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Summary
In chapterl we introducethe singularvaluedecompositior{SVD) of matricesand
its extensions.We thenmentionsomeapplicationsof SVD in analyzinggeneex-
pressiondata,imageprocessingandinformationretrieval. We alsointroducethe
low rank approximationof matricesand presentour Monte Carlo algorithm to
achieve this approximatioralongwith otheralgorithms.

Chapter2 dealswith clusteringmethodsandtheir applicationin analysinggene
expressiondata. We introducethe mostcommonclusteringmethodssuchasthe
KNN, SVD, andweightedleastsquaranethods.

Chapter3 dealswith imputingmissingdatain geneexpressiorof micro-arrays.
We usesomeof the methodsmentionedin part 2 for thesepurposes. Thenwe
introduceour x ed rank approximationalgorithm (FRAA) for imputing missing
datain the DNA geneexpressionarray Finally, we usesimulationto compare
FRAA versusothermethodsandindicatethe advantagesndits shortcomingsand

how to overcomethe shortcoming®f FRAA.
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1 Intr oduction and Background

1.1 Missing geneimputation in DNA microarrays

In the last decade molecularbiologists have beenusing DNA microarraysas a
tool for analyzinginformationin geneexpressiordata. During the laboratorypro-
cess,somespotson the arraymay be missingdueto variousfactors(for example,
machineerror) Becauset is often very costly or time consumingto repeatthe
experiment,molecularbiologists,statisticiansand computerscientistshave made
attemptsto recover the missinggeneexpressiondyy somead-hocand systematic
methods.

In this thesiswe introducevarious imputation methodsfor missing datain
geneexpressiormatrices.In particular we review two recentimputationmethods,
namelyBayesianPrincipal ComponentAnalysis (BPCA) andLocal LeastSquare
Impute (LLSImpute). Thenwe introduceour x edrank approximationalgorithm
(FRAA). Finally in the latter sectionof this thesiswe presenimproved x edrank
approximatior(IFRAA) andusesimulationin orderto compard FRAA with BPCA
nd LLSimpute.

More recently microarraygeneexpressiordatahave beenformulatedasagene
expressionmatrix E with n rows, which correspondo genes,and m columns,
whichcorrespondo experiments.Typically n is muchlargerthanm. In thissetting,
theanalysisof missinggeneexpression®n thearraywould translateto recovering
missingentriesin the geneexpressiomatrix values.

Themostcommonmethoddor reccv8ery are[35]:



(a) Zeroreplacemenimethod,;

(b) Row summean,;

(c) Clusteranalysismethodssuchas K-nearestneighborclustering, hierarchical
clustering;

(d) SVD - SingularValue Decomposition(which is closely relatedto Principal
ComponenAnalysis).

In thesemethodsthe recovery of missingdatais doneindependentlyi.e., the
estimatiorof eachmissingentrydoesnotin uence theestimatiorof theothermiss-
ing entries. Theiteratve methodusing SVD suggestedhn [35] takesinto account
implicitly thein uence of the estimationof one entry on the otherones. Seealso
[9].

In this thesiswe suggest new methodin which the estimationof missingen-
triesis donesimultaneouslyi.e., the estimationof onemissingentryin uencesthe
estimatiorof theothermissingentries.If thegeneexpressiommatrix E hasmissing
data,we wantto completeits entriesto obtainamatrix E, suchthattherankof E is
equalto (or doesnotexceed)d, whered is takento bethenumberof signi cant sin-
gularvaluesof E. The estimationof the entriesof E to a matrix with a prescribed
rankis a variationof the problemof communality(see[16, p. 637].) We give an
optimizationalgorithmfor nding E usingthe techniquedor inverseeigervalue

problemsdiscussedn [14].



1.2 Somebiological background
1.2.1 Genesand GeneExpression

Cellsandorganismsaredividedinto two classesprocaryotic(suchasbacteriajand
eucaryotic[10]. Thelatterhave a nucleus.The cell is enclosedy its membrane;
embeddedn the cell's cytoplasmis its nucleus,surroundedand protectedby its
own membraneThenucleuscontainsDNA, a onedimensionamolecule madeof
two complementargtrandsgoiledaroundeachotherasadoublehelix. Eachstrand
consistsof a backboneo which a linear sequencef baseds attached.Thereare
four kindsof basesgenotedy C, G, A, T. Thetwo strandscontaincomplementary
basesequencesnd are held togetherby hydrogenbondsthat connectmatching
pairsof bases;G-C (threehydrogenbondsthat connectmatchingpairs of bases;
G-C (threehydrogenbonds)andA-T (two).

A geneis asggmentof DNA, which containgheformulafor thechemicalcom-
positionof oneparticularprotein. Proteinsarethe working moleculesof life; most
biological processeshattake placein a cell arecarriedout by proteins. Topolog-
ically, a proteinis alsoa chain; eachlink is anaminoacid, with neighborsalong
thechainconnectedy covalentbonds.All proteinsaremadeof 20 differentamino
acids- hencethe chemicalformula of a proteinof lengthN is an N -letter word,
whoselettersaretakenfrom a 20-letteralphabet.A geneis nothingbut analpha-
betic cookbookrecipe,listing the orderin which the aminoacidsareto be strung
whenthe correspondingproteinis synthesizedGeneticinformationis encodedn

thelinearsequencen whichthebase®nthetwo strandsareorderecalongthe DNA
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molecule.The geneticcodeis a universaltranslationtable,with speci c triplets of
consecutre basesodingfor every aminoacid.

The genomecontaingthe collectionof all the geneghatcodethe chemicalfor-
mulaeof all the proteins(and RNA) that an organismneedsand produces. The
genomeof a simple organismsuchas yeastcontainsabout6000 genes;the hu-
mangenomehasbetween30,000and40,000. An overwhelmingmajority (98%)
of humanDNA containsnon-codingregions, i.e., strandghatdo not codefor arny
particularprotein(but play arole in regulatingthelevel of synthesif thedifferent
proteins).

Hereis anamazingact: every cell of amulticellularorganismcontaingts entire
genomelThatis, every cell hastheentiresetof recipegheorganismmayeverneed;
the nucleusof eachof thereaders cell containsevery pieceof informationneeded
to make a copy ("clone”) of him/her! Eventhougheachcell containsthe sameset
of genesthereis differentiation cellsof a complex organism,takenfrom different
organs,have entirely differentfunctionsandthe proteinsthat performthesefunc-
tionsarevery different. Cellsin our retinaneedphotosensitie moleculeswhereas
our liversdo not make muchuseof these.A geneis expressedn a cell whenthe
proteinit codesfor is actuallysynthesizedin anaveragehumancell about10,000
genesareexpressed.The setof (say10,000)numberghatindicatethe expression
level of eachof thesegyeness calledthe expressionpro le of thecell.

Thelarge majority of abundantlyexpressedjenesareassociateavith common
functions,suchasmetabolismandhenceareexpressedn all cells. However there

will be differencesdetweenthe expressiii)nof pro les of differentcells, andeven



in singlecell, expressionwill vary with time, in a mannerdictatedby externaland
internalsignalsthatre ect the stateof the organismandthe cell itself.

Synthesisof proteinstake a placeat the ribosomes Theseare enormousma-
chines(alsomadeof proteins)thatreadthe chemicalformulaewritten onthe DNA
andsynthesizehe proteinaccordingto the instructions. Theribosomesarein the
cytoplasm,whereaghe DNA is in the protectedernvironmentof the nucleus.This
posesan immediatelogistic problem- how doesthe information get transferred

from the nucleusto theribosome?

1.2.2 Transcription and Translation

The obvioussolutionof informationtransferwould beto rip outthe pieceof DNA
that containsthe genethatis to be expressedand transportit to the cytoplasm.
Whena generecevesa commando be expressedthe correspondingegmentof
the doublehelix of DNA opens,anda precisecopy of the information,aswritten
ononeof thestrandsjs preparedyhichis calledthemessengr RNA, andthe pro-
cessof its productionis calledtranscription The subsequenteadingof mRNA,
decipheringhe messagéwritten usingbasetriplets) into aminoacidsandsynthe-
sisof the correspondingroteinat theribosomess calledtranslation[32]. In fact,
whenmary moleculesof a certainproteinareneededthe cell producesnary cor-
respondingnRNAs, which aretransferredhroughthe nucleus'membraneo the
cytoplasm,andare"read” by several ribosomes. Thusthe single mastercopy of
theinstructionscontainedn the DNA, generatesnary copiesof the protein. This

transcriptionstrat@y is prudentand safe,preservingthe preciousmastercopy; at
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thesametime it alsosenesasaremarkableampli er of thegeneticinformation.

1.2.3 DNA microarrays (chips)

A DNA Chipis theinstrumentthat measuresimultaneouslyhe concentratiorof
thousandsf differentmRNA moleculeslt is alsoreferredto asa DNA microarray
[32] DNA microarrays,produceby Affymetrix, can measuresimultaneouslythe
expressionlevels of up to 20,000genes;the lessexpensve spottedarraysdo the
samefor several thousand.Schematicallythe Affymetrix arraysare producedas
follows. Divide a chip ( a glassplate of aboutl cm across)into "pixels” - each
dedicatedo onegeneg. Millions of 25 base-paifong pieces(oligonucleotidespf
single strand DNA, copiedfrom a particularseggmentof geneg are are photoliti-
graphicallysynthesizean the dedicatedpixel (thesearereferredto as”probes”).
The mRNA moleculesareextractedfrom the cellstakenfrom thetissueof interest
(suchasatumortissue)obtainedby concentrations enhancedNext, theresulting
DNA is transcribedackinto uorescentlymarkedsinglestrandRNA diffuseover
the denseforestof singlestrandDNA andthe labeledRNA diffuseover the dense
forestof singlestrandDNA andthe labeledRNA diffuse over the denseforestof
singlestrandDNA probes.Whensuchan mRNA encounters bit of the probe,of
which the RNA is a perfectcopy, it hybridizesto this strand- i.e. attachedo it
with ahighaf nity (considerabhhigherthanto a probeof whichthetargetis nota
perfectcopy). Whenthe mRNA solutionis washedoff, only thosemoleculeshat
foundtheir perfectmatchremainstuckto the chip. Now the chipis illuminatedby

a laser andthesestucktargets” uoresce; by measuringhe light intensityema-
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natingfrom eachpixel, oneobtainsa measureof the numberof targetsthat stuck,
which form a chip on which Ng geneswereplaced. TheseNy numbersrepresent
theexpressiorievelsof thesegenesn thattissue.A typical experimentprovidesthe
expressionpro les of severaltensof samplegsayNs 100, over several thou-
sand(Ngy) genes. Theseresultsaresummarizedn anNgy  Ng expressiontable;
eachrow correspondso one particulargeneandeachcolumnto a sample.Entry
Egs of suchanexpressiortablestandgor the expressiorievel of geneg in sample
s. For example,the experimenton colon cancey rst reportedby Alon etal. [3]
containsNg = 2000geneswhoseexpressionlevels passedsomethreshold,over
Ns = 62 samples40 of which weretaken from tumorand22 from normalcolon

tissue.

1.3 Somelinear algebrabackground

Since DNA microarraydatainvolvesreal valuesonly, we will be restrictingour

treatmenbof relevantfactsfrom linearalgebrato matricesandvectorspacesverR.

1.3.1 Inner Product SpaceqIPS)

LetV beavectorspaceoverR. Thenh ;i :V V! Risarealinnerproductif
1. x;xi Oforallx 2 V andhx;xi = 0iff x = 0.
2. hx;yi = hy;xi forallx;y 2 V.
3., yi+ yo = Wyl + Iy, for all x;y.;y, 2 V andfor all

o 2 R.
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1.3.2 De nition and Propertiesof Positive De nite and Semide nite Matrices

In thefollowing x will denoteavectorin R". A symmetricmatrixA 2 R" " is

1. positivede nite if andonlyif x" Ax > 0 for all nonzerax. We write A > O.

2. nonnegative de nite (or positive semi-de nite) if andonlyif xTAx  Ofor

all x. Wewrite A 0.

3. negativede nite if A is positive de nite.

4. nonpositive de nite (or negative semide nite) if A is nonn@ative de -

nite. Wewrite A 0.

We have thefollowing facts.

Any principalsubmatrixof apositive (nonngative) de nite matrixis positive

(nonngative) de nite . (A O impliesary principalsubmatrixis n.n.d)

Thediagonalelementof a positive de nite matrix arepositive.

A is positive de nite if andonly if its eigervaluesarepositive. (It is positive

semide niteif its eigervaluesarenonnegative.)

If A is positive de nite, its determinants positive. If A is positve semide -

nite, its determinants nonngative.

If A is positive de nite, thenA is nonsingulamandA 1 is positive de nite.

15



1.3.3 Various Matrix Factorizations

In thefollowing sectionwe introducesereralmatrix factorizationsisefulthrough-

outthisthesis.

Theorem 1.1 (Spectral Decomposition) Let A = AT 2 R" ". Thenther
existsanorthogonalmatrixQ 2 R" " (whosecolumnsare orthogonaleigernvectos

of A) sud that

X0
A=QDQ" = iqiq;

i=1

where ; aretheeigernvaluesof A andD = diag( 1;::: n).

1.3.4 Gram-Schmidt Process

The Gram-Schmidtprocessis a recursve procedurefor generatingan orthonor
mal setof vectorsfrom a given setof linearly independenvectors.Let x4;::: X,
be linearly independentvectorsin anIPSV. Thengeneratean orthonormalset

Uq;:::up 2 V fromxq;::: X, suchthat:

by thefollowing procedure&known asthe Gram-Schmidalgorithm:

— 1
u, := —kxlkxl

. . ; . .— 1
P1: hXo;uqiug; Uy = W(XZ pl)

. . H . H . — 1
P2: h>(3, ujluqg + h>(3,U2|U2, Us .= m(x:g pz)

16



Pk := MXysp;UgiUg + MXyag;UpiUp + + MXyeq 5 Ui U,

. 1
anduy.; = m(xk+1 Pk)

In practisethe Gram-SchmidProces{GSP)is numericallyunstable.Thatis,
thereis a severelossof orthogonalityof u4;::: aswe proceedio computeu;. In
computationone useseithera Modi ed GSP or Householdeorthogonalization
[21].

TheModi ed Gram-SchmidProcesg§MGSP)consistingof thefollowing steps:

Initializej = 1.

v
Uj = kX

pi := hx;i;u;iu; andreplacex; by x; := x; p;fori=j+ 1:::;n.

Letj = j + 1andrepeatheprocess.

MGSPis stable needsmn? ops, whichis moretime consuminghenGSP

1.3.5 Cholesky Decomposition

Let A bea positive de nite matrix. ThenA = UT U whereU is anuppertrian-
gularmatrix with positve diagonalelements.The above factorizationis calledthe
Cholesly decompositionThe matrix U is calleda Cholesk factor of A andis not

unique.

17



1.3.6 The QR Decomposition

LetX beann m matrixwithn m. Thenthereisaunitaryn m matrixQ and

anuppertriangularn - n matrix R with nonngative diagonalelementsuchthat
0 1
«o o= b RE.
. :
Thisfactorizations calledthe QR decompositiomf X . Thematrix Q is calledthe
Q-factorof X andthematrixR is the R-factorof X .
If we partitionQ = (Qx; QL) whereQx hasm columns,thenX = QxR
whichis calledthe QR factorizationof X .
If X is of rankm, thenthe QR factorizations uniqueupto afactorof 1. The
columnsof Qx form anorthogonabasisfor the columnspaceof X , andthoseof
Q- form anorthonormabasisfor the orthogonakcomplemenbf the columnspace

of X obtainedby the Gram-Schmidprocesslf X is of rankm, thenA = X TX is

positive de nite andR is a Cholesly factorof A. For moredetailssee[34].

1.3.7 An Intr oduction to the Singular Value Decomposition

In mary scienceandengineeringproblemsonewould like to approximatea given
matrix by alower rankmatrix andcalculatethe distancebetweerthem.

Withoutlossof generalityletE bean m matrixwheren m (Thefollowing
procedureas alsovalid whenn < m). Denoteby R(E) andN (E) therangeand
thenull spaceof E.

Theideaof the singularvaluedecompositions to factorthe matrix E into the

18



productof matricesU, ,V suchthat
E(n m) — U(n n) (n m)V(m m)T: (11)

Here,Uisn n, isadiagonaln m matrix,V isam m matrix,andU and

V areorthogonalmatriceswhere

1 2 min(m;n) 0:

In this procedurethe ;'sareuniquebut U andV arenot. The ;'sarecalled
the singular valuesof E and are the squareroots of the eigervaluesof EET or
equivalentlyETE. Also, in this settingthe columnsof U areeigervectorsof EE T
andtherowsof V areeigervectorsof E T E. Theideais thattherankof thematrix E
is thenumberof thenonzercsingularvaluesandthe magnitudeof nonzerasingular
valueswould indicatethe proximity of matrix E to the closestower rankmatrix.

ComputationallyonebringsE to upperbidiagonalform A usingHouseholder
matrices.Thenoneappliesimplicitly the QR algorithmto ATA to nd thepositive
eigevalues ?;:::; 2 andthecorrespondingrthonormakigervectorsvy;:::; v, of
thematrix ETE [21]. Next we set

1

Ug:= —qqu (1.2)

Theorem1.2 If E isanm n matrix,thenE hasa singularvaluedecompo-

sition.

Theproofcanbefoundin [21].
19



We summarizehefactsaboutthesingularvaluedecompositiorof amatrix. Let

E beam n matrixwith singularvaluedecompositiond VT.

andV arenotunique.Suppose
1> o> > >0
thenthecolumnsof V aredeterminedipto 1.
2. SinceV diagonalize€ "E, it followsthatv;'s areeigervectorsof ETE.

3. SinceEET = U TUT, it follows that U diagonalizeE€E™ andthatthe

u;'saretheeigervectorsof EET.

4. Comparingthe]j th columnsof eachsideof theequation

EV=U
we get
Evi =y ] =1::5n
Similarly,
E'TU=V T
andhence
E'uy = vy j=2L:n
E'uy =0 j=n+21:;m

Thev;'sarecalledtheright singularvectos of E andtheu;'s arecalledthe

left singularvect fE.
eft singularvectos o 20



5. If E hasrankr, then

(@) vqi;Vy;:::v, formanorthonormabasisfor R ET ,

6. Therankof E is equalto the numberof its nonzerosingularvalues(where
singularvaluesare countedaccordingto their multiplicities). We canrear

rangethe ;'ssuchthat

|p+|p - r

andfor everyl | P 1 g+ =

ij
orthonormabasisfor theeigenspacef E"E correspondingo ; .

LetU;; |;V, bematricesobtainedromU; ;V, respectrely, asfollows: U, is

ann r matrixobtainedby deletingthelastm r columnsof U, V; isthem r

matrix obtainedby deletingthelastm r columnsof V, and , is obtainedby

deletingthelastm r columnsandrowsof . Then

E=U V;U'U=V"V=1I,; ,=dag( ;3 ); 1 = >0
(1.3)
In this settingU;; ;V, areall rankr matrices:thelastm r columnsof U and

thelastm r rows of VT arearbitrary up to the conditionthatthelastm r

columnsof U andlastm  r rowsof VT areorthonormabasef the orthogonal
21



complementf thecolumnspaceandtherow spaceof E, respectrely. Hence(1.3)

is sometime<galledareducedSVD of E.

1.3.8 SVDoninner product spaces

In thissectionwe discusdrie y thestandardaotionof theSVD decompositiorf a
linearoperatothatmapsone nite dimensionainnerproductspaceo anothernite
dimensionainner productspace. For the utmostgeneralitywe considerherethe
innerproductsover the complex numbersC. In this sectionwe denoteby M, (C)
thespaceof n  m matriceswith complex entries.

Let U; beanm;-dimensionainner productspaceover C, equippedwith h; i,
fori = ;2. LetT : U, ! U, bealinearoperator LetT :U,! U; bethe
adjointoperatorof T, i.e. hTx;yi = hx;T yi forallx 2 U,y 2 U,. Equiv-
alently, let [a;; ::;;am,] and[b;:::;by,] be orthonormalbasesof U; andU, re-
spectvely. LetA 2 M ,,m,(C) betherepresentatiomatrix of T in thesebases:
[Tag;::;Tam,] = [b1;:::;bm,]JA. ThenthematrixA = A representd in these
bases.The SVD decompositiorof A = U V , whereU; V areunitary matrices
of dimensionam,; m; respectrely, and 2 Mp,m,(R) is adiagonalmatrix with
thediagonalentries 1 I min(m,m, 0O, correspondso thefollowing basefree
conceptof T.

ConsidertheoperatorsS; ;= T T : U;! Uj;andS, =TT :U,! U,
ThenS,; S, areself-adjoint,i.e. S; = S;;S, = S, and nonn@ative de nite:
hSixi;xiji Oforall x; 2 U; fori = 1;2. Thepositve eigervaluesof S; andS,,

countedwith their multiplicities andarrangedn a decreasingrderare 2
22



2> 0,wherer = rank T = rank T . Let

Sivi= Avipi=Lunr hvisviip= gL
Thenu; := | Ty, fori = 1;::;r is anorthonormalsetof the eigervectorsof
S, correspondingo the eigevalue 2 for i = 1;::;r. Completethe orthonor

mal systemsf v,;:::;;v,g andfugy;::;;u,g to orthonormalbasedv;; :::; v, ] and
[ug; 5 um,] in Uy andU, respectrely. Thenthe unitary matricesU; V arethe
transitionmatricesfrom basis[b; :::;bm,] to [ug; 5 uy,] andbasis[a;; :::am,] to

Vi Vm, ]t
[Ug; s um,] = [by i bm,JUs [V Vi, ] = [ag; 5 am, Vs

LetA 2 Mpy,m,(C). ThenA canbeviewed asa linear operatorA : C™ |
C™2 wherex ! Ax foranyx 2 C™M., LetP; beanm; m; hermitianpositve
de nite matrix for i = 1;2. We de ne the following inner productson C™* and
Ccma:

h;yi, ==y Pix; x;y2C™; = L2 (1.4)
It is straightforvardto shav thatthe SVD decompositiorof A, viewedastheabove

operatoywith respecto theinnerproductsgivenby (1.4)is
A=U V; UPU=Iy,; VP V=1 (1.5)

where isanm, m; diagonalmatrix with nonngative diagonalentriesin a
decreasingrder A simpleway to deducethis decompositioris to obsere that

hw;yi, = (Pi%y) (Pi%x), wherePi% is theuniquehermitianpositive de nite square
23



root of P;. The decompositior(1.5) is calledthe extendedsingular valuedecom-
positionof A, ESVD for short. The diagonalentriesof arecalledthe extended
singularvaluesof A. ESVD of A correspondso the standardSVD decomposition

1 1
of PZAP, 2.

1.4 ExtendedSingular Value decomposition

In its utmostgenerality the SVD dealswith alinearoperatof™ : V5! V¢, where
Vs (thesourcespacepndV (thetargetspacehpre nite dimensionalectorspaces
over therealnumbersRk (or moregenerallyover the complex numbersC), which
areendaved with the inner productsh; i, andh; i, respectrely. Choosebases
er; ey andfy; i fy. ThenV andV, canbeidenti ed with the standardrector
spaceRM andRN respectiely, andT is representedy then m matrix A =
(& i’\‘:'{";j -1 asexplainedlater on. Usually one chooseghe inner productsh; i
andh; i, to be givenby the standardnner productson RM andRM. Thatis, one

assumes
hey;ei =1 hg;eig=0 forj 6 k;j;k=1,:5M; (1.6)
Wi fii, = 1, hf;fi, =0 fori 6 I;i;1 = 1;:N: 2.7)
Thenthe SVD of T is the singularvalue decompositioPA = U VT: U; ;V
areN d;d d;M d matricesrespectiely, whereUTU = VTV areequalto

thed didentity matrix 14, and is a diagonalmatrix with the diagonalentries

1 2 . ¢ Ocalledthesingularvaluesof A. Furthermore

rankA d min(M;N); 0< ra2ﬁAand m = 0form > rank A: (1.8)



In generalpnedoesnothaveto assumehates; ::;; ey andfy;:::; fy areorthonormal
bases.By letting Ps := (hej;exi )=, andP, = (Hi;fii)\_, beary positive

de nite matricespneobtainsthecorrespondingVD of T:
A=U V", UPU=VTP,V =1l =diag( 1;:5 4); (1.9)

whereU andV areN dandM  d matriceswhosecolumnsform orthonormal
setsof d vectorswith respectto P; and P ! respectiely.  is a diagonalmatrix
with the singularvalues ; ¢ Oof T satisfying(1.8). We call (1.9)
thesingularvaluedecompositiorof A with respecto Pg; P, or ExtendedSingular
Value DecompositiofESVD) of A. Wecall 1;:::; 4 theextendedsingularvalues
of A or singularvalueswhenno ambiguityarises. Let a;;::;;ay andby;:::; by

be orthonormalbasesn Vs andV, respectiely. LetT : Vs ! V.. Thenthe

conjucpteoperatorT : V! Vsisde ned by theequalities

hlra;;bii, = hg; T biig; fori= 15N j = 105 M: (12.10)
Assumethat
X
Ta = Gjbi; 1=1:5M: (2.12)
j=1
Then
X
T b, = Gjaj; 1= 1;:5N: (1.12)

Thatis,theN M matrixC := (g )iN;l'v;'j -, represent3 in theorthonormabases

ap; i aw andby; by, andCT represent§ in thesebasesin particular

TT:Vs! Vg TT :V,! V, (1.13)
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arepresentedy CTC andCCT in thebasesy;::;;ay andby;:::;;by respectiely.

Clearly

rank T = rank A = rank AT = rank T = rankATA = rank AAT = rankA T = rank TTa"

SinceT T isself-adjoint((T T) = T T)andnonnegativede nite (NT Tx;Xi
Oforany x 2 V) it follows thatthereexistsanorthonormabasisc,;::;;cy in Vg

suchthat

T TCi

izci; i 0 hoijcig= i k= 1LunM: (2.14)

Letd; := iiTci; i = 1;:5rank T, Thendy; @i diank 7 IS @anorthonormalkystem
of vectors.Extendthis systemto anorthonormabasisd4; ::;;dy of V. ThenSVD

of T is givenby

Tci= idi;i=1L:5M; Hdjsdii, = 15 g1 = LNy di = 0if i > N:

(1.15)

Lemma 1.3 LetVg; V be nite dimensionalectorspace®verR of dimension
M;N and with the inner productsh; i ;h; i, respectively Let e;;::;;ey and
fi;::fn be basesin V4 and V¢ with the correspondingpositive matricesPs =
(he ;ekis)}\{'kz1 andP; = (h‘i;ﬁit)i“;‘lzl respectivelyLetT : Vo ! V. bealinear
transformatiorgivenby (1.11). Thenthe extendedsingularvaluedecompositiorof
A = (g )?}?2"1 with respecto the positivede nite matricesPs; P, corresponding
to the singularvaluedecompositiorof T in baseses;::;; ey andfy;:::;fy is given

by (1.9). Furthermoe the opemtor T : V! Vg representecby the matrix
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AY = (a] )JI -, inthebasese;; ::;;eq andfy; i fy:

b
Tf= a\e;i=1LuN; A= P 'ATR: (1.16)
j=1
Proof. Let
P X
g = VjkCx; d; = uifi; j = LM 1= 10N (2.17)
k=1 i=1
Hence
P xd N
Tej = ijTCk = Vjk kdk = Vjk kuikfi:
k=1 k=1 k=1:i=1

Comparethe above equalitiesto (1.11)to deducethethe rst partof the equality

(1.99A=U VT, where

= (Ui)iey U= (ula = (GU);
0= ()} = (0) HUo= ()i 07 = (Ug;Uf)
(1.18)
= (ij), 4= (Vi) e = (ViVh);
V= (vlk)jk L= (V) 5 Vo= (vlk)Jk =1 VT = (V3 V)

The secondpartof (1.9) UTP,U = |4 is equivalentto the orthonormalityof
the systemdy; :::;dg. We now shaw the third partof (1.9) VTP, 'V = I4. Since
C1;:;cu is anorthonormabasisin Vs it follows thatPs = ¥V 7. HenceP, ! =
(V7)) (V) 1 Notethatsince(V) Vv = Iy it followsthat(¥) V = Qisthe
M d matrix whosed columnsarethe rst d columnsof theidentity matrix |y .
HenceV™P, 1V = QTQ = Ig.

Fromthede nition of T (1.12)it follows that

Tdi= ic;i=1:5N; ..=0andc; = 0fori > M: (1.19)
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P N .
Asfi = Z; 0;;d; weobtain
X xd XV

Tfi= 0;T d; = Qi ¢ = Oii 1%
=1 =1 I =1

Compareheabore equalitieswith thede nition of AY in (1.16)to deducethat
AY =V, Uy (1.20)

Sinced,; ::;;dy is anorthonormabasisit followsthatP, = 0TO. Asp 1 = V7Y

andA = U VT astraightforvardcalculationshavs thatAY = P, ATP,.

1.5 SomeApplications of SVD
1.5.1 Analysing DNA geneexpressiondata via SVD

We now give anotherform of (1.3) which hasa signi cant interpretationin mi-
croarraydata.Letuy; : Uy denotethecolumnsof U andv;:::; v, denotethe

columnsof V. Then(1.1)and(1.3) canbewritten as

E = qUgVq = QUgVq: (1.21)
a=1 o=1

If ;> ::> | thenuyandv,aredeterminediptothesign 1forq= 1;::;r.
Namelyu, andv arelengthl eigervectorsof EET andE T E, respectiely, corre-

spondingto thecommoneigervalue g (Notethechoiceof asignin v forcesthe



function. Fromthedatagivenin [4], it seemghatthenumberof signi cant singular
valuesnever exceeds?y. Seethe discussioron the numberof signi cant singular
valuesin the beginning of x3. The essencef the FRAA algorithm, suggestedn

thisthesis,is basedn this obsenation.

1.5.2 Low rank approximation of matrices

A well-known techniqudor dimensionreductionis thelow rankapproximatiorby
thesingularvaluedecompositiorj21].

Let E be the datamatrix, andlet E = U VT bethe SVD of E, whereU
andV areorthogonaland is diagonal. Then,for a given , the optimal rank

approximatiorof E is givenby
E=U V|

whereU andV arethematricesformedby the rst  columnsof the matricesU
andV respectiely, and isthe -th principalsubmatrixof . A key propertyof
thisrank approximationis thatit achiezesthe bestpossibleapproximatiorwith
respectto the Frobeniusnorm, (and more generallywith respecto ary unitarily-
invariantnorm),amongall matriceswith rank , .

Denoteby jjEjjr the Frobeniug ;) normof E. It is the Euclideannormof E

viewed asa vectorwith nm coordinates.Eachterm uqvg in (1.21)is arankone
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matrix with jjuqvgij = 1. LetR(n; m; k) denotethesetof n  m matricesof at
mostrankk (m k). Thenfor eachk, k r,theSVD of E givesthesolutionto

thefollowing approximatiorproblem:

- .. e e ><( T.. xr 2
FZR”(’A?M)JJE Fiir = JJE qUaVqlie = 5 (1.22)

<

g=1 g=k+1

';:1 qUqVq is the uniquesolutionto the above minima

If ¢ > a1 then
problem. For our purposesit will be corvenientto assumehat 4 = 0 for ary

q> m.

2 RandomizedLow Rank Approximation

of a Matrix

In mary appliedsettingswhereoneis dealingwith a very large dataset, it is im-
portantto reducethesizeof datain orderto make aninferenceaboutthefeatureof
dataset,in atimely manner Assumethatthedatasetis representedlyanm n ma-
trix A 2 R™ ", It isimportantto nd anapproximatiorB 2 R™ " of aspeci ed
rankk to A, wherek is muchsmallerthanm andn.

Hereareseveral motivationsto obtainsuchB . First, the storagespaceneeded
for B isk(m + n), whichis muchsmallerthanthe storagespacemn neededor A.

Indeed,B canberepresenteds

B = xlyI+ xzy; + XYk XXk 2 R™ vy iy 2 R (2.23)



k(m + n), andcomputethe entriesof B, whenneededusingthe abore expression
for B.

The secondmostcommonapplicationis clusteringalgorithmsasin [1], [2],
[11], [13] and[30]. Assumethatour datarepresent® pointsandeachpoint has
m coordinates.Thatis eachpoint representedby a columnof the matrix A. We
wantto clusterthepointsin suchaway thatthedistancebetweemointsin thesame
clusteris much smallerthanthe distancebetweenary two points from different
clusters.Oneway to do this is to projectall the pointson the k mainorthonormal
directionsencodedby the rst k left singularvectorsof A. Then clusterusing
eitherk onedimensionakubspacesr the whole k dimensionakubspaceThe k-
rankapproximatiorB givesthe approximatiorto this k dimensionasubspacand
the approximationto the rst k singularvectors. Anotherway to clusteris to use
theprojective clustering.lt is known thatafastSVD, i.e. fastk-rankapproximation
isamaintool in thisarea[2] and[11].

The third applicationis in DNA microarrays,n particularin dataimputation
[18]. Let A beageneexpressiormatrix. Them rows of the matrix A areindexed
by the geneswhile the n columnsareindexed by the numberof experiments. It
is known that the effective rank of A, k, is usuallymuchlessthann. The SVD
decompositioris the main ingredientof the FRAA, (Fixed Rank Approximation
Algorithm), whichis successfullymplementedn [18] to imputethe corrupteden-

triesof A. Thefastk- approximatioralggrithmsuggestedh this paper combined



with the clusteringof similar genes,can be implementedto improve the FRAA
algorithm.

Oneway to nd a fast k-rank approximationis to chooseat randoml k
columnsor rows of A andobtainfrom themk-rank approximationof A. Thisis
basicallythe spirit of the algorithmsuggestedy Frieze,Kannanand Vempalain
[19]. We call this algorithmthe FKV algorithm. Assuminga statisticalmodelfor
the distribution of the entriesof A, the authorsgive someerror boundson their
k-rankapproximation.

In orderto graspthe natureof the FKV algorithm,we needto discussheran-
dom projectionmethod.SantosIs. Vempalahasa thoroughdiscussiorof the ran-

domprojectionmethod.[36]

2.1 Random Projection Method

thonormalmatrix R, whoseentriesare uniformly distributed. Thenwe scaleR"u
with P n=k to obtainthe projectionv, v = (p n=k)RTu. Therationalfor choos-
ing a scalingfactorof P n=k is to have the expectedvalueE (kvk?) = kuk2. There
arevariousstratgiesfor comingup with therandommatrix R, which aredataand
applicationdependent.

Oneof theinterestingpropertiesof randomprojectionis thatwhile it is useful
for reducingdimensionalityit preserespairwisedistanceswith high probability

Thesepropertiecanberepresentetly thefollowing lemma.
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Lemma 2.1 (Johnsonand Lindenstrauss) For any0 < < 1=2 andanyset

of pointsS in R" with jSj = m, uponprojectionto a uniformrank -dimensional

9Inm : _
subspacevhele 1+ ERNvEORE thefollowing propertyholds:

With probability at least1=2, for everypair u; u®in S,
(1 )ku u%® kf(u) fuOk® @+ )ku u%®
wheef (u) andf (u9 are projectionsof u andu®

Random Projection Algorithm. Randomprojectionpreseresdistancespproxi-
mately while reducingdimensionality We couldusethefollowing stepgo achieve

thesegoals.
1. Projectanl-dimensionabatapointto k-dimensionakpace(k 0)

2. Find the k largestsingularvaluesfor obtainingthe low-rank approximation

of the original datamatrix.
r_

. . : . n
Supposeve projectanm n matrixA usinganm | matrixB,B = l—RTA.

ThenSVD of A andB couldbewrittenas

X Xt or
A= uiv'; B = Uy,
i=1 i=1

whereu; andu? areleft singularvectorsandv; andv? areright singularvalues
of A andB respecitrely. Thefollowing lemmaindicateghatthesingularvaluesare

approximatelypresered.

logn

Lemma2.2 Let > 0. If] C >

for sufciently large constantC, then



We closethis discussionon the randomprojectionby the following theorem
which emphasizethatthe matrix obtainedby randomprojectionis asgoodasthe

least -rankapproximation.

Theorem 2.3 LetA bethebestk-rankapproximationof A, andlet A bethe
matrix obtainedby randomprojection.If | > C logn= 2 for large enoughconstant

C, then

KA A kZ KA A K2+ 2KA K2

Low rank approximation (FKV method).

Givenanm n matrixA, wewouldliketo approximateafew of thetopsingular
valuesandtheir associatedgingularvector Herewe presentthe FKV algorithm
[12].

TheFKYV algorithmstartsby choosing rows of A andforminganl n matrix
L. Letpy;:::;pm berealnumberssuchthat0 p 1andP i”;l pi = 1. The

algorithmwill inputamatirxA,, , andintegersl mandk |I.

wherethe probabilityof choosing is equalto p;. Thenscalethei-throw Ay of A

p__—

by P Ipi, to obtainAy= Ip;, whichwill constitutethei-th row of L.

In the next stepwe computel L T andits singulardecomposition
X!
T — 2 T
LL - t U(t)U(t)

t=1

Let H bethematrixwhoserows are



andwhosesingularvaluesare 2.

Noticethath, aretheright singularvaluesof L, andSVD of L is
X
L = tu(t)hz-t)
t=1
The weak point of FKV algorithmis its inability to improve iteratively FKV

approximatiorby incorporatingadditionalpartsof A. In the following section,we

presenbur algorithm[17], which overcomeghis shortcoming.

2.2 FastMonte-Carlo Rank Approximation

The weak point of the FKV algorithmis its inability to improve iteratvely FKV
approximationby incorporatingadditionalpartsof A. In factin the recentpaper
[11], whichusesFKV randomalgorithm,this pointis mentionedspeci cally in the
endof the paper:“..., it would beinterestingto designan algorithmthatimproves
this approximatiorby accessing\ (or partsof A) again”

We provide herea samplingframework for iteratve updateof k-rank approx-
imationsof A, by readingiteratively additionalcolumns(rows) of A, which im-
provesfor sure the approximationB eachtime it is updated. The quality of the
approximatiorof B is givenby theFrobeniusiormjjBjjr , thesuccessie valuesof
which area nondecreasingequencendertheseiterations.Therateof increaseof
thenormsjjBjjr canbeusedto give a stoppingrule for terminatingthe algorithm.
Also, the updatingalgorithm of the k-rank approximationgives approximationo
the rst k singularvaluesof A, andthe approximationgo the rst k left andright

singularvectorsof A. We believe thattggs algorithmwill have mary applications



in datamining, datastorageanddataanalysis.
The following setof theoremg[17]) will be usefulin the constructionof the

algorithm.

Y1;:::; Yk betwo setsof orthonormalvectosin R™ andR" respectivelyThen
T T T )Q( 2 )Q( T Xk 2
(A" X)) (A'X) ¥ (Ayi) " (Ayi) i (2.24)
i=1 i=1 i=1 i=1
Equalityin the r stor secondnequalityoccuisif spanfq;:::;Xx) orspanys;:::;Y«),

containsk linearly independenteft or right singularvectos of A, corresponding

thek maximalsingularvaluesof A respectively

The above characterizatioriollows from the maximal,(Ky Fan), characteriza-

tion, of thesumof the rst largesteigervaluesof arealsymmetricmatrix:

Theorem2.5 LetS 2 S,(R) bearealp p symmetricmatrix. Let ;

» betheeigenvaluesS arrangedin a deceasingorder andlisted with their

independentigenvectos of S correspondingo theeigervalues 1;:::; «.
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isin Onk (R).

To obtainTheorem2.4 from Theorem2.5we letp = m, (or n) andS beequal
to AAT, (or ATA). In (2.24)we emphasizethe compleity of the computation®f
theleft-handsideof theinequalities.Seealso[18] for applicationsof Theorem2.5

to dataimputationin DNA microarrays.

Corollary 2.6 LetA 2 R™ " andk 2 [1; min(m;n)] be an integer. Then

following equalitieshold:

H )Q( T 2 A2 X( T T T

jiA Xi(X;i Aiig = JjAJiF (A7) (AT Xi); (2.26)
i=1 i=1

jiA (Ay)y[iiE = jiAjig (Ay))T (Ayi): (2.27)
i=1 i=1

P
In particular thebestk-rankapproximationE, of A is givenby :‘=1 ui(uf A) and
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be a givensetin R™, (or in R"). Perform the Modi ed Gram-Stimidt process

setxy;:iii;Xp 2 R™, (orys;iiiyp 2 R"), whee k p k+I. Assume

Then
XK Xk
(ATX)T (AT X)) (ATx)T(ATx); (2.29)
i=1 i=1
XK Xk
(or (Ayi)" (Ay)) (Ayi)" (Ayy)):
i=1 i=1
Furthermoe

= (ATx)T(ATx)i = Lk (ATx)T(ATx) = Ofor i 6 (2.30)

(or = (Ay)T(Aw);i = 1000k (Aw)T(Awyy) = Ofor 6 )

P
mationto the rst k-left singularvectorsof A, and <, x;(ATx;)T asthek-rank
approximationto A. Hence(ATx;)T(ATx;) is an approximationto 2 of A for

=10k Readadditionalvectorsvgg:::;w| 2 R™ suchthat at leastoneof



SchmidtprocessNotethatk < p  k + |, andin generalonehasthatp = k + |I.
Considerthep  p nonngative de nite matrixS = ((ATx;)" (ATx;))}; -, . Find
its rst k eigervectorsto obtainxy;:::; %« 2 R™. ThenC := P ikzl xi(ATx)T
is the bestapproximatiorof A by matrix B of rankat mostk, whosecolumnsare
in the subspaceX. In particular the approximationC is betterthanthe previous

P
approximation :(=1 Xi(ATx;)T, whichis equivalentto the(2.29). Similar situation

characterizatioof thesumof themaximalk eigervaluesof symmetricS to deduce

Xk X« Xk Xk
(ATXi)T(ATXi) = eiTSei P = OISOi:
i=1 i=1 i=1 i=1

Let C := AT(xy;:::;Xp). ThenS = CTC. Hencethep P P p are

Co;, = p_iti 2 R", wheret; is the left singularvectorof C correspondingo
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Algorithm [17]

One startsthe algorithm by choosingthe rst k-rank approximationto A as

follows. Letcy;:::;¢, 2 RM andr];:::;rl 2 R" bethen columnsandthe m
rows of A. (We view therows of A asrow vectors.) Choosel n; < ::: <
Nk n, (or 1 m; < @i < mg m), to be k integers. Let X4;:::;Xq 2
R™, (orys;:::;yq 2 R"), bethe orthonormalsetobtainedfrom c,,;:::; ¢y, , (Or
rm.iiioirn. ), usingtheModi ed Gram-SchmidprocessThenlet
Xd Xxd
Bo=  xi(ATx)T; (or Bo:=  (Ay)y/): (2.31)
i=1 i=1

Thatis, the rst k-rank By approximationto A is obtainedas follows. Choose

at randomk columns,(or rows), of the datamatrix A. Apply the Gram-Schmidt

are linearly dependent)g < k. Assumefor simplicity of the exposition that
g = k. ThenBy is of the form (2.23) wherey; = ATx;;i = 1;:::;k, (or

Xi = Ayj;i = 1;::0, k)

Theorem2.7, by lettingw, = ¢,;:::;w; = ¢, 2 R™, (orz; := r;::i;2 =

rﬁZR”),forsomelintegersl j1<;1:0:<j| n,(orl ji<:::<j, m).



Thatis, we chooseanother setsof columnsof A, (or rows of A), preferablythat
werenot choserbefore,andupdatethe k-rank approximationusingthe algorithm
suggestetby Theoren?2.7to obtainanimprovedk-rankapproximatiorB, of A.

Furthermoreone can usethe k-rank approximationB; from the above algo-

..... o Ayl ... Ay H
matevq;:::; Vg andthevectorgjjAyljj L A approximateuq;:::; ug.
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Fastk-rank approximation and SVD algorithm

Input: positveintegersm; n; k;l;N, m n matrixA, > 0.

Output: anm n k-rankapproximatiorB; of A, with theratios% and
”J?E;—”}” approximationgo k-singularvaluesandk left andright singularvec-
torsof A.

1. Choosek-rankapproximatiorB o usingk columns(rows) of A.
2.fort=1toN

- Choosd columns(rows) from A atrandomandupdateB; ; to B;.

- Computethe approximationgo k-singularvalues,andk left andright

singularvectorsof A.

- If j—jj?étﬁjj >1 letf =t and nish.

We now explain brie y the main stepsof our algorithm. We readthe dimensions
m; n of the datamatrix A. We setN asthe maximalnumberof iterationswe are
going to executeto nd the k-rank approximationof A. We readthe entriesof
the datamatrix A, and nally the small parameter > 0. We choosethe k-rank
approximatiorB using(2.31)asexplainedabove. AssumehatB; ; isthecurrent
k-rankapproximatiorto A. Thenwe pick up additionall columns,(or rows), of A
andupdateB; ;toB; usingTheoren?.7asexplained.RecallthatjjB; 1jj  jjByjj.
If the relative improvementin jjB,jj is lessthan , i.e. ”J?é—tﬁ” > 1 ,weare

satis ed the approximationB; and nisﬂzour algorithm. If this doesnot happen



thenour algorithmstopsaftertheN iteration.

3 Cluster Analysis

3.1 Clustersand Clustering

Clusterings theproces®f groupingdataobjectsinto asetof disjointclassesalled
clusterssothattheobjectswithin the classhave high similarity to eachother while
objectsin separateclustersare moredissimilar[25]. Clusteringis an exampleof
unsupervisedlassi cation. Classi cationrefersto a procedurethat assignsdata
objectsto a setof classes.Unsupervisedneansthat clusteringdoesnot rely on
prede nedclassesandtraining exampleswhile classifyingthe dataobjects. Thus,
clusteringis distinguishedrom patternrecognitionor the areasof statisticsknown
asdiscriminantanalysisanddecisionanalysiswhichseekto nd rulesfor classify-

ing objectsfrom agivensetof pre-classi edobjects.

3.2 Various GeneExpressionClustering Procedures

Usually a microarrayexperimentcontains1(® genes. One of the characteristics
of geneexpressiondatais thatit is meaningfulto clusterboth genesandsamples.
We could groupthe co-expressedyenesin a clusteraccordingto their expression
patterns.In suchgenebasedclustering,the genesaretreatedasobjects,while the
samplesare the features. On the other handthe samplescan be partitionedinto

homogeneougroups.Eachgroupmaycorrespondo someparticularcancertypes.
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Suchsamplebasedclusteringregardsthe samplesasthe objectsandthe genesas

thefeatures.

3.2.1 Proximity (Similarity) Measurement

Proximity measuremenfor geneexpressiondatacomputeshe distancebetween
thetwo datapoints. As mentionedoefore,genepro le in ageneexpressiormatrix
canbeformalizedasavectorx; = fx; :1 j mg, wherex; isthevalueof the
j-th

featurethei-th dataobject,andm is thenumberof featuresor experimentsThis
similarity betweertwo expressionpro les x; andx; is measuredy the distance
functionof correspondingectorsx; andx;.

Euclideandistances oneof the mostcommonlyusedmethodso measurehe
distancebetweentwo geneexpressionpro les. The distancebetweentwo gene

expressiorpro les x; andx; in m-dimensionakpaces de ned as

xn
deucidead Xis Xj) = Xk Xjk)?
k=1

o<

However, for geneexpressiordata,the overall Euclideandistancedoesnot perform

well for shifting or scaledpatterngpro les). To circumwentthis, eachgenepro le

is standardizeavith zeromeanandvarianceone,beforecalculatingthe distance.
An alternatemeasuref similarity is the Pearsorcorrelationcoefcient, which

measuresimilarity betweenthe shapesof two expressionpatternsbetweentwo
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pro les.

e (X ).(.Xj kK ox)

Pearso(x;; x;) = = Gp—
k=1 (Xik Xi )2 k=1 (Xj k Xj )2

where ,, and , arethemeansfor genepro les of x; andx; respectiely. Pear
sonscorrelationcoefcient views eachgenepro le asarandomvariable,andmea-
sureshe similarity betweertwo genepro les by calculatingthe linearrelationship
betweertheir distribution. The shortcomingof Pearsorcorrelationis thatit is not

robustfor outliers.

3.2.2 Hierarchical Cluster Analysis

Onepossibilityfor clusteringobjectsis their hierarchicabggreation. Heretheob-
jectsare combinedaccordingto their distancedrom or similaritiesto eachother
Clusterformationis basedn splitting thewhole setof objectsinto individual clus-
ters.With themorefrequentlyusedagglomeratie clustering,onestartswith single
objectsandmeasureshemto largerobjectgroups.

To decidethe numberof clustersdifferentcriteriacanbe used.Very often, the
numberof clustersis unknavn. For example,in given clinical data,the number
of clustersmight be prede nedby a given numberof diseases.In somecases,
the numberof clusterscanbe obtainedfrom a predeterminedlistancemeasureor
differencebetweerclusters.In generalthe distanceo a new objector clusterK is
computedoy calculatingthe distancefrom the objectA andB to objectsi. In this
casetheweightedaveragelinkagedy, = (da, + dg,)=2. Thesizesof the clusters

and their weightsare assumedo be equal. Several other formulasexist for the
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contructionof thedistancanatrix. Themostimportantonesareconsideredow for
the caseof aggreatingtwo clusters.
SingleLinkage

Heretheshortestistancebetweerthe oppositeclusterss calculatedi.e.

dAi + dBi jdAi dBij

di:
k 2 2

= min(dAi ; dBi)

As aresult, clustersareformedthat arelooselybound. The clustersare often
linearly elongatedin contrasto theusualsphericaklusters.This chainingis caused

by thefusionof singleobjectsto a cluster

3.2.3 Clustering Using K-meansAlgorithm

K-means algorithm. Of all clusteringproceduregor microarraydata,K -means
is amongthe simplestandmostwidely used,andhasprobablythe cleanesproba-
bilistic interpretatiorasaform of expectatiormaximization(EM) ontheunderlying
mixture model. In atypical implementatiorof the K-meansalgorithm,thenumber
of clusterss x edatsomevalueK , basedfor instanceon the expectednumberof

regularity patterns.K representate pointsor centersareinitially choserfor each
clustermoreor lessat random.In microarraydata,this couldre ect, for instance,
the expectednumberof regularity patterns. Thesepointsarealsocalledcentoids

or prototypes Thenat eachstep,we have thefollowing:

Eachpoint in the datais assignedo the clusterassociatedvith the closest

representate.
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After the assignmentnew representate pointsare computed for instance

by computingthe centerof gravity of eachcomputeccluster

Thetwo proceduresbove arerepeatedintil the systemcornvergesor uctu-

ationremainssmall.

We noticethatusingK -mean<lusteringmethodrequireschoosinghe number
of clustersandalsobeingableto computea distanceor similarity betweenpoints
andcomputea representate for eachclustergivenits members.The generaidea
behindK -mean<lusteringcanleadto differentsoftwareimplementationslepend-
ing on how the initial centroidsare chosenhow symmetriesare broken, andso
forth. A goodimplementationrhasto run the algorithm multiple times with dif-
ferentinitial conditionsand possiblyalsotry differentvaluesof K automatically
Whenthe costfunction corresponds$o anunderlyingprobabilisticmixture model,
K -meansis an online approximationto the classicalEM algorithm,andassuch,
in generals boundto corverge towardsa solutionthatis atleasta local maximum
likelihoodor maximumposteriorsolution. A classicalkcaseis whenEuclideandis-

tancesareusedin conjunctionwith a mixture of Gaussiaimodel.

3.2.4 Mixtur e Modelsand EM Algorithm

K component®f theform

X X
P(d) = P(M)P(diMy) = kP (diMy)
k=1 k=1

a7



where 0 andP « k = landMy is the modelfor clusterk [7]. Mixture
distributionsprovide a e xible way of modellingcomple distributions,combining
togethersimple building blocks, suchas Gaussiardistributions. The Lagrangian
associateavith log-likelihoodandnormalizationconstraintson the mixing coef-

cientsis givenby
! !
% .
L= log kP (dijMy) k1

i=1 k=1 k=1

with the correspondingritical equation

@ _ X P(djMy)

@ p@ - °

i=1
multiplying eachcritical equationby ¢ andsummingover k givesusthevalueof
theLagrangemultiplier = N.

Multiplying againthecritical equatioracrosy P(M) = « andusingBayes'
theoremin theform
P (M)

P(Myjd) = P(diij)W

gives

1 X .
KT N P(Myjd)

i=1

Thereforethe maximumlik elihoodestimateof the mixing coefcients for classk
is the samplemeanof the conditionalprobabilitiesthatd; comesfrom the model
K. Considernow that eachmodel My hasits own vector of parametergwy;).

Differentiatingthe Lagrangiarwith respecto w,; gives

@ _ X | @My
@vj _, P(d) @i
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Combiningthe above equationsve get

X i
(i) EET BN -
J

i=1
for eachk andj . Themaximumlikelihoodequationgor estimatinghe parameters
areweightedaverage®f themaximumlik elihoodequations@og P (dijM)=@W; =

0. Noticethattheweightsaretheprobabilitiesof membershipf thed; in eachclass.
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4 Various Methods of Imputation of Missing Values

in DNA Micr oarrays

4.1 The GeneExpressionMatrix

In thissectionwe will view E 2 R"™ ™, withn m asthegeneexpressiormatrix:

0 1 0 1
O G2 i Oim 01
G1 G2 i1 Oom Js
E=§ = &=F &= [c; ¢ eyl (4.1)
g1 G2 0 Om ng
Oni Oz 111 Onm o
0 1
Oui
i
9 = (Gug2igm)i ] = Lusn ¢ = CGri= Lunm:
Gi
gni

The row vectorgjT correspondso the (relative) expressionlevels of thej ™ gene
in m experiments. The columnvectorc; correspondso the (relative) expression
levelsof then genesn thei" experiment.

Considerthe SVD of the geneexpressiomrmatrixE = U V7. In theterminol-

ogy of [4], thecolumnsof U areeigenarSrgyst;hecolumnsofV areeigengenesnd



thesingularvaluesof E areeigen&pressiorievels.

In mary microarraydatasets,researchertave found that only a few eigen-
genesareneededo capturethe overall geneexpressiorpattern.(Here,by a “few”
we meanlessthan half of the numberof experimentsm.) The numberof these
signi cant eigengeness a fundamentajproblemin principal componeni@analysis
[24]. Let usmentionexplicitly threemethodgo estimatehe numberof signi cant

eigengenesThefractioncriterioncanbe statedsimply asfollows. Let

2
Pg = P 9= Liunm; p = (Pyiiipm) ' (4.2)
1t

t=
Thusp, representshefractionof the expressiorlevel contritutedby theg™ eigen-
gene. Thenwe choosethe | eigengeneshat contribute about70% 90% of the
total expressionlevel. Anothermethodis to usescreeplots for the g (In prin-
cipal componentinalysis the p, areproportionalto the variancesof the principal
componentssowe choosehe principalcomponent®f maximumvariability [26].)
Accordingto [24], themostconsistenestimate®f the numberof signi cant eigen-
genesds achieved by the broken-stickmodel.
If E hasl signi cant eigervaluesweview  to beeffectively equalto zerofor
g> |. Wede ne thematrix
XI
E, = qUaVq (4.3)
o=1
asthe Iter edpartof E andconsidelE  E, thenoisepartof E.

Let

1 h(p)= — Pglogpy O: (4.4)



Thenh(p) is therescaledentroyy of the probabilityvectorp. h(p) = 1 only when
Py = %; g = 1;::;m; in otherwords,all the eigengenesire equally expressed.
Ontheotherhand,h(p) = 0if andonlyif p(1 pg) = 0; g = 1;::;m andthis
correspondso r = 1: in otherwords,the geneexpressions capturedoy a single
eigengendandeigenarray).

Thefollowing examplepointsouta potentialweaknes®f SVD theoryin trying

to detectgroupsof geneswith similar properties.

4.2 SVD and geneclusters

Supposéhe setof genesng, j 2 [n] canbe groupedinto k + 1 disjoint subsets
[n]=[ Ei} Gq with Gy; :21; G nonemptyandm  k (usuallym > k). In particular
considethegenesn eachgroupGq (q = 1,;:::;;k) to have similarcharacteristicéin
otherwords, G, is a cluster). Geneghathave no similar characteristicsreplaced
in G.+1 . Denoteby # G4 thecardinalityof thesetGq for g = 1;::;;k + 1. Suppose

thatour m experimentsdo not distinguishbetweerary two geneselongingto the

samegroupGq for g = 1;::;;k + 1. More preciselywe assume:

gi = aq foreahj 2 Ggandq= 1;::5k; i = 1;::5m; (4.5)

gi = Oforeadj 2 Gy, andi = 1;::5;m;

LetA = (aqi)(';;i"ll 2 RK M pethecorresponding m matrix with the rows
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Thenthe row ry appearsexactly # Gq timesin E for g = 1;::;k. In addition
E has# Gy.+1 zerorows. Clearly the row spaceof E is the row spaceof A. So

k rankE = rank A. Henceif rank A = k then
(E) 1 «(E)> wn(E)=:m= n(E)=0

However, thereis no simple formula relatingthe singularvaluesof E andA. It
may happernthatthe rows of A arelinearly dependentvhich indicatesthatseveral
groupsout of Gg;:::; Gk aresomehav related,and the numberof the signi cant
singularvaluesof E is lessthank.

Conclusion Thenumberof geneclustesis no lessthanthe numberof signi cant

singularvaluesof the geneexpressionmatrix.

4.3 Missing Data in the GeneExpressionMatrix

We now considerthe problemof missingdatain the geneexpressionmatrix E.
(Ouranalysiscanbe appliedto any matrixE.) LetN  [n] denotethe setof rows
of E thatcontainatleastonemissingentry Thusfor eachj 2 N ¢ := [n]nN, the
genegjT hasall of its entries.Let n® denotethe sizeof N ¢ sothatthesizeof N is

n n% We wantto completethe missingentriesof eachng,j 2 N, undersome
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assumptions.
We rst describethereconstructiorof the missingdatain E usingthe SVD as

givenin [4].

4.3.1 Reconsiderationof 4.2

Let usreconsidelExample3.1. Assumethatrank A = k. Letj 2 N andassume
thatthe genej is in the clusterG,. Thenwe canreconstructll missingentries
of ng if GgnN 6 ;. Indeed,if for somegenep 2 G, we have the resultsof m
experimentstheng; = g, andwe reconstructedhe missingentriesfor g;. In this
examplewe canreconstructll the missingentriesin E if E°hasthe samerankas
E . Equwalently we canreconstrucall themissingentriesin E if theequality(4.1)

holds,wherel andl®aretheranksof E andE °respectiely.

4.3.2 BayesianPrincipal Component(BPCA):

BPCA consistof threeprocessef28]:
PrincipalComponen{PC)regression
Bayesiarestimation
Iterative expectation-maximizatiogEM) algorithm.

Herewe give a summaryof eachprocess.
PC regression

In orderto explain PC, we needto mentionprincipal componentanalysis(PCA).
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ConsideaD N genematrixY whereD representthenumberof arrayg(samples)

andN thenumberof genesLet bethemeanvectorofy:

1 X
= — Yi
N i=1
Thenconstructhe correlationmatrix
1 X .
S= N (Yi )(Yi )
i=1
Let 1 2 p bethe eigevaluesof S anduj;u,;:::;up the cor

respondingeigervectors. Thenwe scalethe eigervectorsby their singularvalues.
Thel-th principal accesssectorw, couldbede ned by w, = P “,u; andthel-th
factorscoreby x; = (w;= |)Ty.

Thenthe variationof the geneexpressiorof y couldberepresentedsa linear
combinationof principalaccessrectorsw, (1 | K), K < D (thereareafew
wW)):

y = Xjwy +
I=1

This is the spirit of PCregression We now considerthe missingvaluesin thegene
expressiormatrix. We couldestimatethemissingparty ™ss of geneexpressiory by
estimatinghe of obseredsegmentof it y °S, usingPCA. Denotew °°S andw ™S be
theprincipalaxisw; correspondingo obsene andmissingdatarespectrely. Now

construcamatrix W = (W °bS W ™MsS) where
W oPS= (WSS woPS and W MSS= (wiSS i w s

respectrely.
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Now we could obtain the factor scorex = (Xi;:::;Xx) by minimizing the

residualerrorerr = ky°s w©°s xk2: Usingtheleastsquaremethod,
X = [(W ObS)TW obs] l(W obS)Tyobs

Thenwe couldestimatehemissingpartof thegeneexpressiory byy ™ss = y™Miss

X.

Bayesianestimation Probabilisticextensionof PrincipalComponenAnalysis(PPCA)
hasfound usefulapplicationsin supervisedearning(tipping). In this settingthe

residualerrorandthefactorscoresarenormallydistributed.

x N(O;lIx) and

N (0; L)

the interestingfactis that the maximumlik elihood estimationof PPCAandPCA

areidentical
INP(y;xj )= InP(y;xjW; | )=
1 D K+D
o 2 - 2 il
2ky W x k 2kxk + > In In 2
where fW, ; gisthe parameterset. Using Bayestheorem,we can

obtainthe posteriorprobabilitydistributionof andX :

pC S XGY )1 (Y X )p( )

Iterati ve E-M algorithm

Having the informationaboutthe true %agameter rues the posteriorpobability of



themissingvaluesis givenby
CI(Y miSS) — P(Y miSﬁY obs; true):

Having the parameteposteriorg( ), then

V4
aly™9 = d q( )p(Y ™Y 5 )

Thenthe variationBayes(VB) algorithmcould be usedto estimatethe modelpa-
rameter andmissingvalueY ™SS, VB algorithmis similarto EM andit obtainsthe
posteriordistributionfor ,Y ™S g( ), g(Y ™S9 by usingarepetitive algorithm.

Summary of VB algorithm
1. Initialize (Y ™) by replacingmissinggenesy the gene-wiseverage.
2. Estimateg( ) usingY °*>andcurrentg(Y ™s9).
3. Estimateq(Y ™s9) usingcurrentqg( )
4. Updatethehyperparameter usingbothcurrentg( ) andthecurento(Y ™s9).
5. Repea(2)-(4) until corvergence.

Thenwe couldimputethe missingvaluesin the geneexpressiormatrix by

Z
% hiss = % missq(Y miSS)dY miss

4.3.3 The leastsquare imputation method

LetEbethen® m matrixcontainingherowsng; j 2 N ¢of E whichdonothave

ary missingentries,and|®bethe numbgj}of signi cant singularvaluesof E° Let



X R™ betheinvariantsubspacef thesymmetricmatrix (E 9T E°corresponding
totheeigevalues 1(E9?;:::; 1o(E92?. Letxy;:::; X 0 betheorthonormakigervec-

torsof (E9TE correspondingpo theeigevalues ((E%?;:::; 1o(EY2. Thenxy; :Xo

is abasisof X.
Let M [m] be a subsetof cardinalitym m° Considerthe projection
w : R™ 1 RM™ by deletingall the coordinates 2 M for ary vectorx =

(X1;::5Xm)T 2 R™. Then y (X) isspannedy v (X1);::5 wm (X)0).

Fixj 2 N andletM [m] be the setof experiments(columns)wherethe
genegjT hasmissingentries.Lety 2  (X) betheleastsquareapproximation
to wm(gj). Thenary g, 2 ,*(y) is a completionof gj. If  jX is 1-1then
g; is unique. Otherwiseone canchooseg; 2 v (y) with the leastnorm. Note
thatto nd y 2 \ (X) oneneeddo solwe theleastsquareproblemfor a subspace

v (X). In principle,for eachj 2 N onesolvesa differentleastsquareproblem.

Thecrucialassumptiorof this methodis
| =1 (4.1)

That is the completedmatrix E and its submatrixE° have the samenumberof
signi cant singularvalues This follows from the obsenationthatthe completion
of therow g;;] 2 N liesin thesubspace<. (Notethattheinequalitieg(4.5)imply
thattheassumptior{4.1) canbeavery restrictve assumption.)

Thesigni cant singularvaluesof E °andof thereconstructe® arejoint func-
tionsof all therows (genes) By trying to reconstructhe missingdatain eachgene

ng, forj 2 N, separatelywe ignoreary correlationbetweengjT andthe genes
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gcT‘; g2 N ; consequentlythiswill have animpactonthe singularvaluesof E.

4.3.4 lterati ve method using SVD

In the recentpapers[35] and[9], the following iteratve methodusing SVD to
imputemissingvaluesin a geneexpressiormatrix is suggestedFirst, replacethe
missingvalueswith 0 or with valuescomputedfrom anothermethod. Call the
estimatedmatrix E, wherep = 0. Find thel, signi cant singularvaluesof E,,
andletE bethe Itered partof E, (4.3). Replacehemissingvaluesin E by the
correspondingaluesin Ey,;, to obtainthematrix Ep.; . Continuethis processuntil
E, convemgesto a x edmatrix (within agivenprecision).This algorithmtakesinto
accountimplicitly the in uence of the estimationof one entry on the otherones.
But it is not clearif thealgorithmcorverges,nor whatarethefeaturesof ary x ed

point(s)of this algorithm.

4.3.5 Local leastsquaresimputation (LLSimpute)

Kim et. al. in their recentpaperintroducedan algorithm which is basedon a
leastsquaresnethod.This methodconsidersk geneswvhich aresimilar to thegene
with missingdata.In thefollowing, we review theessencef their method.In their
methodwe areconcernedvith two matricesA andB andavectorw. We construct
thematrix A by eliminatingthe elementof k nearesheighborsat g missingloca-
tionsof thegivengenesThenconstructa matrix B by collectingall theeliminated
elementsFinally we constructa row vectorw which consistof missingvaluesin

theoriginal gene.Thentherecovery of the missinggenescanbeformulatedasthe
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following leastsquargoroblem:
minkATx  wk,
X

Denoteu = ( 1 2::: ¢)' of g missingvalues. Thenu could be estimatedas
follows:

u=BTx=BT(AT)'w
where(AT)Y is the pseudoinerseof AT,

Now we usean examplewhich is borronved from [27] to explain the model.

Supposéhetarmgetgeneg hastwo missingvaluesin the rst andtenthpositionsin

reconstructhe original geneandthek similar geneswith thefollowing matrices

O 1 O 1
gll 1 Wl W2 Wg 2
g; Bi1 A1 A Aig B

g;—k Bk;l Ak;l Ak;2 Ak;8 Bk;z

Thevaluesof w couldbewritten as
W' Xja;t+ Xoar + + Xyak
Thenthemissingvaluecouldbe estimatedy

= ByiX1+ BoagXo+ + BroaXk

.
|

= BioX1+ BooXo+  + BpooXi

N
|

where ; and , aretwo missingvaluesérathe originalgene.



4.4 Motivation for FRAA

We suggesta new methodin which the estimationof missingentriesis donesimul-
taneouslyi.e., the estimationof onemissingentryin uencesthe estimationof the
othermissingentries.If thegeneexpressiormatrix E hasmissingdata,we wantto
completdts entriesto obtainamatrix E, suchthattherankof E is equalto (ordoes
notexceed)d, whered is takento bethenumberof signi cant singularvaluesof E.
The estimationof the entriesof E to a matrix with a prescribedankis a variation
of the problemof communality(see[16, p. 637].) We give an optimizationalgo-
rithm for nding E usingthetechniquedor inverseeigevalueproblemsdiscussed
in [14].

It is likely thatour algorithmcanbeusedto estimatemissingentriesin datasets
otherthangeneexpressiordata.Sucha datasetshouldberepresentedy ann m

matrix whoserankis smallerthanmin(m; n).

4.4.1 Additional matrix theory background for FRAA

To computethe decomposition(1.21), it is enoughto know vq and quq. If
repeatk > 1timesin the sequence o ; > 0, thenthe choiceof the
correspondings eigervectorsv; is notunique:ary choiceof theorthonormabasis
in theeigenspacef E " E correspondingo theeigervalue g is alegitimatechoice.

In what follows we will useyet anotherequivalentde nition of the singular

valuesof E. LetR" ™ denotethe spaceof all realn  m matricesandlet S, (R)
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denotethespaceof all realm  m symmetricmatrices.For A 2 S, (R), welet

1(A)= 1 m(A) = m; AZg=  Zg; zgzt = ¢ gt=1unm;
(4.2)
betheeigervaluesandcorrespondingigervectorsof A, wherethe eigervaluesare
countedwith their multiplicities, andthe eigervectorsform anorthonormabasisin
R™.
Considerthefollowing (n + m)  (n + m) realsymmetricmatrix:

1

0
ES:= % ° E§ : (4.3)

ET O
It is known [22, X7.3.7]

oE)i= q= (E®) = nima o(E®); forg= 1:5m;  (4.4)
(E®) = 0forg=m+ 1;::;n:
The Caucly interlacingpropertyfor E® implies[22, x7.3.9]

Let[n]:= f1;2;:::;ng,andletN  [n]; M  [m] denotesetsof cardinalities

n n%m m°® Orespectiely.

Proposition4.1 LetE 2 R" ™ anddenotebyE®2 R" ™’ thematrixobtained

fromE bydeletingall rowsi 2 N andall columng 2 M . Then

oE)  o(EYforq= 1;::;m; (4.5)

0

oEY  gen neem mo(E) forg= L :5ml+ n® n:
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Thesigni canceof this propositionis explainedin x4 andx5b.

4.4.2 The Optimization Problem

We suggest new methodin which the estimationof missingentriesis donesimul-
taneouslyi.e., the estimationof onemissingentryin uencesthe estimationof the
othermissingentries.If thegeneexpressiomatrix E hasmissingdata,we wantto
completeits entriesto obtainamatrix £, suchthattherankof E is equalto (or does
notexceed)d, whered is takento bethenumberof signi cant singularvaluesof E.
The estimationof the entriesof E to a matrix with a prescribedankis a variation
of the problemof communality(see[16, p. 637].) We give an optimizationalgo-
rithm for nding E usingthetechniquedor inverseeigevalueproblemsdiscussed
in [14]. We now shaw thatthe estimatiorproblemdiscussedh theprevioussection

canbe castasthefollowing optimizationproblem:

Problem4.2 LetS beagivensubsebf[n] [m]. (S is thesetof uncorrupted
entriesof the geneexpressionmatrix E givenby (4.1).) Lete(S) = fegj; (j;1) 2
Sg be a givensetof real numbes. (&(S) is the setof uncorrupted(known)values
of the entriesof E.) Let M(&(S)) R" ™ bethe afne subsetof all matrices
A = (gi) 2 R" " suhthata; = g; forall (j;i) 2 S. (M(&(S)) all possible
choicesfor E.) Let" be a positiveinteger not exceedingm. Find E 2 M(&(S))

with theminimal -

Let E = (g;) denotethe geneexpressionmatrix with missingvalues. We

choosethe S in Probleml to bethesetof coordinategj ; i) for which theentryg;;
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is notmissing.RecallthatN  [n] denoteghesetof rows of E, suchthateachrow
j 2 N containatleastonemissingentry Thecardinalityof N isn  n® Thusthe
setS containsall elementqj; 1); :::(j; m) for eachj 2 N ¢. Thecomplemenbf S
is thesetof coordinatesS® = f(j;i)j g ismissingg N [m]. Letodenotethe
total numberof missingentriesin E. Theno n n°

Let E° be the matrix asin x4.3.3with 1°signi cant singularvalues. Note that
(4.5)yields 4(E) o(E9 for g = 1;:::;m. Thusif we wantto completeE such
that the resultingmatrix still hasexactly 1° signi cant singularvalues,we should
considerProblem4.2with * = 9+ 1.

A moregeneralpossibility is to assumehatthe numberof signi cant singular
valuesof a possibleestimationof E is| = 1°+ k wherek is a smallinteger, e.g.
k = 1or2. Thatis, thegroupof genegy forj 2 N contritutesto [°+ 1;:::;19+ k
signi cant eigengenesf E. Thenoneconsiderroblem4.2with * = 1%+ k + 1.

We now considera modi cation of Problem4.2 which hasa nice numerical

algorithm.

Problem4.3 LetS [n] [m]anddenotebye(S) a givensetof realnumbes
gi for (j;i) 2 S. LetM(e&(S)) R" ™M betheafne subsebf all matricesA =
(gi) 2 R" M suhthata;; = g; forall (j;i) 2 S. Let” bea positiveinteger not

P
exceedingn. Find E 2 M(&(S)) suc that & g isminimal.

Clearly wecan nd E 2 M(e(S)) with a“small” 2(E) if andonly if we can nd
. P m
E 2 M(g(S)) with a“small” 2(E).

=" q
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4.5 Fixed Rank Approximation Algorithm
4.5.1 Description of FRAA

We now describeoneof the standardalgorithmsto solve Problem4.3. Mathemati-

cally it is statedasfollows:

Algorithm 4.4 Fixed Rank Approximation Algorithm (FRAA)
LetE, 2 M(&(S)) bethe p" approximationto a solution of Problem4.3. Let
A, = EjEp and nd an orthonormalsetof eigervectos for Ay, Vp; iV as
in (4.2). ThenE,,; is asolutionto thefollowing minimumof a corvex nonngative
guaduatic function

xn

H T .
Ezr,\;}(lgs)) _ (EVpg) (EVpg): (4.1)

The o w chartof thisalgorithmcanbegivenas:

Fixed Rank Approximation Algorithm (FRAA)

Input: integersm; n; L; iter , thelocationsof non-missingentriesS, initial approx-
imationEg of n  m matrixE.

Output: anapproximatiorEje, of E.

forp= Otoiter 1

- ComputeA, := EJE, and nd an orthonormalset of eigervectorsfor Ay,

- Ep+1 is asolutionto theminimumproblem(4.1)with ™ = L.
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4.5.2 Explanation and justi cation of FRAA

We now explainthealgorithmandshaw thatin eachstep,we decreas¢he valueof
thefunctionwe minimize:
xXn xXn

cz‘(Ep) S(Epﬂ): (4.2)
- -

Forary integerk 2 [m],let  denotehesetof all k orthonormakectorsfy;:::;y«g
inR™. LetA beanm m realsymmetricmatrixandassume€4.2). Thenthe min-
imal principle (theKy-Fancharacterizatiofor A) is:

X X xn

Seefor example[14].

LetE = Ep+ X 2 M(&(S)). ThenX = (x;;)iZ; wherex;; = 0if (j;i) 2 S
andx;; is afreevariableif (j;i) 62S.

LetX = (Xj,ii Xjains 1155 Xjois) | denotetheo 1 vectorwhoseentriesarein-
dexedby S°¢, the coordinate®f themissingvaluesin E. Thenthereexistsaunique
0 o real valuedsymmetricnonngative de nite matrixo o matrix B, which
satis estheequality

xn
XTBpX = Vp XTXVvpy (4.4)
o

LetF(j;i) bethen m matrixwith 1inthe(j;i) entryandO elsavhere.Then

the(s;t) entryof B, is givenby

X
by(s;1) = % Voq(F(siis) "F (i) + F(ii) F(isiis)Vpg (4.5)
.

t=1;::00:
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LetN [n]. LetS(j) denotehesetof coordinatesn row j with known values

in E sothatS(j )¢ denoteghesetof coordinate®f the missingvaluesin row j .

Se=1[jan SG)% SE)=1(:i(: 1) =531G:9))0; (4.6)

m i(j;g)>:>i(;1) 1 forj 2N;

X
0:= o 4.7)
j 2N

NotethatthesetO; describequstafter(4.13)isgivenbyO; = fi(j;1);::5;i(J;0)0.

Theorem4.5 Theo o symmetricnonngative de nite matrix B, given by
(4.4)decomposeisito adirectsumof# N = n  n°symmetrimonngativede nite

matricesindexedby thesetN :
Bp=janBpj; Bpj = (by; (Clir))ff;rzl) isgq g forj 2 N; (4.8)

and
T X T
X' Bpx = Xj BpijXj: (4.9)
i2N

MorepreciselyletVvpx = (Vpk:1; 5 Vpem) T3 K = 1; 225, m begivenasin Algorithm

4.4.Then

xn
by (g;r) = VoG Vi G T = 150 (4.10)
e

Equivalentlylet W, bethefollowingm  m idempotensymmetrianatrix (W§ =

W,) ofrankm |+ 1:
xXn .
Wo= VoV =TTy To= [Vprsisvpm] 2 R™ ™ D0 (4.11)
k="

ThenB; is the submatrixof W, of order g; with respecto therowsandcolumns
in thesetQ; forj 2 N. In particular, if in ead row of E there is at mostone

missingentrythenB, is a diagonal mat(%.



Proof. View the rows andthe columnsof B, asindexed by (s;i(s;qd)) and
(t;i(t; r)) respectrely, wheres;t 2 N andq = 1;::;05; r = 1;::; 0. (Forthe
purposef this proof, the notationhereis slightly differentfrom thatin the body
of thepaper) SoB, = (b,((s;i(s;q)); (t;i(t;r)))). LetF(j;i) bethen m matrix

whichhaslonthe(j;i) placeandall otherentriesareequalto zero.Then

B((s;i(s;Q); (ti(t;r)) =

It is straightforvardto show thatF (s;i(s;q)) "F(t;i(t;r)) = 0if s 6 t. Further
more,for s = t thematrix F(s;i(s;q)) "F(t;i(t;r)) + F(t;i(t;r)) TF(s;i(s;q)

hasl in the places(i(s;q);i(t; r)) and(i(t;r);i(s;q)) forr 6 g, andhas2 in the

place(i(s;q);i(s;q)) if r
SN(CHICH) HHI(H¢)))

g andzeroin all otherpositions.Hence

Ounlesss = t. If s = t thena straightforvard calcu-
lation yields (4.10). Otherclaimsof the theoremfollow straightforvard from the
equality(4.10).

Obsere that B, canbe decomposedhto the direct sumof o symmetricnon-

negative de nite matricesndexedby N . Hencethe functionminimizedin (4.1) is
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givenby

X X
VogE 'EVpa = Vpg(Apt EpX + XTEp+ XTX)vpg =
=" =
X
XTBpX + 2W]X + a(Ap) =
g="
X Lo
(Xj Bp;j Xj + 2Wp;j Xj) + q(Ap); (413)
i2N 9=
wherew,, = (Wp.1;::1; Wpo) 5 and
X T T I
Wp = VpaEp FUt1)Vpg t= L0

g="

Forj 2 N thevectorx; 2 R% containsall o, missingentriesof E in therow j of
the form x;;,;i; 2 O; for the correspondingetO; [m] of cardinalityo,. (See
Appendix.) Sincethe expressionin (4.1), andhencein (4.13),is alwaysnonney-
ative, it follows thatwy, is in the columnspaceof B,. Hencethe minimum of the

functiongivenin (4.13)is achiezedatthecritical point
Bpo+1 = Wp; (414)

andthis systemof equationss alwayssolvable.(If B, is notinvertible,we nd the
least-squaresolution).
We now show (4.2). Thevectorx,.; containsthe entriesfor the matrix X p. .

ThenEp. = Ep+ Xpa. Fromthede nition of Ay = Ej, Epa andthe
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minimality of X ;1 we obtain

xn xXn

q(Ep)2 = VFT;;q(Ep + O)T(Ep + O0)Vpiq
=" ="
. T o

Voq(Ep + Xpe1) (Ep+ Xpi1)Vpq = V.gPp+1 Vpig

9= g=
xn xn

a(Ap+1) = q(Ep+1)*:
g=" ="

We concludethis sectionby remarkingthatto solve Problem4.2, onemay use

themethod=of [16].

4.5.3 Algorithm for (4.14)

FromTheoremd.5, the systemof equationdB,x =  wp in o unknavnsis equiva-

lentton n°smallersystems
BpiXps1j = Wpj | 2 N: (4.1)

Thusthe big systemof equationsn o unknowvns, the coordinatesof X1, given
(4.14)splitston  n%independensystemsgivenin (4.1). Thatis, in theiterative
updateof theunknown entriesof E givenby thematrix E p.1 , thevaluesin therow
j 2 N intheplacesS(j)° aredetermineddy the valuesof the entriesof E, in the
placesS(j )¢ andtheeigervectorsvy.; :::; Vym Of Eg Ep.

We now showv how to ef ciently solvethesystem(4.14).

Algorithm 4.6 Forj 2 N letT,; istheg (m ~ + 1) matrixobtainedfrom

Ty, givenby (4.11), by deletingall row%'xceptthe rowsi(j;1);:::51(J;0;). Then



(4.1)is equivalento
Tpi TpT;jXp+1;j = Wpj; 12N; (4.2)

which can be solvedefciently by the QR algorithm as follows. Write T,; as
Qp;j Rp;j Ppj, Whee Q; isang  dy; matrixwith d,; orthonormalcolumnsRy;

is an uppertriangular d,; g matrix of rankd,; nonzeo rows,wheee the rank
Vpj = dp;j, andPy; is a permutationmatrix. (Thecolumnsof Q,; are obtained

fromthe columnsof V,; usingModi ed Gram-Séimidtprocess.)Then
Qg;jxpﬂ:j = (Rpj Rg;j) ' g;jwp:j

and

is theleastsquae solutionfor X1 ;.

4.6 Simulation

We implementedhe Fixed RankApproximationAlgorithm (FRAA) in Matlaband
testedt onthe microarraydataSactaromyce<erevisiae[33] asprovidedat
http://genome-wwvstanford.ed(the elutriation dataset). The dimensionof the
completegeneexpressiormatrixis 5986 14. We randomlydeleteda setof entries
andranFRAA onthis*“corrupted”’matrix to obtainestimatedor thedeletedentries.
The FRAA requiresfour inputs: the matrix E with N rows andM columnswith
missingentries,aninitial guessor the missingentries,a parametet.—thenumber

of signi cant singularvalues,andthe nu7niberof iterations.We settheinitial guess



to the missingdatamatrix with 0's replacingthe missingvalues,the numberof
signi cant valuesto L = 2, andranthealgorithmthrough5 iterations.(Therewas
no signi cant changen theestimatesvhenwe replaced. = 2with L = 3))

We comparedur estimatedo estimatebtainedby threeothermethods:re-
placing missingvalueswith 0's (zerosmethod),row means(row meansmethod),
or the valuesobtainedby the KNNimpute program[35]. We useda normalized
rootmeansquareasthemetricfor comparisonif C representthecompletematrix
andE, representanestimateto the corruptedmatrix E, thentheroot meansquare
(RMS)of thedifferenceD = C  E,is QE%—F We normalizedherootmeansquare
by dividing RMS by theaveragevalueof theentriesin C.

In simulationswhere1% 20% of the entrieswere randomly deletedfrom
the completematrix C, the FRAA performedslightly betterthanthe row means
method,andsigni cantly betterthanthe zerosmethod.However, the KNNimpute
algorithm (with parameter&= 15, d= 0) producedthe mostaccurateestimates,
with normalizedRMS errorsthat were smallerthan the normalizedRMS errors
from the otherthreemethods.Figure 7.1 displaysthe resultsof onesetof experi-
mentsestimatingheelutriationmatrixwheneachof 1; 5; 10; 15, 20%o0f entrieswas
removed: thenormalizedRMS errorsareplottedagainstpercenimissing.When25
simulationsof deletingandthenestimatingb% of thetheentrieswasconductedye
foundthe averagenormalizedRMS to be approximately0:19 for KNNimpute and
0:24for FRAA, with standardleviationto beapproximatelyd:02for bothmethods.
Not surprisingly normalizedRMS'sincreasavith increasingpercentagef missing

values.
72



Elutriation

= FRAA L]

o KNNimpute
® Row means

normalized RMS error

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

T T T T T
1 5 10 15 20

Percent missing

Fig. 7.1 Comparisorof normalizedRMS againstpercentmissing
for threeemethodsFRAA, KNNimpute,androw meansnethods.
The normalizedRMS for the zerosmethodis not displayed,but
the valuesare 0:397, 0:870; 1:24; 1:52; 1.76, for 1;5;10; 15, 20%

percenimissing,respectrely.

In [35], the authorscautionagainstusing KNNimpute for matriceswith fewer
than6 columns. We randomlyselectedour columnsfrom the elutriationdataset
to form atruncateddataset,thenrandomlydeletedirom 1% 20%of the entries
from this newly formedmatrix. Figure 7.2 givesa comparisorof the normalized
RMS errorsagainst percentmissingin one run of the simulationat eachof the
percentagesWhen 25 simulationsat 10% missingwasrun, we foundthe average
normalizedRMS to be approximately0:143for FRAA and0:166for KNNimpute,

with standardieviationsof approximately0:001and0:003 respectiely.
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Elutriation: 4 columns

= FRAA
o KNNimpute
® Row means

0.250

0.200

normalized RMS error
0.150

0.100

0.050

0.000

1 5 10 15 20

Percent missing

Fig. 7.2 Four columnsof thefull elutriationmatrix wererandomly
selected.Entrieswerethenrandomlydeletedfrom this truncated

matrix. Plot of normalizedRMS againstpercentmissing.

For one simulationin which we randomly deletedand then estimated10%
(4200 of the entriesfrom the full elutriation matrix,we comparedhe raw errors
(true value - estimatedvalue) for eachof the 4200imputedentriesobtainedus-
ing eitherKNNimpute or FRAA. Figure 7.3 shavs a scattemplot of theraw errors
from the estimateusingKNNimpute againsttheraw errorsfrom the estimateusing
FRAA. This plot seemdo suggesthatthe algorithmsKNNimpute andFRAA are

ratherconsistentn how they areestimatehe missingvalues.
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Scatter plot of raw errors 10% missing

KNNimpute: raw errors

FRAA: raw errors

Fig. 7.3 Scattemlot of theraw errors(true - estimatef eachof the4200imputed
entriesin one simulationusing KNNimpute and FRAA. The correlationbetween

thetwo setsof raw errorsis :84.

We ransimilarsimulationsontheCdcl5datasetavailableontheweb, ( http://genome-
www.stanford.edu/SVD/htmls/spie.htmBnd on subsetsf this dataset(using4
columns). We alsoran a couple of simulationson one of the datasetsincluded
by [28]. The outcomeswere similar to that using the Elutriation dataset, with
the FRAA algorithmoutperformingKNN on the matriceswith a small numberof

columns.

4.7 Discussionof FRAA

The Fixed Rank ApproximationAlgorithm usesthe singularvalue decomposition
to obtainestimatesof missingvaluesin a geneexpressionmatrix. It usesall the
known informationin the matrix to simultaneouslyestimateall missingentries.
Preliminarytestsindicatethat,undera normalizedroot meansquaremetric, FRAA
is more accuratehanreplacingmissingvalueswith 0's or with row means.The
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KNNimpute algorithmwasmoreaccuratevhenestimatingmissingentriesdeleted
from the full elutriationmatrix, but FRAA might be a feasiblealternatve in cases
whenthe numberof columnsis small.

FRAA is anotheioption,in additionto KNN, Bayesiarestimation®r localleast
squaresmputationsfor estimatingmissingvaluesin geneexpressiordata. FRAA
by itself is a very usefultool for genedataanalysiswithout usingclusteringmeth-
ods. Experimentakesultson variousdatasetsshav that FRAA is robust. FRAA
hasbeenusedby severalcomputationabiologists,who con rmed the accessibility
of thealgorithm.

To improve the resultsgiven by FRAA oneneedsto combineit with analgo-
rithm for geneclustering. A possibleimplementationis asfollows: First, apply
FRAA to the corrupteddataset; next, usingthis estimateddataset, subdvide the
genesnto clustersof geneswith similartraits; now apply FRAA againto themiss-
ing entriesof genesn eachcluster We intendto applythesestepan afuture paper

Our nal remarkis thatthe biology of the datashouldguidethe researchem

determiningthe bestmethodto usefor imputing missingvaluesin thesedatasets.

4.8 IFRAA

4.8.1 Intr oduction

Theaim of this sectionto introducelFRAA, animprovedversionof FRAA, which
improvessigni cantly the performancef FRAA. IFRAA is asuccessfutombina-

tion of FRAA anda goodclusteringalgorithm. IFRAA worksasfollows. Firstwe
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useFRAA to nd acompletionG. Thenwe usea clusteringalgorithm(we used
K-meanshere)to nd areasonabl&umberof clustersof similar genes.For each
clusterof geneswe apply FRAA separatelyto recover the missingentriesin this
cluster It turnsout thatthis modi cation resultsin a very ef cient algorithmfor
reconstructinghe missingvaluesof the geneexpressiommatrix. We alsonotethat
FRAA andIFRAA arevery effective in reconstructingmissingvaluesof n  m

matriceswhich areexpectedo have low effective ranks.

4.8.2 Computational comparisonsof

BPCA, FRAA, IFRAA and LLSimpute

For comparisorof differentimputationalgorithms, ve differenttypesof dataset
wereused,includingtwo microarraygeneexpressiordataandthreerandomlygen-
eratedsyntheticdata[15]. Microarray datasetswere obtainedfrom studiesfor
theidenti cation of cell-cycle regulatedgenedn yeast(Sactaromyceserevisiag
[33]. The rst geneexpressiondatasetis a setof completematrix of 5986genes
and 14 experimentshasedon the Elutriartion datasetin [33]. This datasetdoes
not have ary missingvalue sinceall the genesthat originally had missingvalues
weredeletedto assesshe performanceof the imputationalgorithms. The second
microarraydatasetis basedon the Cdcl5datasetin [33], which contains5611
genesand24 experiments.We obtainedthe completedatasetin the sameway as
for rst dataset. Threesyntheticdatasetswere randomlygeneratednatricesof
size2000 20andranks2; 4; 8.

To assesshe performanceof missingvalueestimationmethodswe performed
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simulationsvherel%, 5%, 10%and20%o0f theentrieswvererandomlydeletedrom
the completematrix C. Thenwe estimatedhe variouscompletionsof the missing
valuesby BPCA,FRAA, IFRAA andLLSimpute.We usedtheL ,-normversionof
LLSimpute.We setthe K-valueparamete(numberof similar genes¥or LLS such
thattherewasnoincreasen accurag of LLS by increasingheK-value.

We usedanormalizedootmeansquaresrror(NRMSE)asametricfor compar
ison. If C representshe completematrix and € representshe completedmatrix
using an estimateto the corruptedentriesin C, thenthe root meansquareerror
(RMSE)is 'EE%,WhereD = C C. Wenormalizedtherootmeansquaresrrorby
dividing RMSE by the averagevalueof theentriesin C.

Therandommatricesof order2000 20andof rankk = 2;4; 8 appearingn

Figures1,2 and 3 were generatedas follows. Onegenerate2k randomcolumn

are chosenaccordingto a uniform distribution in the intenal [0; 1]. ThenC =
i :(=1 Xiyi .

Figurelrepresentthecomparisonsf BPCA,FRAA andLLSimputefor 2000
20 randommatrix of rank 2. In this caseFRAA completelyreconstructed. The
performancef IFRAA wasidenticalto FRAA, andwedid notplottheperformance
of IFRAA. BPCA performedexcellentfor 1% andits performancesomeavhatde-
terioratedwith theincreaseof the percentag®ef missingdata. The performanceof
LSSimputewasexcellentfor 1% of missingdata,andits performancesigni cantly

deterioratedvith theincreaseof the percentagef missingdata.

Figure2 representmecomparison% BPCA, FRAA, IFRAA andLLSimpute



for 2000 20 randommatrix of rank4. HereBPCA andIFRAA performedex-
tremelywell. IFRAA slightly outperformedBPCA in particularin the casewith
20%of missingdata.FRAA performedreasonablyvell, but notasgoodasIFRAA
or BPCA. Thebehaior of LSSimputewassimilar to its performancen Figurel.

Figure3 representshe comparison®f BPCA, FRAA, IFRAA andLLSimpute
for 2000 20randommatrix of rank 8. The behaior of BPCA, IFRAA andLL-
Simputeare similar to their behaior on Figure 2. In this case,however the per
formanceof the FRAA is goodfor percentag®ef missingentrieslessthan20%but
FRAA doesnot performwell when20%of entriesaremissing.

Figured4 and5 compareBCPA, IFRAA andLLSimputefor geneexpressiordata
matrices,thélutriationdatasetandthe Cdcl5dataset,respectiely. Sincesomeof
themethodsarelocal andothersglobal, to befair in comparisorwe rst clustered
the datasetusingthe clusteringalgorithm, K-means,andthenwe performedthe
missingvalue estimationon the clustereddata. In our simulationwe randomly
deleted1%; 5%; 10% 15% and 20% entriesof datamatrix. In IFRAA we chose
the parametet., which meanghe numberof signi cant singularvalues+1, to be
equalto 2 for Elutriationdatasetand3 for Cdc15dataset. Theinitial guesdor the
missingentriesin eachgenewaschoserto betherow averageof its corresponding
row. FRAA wasnot performingaswell asthe otherthreemethodssowe did not
includeFRAA graphsn Figures4 and>5.

Figure4 depictsthe comparisorof BPCA, IFRAA andLLSimputeElutriation
datasetin [33]. Thecorrespondingeneexpressiordatasetis acompletematrix of

n = 5986genesandm = 14experime%s.ln this caseBPCA performedthe best,



Data matrix of rank 2
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Figurel: Comparisorof NRMSEaginstpercenof missingentriesfor threemeth-

ods:FRAA, BPCAandLLS. Datasetwasa2000 20randomlygenerateanatrix

of rank2.

IFRAA wasslightly inferior to BPCA, andLLSimputewealer thanIFRAA.
Figure5 depictsthe comparisorof BPCA, IFRAA andLLSimputeCdcl5data

setin [33] which contains5611 genesand 24 experiments. In this caseBPCA

performedhe bestandagain IFRAA performedslightly betterthanLLSimpute.
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Data matrix of rank 4
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Figure2: Comparisorof NRMSE againstpercentof missingentriesfor four meth-
ods:FRAA,IFRAA, BPCAandLLS. Datasetwasa2000 20randomlygenerated

matrix of rank4.

Data matrix of rank 8
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Figure3: Comparisorof NRMSE againstpercentof missingentriesfor four meth-
ods:FRAA, IFRAA, BPCAandLLS. Datasetwasa2000 20randomlygenerated

matrix of rank 8.
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Figure4: Comparisorof NRMSEagainstpercenbpf missingentriesfor threemeth-

ods: IFRAA, BPCA andLLS. Datasetwasa clustereddatafrom Elutriation data

setin [33] with 14 samples.
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Figure5: Comparisorof NRMSEagainstpercenpf missingentriesfor threemeth-

ods:IFRAA, BPCAandLLS. Datasetwasa clustereddatafrom Cdcl5datasetin

[33] with 24 samples.
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4.9 Conclusions

We appliedthe four algorithmson several datamatricesincluding two microarray
datasets.We corruptedatrandom certainpercentagesf thesedatasetsandlet the
four algorithmsrecover them.We found BPCA andIFRAA to bethe mostreliable
approachesThe LLSimputealsoperformedquite well. FRAA by itself wasinfe-
rior to all four methodsunlesshegeneexpressiommatrix hasasmallrank. We also
appliedthe four algorithmsto syntheticdatasets,which wererandom2000 20
matricesof smallranksk = 2;4;8, wherewe again corruptedat randomcertain
percentagesf thesedatasets. Not surprisinglyIFRAA and BPCA were ableto
recoverthedataquitewell. Wherethe percentagef the corrupteddatawasnottoo
large, or thematrix hadrank 2, FRAA wasableto reconstructhe dataalmostper
fectly. LLS-imputeperformedwell whenthedatasethas1% percentagef missing
entries.The performancef LSSimputedeterioratedyraduallywith increasingoer
centagef missingentries.In conclusiorBPCAandIFRAA, combinedwith agood
clusteringalgorithmsuchasK-meansusedhere,appeato bereliablemethodgor
recovering DNA microarraygeneexpressiondata,or ary othernoisy datamatrix
whichis effectively low-rank.

Theseresultsandthe resultsin [27] and[28] shav that the performance®f
BPCA,IFRAA andLSSimputedependnthestructureandalsothesizeof thedata
matricesandnoneof the abore mentionedhreealgorithmsoutperformghe others
in all cases.

Our studiesalsoshaw thatthe performanceof FRAA andhencelFRAA is de-
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pendenton missingentriesdistribution. Sincethe performanceof the FRAA de-
pendson effective rank of the submatrixformed by rows which have no missing
entries,it is importantto have enoughnumberof rows with this property We can
argue that the reasonBPCA in somecasesworks slightly betterthan IFRAA is
becausef dependeng of IFRAA on missingentriesdistribution. However, in a
real application,whenthe distribution of missingentriesis not uniform, contrary
to whatwe hadin our simulations wherenot mary rows have missingentrieswe
expectlIFRAA to performbetterthanBPCA. For local methoddike KNN andLLS
wheresimilar genesshouldnot have missingentriesin the samecolumn,uniform
distribution of missingentriesdoesnot have ary degradationeffect becauset is

unlikely to have missingentriesin the samecolumnfor similar genes.

4.10 Matlab code

function Epl = fraa(E,Ep,L,iter)
%Fixed rank algorithm -- estimate  missing values
%Usage: fraa(E,Ep,L,iter)

%E: matrix with missing values

%Ep: initial solution
%L: parameter (number of significant singular values + 1)
%iter:  number of iterations to perform

%Note: Any rows with all missing values must be removed

%%%%%%%%WS 1S THE SET-UP
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%Get size of E
[N,M]=size(E);
if (L > M)
error('need L<=#columns of E )
end;
%get index of missing values
missing=find(isnan(E));
%Number of missing values
m=length(missing);
m2=m*m;
%%%%%% % %I NE WORKWITH THE ALGORITHM
Xpl=zeros(N,M);
track=iter;
while(iter > 0)
A=Ep"*Ep;
%Find singular value decomposition of A
[U,S,V]=svd(A);
%Singular  values of Ep
sigma2=S(5™=0);
singular=sqgrt(sigma2);
partial_sig2=sum(sigma2(L:M));
total_sig2=sum(sigma2(1:M));

fprintf(\n iteration %%é’f \n',  track-iter+1)



fraction=partial_sig2/total_sig2;
fprintf(’ partial sum/total sum of sqg. singular
\n %21.8f, fraction)
fprintf('\n’)
%Construct B=Bp
B=sparse(m,m); %pre-allocate space
[is,js]=ind2sub([N,M],missing(1:m));
for s=1:m
for t=s:m
it (i(s)==i(V)
B(s,t)=sum(U(js(s),L:M)*U(js(t),L:M)");
B(t,s)=B(s,t); %Bis symmetric
end %end if
end %end For t
end %end for s
%%%NOBONSTRUCTTHE VECTORWD
W=sparse(m,1); %pre-allocate space
for t=1:m
K=sparse(N,M);
K(missing(t))=1;
W(t)=sum(diag(U(;,L:M)*Ep*K*U(;,L:M)));
end %end for

%Solve Bx_ (p+1)= -W 86

values



xpl=-B\W,

%Create matrix B_{p+1}
Xpl(missing)=xp1;
%Update solution
Ep=Ep+Xp1,;

%set counter

iter=iter-1;

end %End while
fprintf(\n’)

fprintf(’ singular  values (final iteration):\n’)
fprintf('%16.6f',singular)

Epl=Ep;

For the Matlab m le or a version of this algorithm for R, see

http://people.carleton.edu/ Ichihara/LMCProf.html
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