Mathematics 180 - Hour Exam Two - Solutions

1.

Solution.

x
a) (rarctanz) = (z) arctanx + z(arctanz) = arctanz + x - = arctanx + .

(b)(x1/2 _ x—l/z)/ — (:Cl/Z)/ _ (1;—1/2)/ — %x—l/Q _ (_%)x—3/2 — %$—1/2 + %x—S/z.

(e ™) = e . (=2?) = e . (=22) = —2ze ",

2.

Solution.
(a) Take the implicit differentiation of the equation 22 — 3zy + 2y* = 4 with respect to z, i.e.
regard y as a function of z.

d d d d dy dy
= (222 — 22) = 0 = —(222) — — Z(2y?) = 4o — R Y e A
da:< z? — 3zy + 2y )Cl 0 dxd( T )3 dﬂ(gw) +ddx( y°) . 190 4(35 + 3I5dl’) +dy g

Yy Yy _ oYy —x Y _ ol TmRe 9.
(4x — 3y) + (4y Sx)dm =0 = P = _dml(Q’l) 1133 5 e the value

of % at(2,1)is —g. In other words, the slope of tangent line at point at (2, 1) is —g.
i
(b)The equation of the tangent line of a function f(z) at a point (a, f(a)) is given by y — f(a) =
dy

f'(a)(z — a). In this question, a = 2, f(a) = f(2) =1land f'(a) = f'(2) = £|(2,1) = —g, the slope.

5
Hence the defining equation of the tangent lineisy — 1 = —5(:}5 —2)ory = 5% + 6.
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Solution.
(@) f'(z) = (z* — 62? +20)' = 322 — 12z. Set f’(z) = 0 and solve the equation 3z% — 12z = 0 for
x. The solutions are the critical points. 322 — 122 =0 = 3z(z —4) =0 = z=0orz =4.

(b)To determine the decreasing interval, flows the following steps. Step 1: use the critical
points 0 and 4 to divides the real line into three intervals (—o0,0),(0,4) and (4, +00). Step 2:
determine the sign of f’(z) over each interval (in terms of the test point method). f'(—1) =
3(—1)2—12(—1) =15 > 0 = f'(x) is positive over (—o00,0). f/(1) =3(1)* -12-1=-12<0
= f'(z)is negative over (0,4). f'(5) = 3(5)2—12-5 =15 > 0 = f/(x) is positive over (4, +0cc).
Hence f(x) is decreasing over (0, 4) because f'(x) has negative sign over it.

1



(c)To find the global minimum of f(x) over the interval (—1, 5), we need to compare the values
of the function at the critical points and endpoints of the interval. f(—1) = (—1)* —6(—1)*+20 =
13. £(0) = 20. f(4) =43 —6-42+20 = —12. f(5) = 5% — 6 - 5% + 20 = —5. Hence the minimum
value of f(z) over the interval (—1,5) is f(4) = —12.

4
Solution. ; / )
0 -1 3
Since the limit is of — form and lim u = lim o _ § , then by L'Hopital’s Rule,
r—1 ($2 — 1)/ r—1 21‘2 2
-1 (x3—-1)Y 3

Solution.

Recall the distance formula: d = \/(ml — x9)%2 4+ (y1 — y2), where (21, y;) and (25, y2) are the two
points that we want to compute the distance.

To find the point on the line y = 2z closest to (1,0) means we need to find the minimum
distance between (1,0) and a point on y = 2z. The distance between a point (z, 2z) on the line
and (1,0) is a function of z, d(z) = \/(z — 1)2 + (22 — 0)2 = /522 — 22 + 1.

To find the global minimum, we need to find the critical points and compare the values of the
function at critical points and endpoints.

1 10x — 2
() = (VBT =TI — 502 — 20 1Y —
() = ) 2\/5x2—2x+1< ) 24512 — 2 + 1

1
solveforz. = 102—2=0 = z = 5 Since f(+00) = 400, f(—00) = +ooand f(1/5) = 2v/5/5,
the minimal distance is between (1/5,2/5) and (1,0).

.Setd'(z) =0and
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Solution. Note: the graph is for the derivative, but not for the original function.

(a) f increasing <= f’ positive <=z € (—00,a) U (¢, e).

(b) f concave up <= f” positive <= f’ increasing <= = € (b,d).

(c) = is a local maximum <= z is a critical point and the sign of change of f'(z) is from +
to —. <= uzis arootof f/, equivalently the x—intercept and f’(z) goes from the above to the
below of the x—axis as = goes to right direction <= r =aorz =e.

(d) z is a inflection point <= x is a root of f” <= the slope of tangent line of the function
[" at x is zero. In the graph, the only two points are b and d.



