
Quiz #9 Math 180 Name:

Problem 1 (6 pts). Sketch the graph of the function f(x) =
1

x
− 1

x− 1
. (Key

words:Critical points, increasing, decreasing, first derivative test, inflection
points, second derivative test, concave up, concave down, asymptotes)

424 C H A P T E R 4 APPLICATIONS OF THE DERIVATIVE

81. y = 1

x
+ 1

x − 1

SOLUTION Let f (x) = 1

x
+ 1

x − 1
. Then f ′(x) = −2x2 − 2x + 1

x2 (x − 1)2
, so that f is decreasing for all x 	= 0, 1. Moreover,

f ′′(x) =
2

(
2x3 − 3x2 + 3x − 1

)
x3 (x − 1)3

, so that f is concave up for 0 < x < 1
2 and x > 1 and concave down for x < 0

and 1
2 < x < 1. Because lim

x→±∞

(
1

x
+ 1

x − 1

)
= 0, f has a horizontal asymptote at y = 0. Finally, f has vertical

asymptotes at x = 0 and x = 1 with

lim
x→0−

(
1

x
+ 1

x − 1

)
= −∞ and lim

x→0+

(
1

x
+ 1

x − 1

)
= ∞

and

lim
x→1−

(
1

x
+ 1

x − 1

)
= −∞ and lim

x→1+

(
1

x
+ 1

x − 1

)
= ∞.
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82. y = 1

x
− 1

x − 1

SOLUTION Let f (x) = 1

x
− 1

x − 1
. Then f ′(x) = 2x − 1

x2 (x − 1)2
, so that f is decreasing for x < 0 and 0 < x < 1

2 and

increasing for 1
2 < x < 1 and x > 1. Moreover, f ′′(x) = −

2
(

3x2 − 3x + 1
)

x3 (x − 1)3
, so that f is concave up for 0 < x < 1

and concave down for x < 0 and x > 1. Because lim
x→±∞

(
1

x
− 1

x − 1

)
= 0, f has a horizontal asymptote at y = 0.

Finally, f has vertical asymptotes at x = 0 and x = 1 with

lim
x→0−

(
1

x
− 1

x − 1

)
= −∞ and lim

x→0+

(
1

x
− 1

x − 1

)
= ∞

and

lim
x→1−

(
1

x
− 1

x − 1

)
= ∞ and lim

x→1+

(
1

x
− 1

x − 1

)
= −∞.

x
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83. y = 1 − 3

x
+ 4

x3

SOLUTION Let f (x) = 1 − 3

x
+ 4

x3
. Then

f ′(x) = 3

x2
− 12

x4
= 3(x − 2)(x + 2)

x4
,

so that f is increasing for |x | > 2 and decreasing for −2 < x < 0 and for 0 < x < 2. Moreover,

f ′′(x) = − 6

x3
+ 48

x5
= 6(8 − x2)

x5
,

Problem 2 (4pts). . Find the maximal area among all right triangles with
fixed hypotenuse of length r.

Solution. Let x and y be the length of the two legs of the triangles with fixed
hypotenuse of length r. Then x2 + y2 = r2. So y =

√
r2 − x2 x ∈ [0, r].

The area of the triangle is A(x) =
1

2
x
√

r2 − x2. A′(x) =
1

2
(
√

r2 − x2 −
x2

√
r2 − x2

= 0 =⇒ x =

√
2

2
r. Amax = max A(0), A(

r√
2
), A(r) = A(

r√
x

) =

r2

4

1


