U)) < 0, i.e. Q(T,U) < 0. Then k < (7). If
k = 1_(T) then U can be chosen to be an invariant subspace of V spanned
by the eigenvectors of T, corresponding to negative eigenvalues of T'. (Usually
such a subspace may not be unique.)

(d) Assume that A1 (Q(T,U)) <0, ie. Q(T,U) <0. Then k < ¢_(T) + 1o(T).
If Kk =0¢_(T)+ 1o(T) then U is a unique invariant subspace of V spanned by
the eigenvectors of T' corresponding to nonpositive eigenvalues of T

7. Let B € H,, and assume that A = PBP* for some P € GL(n,C). Then
L(A) = «(B).

2.6 Positive definite operators and matrices

Definition 2.44 Let V be a finite dimensional IPS over F = C,R. Let S,T €
S(V). Then T > S, (T > S) if (Tx,x) > (Sx,x), ((Tx,x) > (Sx,x)) for all
0 #x € V. T is called positive (nonnegative) definite if T > 0 (T > 0), where 0 is
the zero operator in Hom(V).

Denote by S+ (V)° C SL(V) C S(V) the open set of positive definite self adjoint
operators and the closed set of nonnegative selfadjoint operators respectively.

Let P,Q be either quadratic forms if F = R or hermitian forms if F = C. Then
Q>P, (Q>P)if Q(x,x) > P(x,x), (Q(x,x) > P(x,x)) for all0 #x € V. Q is
called positive (nonnegative) definite if Q > 0 (Q > 0), where 0 is the zero operator
in Hom(V).

For AABeH, B>A(B>A)ifx*Bx > x*Ax (x*Bx > x*Ax) for all 0 #
x € C". B € H,, is called is called positive (nonnegative) definite if B > 0 (B > 0).
Denote by H),  C H,, + C H,;, the open set of positive definite n x n hermitian
matrices and the closed set of n X n nonnegative hermitian matrices respectively.
Let S1(n,R) :=S(n,R)NH, 1, S4(n,R)?:=S(n,R)NH; ,.

Use (2.1) to deduce.

Corollary 2.45 Let V be n-dimensional IPS. Let T € S(V). Then T > 0 (T
0) if and only if \py(T) > 0 (A, (T) > 0). Let S € S(V) and assume that T > S (T
S) Then )\Z(T) > /\Z(S) ()\Z(T) > /\Z(S)) fO’/“’i = 1, ey M.

>
>

Proposition 2.46 Let V be a finite dimensional IPS. Assume that T € S(V).
Then T > 0 if and only if there exists S € S(V) such that T = S?. Furthermore
T > 0 if and only if S is invertible. For 0 < T € S(V) there ezists a unique
0 < S e S(V) such that T = S%. This S is called the square root of T and is

denoted by T3,

Proof. Assume first that T > 0. Let eq, ..., e, be an orthonormal basis consisting
of eigenvectors of T as in (2.3). Since \;(T) > 0, i = 1,...,n we can define P €
Hom(V) as follows

Pe,- = )\Z(T)e,, 1= 1, ey N

Clearly P is self-adjoint nonnegative and T' = P2.
Suppose now that T = S? for some S € S(V). Then T € S(V) and (Tx,x) =
(Sx,8x) > 0. Hence T' > 0. Clearly (T'x,x) = 0 <= Sx = 0. Hence
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T >0 < S e GL(V). Suppose that S > 0. Then \;(S) = v N(T), i =1,...,n.
Furthermore each eigenvector of S is an eigenvector of 1. It is straightforward
to show that S = P, where P is defined above. Clearly T' > 0 if and only if
VA (T) > 0, ie. if and only if S is invertible. O

Corollary 2.47 Let B € H,, (S(n,R)). Then B > 0 if and only there exists
A € H, (S(n,R)) such that B = A%. Furthermore B > 0 if and only if A is
invertible. Folr B > 0 there exists a unique A > 0 such that B = A%, This A is
denoted by B2.

Theorem 2.48 Let V be an IPS over F = C,R. Let Xx1,....,X, € V. Then
the grammian matriz G(Xq,...,%p) = ((Xi,%;))7 is a hermitian nonnegative defi-
nite matriz. (If F = R then G(x1,...,Xy,) is real symmetric nonnegative definite.)
G(x1,...,xp) > 0 if and only xq, ..., Xy, are linearly independent. Furthemore for any
integer k € [1,n — 1]

det G(x1, ..., xp) < det G(x1,...,xx) det G(Xgp1, .-y Xp)- (2.1)

Equality holds if and only if either det G(x1,...,xx) det G(Xgi1,...,Xp) = 0 or
(xi,x5) =0 fori=1,...k and j=k+1,...,n.

Proof. Clearly G(x1,...,x,) € Hy,. If V is an IPS over R then G(xy,...,x,) €
S(n,R). Let a = (a1, ...,a,)' € F". Then

n n
a*G(xy,...,x,)a = (Z a;X;, Zajxj> > 0.
i=1 Jj=1

Equality holds if and only if Y ;" | a;x; = 0. Hence G(x1, ...,x,) > 0 and G(x1, ..., Xp,)
0 if and only if xy, ..., X, are linearly independent. In particular det G(xy,...,x,) > 0
and det G(x1,...,x,) > 0 if and only if x4, ...,x,, are linearly independent.

We now prove the inequality (2.1). Assume first that the right-hand side of (2.1)
is zero. Then either x1, ..., X Or Xg41, ..., X, are linearly dependent. Hence x1, ..., X,
are linearly dependent and det G = 0.

Assume now that the right-hand side of (2.1) is positive. Hence xq, ..., Xy
and Xgi1,...,X, are linearly independent. If x1,...,x,, are linearly dependent then
det G = 0 and strict inequality holds in (2.1). It is left to show the inequality
(2.1) and the equality case when xi,...,%, are linearly independent. Perform the
Gram-Schmidt algorithm on xi,...,x, as given in (2.1). Let S; = span(xy, ...,X;)
for j = 1,...,n. Corollary 2.1 yields that span(eq,...,e,—1) = Sp,—1. Hence y, =
X, — Z;L:_ll bjx; for some by,...,b,—1 € F. Let G’ be the matrix obtained from
G(x1,...,Xy,) by subtracting from the n-th row b; times j-th row. Thus the last row
of G is ((Yny X1}y ooy (Y, Xn)) = (0,...,0,[[yn||?). Clearly det G(x1,...,x,) = det G’
Expand det G’ by the last row to deduce

det G(x1, ...,%,) = det G(X4, ..., Xp_1) ||¥nl? = ... =

det G(x1,...,Xxx) H ly:l|? = (2.2)
i=k+1

det G(Xl, ...,Xk) H diSt(XZ', Si_1)2, k=n-— 1, ceey 1.
i=k+1
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Perform the Gram-Schmidt process on xj,1, ..., X, to obtain the orthogonal set of
vectors yg41, ..., ¥n such that

~

Sj = span(ka, "'7Xj) = Span(yk-i-lv 7}7))7 diSt(Xj7Sj—1) = Hy]H)

forj=k+1,..,n, where Sy, = {0}. Use (2.2) to deduce that det G(Xg41,...,Xn) =
H;’L:k-i-l 9112, As Sj—1 C Sj_1 for j > k it follows that

;I = dist(x;, 5;-1) < dist(x;,Sj—1) = [[F;]l, j =k +1,....,n.

This shows (2.1). Assume now equality holds in (2.1). Then |ly;|| = [|y;|| for
j=k+1,..,n. Since Sj_l C Sj—1 and y; — x; € Sj_l C Sj_1 it follows that
dist(x;, Sj—1) = dist(y;,55-1) = [ly;ll- Hence [[y;|| = dist(y;,Sj-1). Part (h)
of Problem 2.1.2.5 yields that y; is orthogonal on S;_;. In particular each y;
is orthogonal to Sy for j = k+1,...,n. Hence x; L Sy for j = k+1,...,n,
ie. (xj,%x;) = 0for j > k and i < k. Clearly, if the last condition holds then
det G(x1, ..., xp,) = det G(X1, ..., X)) det G(Xp11,..ey Xp). O

det G(x1, ..., Xp,) has the following geometric meaning. Consider a parallelepiped
IT in V spanned by x1, ..., x,, starting from the origin 0. That is II is a convex hull
spanned by the vectors 0 and ) ;¢ x; for all nonempty subsets S C {1,...,n}. Then
\/det G(x1, ...,xp) is the n-volume of II. The inequality (2.1) and equalities (2.2)
are ”"obvious” from this geometrical point of view.

Corollary 2.49 Let 0 < B = (b;;)} € H,, 4. Then
det B < det(b;;)§ det(b;;)i,,, for k=1,...,n — 1.

For a fized k equality holds if and only if either the right-hand side of the above
inequality is zero or bjj =0 fori=1,...,k and j =k +1,...,n.

Proof. From Corollary 2.47 it follows that B = X? for some X € H,. Let
X1,...,X, € C" be the n-columns of X7 = (xi,...,x,). Let (x,y) = y*x. Since
X € H,, we deduce that B = G(x1,...,Xy). O

Theorem 2.50 Let V be an n-dimensional IPS. Let T € S. TFAE:
(a) T > 0.
(b) Let g1, ...,8n be a basis of V. Then det((Tg,-,gﬁ)i-fj:l >0, k=1,..,n.

Proof. (a) = (b). According to Proposition 2.46 T = S? for some S € S(V) N
GL(V). Then (T'g;, g;) = (Sgi, Sg;). Hence det(<Tgi,gj>)?,j:1 = det G(Sg1, ..., Sgk)-
Since S is invertible and g, ..., g linearly independent it follows that Sgi, ..., Sgx
are linearly independent. Theorem 2.1 implies that det G(Sgi,...,Sgr) > 0 for
k=1,...,n.

(b) = (a). The proof is by induction on n. For n = 1 (a) is obvious. Assume
that (a) holds for n = m — 1. Let U := span(gi,...,g,—1) and @ := Q(T,U).
Then there exists P € S(U) such that < Px,y >= Q(x,y) =< Tx,y > for any
x,y € U. By induction P > 0. Corollary 2.37 yields that \,—1(T) > \,—1(P) > 0.
Hence T has at least n — 1 positive eigenvalues. Let eq,...,e, be given by (2.3).
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Then det((T'e;,e;))7,—; = [lizy M(T) > 0. Let A = (apg)? € GL(n,C) be the

transformation matrix from the basis g1, ..., g, to eq,...,e,, i.e.

n
g = E api€p, 1 =1,...,n.
p=1

It is straightforward to show that

(Tgi,g)t = AT((Tey,e,)) A =
(2.3)

det((T'gi, g;))7 = det((Te;,e;))7|det A|> = |det A]* T \i(T).
=1

Since det((T'g;, g;))7 > 0 and A\ (T') > ... > Ap—1(T") > 0 it follows that A, (T") > 0.
O

Corollary 2.51 Let B = (b;;)} € H,,. Then B > 0 if and only if det(b;;)} > 0
fork=1,..n.

The following result is straightforward (see Problem 1):

Proposition 2.52 Let V be a finite dimensional IPS over F = R, C with the
inner product (-,-). Assume that T € S(V). Then T > 0 if and only if (x,y) :=
(Tx,y) is an inner product on V. Vice versa any inner product (-,-) : V.xV = R
is of the form (x,y) =< Tx,y > for a unique self-adjoint positive definite operator
T € Hom(V).

Example 2.53 Each 0 < B € H,, induces and inner product on C": (x,y) =
y*Bx. FEach 0 < B € S(n,R) induces and inner product on R": (x,y) = y! Bx.
Furthermore any inner product on C™ or R™ is of the above form. In particular, the
standard inner products on C™ and R™ are induces by the identity matriz I.

Definition 2.54 Let 'V be a finite dimensional IPS with the inner product {-,-).
Let S € Hom(V'). Then S is called symmetrizable if there exists an inner product
(-,-) on 'V such that S is self-adjoint with respect to (-,-).

Problems
1. Show Proposition 2.52.

2. Recall the Holder inequality

n n n

1 1
E Tya; < (E xfal)”(i ylay)a (2.4)
=1 =1 =1

for any X = (xlv"'7$n)T7y = (y17"'7yn)T7a: (a17"'7an) € be{- and D, q €
(1,00) such that 1—1) + % = 1. Show
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(a) Let Ac H,, +,x € C" and 0 < i < j < k be three integers. Then

k—j J—i

x* Alx < (x* Alx) i (x* AbFx) = (2.5)

Hint: Diagonalize A.
(b) Assume that A = e? for some B € H,,. Show that (2.5) holds for any

three real numbers i < j < k.
2.7 Inequalities for traces

Let V be a finite dimensional IPS over F = R,C. Let T : V — V be a linear
operator. Then trT is the trace of the representation matrix A of with respect to
any orthonormal basis of V. See Problem 1.

Theorem 2.55 Let V be an n-dimensional IPS over F = R,C. Assume that
S,T € S(V). Then tr ST is bounded below and above by

Z)\ Aniv1 (T )gtrSngn:)\,-(S))\i(T). (2.1)
=1

Equality for the upper bound holds if and only if ST = TS and there exists an
orthonormal basis x1,...,X, € V such that

SXZ‘ == /\Z(S)XZ, TXZ' = /\Z(T)Xu 1= 1, ceey T (22)

Equality for the lower bound holds if and only if ST = TS and there exists an
orthonormal basis x1,...,X, € V such that

SXZ' = )\Z(S)X“ TXZ' = )\n—i—l-l(T)Xiy 1= 1, ey N (23)

Proof. Let yi,...,y, be an orthonormal basis of V such that

Tyi =MDy, 1=1,..,n,
)\1(T) = = (T) > >\z1+1(T) =..= /\Z'Q(T) > >
)\ik71+1(T) )\Zk (T) /\n(T) 1<y <. <1 =n.

If k=1 < i3 = n it follows that T'= A\ and the theorem is trivial in this case.
Assume that £ > 1. Then

tr ST = ZA NSyiyi) =

i
L

7 n

N (D) = X1 (D) (Syny) + AT (Syi,y) =

=1 =1

_

3 (i, (T) = Ni; o, (T)) Z(SYuYD + A\ (T) tr S.
=1

<.
Il
-

Theorem 2.42 yields that Z;J: Sy y) < Z;]: L Ai(S). Substitute these inequali-
ties for j = 1,...,k — 1 in the above identity to deduce the upper bound in (2.1).
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Clearly the condition (2.2) implies that tr ST is equal to the upper bound in (2.1).
Assume now that tr ST is equal to the upper bound in (2.1). Then z;j:l@yl, vi) =
Z;le A(S) for j =1,...,k —1. Theorem 2.42 yields that span(y1,...,y;;) is spanned
by some i; eigenvectors of S corresponding to the first i; eigenvalues of S for
j=1.,k—1 Let xi,...,%x; be an orthonormal basis of span(yi,...,y;,) con-
sisting of the eigenvectors of S corresponding to the eigenvalues of A;(S), ..., Ai, (5).
Since any 0 # x € span(y1, ..., ¥, ) is an eigenvector of T' corresponding to the eigen-
value \;, (T') it follows that (2.2) holds for i = 1,...,4;. Consider span(yi,...,yi,)-
The above arguments imply that this subspace contains 75 eigenvectors of S and
T corresponding to the first i eigenvalues of S and T. Hence Uy, the orthog-
onal complement of span(xi,...,X;;) in span(yi,...,yi,), spanned by X, 41, ..., Xy,
which are i9 — i1 orthonormal eigenvectors of S corresponding to the eigenvalues
Aiy+(9), ..., Aiy (S).  Since any nonzero vector in Uj is an eigenvector of T cor-
responding to the eigenvalue \;,(7') we deduce that (2.2) holds for ¢ = 1,...,14s.
Continuing in the same manner we obtain (2.2).

To prove the equality case in the lower bound consider the equality in the upper
bound for tr S(-T). O

Corollary 2.56 Let V be an n-dimensional IPS over F = R, C. Assume that
S, T € S(V). Then

n

D (Ai(S) = Xi(D))? < tr(S - T)%. (2.4)
i=1
Equality holds if and only if ST =TS and V has an orthonormal basis x1,...,X,
satisfying (2.2).

Proof. Note

n

> ((S) = M(D))? =tr S+ tr T2 — an: Ai(S)N(T).

i=1 i=1

Corollary 2.57 Let S,T € H,. Then the inequalities (2.1) and (2.4) hold.
Equalities in the upper bounds hold if and only if there exists U € U, such that
S =Udiag \(S)U*, T = U diag \(T)U*. Equality in the lower bound of (2.1) if and
only if there exists V € U, such that S =V diag A(S)V*, =T = V diag \(=T)V*.

Problems

1. Let V be a n-dimensional IPS over F = R, C.

(a) Assume that T : V — V be a linear transformation. Show that for any
o.n. basis X1, ..., Xy,

trl = Z(Txi,xi>.
i=1
Furthermore, if F = C then tr T is the sum of the n eigenvalues of T.
(b) Let S,T € S(V). Show that tr ST =trTS € R.
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2.8 Singular Value Decomposition

Let U, V, be finite dimensional IPS over F = R, C, with the inner products (-, )y, (-, )v
respectively. Let uy,...,u,, and vq,...,v, be bases in U and V respectively. Let
T : V — U be a linear operator. In these bases T is represented by a matrix
A = [a;j] € F™*™ as given by

m
TVj: E AU, jzl,...,n.
i=1

Let T*:U*=U —>V*=V. ThenT*T : V — V and TT* : U — U are selfadjoint
operators. As

(T*Tv,v)v =(IT'v,Tv)y >0, (I'T*u,u)y = (I"u,T"u)y >0
it follows that T*T > 0