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Summary

In chapter1 we introducethesingularvaluedecomposition(SVD) of matricesand

its extensions.We thenmentionsomeapplicationsof SVD in analyzinggeneex-

pressiondata,imageprocessingandinformationretrieval. We alsointroducethe

low rank approximationof matricesand presentour Monte Carlo algorithm to

achieve thisapproximationalongwith otheralgorithms.

Chapter2 dealswith clusteringmethodsandtheirapplicationin analysinggene

expressiondata. We introducethe mostcommonclusteringmethodssuchasthe

KNN, SVD, andweightedleastsquaremethods.

Chapter3 dealswith imputingmissingdatain geneexpressionof micro-arrays.

We usesomeof the methodsmentionedin part 2 for thesepurposes.Then we

introduceour �x ed rank approximationalgorithm(FRAA) for imputing missing

datain the DNA geneexpressionarray. Finally, we usesimulationto compare

FRAA versusothermethodsandindicatetheadvantagesandits shortcomings,and

how to overcometheshortcomingsof FRAA.
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1 Intr oduction and Background

1.1 Missing geneimputation in DNA microarrays

In the last decade,molecularbiologistshave beenusing DNA microarraysas a

tool for analyzinginformationin geneexpressiondata.During thelaboratorypro-

cess,somespotson thearraymaybemissingdueto variousfactors(for example,

machineerror.) Becauseit is often very costly or time consumingto repeatthe

experiment,molecularbiologists,statisticians,andcomputerscientistshave made

attemptsto recover the missinggeneexpressionsby somead-hocandsystematic

methods.

In this thesiswe introducevarious imputation methodsfor missing data in

geneexpressionmatrices.In particular, we review two recentimputationmethods,

namelyBayesianPrincipalComponentAnalysis(BPCA) andLocal LeastSquare

Impute(LLSImpute). Thenwe introduceour �x ed rankapproximationalgorithm

(FRAA). Finally in the lattersectionof this thesiswe presentimproved�x edrank

approximation(IFRAA) andusesimulationin ordertocompareIFRAA with BPCA

ndLLSimpute.

Morerecently, microarraygeneexpressiondatahavebeenformulatedasagene

expressionmatrix E with n rows, which correspondto genes,and m columns,

whichcorrespondto experiments.Typicallyn is muchlargerthanm. In thissetting,

theanalysisof missinggeneexpressionson thearraywould translateto recovering

missingentriesin thegeneexpressionmatrixvalues.

Themostcommonmethodsfor recoveryare[35]:
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(a)Zeroreplacementmethod;

(b) Row summean;

(c) ClusteranalysismethodssuchasK-nearestneighborclustering, hierarchical

clustering;

(d) SVD - SingularValue Decomposition(which is closely relatedto Principal

ComponentAnalysis).

In thesemethods,the recovery of missingdatais doneindependently, i.e., the

estimationof eachmissingentrydoesnotin�uencetheestimationof theothermiss-

ing entries.The iterative methodusingSVD suggestedin [35] takesinto account

implicitly the in�uence of theestimationof oneentryon theotherones.Seealso

[9].

In this thesiswe suggesta new methodin which theestimationof missingen-

triesis donesimultaneously, i.e., theestimationof onemissingentryin�uencesthe

estimationof theothermissingentries.If thegeneexpressionmatrixE hasmissing

data,wewantto completeits entriesto obtainamatrix Ê , suchthattherankof Ê is

equalto (or doesnotexceed)d, whered is takento bethenumberof signi�cant sin-

gularvaluesof E. Theestimationof theentriesof E to a matrix with a prescribed

rank is a variationof the problemof communality(see[16, p. 637].) We give an

optimizationalgorithmfor �nding Ê using the techniquesfor inverseeigenvalue

problemsdiscussedin [14].
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1.2 Somebiological background

1.2.1 Genesand GeneExpression

Cellsandorganismsaredividedinto two classes;procaryotic(suchasbacteria)and

eucaryotic[10]. The latterhave a nucleus.Thecell is enclosedby its membrane;

embeddedin the cell's cytoplasmis its nucleus,surroundedandprotectedby its

own membrane.ThenucleuscontainsDNA, a onedimensionalmolecule,madeof

two complementarystrands,coiledaroundeachotherasadoublehelix. Eachstrand

consistsof a backboneto which a linearsequenceof basesis attached.Thereare

four kindsof bases,denotedby C, G, A, T. Thetwo strandscontaincomplementary

basesequencesand are held togetherby hydrogenbondsthat connectmatching

pairsof bases;G-C (threehydrogenbondsthat connectmatchingpairsof bases;

G-C(threehydrogenbonds)andA-T (two).

A geneis asegmentof DNA, whichcontainstheformulafor thechemicalcom-

positionof oneparticularprotein.Proteinsaretheworking moleculesof life; most

biologicalprocessesthat take placein a cell arecarriedout by proteins.Topolog-

ically, a proteinis alsoa chain;eachlink is an aminoacid, with neighborsalong

thechainconnectedby covalentbonds.All proteinsaremadeof 20differentamino

acids- hencethe chemicalformula of a proteinof lengthN is an N -letter word,

whoselettersaretaken from a 20-letteralphabet.A geneis nothingbut analpha-

beticcookbookrecipe,listing theorderin which theaminoacidsareto bestrung

whenthecorrespondingproteinis synthesized.Geneticinformationis encodedin

thelinearsequencein whichthebasesonthetwo strandsareorderedalongtheDNA
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molecule.Thegeneticcodeis a universaltranslationtable,with speci�c tripletsof

consecutivebasescodingfor everyaminoacid.

Thegenomecontainsthecollectionof all thegenesthatcodethechemicalfor-

mulaeof all the proteins(andRNA) that an organismneedsandproduces.The

genomeof a simple organismsuchas yeastcontainsabout6000 genes;the hu-

mangenomehasbetween30,000and40,000. An overwhelmingmajority (98%)

of humanDNA containsnon-codingregions, i.e., strandsthatdo not codefor any

particularprotein(but playarole in regulatingthelevel of synthesisof thedifferent

proteins).

Hereis anamazingfact:everycell of amulticellularorganismcontainsits entire

genome!Thatis,everycell hastheentiresetof recipestheorganismmayeverneed;

thenucleusof eachof thereader's cell containsevery pieceof informationneeded

to make a copy (”clone”) of him/her! Eventhougheachcell containsthesameset

of genes,thereis differentiation: cellsof a complex organism,takenfrom different

organs,have entirelydifferentfunctionsandtheproteinsthatperformthesefunc-

tionsarevery different.Cellsin our retinaneedphotosensitive molecules,whereas

our liversdo not make muchuseof these.A geneis expressedin a cell whenthe

proteinit codesfor is actuallysynthesized.In anaveragehumancell about10,000

genesareexpressed.Thesetof (say10,000)numbersthat indicatetheexpression

level of eachof thesesgenesis calledthe expressionpro�le of thecell.

Thelargemajority of abundantlyexpressedgenesareassociatedwith common

functions,suchasmetabolism,andhenceareexpressedin all cells.However there

will be differencesbetweenthe expressionof pro�les of differentcells, andeven
11



in singlecell, expressionwill vary with time, in a mannerdictatedby externaland

internalsignalsthatre�ect thestateof theorganismandthecell itself.

Synthesisof proteinstake a placeat the ribosomes. Theseareenormousma-

chines(alsomadeof proteins)thatreadthechemicalformulaewrittenon theDNA

andsynthesizetheproteinaccordingto the instructions.Theribosomesarein the

cytoplasm,whereastheDNA is in theprotectedenvironmentof thenucleus.This

posesan immediatelogistic problem- how doesthe information get transferred

from thenucleusto theribosome?

1.2.2 Transcription and Translation

Theobvioussolutionof informationtransferwould beto rip out thepieceof DNA

that containsthe genethat is to be expressed,and transportit to the cytoplasm.

Whena genereceivesa commandto be expressed,the correspondingsegmentof

thedoublehelix of DNA opens,anda precisecopy of the information,aswritten

ononeof thestrands,is prepared,which is calledthemessenger RNA, andthepro-

cessof its productionis calledtranscription. The subsequentreadingof mRNA,

decipheringthemessage(written usingbasetriplets) into aminoacidsandsynthe-

sisof thecorrespondingproteinat theribosomesis calledtranslation[32]. In fact,

whenmany moleculesof a certainproteinareneeded,thecell producesmany cor-

respondingmRNAs, which aretransferredthroughthe nucleus'membraneto the

cytoplasm,andare”read” by several ribosomes.Thusthe singlemastercopy of

theinstructions,containedin theDNA, generatesmany copiesof theprotein.This

transcriptionstrategy is prudentandsafe,preservingthe preciousmastercopy; at
12



thesametime it alsoservesasa remarkableampli�er of thegeneticinformation.

1.2.3 DNA microarrays (chips)

A DNA Chip is the instrumentthatmeasuressimultaneouslytheconcentrationof

thousandsof differentmRNA molecules.It is alsoreferredto asaDNA microarray

[32] DNA microarrays,produceby Affymetrix, can measuresimultaneouslythe

expressionlevels of up to 20,000genes;the lessexpensive spottedarraysdo the

samefor several thousand.Schematically, the Affymetrix arraysareproducedas

follows. Divide a chip ( a glassplateof about1 cm across)into ”pixels” - each

dedicatedto onegeneg. Millions of 25 base-pairlong pieces(oligonucleotides)of

singlestrand DNA, copiedfrom a particularsegmentof geneg arearephotoliti-

graphicallysynthesizedon the dedicatedpixel (thesearereferredto as”probes”).

ThemRNA moleculesareextractedfrom thecellstakenfrom thetissueof interest

(suchasa tumortissue)obtainedby concentrationis enhanced.Next, theresulting

DNA is transcribedbackinto �uorescentlymarkedsinglestrandRNA diffuseover

thedenseforestof singlestrandDNA andthelabeledRNA diffuseover thedense

forestof singlestrandDNA andthe labeledRNA diffuseover thedenseforestof

singlestrandDNA probes.WhensuchanmRNA encountersa bit of theprobe,of

which the RNA is a perfectcopy, it hybridizesto this strand- i.e. attachesto it

with ahighaf�nity (considerablyhigherthanto aprobeof which thetargetis nota

perfectcopy). WhenthemRNA solutionis washedoff, only thosemoleculesthat

foundtheir perfectmatchremainstuckto thechip. Now thechip is illuminatedby

a laser, andthesestuck”targets” �uoresce; by measuringthe light intensityema-
13



natingfrom eachpixel, oneobtainsa measureof thenumberof targetsthatstuck,

which form a chip on which Ng geneswereplaced.TheseNg numbersrepresent

theexpressionlevelsof thesegenesin thattissue.A typicalexperimentprovidesthe

expressionpro�les of several tensof samples(sayNs � 100), over several thou-

sand(Ng) genes.Theseresultsaresummarizedin an Ng � Ns expressiontable;

eachrow correspondsto oneparticulargeneandeachcolumnto a sample.Entry

Egs of suchanexpressiontablestandsfor theexpressionlevel of geneg in sample

s. For example,the experimenton colon cancer, �rst reportedby Alon et al. [3]

containsNg = 2000geneswhoseexpressionlevels passedsomethreshold,over

Ns = 62 samples,40 of which weretaken from tumorand22 from normalcolon

tissue.

1.3 Somelinear algebrabackground

SinceDNA microarraydatainvolves real valuesonly, we will be restrictingour

treatmentof relevantfactsfrom linearalgebrato matricesandvectorspacesoverR.

1.3.1 Inner Product Spaces(IPS)

Let V beavectorspaceoverR. Thenh�; �i : V � V ! R is a realinnerproductif

1. hx; xi � 0 for all x 2 V andhx; xi = 0 iff x = 0.

2. hx; y i = hy; xi for all x; y 2 V.

3. hx; � y1 + � y2i = � hx; y1i + � hx; y2i for all x; y1; y2 2 V and for all

� ; � 2 R.
14



1.3.2 De�nition and Propertiesof PositiveDe�nite and Semide�nite Matrices

In thefollowing x will denoteavectorin Rn . A symmetricmatrixA 2 Rn� n is

1. positivede�nite if andonly if xT Ax > 0 for all nonzerox. Wewrite A > 0.

2. nonnegativede�nite (or positivesemi-de�nite) if andonly if x T Ax � 0 for

all x. Wewrite A � 0.

3. negativede�nite if � A is positivede�nite.

4. nonpositive de�nite (or negative semide�nite) if � A is nonnegative de�-

nite. Wewrite A � 0.

Wehave thefollowing facts.

� Any principalsubmatrixof apositive(nonnegative)de�nite matrix is positive

(nonnegative)de�nite . (A � 0 impliesany principalsubmatrixis n.n.d)

� Thediagonalelementsof apositivede�nite matrixarepositive.

� A is positive de�nite if andonly if its eigenvaluesarepositive. (It is positive

semide�niteif its eigenvaluesarenonnegative.)

� If A is positive de�nite, its determinantis positive. If A is positive semide�-

nite, its determinantis nonnegative.

� If A is positivede�nite, thenA is nonsingularandA � 1 is positivede�nite.
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1.3.3 Various Matrix Factorizations

In thefollowing section,we introduceseveralmatrix factorizationsusefulthrough-

out this thesis.

Theorem1.1(SpectralDecomposition) Let A = AT 2 Rn� n . Thenthere

existsanorthogonalmatrixQ 2 Rn� n (whosecolumnsareorthogonaleigenvectors

of A) such that

A = QDQT =
nX

i =1

� i qi qT
i

where � i are theeigenvaluesof A andD = diag(� 1; : : : � n ).

1.3.4 Gram-Schmidt Process

The Gram-Schmidtprocessis a recursive procedurefor generatingan orthonor-

mal setof vectorsfrom a givensetof linearly independentvectors.Let x 1; : : : xn

be linearly independentvectorsin an IPS V. Then generatean orthonormalset

u1; : : : un 2 V from x1; : : : xn suchthat:

span(x1; : : : ; xk) = span(u1; : : : ; uk); k = 1; : : : ; n;

by thefollowing procedureknown astheGram-Schmidtalgorithm:

� u1 := 1
kx 1k x1

� p1 := hx2; u1i u1; u2 := 1
kx 2 � p 1k (x2 � p1)

� p2 := hx3; u1i u1 + hx3; u2i u2; u3 := 1
kx 3 � p 2k (x3 � p2)

...
16



� pk := hxk+1 ; u1i u1 + hxk+1 ; u2i u2 + � � � + hxk+1 ; uk i uk ,

anduk+1 := 1
kx k +1 � pk k (xk+1 � pk)

In practisetheGram-SchmidtProcess(GSP)is numericallyunstable.That is,

thereis a severelossof orthogonalityof u1; : : : aswe proceedto computeu i . In

computationsone useseither a Modi�ed GSPor Householderorthogonalization

[21].

TheModi�ed Gram-SchmidtProcess(MGSP)consistingof thefollowing steps:

� Initialize j = 1.

� u j := 1
kx j k x j

� p i := hx i ; u j i u i andreplacex i by x i := x i � p i for i = j + 1; : : : ; n.

� Let j = j + 1 andrepeattheprocess.

MGSPis stable,needsmn2 �ops, which is moretimeconsumingthenGSP.

1.3.5 Cholesky Decomposition

Let A bea positive de�nite matrix. ThenA = UT � U whereU is anuppertrian-

gularmatrix with positive diagonalelements.Theabove factorizationis calledthe

Cholesky decomposition. Thematrix U is calleda Cholesky factor of A andis not

unique.

17



1.3.6 The QR Decomposition

Let X beann � m matrixwith n � m. Thenthereis aunitaryn � m matrixQ and

anuppertriangularn � n matrixR with nonnegativediagonalelementssuchthat

X n� m = Q

0

B
B
@

R

0

1

C
C
A :

This factorizationis calledtheQR decompositionof X . ThematrixQ is calledthe

Q-factorof X andthematrixR is theR-factorof X .

If we partition Q = (QX ; QL ) whereQX hasm columns,thenX = QX R

which is calledtheQR factorizationof X .

If X is of rankm, thentheQR factorizationis uniqueupto afactorof � 1 . The

columnsof QX form anorthogonalbasisfor thecolumnspaceof X , andthoseof

Q? form anorthonormalbasisfor theorthogonalcomplementof thecolumnspace

of X obtainedby theGram-Schmidtprocess.If X is of rankm, thenA = X T X is

positivede�nite andR is aCholesky factorof A. For moredetailssee[34].

1.3.7 An Intr oduction to the Singular ValueDecomposition

In many scienceandengineeringproblems,onewould like to approximatea given

matrixby a lower rankmatrixandcalculatethedistancebetweenthem.

Withoutlossof generality, let E bean� m matrixwheren � m (Thefollowing

procedureis alsovalid whenn < m). Denoteby R(E) andN (E) the rangeand

thenull spaceof E.

Theideaof thesingularvaluedecompositionis to factorthematrix E into the

18



productof matricesU, � , V suchthat

E (n� m) = U(n� n) � (n� m)V (m� m)T : (1.1)

Here,U is n � n, � is a diagonaln � m matrix,V is a m � m matrix,andU and

V areorthogonalmatriceswhere

� 1 � � 2 � � � � � � min( m;n ) � 0:

In this procedure,the � i 's areuniquebut U andV arenot. The � i 's arecalled

the singular valuesof E andare the squarerootsof the eigenvaluesof EE T or

equivalentlyE T E. Also, in this settingthecolumnsof U areeigenvectorsof EE T

andtherowsof V areeigenvectorsof E T E. Theideais thattherankof thematrixE

is thenumberof thenonzerosingularvaluesandthemagnitudeof nonzerosingular

valueswould indicatetheproximity of matrixE to theclosestlower rankmatrix.

Computationally, onebringsE to upperbidiagonalform A usingHouseholder

matrices.Thenoneappliesimplicitly theQRalgorithmto AT A to �nd thepositive

eigenvalues� 2
1; :::; � 2

r andthecorrespondingorthonormaleigenvectorsv 1; :::; v r of

thematrixE T E [21]. Next weset

uq :=
1
� q

Evq (1.2)

Theorem1.2 If E is an m � n matrix, thenE hasa singularvaluedecompo-

sition.

Theproofcanbefoundin [21].
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Wesummarizethefactsaboutthesingularvaluedecompositionof amatrix. Let

E beam � n matrixwith singularvaluedecompositionU� V T .

1. Thesingularvalues� 1; � 2; : : : ; � n of E areunique,however thematricesU

andV arenotunique.Suppose

� 1 > � 2 > � � � > � r > 0;

thenthecolumnsof V aredeterminedup to � 1.

2. SinceV diagonalizesE T E, it follows thatv j 's areeigenvectorsof E T E.

3. SinceEE T = U�� T UT , it follows that U diagonalizesEE T andthat the

u j 's aretheeigenvectorsof EE T .

4. Comparingthej th columnsof eachsideof theequation

EV = U�

weget

Ev j = � j u j j = 1; : : : ; n:

Similarly,

E T U = V� T

andhence

E T u j = � j v j j = 1; : : : ; n

E T u j = 0 j = n + 1; : : : ; m:

Thev j 's arecalledtheright singularvectorsof E andtheu j 's arecalledthe

left singularvectorsof E.
20



5. If E hasrankr , then

(a) v1; v2; : : : v r form anorthonormalbasisfor R
�
E T

�
,

(b) v r +1 ; v r +2 ; : : : ; vn form anorthonormalbasisfor N (E),

(c) u1; u2; : : : ; u r form anorthonormalbasisfor R (E),

(d) u r +1 ; u r +2 ; : : : ; um form anorthonormalbasisfor N
�
E T

�
.

6. The rankof E is equalto thenumberof its nonzerosingularvalues(where

singularvaluesarecountedaccordingto their multiplicities). We canrear-

rangethe� i 's suchthat

� 1 = � � � = � i 1 > � i 1 = � � � = � i 1+ l2 > � � � > � i p = � � � = � i p + lp = � r

andfor every 1 � j � p � 1, � i j + l j +1 = � i j +1 andv i j ; : : : ; v i j + l j form an

orthonormalbasisfor theeigenspaceof E T E correspondingto � i j .

Let Ur ; � r ; Vr bematricesobtainedfrom U; � ; V , respectively, asfollows: Ur is

ann � r matrix obtainedby deletingthelastm � r columnsof U, Vr is them � r

matrix obtainedby deletingthe last m � r columnsof V, and� r is obtainedby

deletingthelastm � r columnsandrowsof � . Then

E = Ur � r V T
r ; UT

r Ur = V T
r Vr = I r ; � r = diag(� 1; :::; � r ); � 1 � ::: � � r > 0:

(1.3)

In this settingUr ; � r ; Vr areall rankr matrices:the lastm � r columnsof U and

the last m � r rows of V T arearbitrary, up to the condition that the last m � r

columnsof U andlastm � r rows of V T areorthonormalbasesof theorthogonal
21



complementof thecolumnspaceandtherow spaceof E, respectively. Hence(1.3)

is sometimescalleda reducedSVD of E.

1.3.8 SVD on inner product spaces

In thissectionwediscussbrie�y thestandardnotionof theSVD decompositionof a

linearoperatorthatmapsone�nite dimensionalinnerproductspacetoanother�nite

dimensionalinner productspace.For the utmostgeneralitywe considerherethe

innerproductsover thecomplex numbersC. In this sectionwe denoteby Mnm (C)

thespaceof n � m matriceswith complex entries.

Let U i beanmi -dimensionalinnerproductspaceover C, equippedwith h�; �i i

for i = 1; 2. Let T : U 1 ! U 2 be a linear operator. Let T � : U 2 ! U 1 be the

adjoint operatorof T, i.e. hTx; y i = hx; T � y i for all x 2 U 1; y 2 U 2. Equiv-

alently, let [a1; :::; am1 ] and[b1; :::; bm2 ] be orthonormalbasesof U 1 andU 2 re-

spectively. Let A 2 M m2m1 (C) be the representationmatrix of T in thesebases:

[Ta1; :::; Tam1 ] = [b1; :::; bm2 ]A. ThenthematrixA � := A
T

representsT � in these

bases.The SVD decompositionof A = U� V � , whereU; V areunitary matrices

of dimensionsm2; m1 respectively, and� 2 Mm2m1 (R) is a diagonalmatrix with

thediagonalentries� 1 � :::� min (m2 ;m 1 ) � 0, correspondsto thefollowing basefree

conceptsof T.

ConsidertheoperatorsS1 := T � T : U 1 ! U 1 andS2 := TT � : U 2 ! U 2.

Then S1; S2 are self-adjoint, i.e. S�
1 = S1; S�

2 = S2 and nonnegative de�nite:

hSi x i ; x i i � 0 for all x i 2 U i for i = 1; 2. Thepositive eigenvaluesof S1 andS2,

countedwith their multiplicities andarrangedin a decreasingorderare� 2
1 � ::: �
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� 2
r > 0, wherer = rank T = rank T � . Let

S1v i = � 2
i v i ; i = 1; :::; r; hv i ; v j i 1 = � ij ; i; 1; :::; r:

Thenu i := � � 1
i Tv i for i = 1; :::; r is an orthonormalsetof the eigenvectorsof

S2 correspondingto the eigenvalue � 2
i for i = 1; :::; r . Completethe orthonor-

mal systemsf v1; :::; v r g and f u1; :::; u r g to orthonormalbases[v1; :::; vm1 ] and

[u1; :::; um2 ] in U 1 and U 2 respectively. Then the unitary matricesU; V are the

transitionmatricesfrom basis[b1; :::; bm2 ] to [u1; :::; um2 ] andbasis[a1; :::am1 ] to

[v1; :::; vm1 ]:

[u1; :::; um2 ] = [b1; :::; bm2 ]U; [v1; :::; vm1 ] = [a1; :::; am1 ]V:

Let A 2 Mm2m1 (C). ThenA canbe viewed asa linear operatorA : Cm1 !

Cm2 , wherex ! Ax for any x 2 Cm1 . Let Pi beanmi � mi hermitianpositive

de�nite matrix for i = 1; 2. We de�ne the following inner productson Cm1 and

Cm2 :

hx; y i i := y � Pi x; x; y 2 Cm i ; i = 1; 2: (1.4)

It is straightforwardto show thattheSVD decompositionof A, viewedastheabove

operator, with respectto theinnerproductsgivenby (1.4) is

A = U� V � ; U� P2U = I m2 ; V � P � 1
1 V = I m1 ; (1.5)

where� is an m2 � m1 diagonalmatrix with nonnegative diagonalentriesin a

decreasingorder. A simpleway to deducethis decompositionis to observe that

hx; y i i = (P
1
2

i y)� (P
1
2

i x), whereP
1
2

i is theuniquehermitianpositivede�nite square
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root of Pi . The decomposition(1.5) is calledthe extendedsingular valuedecom-

positionof A, ESVD for short. Thediagonalentriesof � arecalledtheextended

singularvaluesof A. ESVD of A correspondsto thestandardSVD decomposition

of P
1
2

2 AP
� 1

2
1 .

1.4 ExtendedSingular Valuedecomposition

In its utmostgenerality, theSVD dealswith a linearoperatorT : V s ! V t , where

V s (thesourcespace)andV t (thetargetspace)are�nite dimensionalvectorspaces

over the realnumbersR (or moregenerallyover thecomplex numbersC), which

areendowed with the inner productsh�; �i s andh�; �i t respectively. Choosebases

e1; :::; eM andf1; :::; fN . ThenV s andV t canbeidenti�ed with thestandardvector

spacesRM andRN respectively, andT is representedby the n � m matrix A =

(aij )N M
i=1 ;j =1 as explainedlater on. Usually one choosesthe inner productsh�; �i s

andh�; �i t to begivenby thestandardinnerproductson RM andRN . That is, one

assumes

hej ; ej i s = 1; hej ; ek i s = 0 for j 6= k; j ; k = 1; :::;M ; (1.6)

hf i ; f i i t = 1; hf i ; f l i t = 0 for i 6= l; i; l = 1; :::;N: (1.7)

Then the SVD of T is the singularvalue decompositionA = U� V T : U; � ; V

areN � d;d � d;M � d matricesrespectively, whereUT U = V T V areequalto

the d � d identity matrix I d, and� is a diagonalmatrix with the diagonalentries

� 1 � � 2 � :::� d � 0 calledthesingularvaluesof A. Furthermore

rank A � d � min(M ; N ); 0 < � rank A and � m = 0 for m > rank A: (1.8)
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In general,onedoesnothavetoassumethate1; :::; eM andf1; :::; fN areorthonormal

bases.By letting Ps := (hej ; ek i s)
M
j ;k=1 andPt := (hf i ; f l i t )

N
i;l =1 be any positive

de�nite matrices,oneobtainsthecorrespondingSVD of T:

A = U� V T ; UT PtU = V T P � 1
s V = I d; � = diag(� 1; :::; � d) ; (1.9)

whereU andV areN � d andM � d matriceswhosecolumnsform orthonormal

setsof d vectorswith respectto Pt andP � 1
s respectively. � is a diagonalmatrix

with the singularvalues� 1 � ::: � � d � 0 of T satisfying(1.8). We call (1.9)

thesingularvaluedecompositionof A with respectto Ps; Pt , or ExtendedSingular

ValueDecomposition(ESVD) of A. We call � 1; :::; � d theextendedsingularvalues

of A or singularvalueswhenno ambiguityarises. Let a1; :::; aM andb1; :::; bN

be orthonormalbasesin V S andV t respectively. Let T : V s ! V t . Thenthe

conjugateoperatorT � : V t ! Vs is de�ned by theequalities

hTaj ; b i i t = haj ; T � b i i s ; for i = 1; :::;N; j = 1; :::;M : (1.10)

Assumethat

Taj =
NX

j =1

cij b i ; i = 1; :::;M : (1.11)

Then

T � b i =
MX

j =1

cij aj ; i = 1; :::;N: (1.12)

Thatis, theN � M matrixC := (cij )N ;M
i=1 ;j =1 representsT in theorthonormalbases

a1; :::; aM andb1; :::; bN , andCT representsT � in thesebases.In particular

T � T : V s ! V s; TT � : V t ! V t (1.13)
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arepresentedby CT C andCCT in thebasesa1; :::; aM andb1; :::; bN respectively.

Clearly

rank T = rank A = rank AT = rank T � = rank AT A = rank AA T = rank A � T = rank TTast

SinceT � T is self-adjoint((T � T)� = T � T) andnonnegativede�nite (hT � Tx; xi s �

0 for any x 2 V s) it follows thatthereexistsanorthonormalbasisc1; :::; cM in V s

suchthat

T � Tci = � 2
i ci ; � i � 0; hci ; ck i s = � ik ; i; k = 1; :::;M : (1.14)

Let d i := 1
� i

Tci ; i = 1; :::; rank T. Thend1; :::; d rank T is anorthonormalsystem

of vectors.Extendthissystemto anorthonormalbasisd1; :::; dN of V t . ThenSVD

of T is givenby

Tci = � i d i ; i = 1; :::;M ; hd j ; d l i t = � j l ; j ; l = 1; :::;N; d i = 0 if i > N:

(1.15)

Lemma 1.3 LetV s; V t be�nite dimensionalvectorspacesoverR ofdimension

M ; N and with the inner productsh�; �i s ; h�; �i t respectively. Let e1; :::; eM and

f1; :::; fN be basesin V s and V t with the correspondingpositivematricesPs =

(hej ; ek i s)
M
j ;k=1 andPt = (hf i ; f l i t )

N
i;l =1 respectively. Let T : V s ! V t bea linear

transformationgivenby (1.11).Thentheextendedsingularvaluedecompositionof

A = (aij )N ;M
i;j =1 with respectto thepositivede�nite matricesPs; Pt , corresponding

to thesingularvaluedecompositionof T in basese1; :::; eM andf1; :::; fN is given

by (1.9). Furthermore the operator T � : V t ! V s representedby the matrix
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Ay = (ay
j i )

M ;N
j ;i =1 in thebasese1; :::; eM andf1; :::; fN :

T � f i =
MX

j =1

ay
j i ej ; i = 1; :::;N; Ay = P � 1

s AT Pt : (1.16)

Proof. Let

ej =
MX

k=1

vj kck ; d l =
NX

i =1

uil f i ; j = 1; :::;M ; l = 1; :::;N: (1.17)

Hence

Tej =
MX

k=1

vj kTck =
dX

k=1

vj k � kdk =
d;NX

k=1 ;i =1

vj k � kuik f i :

Comparethe above equalitiesto (1.11) to deducethe the �rst part of the equality

(1.9)A = U� V T , where

U = (uik )N ;d
i;k =1 ; ~U = (uil )N

i;l =1 = (U; Ur );

Û = (ûil )N
i;l =1 := ( ~U)� 1; U0 := (ûil )

d;N
i;l =1 ; ÛT = (UT

0 ; UT
d )

(1.18)

V = (vj k)M ;d
j ;k=1 ; ~V = (vj k)M

j ;k=1 = (V; Vr );

V̂ = (v̂j k)M
j ;k=1 := ( ~V)� 1; V0 := (v̂j k)d;M

j ;k=1 ; V̂ T = (V T
0 ; V T

d )

The secondpart of (1.9) UT PtU = I d is equivalent to the orthonormalityof

thesystemd1; :::; dd. We now show the third partof (1.9) V T P � 1
s V = I d. Since

c1; :::; cM is anorthonormalbasisin V s it follows thatPs = ~V ~V T . HenceP � 1
s =

( ~V T )� 1( ~V)� 1. Note that since( ~V)� 1 ~V = I M it follows that ( ~V)� 1V = Q is the

M � d matrix whosed columnsarethe �rst d columnsof the identity matrix I M .

HenceV T P � 1
s V = QT Q = I d.

Fromthede�nition of T � (1.12)it follows that

T � d i = � i ci ; i = 1; :::;N; � i = 0 and ci = 0 for i > M : (1.19)
27



As f i =
P N

l=1 ûl i d l weobtain

T � f i =
NX

l=1

ûl i T � d l =
dX

l=1

ûl i � lcl =
d;MX

l ;j =1

ûl i � l v̂l j ej ; :

Comparetheaboveequalitieswith thede�nition of Ay in (1.16)to deducethat

Ay = V T
0 � U0: (1.20)

Sinced1; :::; dN is anorthonormalbasisit followsthatPt = ÛT Û. As P � 1
s = V̂ T V̂

andA = U� V T astraightforwardcalculationshows thatAy = P � 1
s AT Pt .

1.5 SomeApplications of SVD

1.5.1 Analysing DNA geneexpressiondata via SVD

We now give anotherform of (1.3) which hasa signi�cant interpretationin mi-

croarraydata.Let u1; � � � ; um denotethecolumnsof U andv1; : : : ; vm denotethe

columnsof V. Then(1.1)and(1.3)canbewrittenas

E =
mX

q=1

� quqvT
q =

rX

q=1

� quqvT
q : (1.21)

If � 1 > ::: > � r thenuq andvq aredeterminedupto thesign� 1 for q = 1; :::; r .

Namelyuq andvq arelength1 eigenvectorsof EE T andE T E, respectively, corre-

spondingto thecommoneigenvalue� 2
q. (Notethechoiceof a signin vq forcesthe

uniquechoiceof the sign in uq.) The vectorsu1; : : : ; u r are called eigengenes,

the vectorsv1; : : : ; v r are called eigenarrays and � 1; : : : ; � r are called eigenex-

pressions. The rank r canbe viewed asthe numberof differentbiological func-

tions of n genesobserved in m experiments.The eigenarraysv 1; : : : ; v r give the
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principal r orthogonaldirectionsin Rm correspondingto � 1; : : : ; � r . The eigen-

genesu1; : : : ; u r give the principal r orthogonaldirectionsin Rn corresponding

to � 1; : : : ; � r . Theeigenexpressionsdescribetherelative signi�canceof eachbio-

function.Fromthedatagivenin [4], it seemsthatthenumberof signi�cant singular

valuesnever exceedsm
2 . Seethediscussionon thenumberof signi�cant singular

valuesin the beginning of x3. The essenceof the FRAA algorithm,suggestedin

this thesis,is basedon thisobservation.

1.5.2 Low rank approximation of matrices

A well-known techniquefor dimensionreductionis thelow rankapproximationby

thesingularvaluedecomposition[21].

Let E be the datamatrix, and let E = U� V T be the SVD of E, whereU

andV areorthogonaland� is diagonal. Then,for a given � , the optimal rank �

approximationof E is givenby

Ê � = U� � � V T
� ;

whereU� andV� arethematricesformedby the�rst � columnsof thematricesU

andV respectively, and� � is the� -th principalsubmatrixof � . A key propertyof

this rank � approximationis that it achievesthebestpossibleapproximationwith

respectto the Frobeniusnorm, (andmoregenerallywith respectto any unitarily-

invariantnorm),amongall matriceswith rank� , .

Denoteby jjE jj F theFrobenius(`2) normof E. It is theEuclideannormof E

viewed asa vectorwith nm coordinates.Eachterm uqvT
q in (1.21) is a rank one
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matrix with jjuqvT
q jjF = 1. Let R(n; m; k) denotethesetof n � m matricesof at

mostrankk (m � k). Thenfor eachk, k � r , theSVD of E givesthesolutionto

thefollowing approximationproblem:

min
F 2R (n;m;k )

jjE � F jjF = jjE �
kX

q=1

� quqvT
q jjF =

vu
u
t

rX

q= k+1

� 2
q: (1.22)

If � k > � k+1 then
P k

q=1 � quqvT
q is the uniquesolution to the above minima

problem. For our purposes,it will be convenientto assumethat � q = 0 for any

q > m.

2 RandomizedLow Rank Approximation

of a Matrix

In many appliedsettingswhereoneis dealingwith a very large dataset,it is im-

portantto reducethesizeof datain orderto makeaninferenceaboutthefeaturesof

dataset,in atimely manner. Assumethatthedatasetis representedby anm� n ma-

trix A 2 Rm� n . It is importantto �nd anapproximationB 2 Rm� n of a speci�ed

rankk to A, wherek is muchsmallerthanm andn.

Hereareseveralmotivationsto obtainsuchB. First, thestoragespaceneeded

for B is k(m + n), which is muchsmallerthanthestoragespacemn neededfor A.

Indeed,B canberepresentedas

B = x1yT
1 + x2yT

2 + : : : xkyT
k ; x1; : : : ; xk 2 Rm ; y1; : : : ; yk 2 Rn ; (2.23)
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wherex1; : : : ; xk andy1; : : : ; yk arek columnvectorswith m andn coordinates

respectively. We storethe vectorsx1; : : : ; xk ; y1; : : : ; yk , which needthe storage

k(m + n), andcomputetheentriesof B , whenneeded,usingtheabove expression

for B .

The secondmost commonapplicationis clusteringalgorithmsas in [1], [2],

[11], [13] and[30]. Assumethat our datarepresentsn pointsandeachpoint has

m coordinates.That is eachpoint representedby a columnof the matrix A. We

wantto clusterthepointsin suchawaythatthedistancebetweenpointsin thesame

clusteris muchsmallerthan the distancebetweenany two points from different

clusters.Oneway to do this is to projectall thepointson thek mainorthonormal

directionsencodedby the �rst k left singularvectorsof A. Then clusterusing

eitherk onedimensionalsubspacesor thewholek dimensionalsubspace.Thek-

rankapproximationB givestheapproximationto this k dimensionalsubspaceand

theapproximationto the �rst k singularvectors.Anotherway to clusteris to use

theprojectiveclustering.It is known thatafastSVD, i.e. fastk-rankapproximation

is amaintool in thisarea[2] and[11].

The third applicationis in DNA microarrays,in particularin dataimputation

[18]. Let A bea geneexpressionmatrix. Them rows of thematrix A areindexed

by the genes,while the n columnsareindexed by the numberof experiments.It

is known that the effective rank of A, k, is usuallymuch lessthann. The SVD

decompositionis the main ingredientof the FRAA, (Fixed RankApproximation

Algorithm), which is successfullyimplementedin [18] to imputethecorrupteden-

triesof A. Thefastk- approximationalgorithmsuggestedin this paper, combined
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with the clusteringof similar genes,can be implementedto improve the FRAA

algorithm.

One way to �nd a fast k-rank approximationis to chooseat randoml � k

columnsor rows of A andobtainfrom themk-rankapproximationsof A. This is

basicallythe spirit of the algorithmsuggestedby Frieze,KannanandVempalain

[19]. We call this algorithmtheFKV algorithm. Assuminga statisticalmodelfor

the distribution of the entriesof A, the authorsgive someerror boundson their

k-rankapproximation.

In orderto graspthenatureof theFKV algorithm,we needto discusstheran-

domprojectionmethod.SantoshS.Vempalahasa thoroughdiscussionof theran-

domprojectionmethod.[36]

2.1 RandomProjection Method

Let u = (u1; : : : ; un ). In orderto obtainthe projectionof u, we consideran or-

thonormalmatrix R, whoseentriesareuniformly distributed. Thenwe scaleRT u

with
p

n=k to obtaintheprojectionv, v = (
p

n=k)RT u. Therationalfor choos-

ing ascalingfactorof
p

n=k is to have theexpectedvalueE(kvk2) = kuk2. There

arevariousstrategiesfor comingup with therandommatrix R, which aredataand

applicationdependent.

Oneof the interestingpropertiesof randomprojectionis thatwhile it is useful

for reducingdimensionality, it preservespairwisedistanceswith high probability.

Thesepropertiescanberepresentedby thefollowing lemma.
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Lemma 2.1(Johnsonand Lindenstrauss) For any0 < � < 1=2 andanyset

of pointsS in Rn with jSj = m, uponprojectionto a uniformrank� -dimensional

subspacewhere � � 1 +
9ln m

� 2 � (2=3)� 3
, thefollowingpropertyholds:

With probabilityat least1=2, for everypair u; u0 in S,

(1 � � )ku � u0k2 � kf (u) � f (u0)k2 � (1 + � )ku � u0k2

where f (u) andf (u0) areprojectionsof u andu0.

Random Projection Algorithm. Randomprojectionpreservesdistancesapproxi-

mately, while reducingdimensionality. Wecouldusethefollowing stepsto achieve

thesegoals.

1. Projectanl-dimensionaldatapoint to k-dimensionalspace.(k � 0)

2. Find the k largestsingularvaluesfor obtainingthe low-rankapproximation

of theoriginaldatamatrix.

Supposeweprojectanm� n matrixA usinganm� l matrixB , B =

r
n
l
RT A.

ThenSVD of A andB couldbewrittenas

A =
rX

i =1

� i u i vT
i ; B =

tX

i =1

� i u0
i v

0T
i

whereu i andu0
i areleft singularvectorsandv i andv 0

i areright singularvalues

of A andB respectively. Thefollowing lemmaindicatesthatthesingularvaluesare

approximatelypreserved.

Lemma 2.2 Let � > 0. If l � C
logn

� 2
for suf�ciently largeconstantC, then

nX

i =1

� 2
i � (1 � � )

�X

i =1

� 2
i
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We closethis discussionon the randomprojectionby the following theorem

which emphasizesthat thematrix obtainedby randomprojectionis asgoodasthe

least� -rankapproximation.

Theorem2.3 Let A � bethebestk-rankapproximationof A, andlet ~A � bethe

matrixobtainedby randomprojection.If l > C logn=�2 for large enoughconstant

C, then

kA � ~A � k2
F � kA � A � k2

F + 2� kA � k2
F

Low rank approximation (FKV method).

Givenanm� n matrixA, wewouldliketo approximateafew of thetopsingular

valuesand their associatedsingularvector. Herewe presentthe FKV algorithm

[12].

TheFKV algorithmstartsby choosingl rowsof A andforminganl � n matrix

L. Let p1; : : : ; pm be real numberssuchthat 0 � pi � 1 and
P m

i=1 pi = 1. The

algorithmwill inputamatirxAm� n andintegersl � m andk � l .

We thenconstructa matrix L in the following way: Choosei 2 f 1; : : : ; mg

wheretheprobabilityof choosingi is equalto pi . Thenscalethei -th row A (i ) of A

by
p

lpi , to obtainA (i )=
p

lpi , whichwill constitutethei -th row of L.

In thenext stepwecomputeLL T andits singulardecomposition

LL T =
lX

t=1

� 2
t u (t )uT

(t)

Let H bethematrixwhoserowsare

h(t ) := LT u (t )=kLT u (t )k; t = 1; : : : ; k
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andwhosesingularvaluesare� 2
t .

Noticethath(t ) aretheright singularvaluesof L, andSVD of L is

L =
lX

t=1

� tu (t )hT
(t)

The weakpoint of FKV algorithmis its inability to improve iteratively FKV

approximationby incorporatingadditionalpartsof A. In thefollowing section,we

presentouralgorithm[17], whichovercomesthisshortcoming.

2.2 FastMonte-Carlo Rank Approximation

The weakpoint of the FKV algorithmis its inability to improve iteratively FKV

approximationby incorporatingadditionalpartsof A. In fact in the recentpaper

[11], whichusesFKV randomalgorithm,thispoint is mentionedspeci�cally in the

endof thepaper:“..., it would be interestingto designanalgorithmthat improves

thisapproximationby accessingA (or partsof A) again.”

We provide herea samplingframework for iterative updatesof k-rankapprox-

imationsof A, by readingiteratively additionalcolumns(rows) of A, which im-

proves for sure the approximationB eachtime it is updated.The quality of the

approximationof B is givenby theFrobeniusnormjjB jj F , thesuccessivevaluesof

which area nondecreasingsequenceundertheseiterations.Therateof increaseof

thenormsjjB jj F canbeusedto give a stoppingrule for terminatingthealgorithm.

Also, the updatingalgorithmof the k-rank approximationgivesapproximationto

the �rst k singularvaluesof A, andtheapproximationsto the �rst k left andright

singularvectorsof A. We believe that this algorithmwill have many applications
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in datamining,datastorageanddataanalysis.

The following setof theorems([17]) will be useful in the constructionof the

algorithm.

Theorem2.4 Let A 2 Rm� n and k 2 [1; min(m; n)]. Let x1; : : : ; xk and

y1; : : : ; yk betwosetsof orthonormalvectors in Rm andRn respectively. Then

kX

i =1

(AT x i )T (AT x i ) �
kX

i =1

� 2
i ;

kX

i =1

(Ay i )T (Ay i ) �
kX

i =1

� 2
i : (2.24)

Equalityin the�r stor secondinequalityoccursif span(x 1; : : : ; xk) or span(y1; : : : ; yk),

containsk linearly independentleft or right singularvectors of A, corresponding

thek maximalsingularvaluesof A respectively.

Theabove characterizationfollows from themaximal,(Ky Fan),characteriza-

tion, of thesumof the�rst largesteigenvaluesof a realsymmetricmatrix:

Theorem2.5 Let S 2 Sp(R) be a real p � p symmetricmatrix. Let � 1 �

: : : � � p betheeigenvaluesS arrangedin a decreasingorder andlistedwith their

multiplicities. Let w1; : : : ; wp 2 Rp be an orthonormalsetof the corresponding

eigenvectors of S: Sw i = � i w i ; i = 1; : : : ; p. Let k 2 [1; p] bean integer. Thenfor

anyorthonormalsetx1; : : : ; xk 2 Rp

kX

i =1

xT
i Sx i �

X

i =1

� i =
kX

i =1

wT
i Sw i : (2.25)

Equality holds if and only if the subspacespan(x 1; : : : ; xk) containsk linearly

independenteigenvectorsof S correspondingto theeigenvalues� 1; : : : ; � k .
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Seefor example[14] for proofsandthereferences.Notethatx 1; : : : ; xk 2 Rm

is asystemof orthonormalvectorsin Rm if andonly if them� k matrix(x 1; : : : ; xk)

is in Omk (R).

To obtainTheorem2.4 from Theorem2.5we let p = m, (or n) andS beequal

to AA T , (or AT A). In (2.24)weemphasizedthecomplexity of thecomputationsof

theleft-handsideof theinequalities.Seealso[18] for applicationsof Theorem2.5

to dataimputationin DNA microarrays.

Corollary 2.6 Let A 2 Rm� n and k 2 [1; min(m; n)] be an integer. Then

for any two k-orthornormalsystemsx 1; : : : ; xk 2 Rm and y1; : : : ; yk 2 Rm the

followingequalitieshold:

jjA �
kX

i =1

x i (xT
i A)jj 2

F = jjAjj 2
F �

kX

i =1

(AT x i )T (AT x i ); (2.26)

jjA �
kX

i =1

(Ay i )yT
i jj 2

F = jjAjj 2
F �

kX

i =1

(Ay i )T (Ay i ): (2.27)

In particular thebestk-rankapproximationÊk of A is givenby
P k

i=1 u i (uT
i A) and

P k
i=1 (Av i )vT

i , where u1; : : : ; uk 2 Rm andv1; : : : ; vk 2 Rn are an orthonormal

setsof theleft andright singularvectorsof A correspondingto � 1; : : : ; � k .

Thenext theoremis thekey theoremfor updatingthek-rankapproximationfor

P k
i=1 x i (xT

i A), ( or
P k

i=1 (Ay i )yT
i ), for some(x1; : : : ; xk) 2 Omk (R), (or some

(y1; : : : ; yk) 2 Onk (R)).

Theorem2.7 Let x1; : : : ; xk 2 Rm , (or y1; : : : ; yk 2 Rn ), be an orthonor-

mal systemin Rm , (or in Rn ). Let w1; : : : ; w l 2 Rm , (or z1; : : : ; zl 2 Rn ),
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be a given set in Rm , (or in Rn ). Perform the Modi�ed Gram-Schmidt process

on x1; : : : ; xk ; w1; : : : ; w l , (or y1; : : : ; yk ; z1; : : : ; zl ), to obtain an orthonormal

set x1; : : : ; xp 2 Rm , (or y1; : : : ; yp 2 Rn ), where k � p � k + l. Assume

that k < p, i.e. span(w1; : : : ; w l ) * span(x1; : : : ; xk), (or span(z1; : : : ; zl ) *

span(y1; : : : ; xk)). Formp � p real symmetricmatrixS := ((AT x i )T (AT x j ))
p
i;j =1 ,

(or S := ((Ay i )T (Ay j ))
p
i;j =1 ), and assumethat � 1 � : : : � � k are the k-largest

eigenvaluesof S with the correspondingk-orthonormalvectors o1; : : : ; ok 2 Rp.

Let O := (o1; : : : ; ok) 2 Opk(R) and de�ne k-orthonomalvectors ~x1; : : : ; ~xk 2

Rm , (or ~y1; : : : ; ~yk 2 Rn ), asfollows:

(~x1; : : : ; ~xk) = (x1; : : : ; xp)O; (or (~y1; : : : ; ~yk) = (y1; : : : ; yp)O): (2.28)

Then

kX

i =1

(AT x i )T (AT x i ) �
kX

i =1

(AT ~x i )T (AT ~x i ); (2.29)

(or
kX

i =1

(Ay i )T (Ay i ) �
kX

i =1

(A~y i )T (A~y i )) :

Furthermore

� i = (AT ~x i )T (AT ~x i ); i = 1; : : : ; k; (AT ~x i )T (AT ~x j ) = 0 for i 6= j ;(2.30)

(or � i = (A~y i )T (A~y i ); i = 1; : : : ; k; (A~y i )T (A~y j ) = 0 for i 6= j :)

We now explain the essenceof Theorem2.7. View x 1; : : : ; xk asan approxi-

mationto the �rst k-left singularvectorsof A, and
P k

i=1 x i (AT x i )T asthek-rank

approximationto A. Hence(AT x i )T (AT x i ) is an approximationto � 2
i of A for

i = 1; : : : ; k. Readadditionalvectorsw1; : : : ; w l 2 Rm suchthat at leastoneof
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thesevectorsis not in thesubspacespannedby x 1; : : : ; xk . Let X bethesubspace

spannedby x1; : : : ; xk andw1; : : : ; w l . Hencex1; : : : ; xk ; : : : ; xp is theorthonor-

mal basisof X obtainedfrom thevectorsx 1; : : : ; xk ; w1; : : : ; w l , usingtheGram-

Schmidtprocess.Notethatk < p � k + l, andin generalonehasthatp = k + l.

Considerthep � p nonnegative de�nite matrix S = ((AT x i )T (AT x j ))
p
i;j =1 . Find

its �rst k eigenvectorsto obtain ~x1; : : : ; ~xk 2 Rm . ThenC :=
P k

i=1 ~x i (AT ~x i )T

is thebestapproximationof A by matrix B of rankat mostk, whosecolumnsare

in the subspaceX . In particular, the approximationC is betterthanthe previous

approximation
P k

i=1 x i (AT x i )T , whichis equivalentto the(2.29).Similarsituation

holdsfor in thesecondcasey1; : : : ; yk ; z1; : : : ; zl 2 Rn .

Outline of theProofof Theorem2.7.LetS = (sij )p
i;j =1 . Letei = (� i 1; : : : ; � ip )T ; i =

1; : : : ; p bethestandardorthonormalbasisin Rp. Assumethatwe aredealingwith

the orthonormalset x1; : : : ; xp 2 Rm . Use the de�nition of A and the Ky Fan

characterizationof thesumof themaximalk eigenvaluesof symmetricS to deduce

kX

i =1

(AT x i )T (AT x i ) =
kX

i =1

eT
i Sei �

kX

i =1

� i =
kX

i =1

oT
i Soi :

Let C := AT (x1; : : : ; xp). ThenS = CT C. Hencethe
p

� 1 � : : : �
p

� p are

the singularvaluesof C ando1; : : : ; op arethe right singularvectorsof C. Thus

Coi =
p

� i t i 2 Rn , wheret i is the left singularvector of C correspondingto

thesingularvalue
p

� i for i = 1; : : : ; p. A straightforwardcalculationshows that

� i = oT
i Soi = (AT ~x i )T (AT ~x i ) for i = 1; : : : ; k. Hencethe�rst inequalityin (2.29)

holds. Furthermorewe deducethe�rst setof equalitiesin (2.30)for i = 1; : : : ; k.
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Thesecondsetof equalitiesin (2.30)followsfrom theorthonormalityof t 1; : : : ; t k .

Similar argumentsapplywhendealingwith theorthonomalsystemy 1; : : : ; yp.

�

Algorithm [17]

One startsthe algorithm by choosingthe �rst k-rank approximationto A as

follows. Let c1; : : : ; cn 2 Rm andr T
1 ; : : : ; r T

m 2 Rn be the n columnsandthe m

rows of A. (We view the rows of A asrow vectors.) Choose1 � n1 < : : : <

nk � n, (or 1 � m1 < : : : < mk � m), to be k integers. Let x1; : : : ; xq 2

Rm , (or y1; : : : ; yq 2 Rn ), be theorthonormalsetobtainedfrom cn1 ; : : : ; cnk , (or

r T
m1

; : : : ; r T
mk

), usingtheModi�ed Gram-Schmidtprocess.Thenlet

B0 :=
qX

i =1

x i (AT x i )T ; (or B0 :=
qX

i =1

(Ay i )yT
i ): (2.31)

That is, the �rst k-rank B0 approximationto A is obtainedas follows. Choose

at randomk columns,(or rows), of the datamatrix A. Apply the Gram-Schmidt

processto themto obtaintheorthonormalcolumnvectorsx 1; : : : ; xq with m coor-

dinates,(or theorthonormalcolumnvectorsy 1; : : : ; yq with n coordinates).In gen-

eralq = k, but in somecasesif x1; : : : ; xk arelinearly dependent,(or if y1; : : : ; yq

are linearly dependent),q < k. Assumefor simplicity of the exposition that

q = k. Then B0 is of the form (2.23) where y i = AT x i ; i = 1; : : : ; k, (or

x i = Ay i ; i = 1; : : : ; k.)

Now updateiteratively the k-rank approximationof B t � 1 of A to B t , using

Theorem2.7, by letting w1 := cj 1 ; : : : ; w l = cj l 2 Rm , (or z1 := r T
j 1

; : : : ; zl =

r T
j l

2 Rn ), for somel integers1 � j 1 < : : : < j l � n, (or 1 � j 1 < : : : < j l � m).
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That is, we chooseanotherl setsof columnsof A, (or rows of A), preferablythat

werenot chosenbefore,andupdatethek-rankapproximationusingthealgorithm

suggestedby Theorem2.7to obtainanimprovedk-rankapproximationB t of A.

Furthermoreone can usethe k-rank approximationB t from the above algo-

rithm to approximatethe �rst k-singularvalues� 1; : : : ; � k , and the left and the

right singularvectorsu1; : : : ; uk andv1; : : : ; vk asfollows. First thesquareroots

p
� 1(S); : : : ;

p
� k(S) of the matrix S are approximationsfor � 1; : : : ; � k . If S

was obtainedusing x1; : : : ; xp 2 Rm then the vectors ~x1; : : : ; ~xk approximate

u1; : : : ; uk . Let ~v i := AT u i ; i = 1; : : : ; k. Thenjj ~v i jj =
p

� i (S) is an approx-

imationto � i of A for i = 1; : : : ; k. Therenormalized~v i whicharegivenas 1
jj ~v i jj

~v i

approximatetheright singulareigenvectorsv i for i = 1; : : : ; k.

If S wasobtainedusingy1; : : : ; yp 2 Rn thenthevectors~y1; : : : ; ~yk approxi-

matev1; : : : ; vk andthevectors A ~y 1
jj A ~y 1 jj ; : : : ; A ~y k

jj A ~y k jj approximateu1; : : : ; uk .
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Fastk-rank approximation and SVD algorithm

Input: positive integersm; n; k; l ; N , m � n matrixA, � > 0.

Output: anm � n k-rankapproximationB f of A, with theratios jj B 0 jj
jj B t jj and

jj B t � 1 jj
jj B t jj , approximationsto k-singularvaluesandk left andright singularvec-

torsof A.

1. Choosek-rankapproximationB0 usingk columns(rows)of A.

2. for t = 1 to N

- Choosel columns(rows) from A at randomandupdateB t � 1 to B t .

- Computetheapproximationsto k-singularvalues,andk left andright

singularvectorsof A.

- If jj B t � 1 jj
jj B t jj > 1 � � let f = t and�nish.

We now explain brie�y the main stepsof our algorithm. We readthe dimensions

m; n of thedatamatrix A. We setN asthemaximalnumberof iterationswe are

going to executeto �nd the k-rank approximationof A. We readthe entriesof

the datamatrix A, and�nally the small parameter� > 0. We choosethe k-rank

approximationB0 using(2.31)asexplainedabove. AssumethatB t � 1 is thecurrent

k-rankapproximationto A. Thenwe pick up additionall columns,(or rows),of A

andupdateB t � 1 toB t usingTheorem2.7asexplained.RecallthatjjB t � 1jj � jjB t jj .

If the relative improvementin jjB t jj is lessthan � , i.e. jj B t � 1 jj
jj B t jj > 1 � � , we are

satis�ed the approximationB t and �nish our algorithm. If this doesnot happen
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thenouralgorithmstopsaftertheN iteration.

3 Cluster Analysis

3.1 Clustersand Clustering

Clusteringis theprocessof groupingdataobjectsinto asetof disjointclassescalled

clusters,sothattheobjectswithin theclasshavehighsimilarity to eachother, while

objectsin separateclustersaremoredissimilar[25]. Clusteringis an exampleof

unsupervisedclassi�cation. Classi�cation refersto a procedurethat assignsdata

objectsto a setof classes.Unsupervisedmeansthat clusteringdoesnot rely on

prede�nedclassesandtrainingexampleswhile classifyingthedataobjects.Thus,

clusteringis distinguishedfrom patternrecognitionor theareasof statisticsknown

asdiscriminantanalysisanddecisionanalysis,whichseekto �nd rulesfor classify-

ing objectsfrom agivensetof pre-classi�edobjects.

3.2 Various GeneExpressionClustering Procedures

Usually a microarrayexperimentcontains106 genes. One of the characteristics

of geneexpressiondatais that it is meaningfulto clusterbothgenesandsamples.

We could groupthe co-expressedgenesin a clusteraccordingto their expression

patterns.In suchgenebasedclustering,thegenesaretreatedasobjects,while the

samplesare the features. On the otherhandthe samplescanbe partitionedinto

homogeneousgroups.Eachgroupmaycorrespondto someparticularcancertypes.
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Suchsamplebasedclusteringregardsthe samplesasthe objectsandthe genesas

thefeatures.

3.2.1 Proximity (Similarity) Measurement

Proximity measurementfor geneexpressiondatacomputesthe distancebetween

thetwo datapoints.As mentionedbefore,genepro�le in a geneexpressionmatrix

canbeformalizedasavectorx i = f x ij : 1 � j � mg, wherex ij is thevalueof the

j -th

featurethei -th dataobject,andm is thenumberof featuresor experiments.This

similarity betweentwo expressionpro�les x i andx j is measuredby the distance

functionof correspondingvectorsx i andx j .

Euclideandistanceis oneof themostcommonlyusedmethodsto measurethe

distancebetweentwo geneexpressionpro�les. The distancebetweentwo gene

expressionpro�les x i andx j in m-dimensionalspaceis de�ned as

dEuclidean(x i ; x j ) =

vu
u
t

mX

k=1

(x ik � x j k)2

However, for geneexpressiondata,theoverallEuclideandistancedoesnotperform

well for shifting or scaledpatterns(pro�les). To circumventthis,eachgenepro�le

is standardizedwith zeromeanandvarianceone,beforecalculatingthedistance.

An alternatemeasureof similarity is thePearsoncorrelationcoef�cient, which

measuressimilarity betweenthe shapesof two expressionpatternsbetweentwo
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pro�les.

Pearson(x i ; x j ) =

P m
k=1 (x ik � � x i )(x j k � � x j )

p P m
k=1 (x ik � � x i )2

q P m
k=1 (x j k � � x j )2

where� x i and� x j arethemeansfor genepro�les of x i andx j respectively. Pear-

son'scorrelationcoef�cient viewseachgenepro�le asarandomvariable,andmea-

suresthesimilarity betweentwo genepro�les by calculatingthelinearrelationship

betweentheir distribution. Theshortcomingof Pearsoncorrelationis that it is not

robustfor outliers.

3.2.2 Hierar chical Cluster Analysis

Onepossibilityfor clusteringobjectsis theirhierarchicalaggregation.Heretheob-

jectsarecombinedaccordingto their distancesfrom or similaritiesto eachother.

Clusterformationis basedonsplitting thewholesetof objectsinto individualclus-

ters.With themorefrequentlyusedagglomerativeclustering,onestartswith single

objectsandmeasuresthemto largerobjectgroups.

To decidethenumberof clusters,differentcriteriacanbeused.Very often,the

numberof clustersis unknown. For example,in given clinical data,the number

of clustersmight be prede�nedby a given numberof diseases.In somecases,

thenumberof clusterscanbeobtainedfrom a predetermineddistancemeasureor

differencebetweenclusters.In general,thedistanceto anew objector clusterK is

computedby calculatingthedistancefrom theobjectA andB to objectsi . In this

case,theweightedaveragelinkagedk i = (dA i + dB i )=2. Thesizesof theclusters

and their weightsare assumedto be equal. Several other formulasexist for the
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contructionof thedistancematrix. Themostimportantonesareconsiderednow for

thecaseof aggregatingtwo clusters.

SingleLinkage

Heretheshortestdistancebetweentheoppositeclustersis calculated,i.e.

dki =
dA i + dB i

2
�

jdA i � dB i j
2

= min(dA i ; dB i )

As a result,clustersareformedthat arelooselybound. The clustersareoften

linearlyelongatedin contrastto theusualsphericalclusters.Thischainingis caused

by thefusionof singleobjectsto acluster.

3.2.3 Clustering UsingK-meansAlgorithm

K-means algorithm. Of all clusteringproceduresfor microarraydata,K -means

is amongthesimplestandmostwidely used,andhasprobablythecleanestproba-

bilistic interpretationasaform of expectationmaximization(EM) ontheunderlying

mixturemodel.In a typical implementationof theK-meansalgorithm,thenumber

of clustersis �x edat somevalueK , based,for instanceon theexpectednumberof

regularity patterns.K representative pointsor centersareinitially chosenfor each

clustermoreor lessat random.In microarraydata,this couldre�ect, for instance,

theexpectednumberof regularity patterns.Thesepointsarealsocalledcentroids

or prototypes. Thenateachstep,wehave thefollowing:

� Eachpoint in the datais assignedto the clusterassociatedwith the closest

representative.
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� After the assignment,new representative pointsarecomputed,for instance

by computingthecenterof gravity of eachcomputedcluster.

� Thetwo proceduresabove arerepeateduntil thesystemconvergesor �uctu-

ationremainssmall.

WenoticethatusingK -meansclusteringmethodrequireschoosingthenumber

of clustersandalsobeingableto computea distanceor similarity betweenpoints

andcomputea representative for eachclustergivenits members.Thegeneralidea

behindK -meansclusteringcanleadto differentsoftwareimplementationsdepend-

ing on how the initial centroidsare chosen,how symmetriesare broken, and so

forth. A good implementationhasto run the algorithmmultiple times with dif-

ferentinitial conditionsandpossiblyalsotry differentvaluesof K automatically.

Whenthecostfunctioncorrespondsto anunderlyingprobabilisticmixturemodel,

K -meansis an online approximationto the classicalEM algorithm,andassuch,

in generalis boundto convergetowardsa solutionthatis at leasta local maximum

likelihoodor maximumposteriorsolution.A classicalcaseis whenEuclideandis-

tancesareusedin conjunctionwith amixtureof Gaussianmodel.

3.2.4 Mixtur eModelsand EM Algorithm

Let usconsideradatasetD = (d1; : : : ; dN ) andanunderlyingmixturemodelwith

K componentsof theform

P(d) =
KX

k=1

P(M k)P(djM k) =
KX

k=1

� kP(djM k)
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where� k � 0 and
P

k � k = 1 andM k is the model for clusterk [7]. Mixture

distributionsprovidea �e xible wayof modellingcomplex distributions,combining

togethersimplebuilding blocks,suchasGaussiandistributions. The Lagrangian

associatedwith log-likelihoodandnormalizationconstraintson themixing coef�-

cientsis givenby

L =
NX

i =1

log

 
KX

k=1

� kP(di jM k)

!

� �

 
KX

k=1

� k � 1

!

with thecorrespondingcritical equation

@L
@� k

=
NX

i =1

P(di jM k)
P(di )

� � = 0

multiplying eachcritical equationby � k andsummingover k givesusthevalueof

theLagrangemultiplier � = N .

Multiplying againthecritical equationacrossby P(M k) = � k andusingBayes'

theoremin theform

P(M k jdi ) = P(di jM k)
P(M k)
P(di )

gives

� �
k =

1
N

NX

i =1

P(M k jdi )

Thereforethemaximumlikelihoodestimateof themixing coef�cients for classK

is the samplemeanof the conditionalprobabilitiesthat di comesfrom the model

K . Considernow that eachmodel M k hasits own vector of parameters(wkj ).

DifferentiatingtheLagrangianwith respectto wkj gives

@L
@wkj

=
NX

i =1

� k

P(di )
�

@P(di jM k)
@wkj
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Combiningtheaboveequationsweget

NX

i =1

P(M k jdi )
@logP(di jM k)

@wkj
= 0

for eachk andj . Themaximumlikelihoodequationsfor estimatingtheparameters

areweightedaveragesof themaximumlikelihoodequations@logP(di jM k)=@wkj =

0. Noticethattheweightsaretheprobabilitiesof membershipof thedi in eachclass.
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4 Various Methods of Imputation of Missing Values

in DNA Micr oarrays

4.1 The GeneExpressionMatrix

In thissectionwewill view E 2 Rn� m , with n � m asthegeneexpressionmatrix:

E =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

g11 g12 : : : g1m

g21 g22 : : : g2m

...
...

...
...

gj 1 gj 2 : : : gj m

...
...

...
...

gn1 gn2 : : : gnm

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

gT
1

gT
2

...

gT
j

...

gT
n

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

= [c1 c2 : : : cm ]; (4.1)

gT
j := (gj 1; gj 2; :::; gj m ); j = 1; :::; n; ci =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

g1i

g2i

...

gj i

...

gni

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; i = 1; :::;m:

The row vectorgT
j correspondsto the (relative) expressionlevels of the j th gene

in m experiments.The columnvectorci correspondsto the (relative) expression

levelsof then genesin thei th experiment.

ConsidertheSVD of thegeneexpressionmatrix E = U� V T . In theterminol-

ogyof [4], thecolumnsof U areeigenarrays,thecolumnsof V areeigengenes,and
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thesingularvaluesof E areeigenexpressionlevels.

In many microarraydatasets,researchershave found that only a few eigen-

genesareneededto capturetheoverall geneexpressionpattern.(Here,by a “few”

we meanlessthanhalf of the numberof experimentsm.) The numberof these

signi�cant eigengenesis a fundamentalproblemin principal componentanalysis

[24]. Let usmentionexplicitly threemethodsto estimatethenumberof signi�cant

eigengenes.Thefractioncriterioncanbestatedsimplyasfollows. Let

pq :=
� 2

qP m
t=1 � 2

t
; q = 1; :::;m; p := (p1; :::; pm )T : (4.2)

Thuspq representsthefractionof theexpressionlevel contributedby theqth eigen-

gene. Thenwe choosethe l eigengenesthat contribute about70%� 90%of the

total expressionlevel. Anothermethodis to usescreeplots for the � 2
q. (In prin-

cipal componentanalysis,thepq areproportionalto thevariancesof theprincipal

components,sowechoosetheprincipalcomponentsof maximumvariability [26].)

Accordingto [24], themostconsistentestimatesof thenumberof signi�cant eigen-

genesis achievedby thebroken-stickmodel.

If E hasl signi�cant eigenvalues,weview � q to beeffectively equalto zerofor

q > l. Wede�ne thematrix

E l :=
lX

q=1

� quqvT
q (4.3)

asthe�lter edpartof E andconsiderE � E l thenoisepartof E.

Let

1 � h(p) := �
1

logm

mX

q=1

pq logpq � 0: (4.4)
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Thenh(p) is therescaledentropy of theprobabilityvectorp. h(p) = 1 only when

pq = 1
m ; q = 1; :::;m; in otherwords,all the eigengenesareequallyexpressed.

On theotherhand,h(p) = 0 if andonly if pq(1 � pq) = 0; q = 1; :::;m andthis

correspondsto r = 1: in otherwords,thegeneexpressionis capturedby a single

eigengene(andeigenarray).

Thefollowing examplepointsoutapotentialweaknessof SVD theoryin trying

to detectgroupsof geneswith similarproperties.

4.2 SVD and geneclusters

Supposethe setof genesgT
j , j 2 [n] canbe groupedinto k + 1 disjoint subsets

[n] = [ k+1
q=1 Gq with G1; :::;Gk nonemptyandm � k (usuallym > k). In particular,

considerthegenesin eachgroupGq ( q = 1; :::; k) to havesimilarcharacteristics(in

otherwords,Gq is a cluster).Genesthathave no similar characteristicsareplaced

in Gk+1 . Denoteby # Gq thecardinalityof thesetGq for q = 1; :::; k + 1. Suppose

thatour m experimentsdo not distinguishbetweenany two genesbelongingto the

samegroupGq for q = 1; :::; k + 1. Morepreciselyweassume:

gj i = aqi for each j 2 Gq and q = 1; :::; k; i = 1; :::;m; (4.5)

gj i = 0 for each j 2 Gk+1 and i = 1; :::;m;

Let A = (aqi )
k;m
q;i =1 2 Rk� m be thecorrespondingk � m matrix with therows
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r T
1 ; :::; r T

k :

A =

0

B
B
B
B
B
B
B
B
B
B
@

r T
1

r T
2

...

r T
k

1

C
C
C
C
C
C
C
C
C
C
A

:

Then the row r q appearsexactly # Gq times in E for q = 1; :::; k. In addition

E has# Gk+1 zerorows. Clearly the row spaceof E is the row spaceof A. So

k � rank E = rank A. Henceif rank A = k then

� 1(E) � ::: � � k(E) > � k+1 (E) = ::: = � m (E) = 0:

However, thereis no simple formula relating the singularvaluesof E andA. It

mayhappenthat therows of A arelinearly dependentwhich indicatesthatseveral

groupsout of G1; :::;Gk aresomehow related,and the numberof the signi�cant

singularvaluesof E is lessthank.

Conclusion: Thenumberof geneclusters is no lessthanthenumberof signi�cant

singularvaluesof thegeneexpressionmatrix.

4.3 Missing Data in the GeneExpressionMatrix

We now considerthe problemof missingdatain the geneexpressionmatrix E.

(Our analysiscanbeappliedto any matrix E.) Let N � [n] denotethesetof rows

of E thatcontainat leastonemissingentry. Thusfor eachj 2 N c := [n]nN , the

genegT
j hasall of its entries.Let n0 denotethesizeof N c sothat thesizeof N is

n � n0. We want to completethemissingentriesof eachgT
j , j 2 N , undersome
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assumptions.

We �rst describethereconstructionof themissingdatain E usingtheSVD as

givenin [4].

4.3.1 Reconsiderationof 4.2

Let usreconsiderExample3.1. Assumethat rank A = k. Let j 2 N andassume

that the genej is in the clusterGq. Thenwe canreconstructall missingentries

of gT
j if GqnN 6= ; . Indeed,if for somegenep 2 Gq we have the resultsof m

experiments,thengj = gp andwe reconstructedthemissingentriesfor gj . In this

examplewe canreconstructall themissingentriesin E if E 0 hasthesamerankas

E. Equivalently, wecanreconstructall themissingentriesin E if theequality(4.1)

holds,wherel andl0aretheranksof E andE 0 respectively.

4.3.2 BayesianPrincipal Component(BPCA):

BPCAconsistsof threeprocesses[28]:

� PrincipalComponent(PC)regression

� Bayesianestimation

� Iterativeexpectation-maximization(EM) algorithm.

Herewegiveasummaryof eachprocess.

PC regression

In orderto explain PC,we needto mentionprincipal componentanalysis(PCA).
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ConsideraD� N genematrixY whereD representsthenumberof arrays(samples)

andN thenumberof genes.Let � bethemeanvectorof y :

� :=
�

1
N

� NX

i =1

y i

Thenconstructthecorrelationmatrix

S =
1
N

NX

i =1

(y i � � )(y i � � )T

Let � 1 � � 2 � � � � � � D be the eigenvaluesof S and u1; u2; : : : ; uD the cor-

respondingeigenvectors.Thenwe scaletheeigenvectorsby their singularvalues.

The l-th principal accessvectorw l could be de�ned by w l =
p

� lu l andthe l-th

factorscoreby x l = (w l=� l )T y.

Thenthevariationof thegeneexpressionof y couldberepresentedasa linear

combinationof principalaccessvectorsw l (1 � l � K ), K < D (therearea few

w l ):

y =
KX

l=1

x lw l + �

This is thespirit of PCregression.We now considerthemissingvaluesin thegene

expressionmatrix. Wecouldestimatethemissingparty missof geneexpressiony by

estimatingtheof observedsegmentof it y obs, usingPCA.Denotew obs
l andwmiss

l be

theprincipalaxisw l correspondingto observe andmissingdatarespectively. Now

constructamatrixW = (W obs; W miss), where

W obs = (wobs
1 ; : : : ; wobs

k ) and W miss = (wmiss
1 ; : : : ; wmiss

k )

respectively.
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Now we could obtain the factor scorex = (x1; : : : ; xk) by minimizing the

residualerrorerr = ky obs � wobs � xk2: Usingtheleastsquaremethod,

x = [(W obs)T W obs]� 1(W obs)T yobs

Thenwecouldestimatethemissingpartof thegeneexpressiony by y miss = wmiss�

x.

BayesianestimationProbabilisticextensionof PrincipalComponentAnalysis(PPCA)

hasfound usefulapplicationsin supervisedlearning(tipping). In this settingthe

residualerrorandthefactorscoresarenormallydistributed.

x � N (0; I k) and

� � N (0;
1
�

I D )

the interestingfact is that the maximumlikelihoodestimationof PPCAandPCA

areidentical

ln P(y; xj� ) = ln P(y; xjW ; � ; � ) =

�
�
2

ky � W x � � k2 �
1
2

kxk2 +
D
2

ln � �
K + D

2
ln 2�

where� � f W ; � ; � g is the parameterset. Using Bayestheorem,we can

obtaintheposteriorprobabilitydistributionof � andX :

p(� ; X jY ) / (Y; X j � )p(� )

Iterati veE-M algorithm

Having the informationaboutthe true parameter� true, the posteriorpobability of
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themissingvaluesis givenby

q(Y miss) = P(Y missjY obs; � true):

Having theparameterposteriorq(� ), then

q(y miss) =
Z

d� q(� )p(Y missjY obs; � ):

ThenthevariationBayes(VB) algorithmcouldbeusedto estimatethemodelpa-

rameter� andmissingvalueY miss. VB algorithmis similarto EM andit obtainsthe

posteriordistribution for � , Y miss, q(� ), q(Y miss) by usinga repetitivealgorithm.

Summary of VB algorithm

1. Initialize q(Y miss) by replacingmissinggenesby thegene-wiseaverage.

2. Estimateq(� ) usingY obs andcurrentq(Y miss).

3. Estimateq(Y miss) usingcurrentq(� )

4. Updatethehyperparameter� usingbothcurrentq(� ) andthecurentq(Y miss).

5. Repeat(2)-(4)until convergence.

Thenwecouldimputethemissingvaluesin thegeneexpressionmatrixby

^Y miss =
Z

Y missq(Y miss)dY miss

4.3.3 The leastsquare imputation method

Let E 0bethen0� m matrixcontainingtherowsgT
j ; j 2 N c of E whichdonothave

any missingentries,andl0 bethenumberof signi�cant singularvaluesof E 0. Let
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X � Rm betheinvariantsubspaceof thesymmetricmatrix (E 0)T E 0corresponding

to theeigenvalues� 1(E 0)2; :::; � l0(E 0)2. Let x1; :::; x l0 betheorthonormaleigenvec-

torsof (E 0)T E correspondingto theeigenvalues� 1(E 0)2; :::; � l0(E 0)2. Thenx1; ::x l0

is abasisof X .

Let M � [m] be a subsetof cardinality m � m0. Considerthe projection

� M : Rm ! Rm0
by deletingall the coordinatesi 2 M for any vector x =

(x1; :::; xm )T 2 Rm . Then� M (X ) is spannedby � M (x1); :::; � M (x l0).

Fix j 2 N andlet M � [m] be the setof experiments(columns)wherethe

genegT
j hasmissingentries. Let y 2 � M (X ) be the leastsquareapproximation

to � M (gj ). Thenany gj 2 � � 1
M (y) is a completionof gj . If � M jX is 1-1 then

gj is unique. Otherwiseonecanchoosegj 2 � � 1
M (y) with the leastnorm. Note

thatto �nd y 2 � M (X ) oneneedsto solve theleastsquareproblemfor a subspace

� M (X ). In principle,for eachj 2 N onesolvesa differentleastsquareproblem.

Thecrucialassumptionof thismethodis

l = l0: (4.1)

That is the completedmatrix E and its submatrixE 0 havethe samenumberof

signi�cant singularvalues. This follows from theobservation that thecompletion

of therow gj ; j 2 N lies in thesubspaceX . (Notethattheinequalities(4.5) imply

thattheassumption(4.1)canbeavery restrictiveassumption.)

Thesigni�cant singularvaluesof E 0 andof thereconstructedE arejoint func-

tionsof all therows (genes).By trying to reconstructthemissingdatain eachgene

gT
j , for j 2 N , separately, we ignoreany correlationbetweengT

j andthe genes
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gT
q ; q 2 N ; consequently, thiswill haveanimpacton thesingularvaluesof E.

4.3.4 Iterati vemethodusingSVD

In the recentpapers[35] and [9], the following iterative methodusing SVD to

imputemissingvaluesin a geneexpressionmatrix is suggested.First, replacethe

missingvalueswith 0 or with valuescomputedfrom anothermethod. Call the

estimatedmatrix Ep, wherep = 0. Find the lp signi�cant singularvaluesof Ep,

andlet Ep;lp bethe�ltered partof Ep (4.3).Replacethemissingvaluesin E by the

correspondingvaluesin Ep;lp to obtainthematrixEp+1 . Continuethisprocessuntil

Ep convergesto a �x edmatrix (within agivenprecision).Thisalgorithmtakesinto

accountimplicitly the in�uence of the estimationof oneentry on the otherones.

But it is not clearif thealgorithmconverges,nor whatarethefeaturesof any �x ed

point(s)of thisalgorithm.

4.3.5 Local leastsquaresimputation (LLSimpute)

Kim et. al. in their recentpaperintroducedan algorithm which is basedon a

leastsquaresmethod.Thismethodconsidersk geneswhicharesimilar to thegene

with missingdata.In thefollowing, wereview theessenceof theirmethod.In their

method,weareconcernedwith two matricesA andB andavectorw. Weconstruct

thematrix A by eliminatingtheelementsof k nearestneighborsat q missingloca-

tionsof thegivengenes.ThenconstructamatrixB by collectingall theeliminated

elements.Finally we constructa row vectorw which consistsof missingvaluesin

theoriginal gene.Thentherecovery of themissinggenescanbeformulatedasthe
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following leastsquareproblem:

min
x

kAT x � wk2

Denoteu = (� 1� 2 : : : � q)T of q missingvalues. Then u could be estimatedas

follows:

u = B T x = B T (AT )yw

where(AT )y is thepseudoinverseof AT .

Now we usean examplewhich is borrowed from [27] to explain the model.

Supposethetargetgeneg hastwo missingvaluesin the�rst andtenthpositionsin

total of tenexperiments.Now we usek similar genesgT
s1

; : : : ; gT
sk

. Now we could

reconstructtheoriginalgeneandthek similargeneswith thefollowing matrices

0

B
B
B
B
B
B
B
B
B
B
@

gT
s1

gT
s2

...

gT
sk

1

C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
@

� 1 w1 w2 � � � w8 � 2

B1;1 A1;1 A1;2 � � � A1;8 B1;2

...
...

...
...

...
...

Bk;1 Ak;1 Ak;2 � � � Ak;8 Bk;2

1

C
C
C
C
C
C
C
C
C
C
A

Thevaluesof w couldbewrittenas

w ' x1a1 + x2a2 + � � � + xkak

Thenthemissingvaluecouldbeestimatedby

� 1 = B1;1x1 + B2;1x2 + � � � + Bk;1xk

� 2 = B1;2x1 + B2;2x2 + � � � + Bk;2xk

where� 1 and� 2 aretwo missingvaluesin theoriginalgene.
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4.4 Moti vation for FRAA

Wesuggestanew methodin which theestimationof missingentriesis donesimul-

taneously, i.e., theestimationof onemissingentry in�uencestheestimationof the

othermissingentries.If thegeneexpressionmatrixE hasmissingdata,wewantto

completeits entriesto obtainamatrix Ê , suchthattherankof Ê is equalto (or does

notexceed)d, whered is takento bethenumberof signi�cant singularvaluesof E.

Theestimationof theentriesof E to a matrix with a prescribedrankis a variation

of the problemof communality(see[16, p. 637].) We give an optimizationalgo-

rithm for �nding Ê usingthetechniquesfor inverseeigenvalueproblemsdiscussed

in [14].

It is likely thatouralgorithmcanbeusedto estimatemissingentriesin datasets

otherthangeneexpressiondata.Suchadatasetshouldberepresentedby ann � m

matrixwhoserankis smallerthanmin(m; n).

4.4.1 Additional matrix theory background for FRAA

To computethe decomposition(1.21), it is enoughto know v q and � quq. If � q

repeatsk > 1 times in the sequence� 1 � ::: � � r > 0, thenthe choiceof the

correspondingk eigenvectorsv j is notunique:any choiceof theorthonormalbasis

in theeigenspaceof E T E correspondingto theeigenvalue� 2
q is a legitimatechoice.

In what follows we will useyet anotherequivalent de�nition of the singular

valuesof E. Let Rn� m denotethespaceof all realn � m matricesandlet Sm (R)
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denotethespaceof all realm � m symmetricmatrices.For A 2 Sm (R), we let

� 1(A) = � 1 � ::: � � m (A) = � m ; Azq = � qzq; zT
q zt = � qt ; q; t = 1; :::;m;

(4.2)

betheeigenvaluesandcorrespondingeigenvectorsof A, wheretheeigenvaluesare

countedwith theirmultiplicities,andtheeigenvectorsform anorthonormalbasisin

Rm .

Considerthefollowing (n + m) � (n + m) realsymmetricmatrix:

E s :=

0

B
B
@

0 E

E T 0

1

C
C
A : (4.3)

It is known [22, x7.3.7]

� q(E) := � q = � q(E s) = � � n+ m+1 � q(E s); for q = 1; :::;m; (4.4)

� q(E s) = 0 for q = m + 1; :::; n:

TheCauchy interlacingpropertyfor E s implies[22, x7.3.9]

Let [n] := f 1; 2; : : : ; ng, andlet N � [n]; M � [m] denotesetsof cardinalities

n � n0; m � m0 � 0 respectively.

Proposition4.1 LetE 2 Rn� m anddenotebyE 0 2 Rn0� m0
thematrixobtained

fromE bydeletingall rowsi 2 N andall columnsj 2 M . Then

� q(E) � � q(E 0) for q = 1; :::;m; (4.5)

� q(E 0) � � q+ n� n0+ m� m0(E) for q = 1; :::;m0+ n0 � n:
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Thesigni�canceof thispropositionis explainedin x4 andx5.

4.4.2 The Optimization Problem

Wesuggestanew methodin which theestimationof missingentriesis donesimul-

taneously, i.e., theestimationof onemissingentry in�uencestheestimationof the

othermissingentries.If thegeneexpressionmatrixE hasmissingdata,wewantto

completeits entriesto obtainamatrix Ê , suchthattherankof Ê is equalto (or does

notexceed)d, whered is takento bethenumberof signi�cant singularvaluesof E.

Theestimationof theentriesof E to a matrix with a prescribedrankis a variation

of the problemof communality(see[16, p. 637].) We give an optimizationalgo-

rithm for �nding Ê usingthetechniquesfor inverseeigenvalueproblemsdiscussed

in [14]. Wenow show thattheestimationproblemdiscussedin theprevioussection

canbecastasthefollowing optimizationproblem:

Problem4.2 Let S bea givensubsetof [n] � [m]. (S is thesetof uncorrupted

entriesof thegeneexpressionmatrix E givenby (4.1).) Let e(S) := f ej i ; (j ; i ) 2

Sg bea givensetof real numbers. (e(S) is thesetof uncorrupted(known)values

of the entriesof E.) Let M(e(S)) � Rn� m be the af�ne subsetof all matrices

A = (aj i ) 2 Rn� m such that aj i = ej i for all (j ; i ) 2 S. (M(e(S)) all possible

choicesfor E.) Let ` be a positiveinteger not exceedingm. Find Ê 2 M(e(S))

with theminimal� ` .

Let E = (gj i ) denotethe geneexpressionmatrix with missingvalues. We

choosetheS in Problem1 to bethesetof coordinates(j ; i ) for which theentrygj i
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is notmissing.RecallthatN � [n] denotesthesetof rowsof E, suchthateachrow

j 2 N containat leastonemissingentry. Thecardinalityof N is n � n0. Thusthe

setS containsall elements(j ; 1); :::(j ; m) for eachj 2 N c. Thecomplementof S

is thesetof coordinatesSc = f (j ; i ) j gj i is missingg � N � [m] . Let o denotethe

totalnumberof missingentriesin E. Theno � n � n0.

Let E 0 be the matrix asin x4.3.3with l0 signi�cant singularvalues.Note that

(4.5)yields� q(E) � � q(E 0) for q = 1; :::;m. Thusif we wantto completeE such

that the resultingmatrix still hasexactly l 0 signi�cant singularvalues,we should

considerProblem4.2with ` = l0+ 1.

A moregeneralpossibility is to assumethat thenumberof signi�cant singular

valuesof a possibleestimationof E is l = l 0 + k wherek is a small integer, e.g.

k = 1 or 2. Thatis, thegroupof genesgT
j for j 2 N contributesto l0+ 1; :::; l0+ k

signi�cant eigengenesof E. ThenoneconsidersProblem4.2with ` = l 0+ k + 1.

We now considera modi�cation of Problem4.2 which hasa nice numerical

algorithm.

Problem4.3 LetS � [n] � [m] anddenotebye(S) a givensetof realnumbers

ej i for (j ; i ) 2 S. Let M(e(S)) � Rn� m be theaf�ne subsetof all matricesA =

(aj i ) 2 Rn� m such that aj i = ej i for all (j ; i ) 2 S. Let ` bea positiveinteger not

exceedingm. Find Ê 2 M(e(S)) such that
P m

q= ` � 2
q is minimal.

Clearly, we can�nd E 2 M(e(S)) with a “small” � 2
` (E) if andonly if we can�nd

E 2 M(e(S)) with a “small”
P m

q= ` � 2
q(E).
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4.5 Fixed Rank Approximation Algorithm

4.5.1 Description of FRAA

We now describeoneof thestandardalgorithmsto solve Problem4.3. Mathemati-

cally it is statedasfollows:

Algorithm 4.4 Fixed Rank Approximation Algorithm (FRAA)

Let Ep 2 M(e(S)) be the pth approximationto a solution of Problem4.3. Let

Ap := E T
p Ep and �nd an orthonormalsetof eigenvectors for Ap, vp;1; :::; vp;m as

in (4.2).ThenEp+1 is a solutionto thefollowingminimumof a convex nonnegative

quadratic function

min
E 2 M( e(S))

mX

q= `

(Evp;q)T (Evp;q): (4.1)

The�o w chartof thisalgorithmcanbegivenas:

Fixed Rank Approximation Algorithm (FRAA)

Input: integersm; n; L; iter , thelocationsof non-missingentriesS, initial approx-

imationE0 of n � m matrixE.

Output: anapproximationE iter of E.

for p = 0 to iter � 1

- ComputeAp := E T
p Ep and �nd an orthonormalset of eigenvectorsfor Ap,

vp;1; :::; vp;m .

- Ep+1 is asolutionto theminimumproblem(4.1)with ` = L.
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4.5.2 Explanation and justi�cation of FRAA

We now explain thealgorithmandshow thatin eachstep,wedecreasethevalueof

thefunctionweminimize:

mX

q= `

� 2
q(Ep) �

mX

q= `

� 2
q(Ep+1 ): (4.2)

Forany integerk 2 [m], let 
 k denotethesetof all k orthonormalvectorsf y 1; :::; ykg

in Rm . Let A beanm � m realsymmetricmatrixandassume(4.2).Thenthemin-

imal principle(theKy-Fancharacterizationfor � A) is:

mX

q= `

� q(A) =
mX

q= `

zT
q Azq = min

f y ` ;:::;y m g2 
 m � ` +1

mX

q= `

yT
q Ayq: (4.3)

Seefor example[14].

Let E = Ep + X 2 M(e(S)). ThenX = (x j i )
n;m
j ;i =1 wherex j i = 0 if (j ; i ) 2 S

andx j i is a freevariableif (j ; i ) 62S.

Let x = (x j 1 i 1 ; x j 2 i 2 ; : : : ; x j o i o )T denotetheo � 1 vectorwhoseentriesarein-

dexedby Sc, thecoordinatesof themissingvaluesin E. Thenthereexistsaunique

o � o real valuedsymmetricnonnegative de�nite matrix o � o matrix Bp which

satis�estheequality

xT Bpx =
mX

q= `

vT
p;qX

T X vp;q: (4.4)

Let F (j ; i ) bethen � m matrixwith 1 in the(j ; i ) entryand0 elsewhere.Then

the(s; t) entryof Bp is givenby

bp(s; t) =
1
2

mX

q= `

vT
p;q(F (j s; i s)T F (j t ; i t ) + F (j t ; i t )T F (j s; i s))vp;q; (4.5)

s; t = 1; : : : o:
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Let N � [n]. Let S(j ) denotethesetof coordinatesin row j with known values

in E sothatS(j )c denotesthesetof coordinatesof themissingvaluesin row j .

Sc = [ j 2N S(j )c; S(j )c = f (j ; i (j ; 1)); :::; (j ; i (j ; oj ))g; (4.6)

m � i (j ; oj ) > ::: > i (j ; 1) � 1 for j 2 N ;

o :=
X

j 2N

oj : (4.7)

NotethatthesetOj describedjustafter(4.13)isgivenbyOj := f i (j ; 1); :::; i (j ; oj )g.

Theorem4.5 The o � o symmetricnonnegative de�nite matrix Bp given by

(4.4)decomposesinto a directsumof # N = n � n0symmetricnonnegativede�nite

matricesindexedby thesetN :

Bp = � j 2N Bp;j ; Bp;j = (bp;j (q; r ))oj
q;r =1 ) is oj � oj for j 2 N ; (4.8)

and

xT Bpx =
X

i 2N

xT
j Bp;j x j : (4.9)

Moreprecisely, let vp;k = (vp;k;1; :::; vp;k;m )T ; k = 1; :::;m begivenasin Algorithm

4.4.Then

bp;j (q; r ) =
mX

k= `

vp;k;i (j ;q)vp;k;i (j ;r ) ; q; r = 1; :::; oj : (4.10)

Equivalently, let Wp bethefollowing m � m idempotentsymmetricmatrix (W 2
p =

Wp) of rankm � l + 1:

Wp =
mX

k= `

vp;kvT
p;k = TpTT

p ; Tp = [vp;` ; :::; vp;M ] 2 Rm� (m� `+1) : (4.11)

ThenBp;j is thesubmatrixof Wp of order oj with respectto therowsandcolumns

in the setOj for j 2 N . In particular, if in each row of E there is at mostone

missingentrythenBp is a diagonalmatrix.
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Proof. View the rows and the columnsof Bp as indexed by (s; i (s;q)) and

(t; i (t; r )) respectively, wheres; t 2 N andq = 1; :::; os; r = 1; :::; ot . (For the

purposesof this proof, thenotationhereis slightly differentfrom that in thebody

of thepaper.) SoBp = (bp((s; i (s;q)); (t; i (t; r )))) . Let F (j ; i ) bethen � m matrix

whichhas1 on the(j ; i ) placeandall otherentriesareequalto zero.Then

bp((s; i (s;q)); (t; i (t; r ))) =

1
2

mX

k= `

vT
p;k(F (s; i (s;q))T F (t; i (t; r )) + F (t; i (t; r ))T F (s; i (s;q))) vp;k ;(4.12)

s; t 2 N ; q = 1; :::; os; r = 1; :::; ot :

It is straightforward to show thatF (s; i (s;q)) T F (t; i (t; r )) = 0 if s 6= t. Further-

more, for s = t the matrix F (s; i (s;q))T F (t; i (t; r )) + F (t; i (t; r ))T F (s; i (s;q))

has1 in theplaces(i (s;q); i (t; r )) and(i (t; r ); i (s;q)) for r 6= q, andhas2 in the

place(i (s;q); i (s;q)) if r = q andzeroin all otherpositions.Hence

bp((s; i (s;q)); (t; i (t; q))) = 0 unlesss = t. If s = t thena straightforwardcalcu-

lation yields (4.10). Otherclaimsof the theoremfollow straightforward from the

equality(4.10).�

Observe that Bp canbe decomposedinto the direct sumof o symmetricnon-

negative de�nite matricesindexedby N . Hencethefunctionminimizedin (4.1) is
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givenby

mX

q= `

vT
p;qE

T Evp;q =
mX

q= `

vT
p;q(Ap + E T

p X + X T Ep + X T X )vp;q =

xT Bpx + 2wT
p x +

mX

q= `

� q(Ap) =

X

i 2N

(xT
j Bp;j x j + 2wT

p;j x j ) +
mX

q= `

� q(Ap); (4.13)

wherewp := (wp;1; : : : ; wp;o)T ; and

wp;t =
mX

q= `

vT
p;qE

T
p F (j t ; i t )vp;q; t = 1; :::; o:

For j 2 N thevectorx j 2 Roj containsall oj missingentriesof E in therow j of

the form x j i t ; i t 2 Oj for the correspondingsetOj � [m] of cardinalityoj . (See

Appendix.) Sincethe expressionin (4.1), andhencein (4.13), is alwaysnonneg-

ative, it follows thatwp is in thecolumnspaceof Bp. Hencetheminimumof the

functiongivenin (4.13)is achievedat thecritical point

Bpxp+1 = � wp; (4.14)

andthissystemof equationsis alwayssolvable.(If Bp is not invertible,we �nd the

least-squaressolution).

We now show (4.2). Thevectorxp+1 containstheentriesfor thematrix X p+1 .

Then Ep+1 := Ep + X p+1 . From the de�nition of Ap+1 := E T
p+1 Ep+1 and the
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minimality of xp+1 weobtain

mX

q= `

� q(Ep)2 =
mX

q= `

vT
p;q(Ep + 0)T (Ep + 0)vp;q �

mX

q= `

vT
p;q(Ep + X p+1 )T (Ep + X p+1 )vp;q =

mX

q= `

vT
p;qAp+1 vp;q �

mX

q= `

� q(Ap+1 ) =
mX

q= `

� q(Ep+1 )2:

�

We concludethis sectionby remarkingthat to solve Problem4.2,onemayuse

themethodsof [16].

4.5.3 Algorithm for (4.14)

FromTheorem4.5,thesystemof equationsBpx = � wp in o unknownsis equiva-

lent to n � n0smallersystems

Bp;j xp+1 ;j = � wp;j j 2 N : (4.1)

Thus the big systemof equationsin o unknowns, the coordinatesof x p+1 , given

(4.14)splits to n � n0 independentsystemsgiven in (4.1). That is, in the iterative

updateof theunknown entriesof E givenby thematrixEp+1 , thevaluesin therow

j 2 N in theplacesS(j )c aredeterminedby thevaluesof theentriesof Ep in the

placesS(j )c andtheeigenvectorsvp;` ; :::; vp;m of E T
p Ep.

Wenow show how to ef�ciently solve thesystem(4.14).

Algorithm 4.6 For j 2 N let Tp;j is theoj � (m � ` + 1) matrixobtainedfrom

Tp, givenby (4.11),by deletingall rowsexceptthe rowsi (j ; 1); :::; i (j ; oj ). Then
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(4.1) is equivalentto

Tp;j TT
p;j xp+1 ;j = � wp;j ; i 2 N ; (4.2)

which can be solvedef�ciently by the QR algorithm as follows. Write Tp;j as

Qp;j Rp;j Pp;j , whereQp;j is anoj � dp;j matrixwith dp;j orthonormalcolumns,Rp;j

is an uppertriangular dp;j � oj matrix of rankdp;j nonzero rows,where the rank

Vp;j = dp;j , and Pp;j is a permutationmatrix. (Thecolumnsof Qp;j are obtained

fromthecolumnsof Vp;j usingModi�ed Gram-Schmidtprocess.)Then

QT
p;j xp+1 ;j = � (Rp;j RT

p;j )
� 1QT

p;j wp;j

and

xp+1 ;j = � Qp;j (Rp;j RT
p;j )

� 1QT
p;j wp;j ; j 2 N (4.3)

is theleastsquaresolutionfor xp+1 ;j .

4.6 Simulation

WeimplementedtheFixedRankApproximationAlgorithm (FRAA) in Matlaband

testedit on themicroarraydataSaccharomycescerevisiae[33] asprovidedat

http://genome-www.stanford.edu(the elutriationdataset). The dimensionof the

completegeneexpressionmatrix is 5986� 14. Werandomlydeletedasetof entries

andranFRAA onthis“corrupted”matrixto obtainestimatesfor thedeletedentries.

TheFRAA requiresfour inputs: thematrix E with N rows andM columnswith

missingentries,aninitial guessfor themissingentries,a parameterL–thenumber

of signi�cant singularvalues,andthenumberof iterations.We settheinitial guess
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to the missingdatamatrix with 0's replacingthe missingvalues,the numberof

signi�cant valuesto L = 2, andranthealgorithmthrough5 iterations.(Therewas

nosigni�cant changein theestimateswhenwereplacedL = 2 with L = 3.)

We comparedour estimatesto estimatesobtainedby threeothermethods:re-

placingmissingvalueswith 0's (zerosmethod),row means(row meansmethod),

or the valuesobtainedby the KNNimpute program[35]. We useda normalized

rootmeansquareasthemetricfor comparison:if C representsthecompletematrix

andEp representsanestimateto thecorruptedmatrixE, thentherootmeansquare

(RMS)of thedifferenceD = C � Ep is jj D jj Fp
N

. Wenormalizedtherootmeansquare

by dividing RMSby theaveragevalueof theentriesin C.

In simulationswhere1% � 20% of the entrieswere randomlydeletedfrom

the completematrix C, the FRAA performedslightly betterthan the row means

method,andsigni�cantly betterthanthezerosmethod.However, theKNNimpute

algorithm(with parametersk= 15, d= 0) producedthe mostaccurateestimates,

with normalizedRMS errorsthat were smallerthan the normalizedRMS errors

from theotherthreemethods.Figure7.1 displaystheresultsof onesetof experi-

mentsestimatingtheelutriationmatrixwheneachof 1; 5; 10; 15; 20%of entrieswas

removed: thenormalizedRMSerrorsareplottedagainstpercentmissing.When25

simulationsof deletingandthenestimating5%of thetheentrieswasconducted,we

foundtheaveragenormalizedRMS to beapproximately0:19 for KNNimputeand

0:24for FRAA, with standarddeviationto beapproximately0:02for bothmethods.

Not surprisingly, normalizedRMS'sincreasewith increasingpercentageof missing

values.
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Fig. 7.1 Comparisonof normalizedRMS againstpercentmissing

for threeemethods:FRAA, KNNimpute,androw meansmethods.

The normalizedRMS for the zerosmethodis not displayed,but

the valuesare0:397; 0:870; 1:24; 1:52; 1:76, for 1; 5; 10; 15; 20%

percentmissing,respectively.

In [35], theauthorscautionagainstusingKNNimpute for matriceswith fewer

than6 columns.We randomlyselectedfour columnsfrom theelutriationdataset

to form a truncateddataset,thenrandomlydeletedfrom 1%� 20%of theentries

from this newly formedmatrix. Figure7.2 givesa comparisonof the normalized

RMS errorsagainst percentmissingin one run of the simulationat eachof the

percentages.When25 simulationsat 10%missingwasrun, we foundtheaverage

normalizedRMS to beapproximately0:143for FRAA and0:166for KNNimpute,

with standarddeviationsof approximately, 0:001and0:003, respectively.
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Fig. 7.2Fourcolumnsof thefull elutriationmatrixwererandomly

selected.Entrieswerethenrandomlydeletedfrom this truncated

matrix. Plotof normalizedRMSagainstpercentmissing.

For one simulation in which we randomly deletedand then estimated10%

(4200) of the entriesfrom the full elutriationmatrix,wecomparedthe raw errors

(true value - estimatedvalue) for eachof the 4200imputedentriesobtainedus-

ing eitherKNNimputeor FRAA. Figure7.3 shows a scatterplot of theraw errors

from theestimateusingKNNimputeagainsttheraw errorsfrom theestimateusing

FRAA. This plot seemsto suggestthat thealgorithmsKNNimputeandFRAA are

ratherconsistentin how they areestimatethemissingvalues.
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Fig. 7.3Scatterplot of theraw errors(true- estimate)of eachof the4200imputed

entriesin onesimulationusingKNNimpute andFRAA. The correlationbetween

thetwo setsof raw errorsis :84.

WeransimilarsimulationsontheCdc15datasetavailableontheweb,( http://genome-

www.stanford.edu/SVD/htmls/spie.html),andon subsetsof this dataset (using4

columns). We also ran a coupleof simulationson oneof the datasetsincluded

by [28]. The outcomeswere similar to that using the Elutriation dataset, with

theFRAA algorithmoutperformingKNN on thematriceswith a smallnumberof

columns.

4.7 Discussionof FRAA

TheFixedRankApproximationAlgorithm usesthesingularvaluedecomposition

to obtainestimatesof missingvaluesin a geneexpressionmatrix. It usesall the

known information in the matrix to simultaneouslyestimateall missingentries.

Preliminarytestsindicatethat,underanormalizedrootmeansquaremetric,FRAA

is moreaccuratethanreplacingmissingvalueswith 0's or with row means.The
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KNNimputealgorithmwasmoreaccuratewhenestimatingmissingentriesdeleted

from thefull elutriationmatrix, but FRAA might bea feasiblealternative in cases

whenthenumberof columnsis small.

FRAA is anotheroption,in additionto KNN, Bayesianestimationsor localleast

squaresimputations,for estimatingmissingvaluesin geneexpressiondata.FRAA

by itself is a very usefultool for genedataanalysiswithout usingclusteringmeth-

ods. Experimentalresultson variousdatasetsshow that FRAA is robust. FRAA

hasbeenusedby severalcomputationalbiologists,whocon�rmed theaccessibility

of thealgorithm.

To improve the resultsgiven by FRAA oneneedsto combineit with an algo-

rithm for geneclustering. A possibleimplementationis as follows: First, apply

FRAA to thecorrupteddataset;next, usingthis estimateddataset,subdivide the

genesinto clustersof geneswith similar traits;now applyFRAA again to themiss-

ing entriesof genesin eachcluster. Weintendto applythesestepsin afuturepaper.

Our �nal remarkis that thebiology of thedatashouldguidethe researcherin

determiningthebestmethodto usefor imputingmissingvaluesin thesedatasets.

4.8 IFRAA

4.8.1 Intr oduction

Theaim of this sectionto introduceIFRAA, animprovedversionof FRAA, which

improvessigni�cantly theperformanceof FRAA. IFRAA is asuccessfulcombina-

tion of FRAA anda goodclusteringalgorithm.IFRAA worksasfollows. First we

76



useFRAA to �nd a completionG. Thenwe usea clusteringalgorithm(we used

K-meanshere)to �nd a reasonablenumberof clustersof similar genes.For each

clusterof geneswe apply FRAA separatelyto recover the missingentriesin this

cluster. It turnsout that this modi�cation resultsin a very ef�cient algorithmfor

reconstructingthemissingvaluesof thegeneexpressionmatrix. We alsonotethat

FRAA andIFRAA arevery effective in reconstructingmissingvaluesof n � m

matrices,whichareexpectedto have low effective ranks.

4.8.2 Computational comparisonsof

BPCA, FRAA, IFRAA and LLSimpute

For comparisonof differentimputationalgorithms,� ve differenttypesof dataset

wereused,includingtwo microarraygeneexpressiondataandthreerandomlygen-

eratedsyntheticdata[15]. Microarray datasetswere obtainedfrom studiesfor

theidenti�cation of cell-cycle regulatedgenesin yeast(Saccharomycescerevisiae)

[33]. The �rst geneexpressiondatasetis a setof completematrix of 5986genes

and14 experimentsbasedon the Elutriartion dataset in [33]. This datasetdoes

not have any missingvaluesinceall the genesthat originally hadmissingvalues

weredeletedto assesstheperformanceof the imputationalgorithms.Thesecond

microarraydataset is basedon the Cdc15dataset in [33], which contains5611

genesand24 experiments.We obtainedthecompletedatasetin thesameway as

for �rst dataset. Threesyntheticdatasetswererandomlygeneratedmatricesof

size2000� 20andranks2; 4; 8.

To assesstheperformanceof missingvalueestimationmethods,we performed
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simulationswhere1%, 5%, 10%and20%of theentrieswererandomlydeletedfrom

thecompletematrix C. Thenwe estimatedthevariouscompletionsof themissing

valuesby BPCA,FRAA, IFRAA andLLSimpute.WeusedtheL 2-normversionof

LLSimpute.We settheK-valueparameter(numberof similargenes)for LLS such

thattherewasno increasein accuracy of LLS by increasingtheK-value.

Weusedanormalizedrootmeansquareerror(NRMSE)asametricfor compar-

ison. If C representsthe completematrix andĈ representsthe completedmatrix

usingan estimateto the corruptedentriesin C, then the root meansquareerror

(RMSE)is kD kFp
N

, whereD = C � Ĉ. Wenormalizedtherootmeansquareerrorby

dividing RMSEby theaveragevalueof theentriesin C.

Therandommatricesof order2000� 20 andof rankk = 2; 4; 8 appearingin

Figures1,2 and3 weregeneratedas follows. Onegenerates2k randomcolumn

vectorsx1; : : : ; xk 2 R2000; y1; : : : ; yk 2 R20, wherethe entriesof thesevectors

are chosenaccordingto a uniform distribution in the interval [0; 1]. Then C =

P k
i=1 x i yT

i .

Figure1 representsthecomparisonsof BPCA,FRAA andLLSimputefor 2000�

20 randommatrix of rank2. In this caseFRAA completelyreconstructedC. The

performanceof IFRAA wasidenticalto FRAA, andwedidnotplot theperformance

of IFRAA. BPCA performedexcellentfor 1% andits performancesomewhat de-

terioratedwith theincreaseof thepercentageof missingdata.Theperformanceof

LSSimputewasexcellentfor 1%of missingdata,andits performancesigni�cantly

deterioratedwith theincreaseof thepercentageof missingdata.

Figure2 representsthecomparisonsof BPCA,FRAA, IFRAA andLLSimpute
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for 2000� 20 randommatrix of rank 4. HereBPCA andIFRAA performedex-

tremelywell. IFRAA slightly outperformedBPCA in particularin the casewith

20%of missingdata.FRAA performedreasonablywell, but notasgoodasIFRAA

or BPCA.Thebehavior of LSSimputewassimilar to its performanceonFigure1.

Figure3 representsthecomparisonsof BPCA,FRAA, IFRAA andLLSimpute

for 2000� 20 randommatrix of rank8. Thebehavior of BPCA, IFRAA andLL-

Simputearesimilar to their behavior on Figure2. In this case,however the per-

formanceof theFRAA is goodfor percentageof missingentrieslessthan20%but

FRAA doesnotperformwell when20%of entriesaremissing.

Figure4 and5 compareBCPA, IFRAA andLLSimputefor geneexpressiondata

matrices,theElutriationdatasetandtheCdc15dataset,respectively. Sincesomeof

themethodsarelocal andothersglobal,to befair in comparisonwe �rst clustered

the datasetusingthe clusteringalgorithm,K-means,andthenwe performedthe

missingvalue estimationon the clustereddata. In our simulationwe randomly

deleted1%; 5%; 10%; 15%, and20%entriesof datamatrix. In IFRAA we chose

theparameterL, which meansthenumberof signi�cant singularvalues+1, to be

equalto 2 for Elutriationdatasetand3 for Cdc15dataset.Theinitial guessfor the

missingentriesin eachgenewaschosento betherow averageof its corresponding

row. FRAA wasnot performingaswell astheotherthreemethods,sowe did not

includeFRAA graphsin Figures4 and5.

Figure4 depictsthecomparisonof BPCA, IFRAA andLLSimputeElutriation

datasetin [33]. Thecorrespondinggeneexpressiondatasetis acompletematrixof

n = 5986genesandm = 14 experiments.In this caseBPCA performedthebest,
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Figure1: Comparisonof NRMSEagainstpercentof missingentriesfor threemeth-

ods:FRAA, BPCAandLLS. Datasetwasa2000� 20randomlygeneratedmatrix

of rank2.

IFRAA wasslightly inferior to BPCA,andLLSimputeweaker thanIFRAA.

Figure5 depictsthecomparisonof BPCA, IFRAA andLLSimputeCdc15data

set in [33] which contains5611 genesand 24 experiments. In this caseBPCA

performedthebestandagain IFRAA performedslightly betterthanLLSimpute.
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4.9 Conclusions

We appliedthe four algorithmson severaldatamatricesincludingtwo microarray

datasets.Wecorrupted,atrandom,certainpercentagesof thesedatasetsandlet the

four algorithmsrecover them.We foundBPCA andIFRAA to bethemostreliable

approaches.TheLLSimputealsoperformedquitewell. FRAA by itself wasinfe-

rior to all four methods,unlessthegeneexpressionmatrixhasasmallrank.Wealso

appliedthe four algorithmsto syntheticdatasets,which wererandom2000� 20

matricesof small ranksk = 2; 4; 8, wherewe again corruptedat randomcertain

percentagesof thesedatasets. Not surprisinglyIFRAA andBPCA wereable to

recover thedataquitewell. Wherethepercentageof thecorrupteddatawasnot too

large,or thematrix hadrank2, FRAA wasableto reconstructthedataalmostper-

fectly. LLS-imputeperformedwell whenthedatasethas1%percentageof missing

entries.Theperformanceof LSSimputedeterioratedgraduallywith increasingper-

centageof missingentries.In conclusionBPCAandIFRAA, combinedwith agood

clusteringalgorithmsuchasK-meansusedhere,appearto bereliablemethodsfor

recovering DNA microarraygeneexpressiondata,or any othernoisy datamatrix

which is effectively low-rank.

Theseresultsand the resultsin [27] and [28] show that the performancesof

BPCA,IFRAA andLSSimputedependonthestructureandalsothesizeof thedata

matricesandnoneof theabove mentionedthreealgorithmsoutperformstheothers

in all cases.

Our studiesalsoshow that theperformanceof FRAA andhenceIFRAA is de-
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pendenton missingentriesdistribution. Sincethe performanceof the FRAA de-

pendson effective rank of the submatrixformedby rows which have no missing

entries,it is importantto have enoughnumberof rows with this property. We can

argue that the reasonBPCA in somecasesworks slightly betterthan IFRAA is

becauseof dependency of IFRAA on missingentriesdistribution. However, in a

real application,whenthe distribution of missingentriesis not uniform, contrary

to whatwe hadin our simulations,wherenot many rows have missingentrieswe

expectIFRAA to performbetterthanBPCA.For localmethodslikeKNN andLLS

wheresimilar genesshouldnot have missingentriesin thesamecolumn,uniform

distribution of missingentriesdoesnot have any degradationeffect becauseit is

unlikely to havemissingentriesin thesamecolumnfor similargenes.

4.10 Matlab code

function Ep1 = fraa(E,Ep,L,iter)

%Fixed rank algorithm -- estimate missing values

%Usage: fraa(E,Ep,L,iter)

%E: matrix with missing values

%Ep: initial solution

%L: parameter (number of significant singular values + 1)

%iter: number of iterations to perform

%Note: Any rows with all missing values must be removed

%%%%%%%%%%THIS IS THE SET-UP
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%Get size of E

[N,M]=size(E);

if (L > M)

error('need L<=#columns of E ')

end;

%get index of missing values

missing=find(isnan(E));

%Number of missing values

m=length(missing);

m2=m*m;

%%%%%%%%%%%NOWWE WORKWITH THE ALGORITHM

Xp1=zeros(N,M);

track=iter;

while(iter > 0)

A=Ep'*Ep;

%Find singular value decomposition of A

[U,S,V]=svd(A);

%Singular values of Ep

sigma2=S(S˜=0);

singular=sqrt(sigma2);

partial_sig2=sum(sigma2(L:M));

total_sig2=sum(sigma2(1:M));

fprintf('\n iteration %3.0f \n', track-iter+1)
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fraction=partial_sig2/total_sig2;

fprintf(' partial sum/total sum of sq. singular values

\n %1.8f', fraction)

fprintf('\n')

%Construct B=Bp

B=sparse(m,m); %pre-allocate space

[is,js]=ind2sub([N,M],missing(1:m));

for s=1:m

for t=s:m

if (i(s)==i(t))

B(s,t)=sum(U(js(s),L:M)*U(js(t),L:M)');

B(t,s)=B(s,t); %B is symmetric

end %end if

end %end For t

end %end for s

%%%NOWCONSTRUCTTHE VECTORWp

W=sparse(m,1); %pre-allocate space

for t=1:m

K=sparse(N,M);

K(missing(t))=1;

W(t)=sum(diag(U(:,L:M)'*Ep'*K*U(:,L:M)));

end %end for

%Solve Bx_(p+1)= -W
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xp1=-B\W;

%Create matrix B_{p+1}

Xp1(missing)=xp1;

%Update solution

Ep=Ep+Xp1;

%set counter

iter=iter-1;

end %End while

fprintf('\n')

fprintf(' singular values (final iteration):\n')

fprintf('%16.6f',singular)

Ep1=Ep;

For the Matlab m �le or a version of this algorithm for R, see

http://people.carleton.edu/˜lchihara/LMCProf.html

87



References

[1] C.C.Aggrawal, C.M. Procopiuc,J.L. Wolf, P.S.Yu andJ.S.Park, Fastalgo-

rithms for projectedclustering,Proc. of ACM SIGMODIntl. Conf. Manage-

mentof Data1999,61-72.

[2] R. Agrawal, J.Gerhrke, D.Gunopulos,andP. Raghavan,Automaticsubspace

clusteringof high dimensionaldatafor datamining applications,Proc. ACM

SIGMODConf. onManagementof Data, 1998,94-105.

[3] U. Alon etal.,Broadpatternsof geneexpressionrevealedby clusteringanaly-

sisof tumorandnormalcolontissuesprobedby oligonucleotidearrays,Proc.

Natl. Acad.Sci.USA96(1999),6745-6750.

[4] O. Alter, P.O. Brown and D. Botstein,Processingand modelling geneex-

pressionexpressiondatausingthesingularvaluedecomposition,Proceedings

SPIE,vol. 4266(2001),171-186.

[5] O. Alter, P.O.Brown andD. Botstein,Generalizedsingulardecompositionfor

comparative analysisof genome-scaleexpressiondatasetsof two different

organisms,Proc.Nat.Acad.Sci.USA100(2003),3351-3356.

[6] O. Alter, G.H. Golub,P.O. Brown andD. Botstein,Novel genome-scalecor-

relationbetweenDNA replicationandRNA transcriptionduringthecell cycle

in yeastis predictedby data-drivenmodels,2004Miami Nature Winter Sym-

posium, Jan.31 - Feb. 4, 2004.

88



[7] P. Baldi and G. Wesley Hat�eld, DNA Microarrays and GeneExpression,

CambridgeUniversityPress,2002

[8] T.H. Bo,B. Dysvik andI. Jonassen,LSimpute,Accurateestimationof missing

valuesin microarraydatawith leastsquaresmethods,NucleicAcidsResearch,

32 (2004),e34.

[9] H. Chipman,T.J. Hastie and R. Tibshirani, Clusteringmicrarray data In:

T. Speed,(Ed.), StatisticalAnalysisof GeneExpressionMicroarrayData, ,

Chapman& Hall/CRC,2003pp.159-200.

[10] E. Domany, ClusterAnalysisof GeneExpressionData,Journal of Statistical

Physics, 110(2003),1117-1139

[11] P. Drineas,A. Frieze,R. Kannan,S. VempalaandV. Vinay, Clusteringlarge

graphsvia the singularvaluedecomposition,Journal of Machine Learning,

56 (2004),9-33.

[12] PetrosDrineas,EleniDrinea,PatrickS.Huggins,AnExperimentalEvaluation

of a Monte-CarloAlgorithm for SingularValue Decomposition, Panhellenic

Conferenceon Informatics2001:279-296

[13] M. Ester, H.-P. Krieger, J. SanderandX.Xu, A density-basedalgortihmfor

discoveringclustersin largespatialdatabaseswith nose,Proc.2ndIntl. Conf.

KnowledgeDiscoveryandDataMining, 1996,226-231.

[14] S. Friedland,Inverseeigenvalueproblems,Linear Algebra Appl., 17 (1977),

15-51.
89



[15] S. Friedland,M. Kaveh,A. Niknejad,H. Zare,An ImprovedFixedRankAp-

proximation Algorithm for Missing Value Estimationfor DNA Microarray

Data, submittedto the 2005IEEE Symposiumon ComputionalIntelligence

in BioinformaticsandComputationalBiology

[16] S. Friedland,J. Nocedaland M. Overton, The formulation and analysisof

numericalmethodsfor inverseeigenvalueproblems,SIAM J. Numer. Anal.

24 (1987),634-667.

[17] S.FriedlandandA. Niknejad,FastMonte-Carlolow rankapproximationsfor

matrices,preprint,9 pp..

[18] S.Friedland,A. NiknejadandL. Chihara,A SimultaneousReconstructionof

MissingDatain DNA Microarrays,LinearAlgebraAppl., to appear, (Institute

for Mathematicsandits Applications,PreprintSeries,No. 1948).

[19] A. Frieze,R. KannanandS.Vempala,FastMonte-Carloalogrithmsfor �nd-

ing low rankapproximations,Proceedingsof the39thAnnualSymposiumon

Foundationof ComputerScience, 1998.

[20] X. Gan, A.W.-C. Liew and H. Yan, Missing MicroaarayData Estimation

BasedonProjectionontoConvex SetsMethod,Proc.17thInternationalCon-

ferenceonPatternRecognition, 2004.

[21] G.H. Golub andC.F. Van Loan, Matrix Computations, JohnHopkinsUniv.

Press,1983.

[22] R.A. HornandC.R.Johnson,Matrix analysis, CambridgeUniv. Press,1987.
90



[23] T.R.Golub,D.K. Slonim,P. Tamayo,C. Huard,M. Gaasenbeek,J.P. Mesirov,

H. Coller, M.L. Loh, J.R. Downing, M.A. Caligiuri, C.D. Bloom�eld, and

E.S.Lander, Molecularclassi�cationof cancer:classdiscoveryandclasspre-

dictionby geneexpressionmonitoring,Science286(1999),531-537.

[24] D.A. Jackson,Stoppingrulesin principalcomponentanalysis:a comparison

of heuristicalandstatisticalapproaches,Ecology74 (1993),2204-2214.

[25] D. Jiang, C. TangandA.Zhang,ClusterAnalysisfor GeneExpressionData:

A Survey, IEEE Transactionson Knowledge andData Engineering(TKDE),

Volome16(11),page1370- 1386,2004

[26] R.A. JohnsonandD. W. Wichern,Applied MultivariateStatisticalAnalysis,

PrenticeHall, New Jersey, 4thedition(1998).

[27] H. Kim, G.H.GolubandH. Park,Missingvalueestimationfor DNA microar-

ray geneexpressiondata: local leastsquaresimputation,Bioinformatics21

(2005),187-198.

[28] S. Oba, M. Sato, I. Takemasa,M. Monden,K. Matsubaraand S. Ishii, A

Baesianmissingvalue estimationmethodfor geneexpressionpro�le data,

Bioinformatics19 (2003),2088-2096.

[29] C.C.PaigeandM. A. Saunders,Towardsageneralizedsingularvaluedecom-

position,SIAMJ. Numer. Anal.18 (1981),398-405.

91



[30] C.M. Procopiuc,P.K. Agarwal, M. JonesandT.M. Murali, A Monte Carlo

algorithmfor fast projective clustering,Proc. of ACM SIGMODIntl. Conf.

Managementof Data2002.

[31] M.A. Shipp, K.N. Ross,P. Tamayo,A.P. Weng, J.L. Kutok, R.C. Aguiar,

M. Gaasenbeek,M. Angelo,M. Reich,G.S.Pinkusetal., DiffuselargeB-cell

lymphomaoutcomepredictionby gene-expressionpro�ling nadsupervised

machinelearning,Nat.Med.8 (2002),68-74.

[32] A. SchulzeandJ.Downward,NatureCell. Biol. 3:190(2001)

[33] P.T. Spellman,G. Sherlock,M.Q. Zhang,V.R. Iyer, K. Anders,M.B. Eisen,

P.O. Brown, D. BotsteinandB. Futcher, Comprehensive identi�cation of cell

cycle-regulatedgenesof the yeastSaccharomycescerevisiaeby microarray

hybridization,Mol. Biol. Cell, 9 (1998),3273-3297.

[34] G.W. Stewart,A methodfor computingthegeneralizedsingularvaluedecom-

position,Matrix Pencils, B. Kagstr̈om andA. Ruhe,Lecture Notesin Mathe-

matics, 973(1982),207-220.

[35] O. Troyanskaya,M. Cantor, G. Sherlock,P. Brown, T. Hastie,R. Tibshirani,

D. BotsteinandR. Altman, Missing valueestimationfor DNA microarrays,

Bioinformatics17 (2001),520-525.

[36] S. Vempala,The RandomProjectionMethod,DIMACS Vol. 65, American

MathematicalSociety, 2004

92


