Math 533 Solutions to Midterm Exam, Part 1 2010

1. For each of the following statements decide if True or False, and justify your answer: give a
brief argument if True, or a counter example if False.

(a)

()

(d)

(e)

Every countable set A C R has zero Lebesgue measure.

True. For any a € R one has m({a}) = 0 (because m({a}) < m((a—¢,a]) = €). Therefore,
for any countable set A = {a,, | n € N} then m(A4) = ), m({an}) = 0 using countable
additivity.

For A C R with m(A) = 0 and continuous f : R — R, the image f(A) has m(f(A)) = 0.
False. The Cantor Lebesgue function f : [0,1] — [0, 1], that can be defined by

Qo )= 2 M) ac{012) 60)=6(1) =0, 6(2)=1

is a continuous monotonic function that maps the Cantor set C' = {3-0°, %= | b, € {0,2}}
onto the unit interval [0, 1]. Since m(C') = 0 while m([0, 1]) = 1, this is a counter example.

If f,, : X — R are measurable functions on a measure space (X, M, u) then the function
f(x) = sup,, fn(z) is a measurable.
True. For any a € R one has

fHa,0)) ={reX | f(x)>a}l={r € X |IEN, f,(r) >a} = U{ZL‘EX | fn(x) > a}.
n=1

Since this is a countable union of in M, we have f~1((a,00)) € M for all a € R, which
implies that f is measurable.

1 oo
If f, € LT(X, M, 1) satisfy /fn dp < ol then an(:v) < oo for p-ae. x € X.
n=1

True. Let f: X — [0,00] be defined by f(z) = >_ fn(x). By the Monotone Convergence

Theorem
o0 o0 o 1
/deﬂ—/x<nz::1fn(w)> du—T;(/andu><;7ﬂ<OO-

Hence E = {z | f(z) = oo} has u(E) = 0.

Define: set A is of Gs-type. Is is true or False that every closed set A is of G type?
True. A set A is of Gs-type if there exists a sequence {Uy,}22, of open sets so that
A =2 Un.
We claim that for any set A4, the closure is A = (7%, U, where U, = Jyca(a — L,a+ 1)
are open sets. Indeed, the following are equivalent conditions

1. €N, Un,

2. for every n € N there exists a, € A with |a, — 2| < 1,

3. x is a limit of points a, € A,

4. z € A.

Hence for a closed set A one has A = A = U, — a Gs-type.
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2. Answer briefly the following questions:

(a)

(b)

()

State Fatou’s Lemma.

Fatou’s Lemma. Let {f,}°°, be a sequence in L™ (X, M, ). Then

/X (timinf fu(2)) du(z) < Tim inf ( / i du)

Define: measure space (X, M, u) is complete.

Definition. (X, M, pu) is complete if A € M with p(A) = 0 implies E € M for every
ECA.

Let {E,}0°, be a sequence of subsets of some space X. Express the sets

A = {zreX|{neN|zecE,} is infinite},
B = {zeX|{neN|z¢E,} is finite}

using {E, } and basic operations such as 7 J” and " [)”.

Solution.

A 0m U Ae

N=1n=N N=1n=N

Define: m™ is an outer measure on X.

Solution. An outer measure is a function m* : P(X) — [0, 00| so that

1. m*(0) = 0.

2. If A C B then m*(A) < m*(B).

3. For any sequence {4} of subsets of X, m*(Uy_; An) < D ooy m*(An).
Describe the Lebesgue-Stieltjes measure mp corresponding to the function F(x) = |z] -
the largest integer n with n < z.

Solution. The measure mp is counting measure on Z, i.e., mp(E) = #(F N Z) for any

E C R. (In particular, all subsets of R are mp-measurable). First we have

mp((a,b]) = F(b) = Fa) = [b] — [a] =#{n € Z ] a <n <b} = 74(Z N (a,b]).

For every integer k € Z we have mp({k}) = 1 because {k} = (0" (k— L, k] and mp((k—
Lk]) =1 for all n > 1. At the same time (k,k +1) = U2, (k, k + 1 — 4] and since
mp((k,k+1—1]) =0 we have mp((k,k +1)) = 0. Hence R\ Z = Uy (k. k +1) is
an mpg-null set. Since all subsets are also mp-measurable it follows that all £ C R are
mp-measurable, and mp(F) = mp(ENZ)+mp(E\Z) =#(ENZ).
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3. Let (X, M, u) be a measure space.
(a) Let f € LT(X, M, u) with / fdp = 0. Prove that p (f~*(0,00])) = 0.
X

(b) Let g € LY(X, M, u). Prove that there exist a sequence {A,} of measurable sets with
p(Ap) < 0o, so that g(z) =0 for x € X \ U]~ An-

Proof. (a). For t > 0 let By = f~1([t,00]). Then t- xg, (z) < f(x) and therefore

t'H(Et):/t'XEtd,ug/fd:u:O'

Hence p(E;) = 0 for every t > 0. Since
fre X | () > 0h = (0 00) = U /(o0 = U Buge
n=1 n=1

a countable union of p-null sets, it follows that x (f~(0,00])) = 0.

(b). As before, let E; = and use t - xg,(z) < |g(z)| to deduce

t-u(Et)Z/t-XEtdué/lgldu<00-

Hence for ¢ > 0, one has u(E}) < oo. Setting A, = E, observe that
oo
ze | An — lg(z)] >0 <= g(z)#0.
n=1
This completes the proof.
4. Let {E,} be a sequence of Borel subsets of [0, 1]. Prove that

m(ﬂ U Ey) > limsupm(E,,).

n=1k=n o0

Proof.

Let Ay, = Upe,, Bx and A = (72 An. Then A; D Ay DO Az D ... converge to A. Since
A C [0,1] one has m(A;) < 1. Using ”continuity from above”, we deduce that

m(A) = lim m(A,).

n—oo

For any n < k one has A,, = E, UE, 11 U... D Ex. Hence m(A,) > m(Ey), and

m(Ayn) > supm(Ey).
k>k

Thus

m(ﬂ U Er) =m(A) = nh_)ngo m(Ay,) > nh_)ngo (21ipm(Ek)> = limsupm(E,).

n=1k=n
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