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Overview

The rank of 3-tensors.
Best rank one approximation.
Perron-Frobenius theorem for irreducible nonnegative tensors.

Diagonal scaling of nonnegative tensors to tensors with given
rows, columns and depth sums.

Analogs of SVD decomposition of 3-tensors.
CUR decompositions for tensors
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Rank of tensor

|
F™ = {T = [t koo iy € F)

rank one tensor: X ® y ® z = [xiy;jzx] = (ax) ® (by)((ab)~'z)
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Rank of tensor

FXO! = (T = [t i € F}
rank one tensor: X ® y ® z = [xiy;jzx] = (ax) ® (by)((ab)~'z)
rank 7 minimal r:

T:fr(X17Y17zla---7XraYr72r) = Z{:1Xi®Yi®Zia
Xij eIFm,yi EF”,Zi EFI
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Rank of tensor

FXO! = (T = [t i € F}
rank one tensor: X ® y ® z = [xiy;jzx] = (ax) ® (by)((ab)~'z)

rank 7 minimal r:

T:fr(X17Y17zla---7XraYr72r) = Z{:1Xi®Yi®Zia
Xij eIFm,yi EF”,Zi EFI

THM Let 7 = [tjj ] € F™™<L Ty = [t,,k]IJ 1, k=1,...,1. Then
rank 7 is the minimal dimension of subspace spanned by rank one
matrices containing span (Tq,...,T}).
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Rank of tensor

PO = (T = [tk tijx € F)

rank one tensor: X ® y ® z = [xiy;jzx] = (ax) ® (by)((ab)~'z)
rank 7 minimal r:

T = fl’(xl7yl7217 .. 7XI’7yI'7ZI’) = Z{:lxi ®Y| ® Zi7

Xj € Fm,yi S Fn,Zi S '

THM Let T = [t;jx] € F™>™ Tyo= [t k]IJ k=11 Then
rank 7 is the minimal dimension of subspace spanned by rank one

matrices containing span (Tq,...,T}).

Cor For 7 € F™"*l and | > mn rank 7 < mn (sharp).
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Rank of tensor

PO = (T = [tk tijx € F)

rank one tensor: X ® y ® z = [xiy;jzx] = (ax) ® (by)((ab)~'z)
rank 7 minimal r:

T - fl’(xl7yl7217 e 7XI’7yI'7ZI’) = Z{:l Xi & Yi & Zi7

Xj € Fm,yi S Fn,Zi S '

THM Let 7 = [tjj ] € F™™<L Ty = [t,,k]IJ 1, k=1,...,1. Then
rank 7 is the minimal dimension of subspace spanned by rank one
matrices containing span (Tq,...,T}).

Cor For 7 € F™"*l and | > mn rank 7 < mn (sharp).

Normalization: 2 <m <n<| <mn
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Generic rank |

generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!
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Generic rank |

generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!

Thm: granks(m, n, 1) = min(I,mn) for (m —-1)(n —1) +1 <.
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generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!
Thm: granks(m, n, 1) = min(I,mn) for (m —-1)(n —1) +1 <.

PRF: Generic subspace L ¢ C™*" of dimensionl = (m—-1)(n—-1)+1

intersects R(n,m, 1,C) at ("t"7%), (> I, s.t. any | are linearly
independent
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generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!
Thm: granks(m, n, 1) = min(I,mn) for (m —-1)(n —1) +1 <.

PRF: Generic subspace L ¢ C™*" of dimensionl = (m—-1)(n—-1)+1
intersects R(n,m, 1,C) at ("t"7%), (> I, s.t. any | are linearly

independent

Any generic subspace L ¢ C™*" of dimension| > (m —1)(n—1)+1
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Generic rank |

generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!
Thm: granks(m, n, 1) = min(I,mn) for (m —-1)(n —1) +1 <.

PRF: Generic subspace L ¢ C™*" of dimensionl = (m—-1)(n—-1)+1
intersects R(n,m, 1,C) at ("t"7%), (> I, s.t. any | are linearly
independent

Any generic subspace L ¢ C™*" of dimension| > (m —1)(n—1)+1
spanned by rank one matrices

Dimension countforF=Cand2<m<n<I|<(m-1)(n—1):
f - (Cm x C" % (Cl)r N (Cm><n><l

grankc(m,n,1)(m +n+1—2) > mnl = grankc(m,n,1) > f(m+ﬂ_2ﬂ
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Generic rank |

generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!
Thm: granks(m, n, 1) = min(I,mn) for (m —-1)(n —1) +1 <.

PRF: Generic subspace L ¢ C™*" of dimensionl = (m—-1)(n—-1)+1
intersects R(n,m, 1,C) at ("t"7%), (> I, s.t. any | are linearly
independent

Any generic subspace L ¢ C™*" of dimension| > (m —1)(n—1)+1
spanned by rank one matrices

Dimension countfor F=Cand2<m<n<I|<(m-1)(n—1):
fr: (Cm x C" x (CI)" —, ¢cmxnx|
granke(m,n,1)(m +n+1—2) > mnl = grank(m,n,1) > [(m+m7n|1
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Generic rank |

generic rank: grankg(m, n, 1) - the rank of a random tensor 7 € Fmxnx!
Thm: granks(m, n, 1) = min(I,mn) for (m —-1)(n —1) +1 <.

PRF: Generic subspace L ¢ C™*" of dimensionl = (m—-1)(n—-1)+1
intersects R(n,m, 1,C) at ("t"7%), (> I, s.t. any | are linearly
independent

Any generic subspace L ¢ C™*" of dimension| > (m —1)(n—1)+1
spanned by rank one matrices

Dimension countforF=Cand2<m<n<I|<(m-1)(n—1):

fr . (Cm x C" % (Cl)r N (Cm><n><l

granke(m,n,1)(m +n+1—2) > mnl = grank(m,n,1) > [(m+ﬂ_2)1
=y = forl =(m—-1)(n - 1) +1

COR granks(m,n,(m —1)(n—1)) =(m—1)(n — 1) + 1.

Shmuel Friedland Univ. lllinois at Chicago () Results and problems for 3-tensors NIU LA'09 , 14 August, 2009 4/19



Generic rank Il

Conjecture grank(m,n,l) = f(m+'r?72|_2ﬂ

for2<m<n<l<(m-1)(n—1)and(3,n,l)# (3,2p+1,2p+1)
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Conjecture grank(m,n,l) = f(m+'r?72|_2ﬂ

for2<m<n<l<(m-1)(n—1)and(3,n,l)# (3,2p+1,2p+1)

Fact: grank¢(3,2p +1,2p+ 1) = (3(223)21 11

Conjecture is known in some cases
For symmetric 3-tensors: Alexander-Hirschowitz Theorem
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Generic rank Il

Conjecture grank(m,n,l) = f(m+'r?72|_2ﬂ

for2<m<n<l<(m-1)(n—1)and(3,n,l)# (3,2p+1,2p+1)

. 3(2p+1)2
Fact: granke(3,2p +1,2p +1) = [ (4213) 1+1
Conjecture is known in some cases
For symmetric 3-tensors: Alexander-Hirschowitz Theorem

Easy to compute granks(m, n,1):

Pick at random wy := (X1,Y1,21, ..., X1, Yr, Zr) € (R™ x R" x R
The minimal r > (mﬁr?iill_zﬂ s.t. rank J(f;)(w;) = mnl

is grankc(m, n, 1)
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. 3(2p+1)2
Fact: granke(3,2p +1,2p +1) = [ (4213) 1+1
Conjecture is known in some cases
For symmetric 3-tensors: Alexander-Hirschowitz Theorem

Easy to compute granks(m, n,1):

Pick at random wy := (X1,Y1,21, ..., X1, Yr, Zr) € (R™ x R" x R
The minimal r > (mﬁr?iill_zﬂ s.t. rank J(f;)(w;) = mnl

is grankc(m, n, 1)

Avoid round-off error:
wr € (Z™ x Z" x Z")" find rank J(f; )(w; ) exact arithmetic
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Generic rank Il

Conjecture grank(m,n,l) = f(m+'r?72|_2ﬂ

for2<m<n<l<(m-1)(n—1)and(3,n,l)# (3,2p+1,2p+1)

. 3(2p+1)2
Fact: granke(3,2p +1,2p +1) = [ (4213) 1+1
Conjecture is known in some cases
For symmetric 3-tensors: Alexander-Hirschowitz Theorem

Easy to compute granks(m, n,1):

Pick at random wy := (X1,Y1,21, ..., X1, Yr, Zr) € (R™ x R" x R
The minimal r > (mﬁr?iill_zﬂ s.t. rank J(f;)(w;) = mnl

is grankc(m, n, 1)

Avoid round-off error:
wr € (Z™ x Z" x Z")" find rank J(f; )(w; ) exact arithmetic
| checked the conjecture up to m,n,| < 14
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Generic rank Ill - the real case

For mn < | grankg(m,n,l) = mn.
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Generic rank Ill - the real case

For mn < | grankg(m,n,l) = mn.

For2<m<n<I|<mn-1,there exist Vy,...,Vemn,) C RMxnx
pairwise disjoint open connected semi-algebraic sets s.t.
Closure(UFM"Dy;) = gmxnx!

rank 7 = grankc(m n,l) foreach T € V;

rank 7 = p; for each 7 € V;

pi > granks(m,n,1) fori =2,...,c(m,n,l)
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For mn < | grankg(m,n,l) = mn.

For2<m<n<I|<mn-1,there exist Vy,...,Vemn,) C RMxnx
pairwise disjoint open connected semi-algebraic sets s.t.
Closure(UFM"Dy;) = gmxnx!

rank 7 = grankC(m n,l) foreach T € V;

rank 7 = p; for each 7 € V;

pi > granks(m,n,1) fori =2,...,c(m,n,l)

Forl=(m-1)(n—1)+13m,n:
c(m,n,1) > 1, pe(mpn,y = granke(m,n, 1) + 1
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Generic rank lll - the real case

For mn < | grankg(m,n,l) = mn.

For2<m<n<I|<mn-1,there exist Vy,...,Vemn,) C RMxnx
pairwise disjoint open connected semi-algebraic sets s.t.
Closure(UFM"Dy;) = gmxnx!

rank 7 = grankC(m n,l) foreach T € V;

rank 7 = p; for each 7 € V;

pi > granks(m,n,1) fori =2,...,c(m,n,l)

Forl=(m-1)(n—1)+13m,n:
c(m,n,1) > 1, pe(mpn,y = granke(m,n, 1) + 1

Examples [2]
m=n>21=(m-1)(n—-1)+1.
m=n=41=11,12
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Generic rank lll - the real case

For mn < | grankg(m,n,l) = mn.

For2<m<n<I|<mn-1,there exist Vy,...,Vemn,) C RMxnx
pairwise disjoint open connected semi-algebraic sets s.t.
Closure(UFM"Dy;) = gmxnx!

rank 7 = grankC(m n,l) foreach T € V;

rank 7 = p; for each 7 € V;

pi > granks(m,n,1) fori =2,...,c(m,n,l)

Forl=(m-1)(n—1)+13m,n:
c(m,n,1) > 1, pe(mpn,y = granke(m,n, 1) + 1

Examples [2]
m=n>21=(m-1)(n—-1)+1.
m=n=41=11,12

Problem: p; < grankg(m,n,l) + 1?
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Upper bounds for generic and maximal rank

Shmuel Friedland Univ. lllinois at Chicago () Results and problems for 3-tensors NIU LA'09 , 14 August, 2009 7119



Upper bounds for generic and maximal rank

LNR(m,n,k,C) D {0} if codim L < dim R(m,n,k,C) = k(n+m — k).
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Upper bounds for generic and maximal rank

LNR(m,n,k,C) D {0} if codim L < dim R(m,n,k,C) = k(n+m — k).

grank(n,m,m) < [3m +(n—2[3])(m - [vn—1])ifm >2[vn—1]
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LNR(m,n,k,C) D {0} if codim L < dim R(m,n,k,C) = k(n+m — k).
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Upper bounds for generic and maximal rank

LNR(m,n,k,C) D {0} if codim L < dim R(m,n,k,C) = k(n+m — k).
grank(n,m,m) < [3m +(n—2[3])(m - [vn—1])ifm >2[vn—1]
grank(n,m,m) <n(m— [vn—1])ifm < 2[vn—-1] <2(m—1),

grank(n,m, m) = min(n,m?) if n > (m —1)2 +1,
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Upper bounds for generic and maximal rank

LNR(m,n,k,C) 2 {0} if codim L < dim R(m,n,k,C) = k(n +m — k).
grank(n, m,m) < [3m + (n —2[3))(m — [vh — L)) ifm > 2[vh — 1]
grank(n, m,m) < n(m — [V — 1)) it m < 2|vA — 1] < 2(m - 1),
grank(n, m,m) = min(n, m2) if n > (m — 1)2 + 1,

mrank(n,m,m) <

Y@ - 1M =i+ 1)+ (m - (VA= 1)?)(m - |VA = 1))
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)

X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?
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X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?

171 = IP(T)I? + 17 — Px(T)]?
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X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?
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Best rank one approximation of 7:
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)

X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?

171 = IP(T)I? + 17 — Px(T)]?

Best rank one approximation of 7:
Mingyz |7 =X @Y ® 2| = Minx = jy|=|zj=1a |7 —ax @y @ Z|
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)

X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?

171 = IP(T)I? + 17 — Px(T)]?

Best rank one approximation of 7:
Mingyz |7 =X @Y ® 2| = Minx = jy|=|zj=1a |7 —ax @y @ Z|

; . m,n,|
Equivalent: maXjx = yj =jzjl=1 22i=j 2 kXY 2
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)

X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?

171 = IP(T)I? + 17 — Px(T)]?

Best rank one approximation of 7:
Mingyz |7 =X @Y ® 2| = Minx = jy|=|zj=1a |7 —ax @y @ Z|

; . m,n,|
Equivalent: max x| iy |=|zll=1 2_i—j -k ti,.kXi¥jZk

Lagrange multipliers: 7T xy ® z := Zj:kzlti7j7kyjzk = AX
TXXRZ=XN,T XXQY =Xz
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)

X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?

171 = IP(T)I? + 17 — Px(T)]?

Best rank one approximation of 7:
Mingyz |7 =X @Y ® 2| = Minx = jy|=|zj=1a |7 —ax @y @ Z|

H . ) 7|
Equivalent: may -y jzj=1 2% -k b kXY Z
Lagrange multipliers: 7T xy ® z := Zj:kzlti7j7kyjzk = AX

TXXRZ=XN,T XXQY =Xz
A singular value, x,y, z singular vectors
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Rank one approximations

R IPS: (A, B) = Y™, & bijus 1711 = (T, T)
xeyz,uvaw) =ux)vTy)w z)

X subspace of R™*"™! "y, ... Xy an orthonormal basis of X
Pu(T) = XLy(T X)X, [P(T)I? = Ly(T, X)?

171 = IP(T)I? + 17 — Px(T)]?

Best rank one approximation of 7:
Mingyz |7 =X @Y ® 2| = Minx = jy|=|zj=1a |7 —ax @y @ Z|

; . m,n,|
Equivalent: maXjx = yj =jzjl=1 22i=j 2 kXY 2

Lagrange multipliers: 7T xy ® z := Zj:kzlti7j7kyjzk = AX
TXXRZ=XN,T XXQY =Xz

A singular value, x,y, z singular vectors

How many distinct singular values are for a generic tensor?
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¢, maximal problem and Perron-Frobenius
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¢, maximal problem and Perron-Frobenius

(X0, - X0) llp o= (g %i[P)?

- m7n7| . . . .
Problem: maX |, y[l,=llzllp=1 2_i—j—k ti,jkXi¥iZk

Lagrange multipliers: 7T xy ® z := ZJ k=1t jkYjZk = \xP~1
T xx®z=AP1 Txxey=A""1(p=:21s€N)
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¢, maximal problem and Perron-Frobenius

(X0, - X0) llp o= (g %i[P)?

- m7n7| . . .
Problem: maX |, y[l,=llzllp=1 2_i—j—k ti,jkXi¥iZk

Lagrange multipliers: 7T xy ® z := ZJ k=1t jkYjZk = \xP~1
T xx®z=AP1 Txxey=A""1(p=:21s€N)

p = 3 is most natural in view of homogeneity
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¢, maximal problem and Perron-Frobenius

(X0, - X0) llp o= (g %i[P)?

- m7n7| . . . .
Problem: maX |, y[l,=llzllp=1 2_i—j—k ti,jkXi¥iZk

Lagrange multipliers: 7 xy ® 2 := 3 5y _ ti j kYjZk = \xP1
T xx®z=AP1 Txxey=A""1(p=:21s€N)

p = 3 is most natural in view of homogeneity
Assume that 7 > 0. Thenx,y,z> 0

For which values of p we have an analog of Perron-Frobenius
theorem?

Yes, for p > 3, No, forp < 3,
Friedland-Gauber-Han [3]

Shmuel Friedland Univ. lllinois at Chicago () Results and problems for 3-tensors NIU LA'09 , 14 August, 2009



Outline of the proof
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Outline of the proof

Define: F: RM™ x R" x R — R™ x R" x R':
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Outline of the proof

Define: F : R™ x R" x Rl — R™ x R" x R":

F(oy 2D = (IXIB° Sy figyizn) ™ i =1,...m
-3 | —

F(o0y 22 = (IVIB~° Sy fijizi )’

1
F((vaaz))k,f} = <||Z||g_3 Z|mjn 1f,j kxlyj) - 7k = 17- . -aI

T
A

,J=1,...,n
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Outline of the proof

Define: F : R™ x R" x Rl — R™ x R" x R":

F(oy 2D = (IXIB° Sy figyizn) ™ i =1,...m
-3 | —

F(o0y 22 = (IVIB~° Sy fijizi )’

1
F((vaaz))k,f} = <||Z||g_3 Z|mjn 1f,j kxlyj) - 7k = 17---,'
Assume S fij > 0,i=1,...,m,

z,:(lf,,k>oj_1 2,11.,k>o,k:1,...,|

T
A

,J=1,...,n
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Outline of the proof

Define: F : R™ x R" x R — R™ x R" x R':
-3 n,l p—1 .
F(oy 2D = (IXIB° Sy figyizn) ™ i =1,...m

F(ey 22 = (IVIB° Sy fijnz )™ i =1,....n

1
F((vaaz))k,f} = <||Z||g_3 Z:ljn:lf i, kxlyj) - 7k = 17 cee aI
Assume S fij > 0,i=1,...,m,
z,:(lf,,k>oj_1 2,11.,k>o,k:1,...,|

F 1-homogeneous monotone, maps open positive cone R x RY x RLL
to itself.

F = [fij k] induces tri-partite graph on (m), (n), (I):

i € (m) connected to j € (n) and k € (I) iff f;j x > 0, sim. for j,k
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Outline of the proof

Define: F : R™ x R" x R — R™ x R" x R':
-3 n,l p—1 .
F(oy 2D = (IXIB° Sy figyizn) ™ i =1,...m

F(ey 22 = (IVIB° Sy fijnz )™ i =1,....n

1
F((vaaz))k,?» = <||Z||g_3 Z:ljn:lf i, kxlyj) - 7k = 17 cee aI
Assume S fij > 0,i=1,...,m,
z,:(lf,,k>oj_1 2,11.,k>o,k:1,...,|

F 1-homogeneous monotone, maps open positive cone R x RY x RLL
to itself.

F = [fij k] induces tri-partite graph on (m), (n), (I):

i € (m) connected to j € (n) and k € (I) iff f;j x > 0, sim. for j,k

If tri-partite graph is connected then F has unique positive eigenvector
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Outline of the proof

Define: F : R™ x R" x R — R™ x R" x R
_3 | =1 .

F(oy 2D = (IXIB° Sy figyizn) ™ i =1,...m
-3 | —

F(o0y 22 = (IVIB~° Sy fijizi )’

1
F((vaaz))k,?» = (HZHE_g Z|mjn 1f,j kxlyj) - 7k = 17- . -aI
Assume S fij > 0,i=1,...,m,

z,:(lf,,k>oj_1 2,11.,k>o,k:1,...,|

F 1-homogeneous monotone, maps open positive cone R x RY x RLL
to itself.

F = [fij k] induces tri-partite graph on (m), (n), (I):

i € (m) connected to j € (n) and k € (I) iff f;j x > 0, sim. for j,k

If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors
to positive, nonnegative eigenvector is unique and positive

T
A

,J=1,...,n
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Outline of the proof

Define: F : R™ x R" x Rl — R™ x R" x R":

F(oy 2D = (IXIB° Sy figyizn) ™ i =1,...m
-3 | —

F(o0y 22 = (IVIB~° Sy fijizi )’

1
F((vaaz))k,?» = (HZHE_g Z|mjn 1f,j kxlyj) - 7k = 17- . -aI
Assume S fij > 0,i=1,...,m,

z,:(lf,,k>oj_1 2,11.,k>o,k:1,...,|

F 1-homogeneous monotone, maps open positive cone R x RY x RLL
to itself.

F = [fij k] induces tri-partite graph on (m), (n), (I):

i € (m) connected to j € (n) and k € (I) iff f;j x > 0, sim. for j,k

If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors
to positive, nonnegative eigenvector is unique and positive

p < 3 numerical counterexamplesm=n=1=2

T
A

,J=1,...,n
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,....tm)",c=(c1,...,cn)",d = (dq,....d))" >0
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,...,fm)",¢=(Cy,...,cn) " ,d = (dg,...,d)" >0:
2ok bk =1 >0, D tijk=6>0,35tjk=0d>0
|
it = Zjnzl Cj = > k=1 dk
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,...,fm)",¢=(Cy,...,cn) " ,d = (dg,...,d)" >0:
2ok bk =1 >0, D tijk=6>0,35tjk=0d>0
|
it = Zjnzl Cj = > k=1 dk

Find nec. and suf. conditions for scaling:

T’ = [tij k€ 1iT%], x,y,z such that 7 has given row, column and
depth sum
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,...,fm)",¢=(Cy,...,cn) " ,d = (dg,...,d)" >0:
2ok bk =1 >0, D tijk=6>0,35tjk=0d>0
|
it = Zjnzl Cj = > k=1 dk

Find nec. and suf. conditions for scaling:

T’ = [tij k€ 1iT%], x,y,z such that 7 has given row, column and
depth sum

Solution; Convert to the minimal problem:
mianx:cTy:dTZ:O fT(X7 Y, 2)7 fT(Xa Y, Z) = Zi,j,k ti JykeXi it
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,...,fm)",¢=(Cy,...,cn) " ,d = (dg,...,d)" >0:
2ok bk =1 >0, D tijk=6>0,35tjk=0d>0
|
it = Zjnzl Cj = > k=1 dk

Find nec. and suf. conditions for scaling:

T’ = [tij k€ 1iT%], x,y,z such that 7 has given row, column and
depth sum

Solution; Convert to the minimal problem:
mianx:cTy:dTZ:O fT(X7 Y, 2)7 fT(Xa Y, Z) = Zi,j,k ti JykeXi it

Any critical point of fr on S := {r'x =cTy =d Tz = 0} givesrise to a
solution of the scaling problem (Lagrange multipliers)
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,...,fm)",¢=(Cy,...,cn) " ,d = (dg,...,d)" >0:
2ok bk =1 >0, D tijk=6>0,35tjk=0d>0
|
it = Zjnzl Cj = > k=1 dk

Find nec. and suf. conditions for scaling:

T’ = [tij k€ 1iT%], x,y,z such that 7 has given row, column and
depth sum

Solution; Convert to the minimal problem:

mianXZCTy:dTZZO fT(X, Y, Z), fT(X, Y, Z) = Zi,j,k ti7j7kexi+yi+zk

Any critical point of fr on S := {r'x =cTy =d Tz = 0} givesrise to a
solution of the scaling problem (Lagrange multipliers)
fr is convex
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < T = [t;;x] € R™"I has given row, column and depth sums:
r=(r,...,fm)",¢=(Cy,...,cn) " ,d = (dg,...,d)" >0:
2ok bk =1 >0, D tijk=6>0,35tjk=0d>0
|
it = Zjnzl Cj = > k=1 dk

Find nec. and suf. conditions for scaling:

T’ = [tij k€ 1iT%], x,y,z such that 7 has given row, column and
depth sum

Solution; Convert to the minimal problem:

mianXZCTy:dTZZO fT(X, Y, Z), fT(X, Y, Z) = Zi,j,k ti7j7kexi+yi+zk

Any critical point of fr on S := {r'x =cTy =d Tz = 0} givesrise to a
solution of the scaling problem (Lagrange multipliers)

fr is convex

fr is strictly convex implies 7 is not decomposable: T # 7; & 75.
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Scaling of nonnegative tensors Il
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Scaling of nonnegative tensors Il

if f7 is strictly convex and is oo on 98, f achieves its unique minimum
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Scaling of nonnegative tensors Il

if f7 is strictly convex and is oo on 98, f achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.
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Scaling of nonnegative tensors Il

if f7 is strictly convex and is oo on 98, f achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.

Fact: Forr = 1,,¢ = 1,,d = 1, Sinkhorn scaling algorithm works.
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Scaling of nonnegative tensors i

if f7- is strictly convex and is oo on 98§, fr achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.

Fact: Forr = 1,,¢ = 1,,d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function
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Scaling of nonnegative tensors i

if f7- is strictly convex and is oo on 98§, fr achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.

Fact: Forr = 1,,¢ = 1,,d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
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Scaling of nonnegative tensors i

if f7- is strictly convex and is oo on 98§, fr achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.

Fact: Forr = 1,,¢ = 1,,d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too
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Scaling of nonnegative tensors i

if f7- is strictly convex and is oo on 98§, fr achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.

Fact: Forr = 1,,¢ = 1,,d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too

Are variants of Menon and Brualdi theorems hold in the tensor case?
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Scaling of nonnegative tensors i

if f7- is strictly convex and is oo on 98§, fr achieves its unique minimum

Equivalentto: the inequalities x; +Yy; +z¢ < 0if tj; x > 0 and equalities
r'x=c’y=d’z=0implyX =0n,y =0,,z=0.

Fact: Forr = 1,,¢ = 1,,d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too

Are variants of Menon and Brualdi theorems hold in the tensor case?
Yes for Menon, unknown for Brualdi
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Analogs of SVD decomposition: |
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Analogs of SVD decomposition: |

Unfolding tensor 7 = [t ] € F™*"! in 1-index: viewing as a matrix
A; € Fmx(nl).
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Analogs of SVD decomposition: |

Unfolding tensor 7 = [t ] € F™*"! in 1-index: viewing as a matrix
A; € Fmx(nl).

For a cubic tensor 7 € R"™Nx"

do orthonormal change of coordinates in each three components R":

T1 =T x1Q1 x2Q2 x3Q3
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Analogs of SVD decomposition: |

Unfolding tensor 7 = [t ] € F™*"! in 1-index: viewing as a matrix
A; € Fmx(nl).

For a cubic tensor 7 € R"™Nx"

do orthonormal change of coordinates in each three components R":

T1 =T x1Q1 x2Q2 x3Q3

One can have at most w zero entries in 7q: t;; =t j; =t for
i <j.
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Analogs of SVD decomposition: |

Unfolding tensor 7 = [t ] € F™*"! in 1-index: viewing as a matrix
A; € Fmx(nl).

For a cubic tensor 7 € R"™Nx"

do orthonormal change of coordinates in each three components R":

T1 =T x1Q1 x2Q2 x3Q3

One can have at most w zero entries in 7q: t;; =t j; =t for
i <j.

Apply QR algorithm to the n columns of the unfolded matrix in mode k
indexed by (j,j),j =1,...,nfork =1,2,3,1,2,3, ...
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Analogs of SVD decomposition: |

Unfolding tensor 7 = [t ] € F™*"! in 1-index: viewing as a matrix
A; € Fmx(nl).

For a cubic tensor 7 € R"™Nx"

do orthonormal change of coordinates in each three components R":

T1 =T x1Q1 x2Q2 x3Q3

One can have at most w zero entries in 7q: t;; =t j; =t for
i <j.

Apply QR algorithm to the n columns of the unfolded matrix in mode k
indexed by (j,j),j =1,...,nfork =1,2,3,1,2,3, ...

Example 2 x 2 x 2: [ 111 tiop2 ] ; [ 111 bap ] : [ 111 b2 ]
thi11 top2 tipa bop thi2 bop
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Analogs of SVD decomposition: |

Unfolding tensor 7 = [t ] € F™*"! in 1-index: viewing as a matrix
A; € Fmx(nl).

For a cubic tensor 7 € R"™Nx"

do orthonormal change of coordinates in each three components R":

Ty =T x1Q1 x2Q2 x3Q3

3n(n—1) : ; . _ _
One can have at most =—5— zero entries in 7y: t;; =t j; =t ;; for
i <j.

Apply QR algorithm to the n columns of the unfolded matrix in mode k
indexed by (j,j),j =1,...,nfork =1,2,3,1,2,3, ...

Example 2 x 2 x 2: [ 111 tiop2 ] ; [ 111 bap ] : [ 111 b2 ]
thi11 top2 tipa bop thi2 bop

Do QR on each two columns successively to obtain:
th11=tio1=1,1,=0.
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CUR approximation of matrices
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.

C(CTARM)R best rank < min(p, q) approximation matrix based on C,R
submatrices of A.
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"

miny crexa ||A — EUF ||¢ achieved for U = ETAFT

(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.

C(CTARM)R best rank < min(p, q) approximation matrix based on C,R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[I,J]!
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.

C(CTARM)R best rank < min(p, q) approximation matrix based on C,R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[I,J]!
(corresponds to best CUR approximation on the entries read)
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.

C(CTARM)R best rank < min(p, q) approximation matrix based on C,R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[I,J]!
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding detA]l,J] is maximal
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.

C(CTARM)R best rank < min(p, q) approximation matrix based on C,R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[I,J]!
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding detA]l,J] is maximal

Friedland-Mehrmann-Miedlar-Nkengla 08: U = A[l, J]f-numerical
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CUR approximation of matrices

For given A € R™M*N ' F € RM*P E ¢ RA*"
miny crexa ||A — EUF ||¢ achieved for U = ETAFT
(E' Moore-Penrose inverse)

CUR approximation C € R™*P R € R9*" some submatrices of A.

C(CTARM)R best rank < min(p, q) approximation matrix based on C,R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[I,J]!
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding detA]l,J] is maximal

Friedland-Mehrmann-Miedlar-Nkengla 08: U = A[l, J]f-numerical
choose several random choices of |, J set of rows and columns of A
such that A[l,J] has maximal product of significant singular values
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Extension to 3-tensors I:
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Extension to 3-tensors I:

(n) :={1,...,n}

For given 4 € R™xI F c RMXP E ¢ R™4 G ¢ R*T,
where (p) C (n) x (1), {(q) C (m) x (1), (r) C (m) x (I)

Minycgoxaxr ||A—U x F x E x G||g achieved fortd = Ax ET x FT x GT
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Extension to 3-tensors I:

(n) :={1,...,n}

For given 4 € R™xI F c RMXP E ¢ R™4 G ¢ R*T,
where (p) C (n) x (1), {(q) C (m) x (1), (r) C (m) x (I)

Minycgoxaxr ||A—U x F x E x G||g achieved fortd = Ax ET x FT x GT

CUR approximation of .4 obtained by choosing E, F, G submatrices of
unfolded A in the mode 1,2, 3.
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Extensions to 3-tensors: Il

A = [a k] € R™N*E - 3-tensor
givenl C (m),J C (n),K C (¢) define
R:=Amak = [@jklmax € RMFI#K),
C = A c RM*(F#-#K)
D —.A|J ERIX(#I #J)
Problem: Fmd 3-tensor Y € REFI#K)x G#l-#K)x (#-#J)
such that A is approximated by the Tucker tensor
V:lec XzR X3D
where U is the least squares solution
uopt € arg min Z (au,kf(u x1 C X2 R %3 D)i,Lk)z

ueRthreetensor L
(i k)es

S=((m)xIxK)U(l x(nyxKYU(l xJ x (¥))
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Extension to 3-tensors: Il

For #l = #J = p, #K =p?, 1 c (m),J C (n),K C ()
generically there is an exact solution to Ugy € RP*XPxp?
obtained by unfolding in third direction
View A as A € R(M)x¢ py identifying

(m) x (n) = (mn), I3 =1xJ, J; =K and apply CUR again.

More generally, given #1 = p, #J = q, #K =r.
For L = I x J approximate A by Ay, KEL kAL 0
Then for each k € K approximate each matrix Amy,ny,{k} BY

Amya,00El ALk}
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