Difteomorphic types of complements of nice point

arrangements in CP’
Stephen S.-T. Yau and Fei Ye

Abstract

We use a new method to study arrangement in CP’, we define a class of nice point arrangements
and show that if two nice point arrangements have the same combinatorics, then their complements
are diffeomorphic to each other. In particular, the moduli space of nice point arrangements with
same combinatorics in CP’ is connected. It generalizes the result ((WYo7]) on point arrangements

in CP3 to point arrangements in CP! forany /.

1 Introduction

A complex [-arrangement .7 is a finite collection of hyperplanes in a vector space C’. A central
complex /-arrangement means that all hyperplanes of .«7 contain the origin. Given a central arrange-
ment, there is an arrangement .«7* in CP'~! which is the natural projection of <. Let M(«/) =
C' — Uye.s H be the complement of .o7. Let M(</*) = CP'~! — Ug«ec+H*. One of the cen-
tral topic in this area is to determine the relation between the topological or differential structure
of M(</) (or M(</™)) and the combinatorial geometry of .7 (or 27*). Here the combinatorial ge-
ometry is referred as the geometry of L(<7) (L (/™)) which is the set of intersections of elements
of @7 (/™) partially ordered by reverse inclusion (see [OT92] page 23 Definition 2.1). When the ar-
rangement .o/ is a central arrangement, i.e. the intersection of all elements of .&7 is nonempty, L(A)
is indeed a geometric lattice (see [OT92] page 24 Lemma 2.3). In general, L(.2/*) may not be a lat-
tice. By abusing the terminology we still call L(27*) the lattice of &/*. Let @y = {H;,---, H,} and
oty ={Gy,--- , Gy} betwo arrangements of hyperplanes. L (.7 ) and L(.2%) are said to be isomorphic
ifdimN;er H; = dim Nje; Gy, forany I C {1,--- ,n}.

In 1980, Orlik and Solomon [OS80] computed the cohomology algebra of M(<7) in terms of
L (7). They further conjectured that various homotopy invariants of the complement depend only on
the lattice of 7. In a series of papers [Fal89], [Falg3] and [Falgo], Falk studied the question whether
L(<7*) is a homotopy invariant. He proved that there exists pairs of central arrangements in C* with
different underlying lattices whose complements are homotopy equivalent, see [Falgo]. However, a
result of Jiang and Yau, [JY93], [JY98], does assert that L (/™) is a topological invariant for arrange-



ments in CP?. In a famous preprint [Rybo8], Rybnikov showed that there exist two line arrangements
in CP? with same combinatorics but the fundamental group of the complement are not isomorphic.
It is a natural question to ask when the combinatoric of an arrangement will uniquely determine the
topological or diffeomorphic type of the complement. One pioneering result in this direction is the
lattice-isotopy theorem, proved by Randell [Ran89]. It asserts that if two arrangements are connected
by a one-parameter family of arrangements whose lattices are isomorphic to a fixed lattice then their
complements are diffeomorphic. In other words, if the moduli space of arrangements with isomor-
phic lattice structrue is connected then the complements of arrangements have the same differential

structure.

Inspired by Randell’s theorem, one naturally wants to know what kind of combinatorics of an
arrangement will warrant its moduli space to be connected. More generally, one can ask when is the
differential structure of the complement of an arrangement .27 * determined by its combinatorial data
L(27*)? Partial results have been gotten by Jiang and Yau for arrangements in CP? [JY94],[JY97],
and Wang and Yau for arrangements in CP? [WYos] and for arrangements in CP? [WYo7], [WY].
They defined a large class of arrangements called nice arrangement whose moduli are connected. To
prove that the moduli space of arrangements with fixed combinatorial data is connected, we need to
construct a one-parameter family of arrangements with a fixed lattice which connects the two arbitrary
given arrangements in this moduli space. Given two isomorphic arrangements &, = {Hy, -+, H,}
and @ = {Gy, -+ ,G,}in CP! with the properties that dim N;e; H; = dim N;e7 Gy, it is natural to

consider the family of arrangements with parameter t in (CP')":
A (t) = {x;H; + yiG; : (x;,y;) € CP'i = 1,2,--- ,n}.

The idea is to construct one-parameter subfamily of .7 (¢) connecting .</; and 2% such that lattice
structure remains constant within this one-parameter subfamily. This one-parameter family is easier
to construct if the arrangement is in a low dimensional projective space. For instance, for any two
arrangements .7, and % with the same lattice in CP?, to construct the one-parameter family con-
necting <) and 2% with a fixed lattice structure, it is sufficient to keep track of all possible three lines
intersecting at one point (see [JY94], [JY97], [WYos5] for detail). Notice that three lines intersecting
at one point in CP? is equivalent to the fact that the determinant of the coefficient matrix of three
lines is equal to zero and there exists a non-vanishing 2 x 2 subdeteminant of this coefficient matrix.
Therefore we need to consider the quasi-projective variety in (CP')" defined by a set of polynomial
equations and non-equalities. If we can find a curve in this quasi-projective variety connecting (1, 0)"
and (0, 1)" in (CP')", then we are done. In general this quasi-projective variety may not have positive
dimension, which implies that such a one-parameter family of hyperplane arrangements with fixed
lattice structure may not exist. It was shown that this quasi-projective variety has a component with

positive dimension connecting (1,0)” and (0, 1)” if the defining polynomials are all irreducible (see
see [JY94], [JY97], [WYo5]).

It is an interesting and difficult problem how to construct one parameter family of some arrange-

ments of hyperplanes in a higher dimensional projective space. In other words, given certain arrange-



ments of hyperplanes in a higher dimensional projective space with fixed combinatorial structure, are
their complements diffeomorphic to each other? What properties do the moduli spaces have? An ap-
proach has been made by Wang and Yau in [WYoy] and [WY] to study nice arrangements in CP>.
They accomplished for nice arrangements in CP? that the diffeomorphic type of complements of nice
arrangements in CP? are determined by their combinatorial structure and their moduli spaces are con-
nected. But as you may see from their paper, even in CP?, in general the lattices of arrangements are
too complicated to be used to construct one-parameter family. In higher dimension, we have to face
much more complicated combinatorial structure of an arrangement. Besides, unlike the CP? and CP>
cases, we have to face a serious new difficulties of arranging that the polynomial equations we obtained
are general polynomials in the sense that all the coefficients are nonzero. We are allowed to use the
automorphism group of CP* to change the coefficient of these polynomials. However, the difficulty
is that the number of coefficients in the polynomials equations is greater than the dimension of the
automorphism group of CP*. Excepted that, if one wants to use the method for higher dimension, the
work will be too hard to be controlled. In this paper, we simplify the idea and method to construct one
parameter family of arrangements. This enables us to study the above problem of some arrangements,
which we called nice point arrangement in CP’ (for precise definition, see Definition 2.8 below). As a
result, we prove that the moduli spaces of nice point arrangements with same lattice L(.<7) in CP” are
connected. More precisely, we prove the following theorem:

Main Theorem. Let <7, and </;* be two nice point arrangement of hyperplanes in CP'. If L (<)) and
L(a") are isomorphic, then there exists a one-parameter family of arrangements <7; with L(//*) =
L(y") which connect &7y and <7\*. In particular, the complements M(<7y") and M(</)%) in CP' are
diffeomorphic to each other.

2 Definitions

In this paper, a projective arrangement of hyperplanes in CP’ will be denoted by .<7*. Denote the
lattice (intersection poset) of &7 * by L(.e7™*). We will give some definitions and example of nice point
arrangements in this section.

Definition 2.1. Given an arrangement ./ * and lattice L(2/*), an element e € L(2/™) is said of multi-
plicity k, if and only if it is the intersection of exactly k hyperplanes in @7 *. Denote the multiplicity of
an element e € L(27*) by m(e). Denote p; (/™) the number of elements of dimension o in L (/™)
with multiplicity 7.

Definition 2.2. A soul ¢ of an arrangement .«/* is a pseudo-complex whose simplices are defined as

follows:
Let 9(k), k < | — 2, be the sets of k-simplices of ¢ defined by {¢ € L(&/*) : dime =
k,m() > 1 +1—k,3H,, -+, Hj41—x € & passing through e = ﬂll:(l)_kHi such that any / —

k of them are in general position}.

Let%(I—1) be thesetof (/—1)-simplices of 4 definedby { H € o/* : Je € Uf{;z ¥ (k) such that e C

0



H).

In the following, a point will be referred as an element in ¢(0).
Remark 2.3. To study the combinatorics properties of .</*, we need to consider all intersections in
L(<7*). Notice that any two hyperplanes in CP’ must intersect at a (/ — 2)-dimensional subspace of
CP’. Sowe only need to consider those (/ —2)-dimensional intersections ¢;_, € L(7*) of multiplicity
greater than 2. Given an (/ — 2)-dimensional intersection ¢;_, € L(2/*) and H € o&/*,ife;_» € H,
then dime;_, N H = [ — 3. Obviously, this is a trivial way to get a (/ — 3)-dimensional subspaces of

CP'. So we can get rid of such a trivial case and only consider all elements in (I — 3).

In fact, given any element e € ¢(k) and H € &/*,ife € H,thendime N H = k — 1. We can

also get rid of such trivial cases and only consider all (k — 1)-dimensional elements in ¢ (k — 1).

Based on the above argument, we say that given two arrangements of hyperplanes .27;* and .27, in
CP!, L(}¥) = L(«7) ifand only if |.o7j*| = || and %) = %.
Definition 2.4. A pathin ¥ is defined to be a finite sequence of simplices ag, 11, ay, ha,az, -+, ax—1, h,ax (k >
1) of ¥ where ag,ay,--- ,ax are distinct elements in Uj;zog(j), and hy,--- , hy are distinct and
hit1 € 9(l — 1) contains a; and a; 4 fori = 0,1,--- ,k — 1. We say that an element a connects an
elements a’ by path, if there is a patha = ag, hy, a1, ,ax—1, hx,axr = a’ (k > 1). Aloopin¥ isa
path ag, hy,ay, ha,ag—1, -+ , hi,ar withag = ay.
Definition 2.5. For any u € Ufc;zog(k), astar St(u) ofuis{fu} U{H €¢ &/* : u C H}. Ak-
dimensional element v € ¥ (k) (# u) is called an end k-element of u, if St(v) N St(u) # @. An end
o-element will also be called an end point. Two stars S#(u) and St(w) are called disjoint if St (u) N
St(w) = 0.
Definition 2.6. For the stars S7(u1),---, St(Up)in¥ (m > 0),Letd’ = G\ (St(uy)U---USt(upm)).

St(uy), -+, St(un) are said to be simple joint in ¢, if the following conditions are satisfied:

1. Given any end element of the stars S¢(u1), -+, St(un), it can connect to at most one other end
element of the stars St (uy), -+, St(un) by path(s) in ¢’.

2. Given any two end elements of the stars St(u1),--- , St(un,), they can be connected by at most

one path in ¢’

3. if several stars share the same end element, the total number of hyperplanes containing the end
element and the stars must be at most /.

Lemma 2.7. Suppose u is an element of 4’, then only two cases can be occur: either
1. u connects to only one end element of the stars St(uy), -+, St(u,,) by path(s) in4’, or

2. If u connects to two end elements of the stars St (uy), -+, St(Un), then there is a unique paths in

G’ connecting u and the two end elements.

Proof. First, we claim that u can connect to at most two end elements of the stars, S#(u1), -+, St (u,).

If u connects to three distinct end elements, vy, v, v3, of the stars, then one of vy, v,, vz will connect



to the other two end elements simultaneously; this condition contradicts the item (1) in Definition 2.6.
Assume that u connects two end elements w; and wy of St(uy),---, St(u;,). If u connects wy or w,
by two or more paths in ¢’, then there will be more than one path in ¢’ connecting w; and w,; this
contradicts the item (2) in Definition 2.6. O

Definition 2.8. An arrangement «7* of hyperplanes in CP' is said to be a nice point arrangement, if
thesoul Y = 4 (0) U¥4 (I — 1) of &/* and either

1. ¢ has no loop, or

2. there are simple joint stars St (uy), -+, St(u,,) which are pairwise disjoint in ¢ such that ¢’
contains no loop.
Lemma 2.9. Let p be a point in 4 (0) and Hy,--- , Hy, q > 1, are the hyperplanes passing through p.

Then, any | of those hyperplanes are in general position.

Proof. Let H;,--- , H;, be [ hyperplanes passing through p. If they are not in general position, then
they are linearly dependent which implies that there exsits Nje; H;;, € ¥ (k) forsome 1 <k <[ -2,
where I C {1,2,.--,1}. It contradicts that (i) = @ forany 1 <i <[ —2. O

Lemma 2.10. Let o/ * be a nice point arrangement of hyperplanes in CP'. Then the soul & of </* has
the following property: for any two points in ¢ (0), there are at most | — 1 hyperplanes passing through
these two points at the same time.

Proof. Let p; and p, bein 4(0). Let Hy,--- , Hy, ¢ > [ be the hyperplanes passing through p; and
p2. Then the line which connects p; and p, is of multiplicity at least /. The line may be an element
of 4(1). It it is not in ¢ (1), the only possibility is that it is the intersection of a hyperplane H and a
plane P of multiplicity at least / — 1. If P is notin ¢ (2), P must be the intersection of a 3-dimensional
subspace ez of multiplicity at least / — 2 and a hyperplane in .&7*. Continuing the argument, if e3 is
not in ¢(3), finally we get a (I — 2)-dimensional subspace of multiplicity at least 3. Since all (/ — 2)-
dimensional intersections of multiplicity at least 3 are all in ¢ (/ — 2), then e;_, € ¥ (k). It contradicts
that 9 (i) =@ forany 1 <i <[ —2. O

Example 2.1. Let o7* be an arrangement of 21 + 2 hyperplanes in CP' and 4 be the soul of <7 *. Assume
that 4(0) = {A, B, C} with the multiplicities m(A) = 2/ — 1, m(B) = m(C) =1 + 1. Let Lyp €
L (/™) be a line of multiplicity | — 1 which connects A and B. Let Lac € L(</™) be a line of multiplicity
[ — 1 which connects A and C. Let H € o/* be the unique hyperplane containing B and C. Figure 1.1
shows the generic projection of o7 * onto CP? C CP'. Then o7 * is a nice point arrangement of hyperplanes
in CP',



Figure 1.1 Figure 1.2

Firstly, one can easy verify that (i) = @ forall 1 <i <[/ —2. Obviously, St(A) is a simple joint
star of the soul ¢, since the two end elements B and C are connected by only one hyperplane. After
removing S7(A), we find that the remaining part of ¢ has no loop (see Figure 1.2). So /™ is a nice
point arrangement.

Example 2.2. Let o/* be an arrangement of 2 + 1 hyperplanes in CP' and 4 be the of o/*. Assume
that 4 (0) = {A, B, C} with multiplicitiesm(A) = 2/ —3,m(B) = m(C) = [ + 1. Let S4p be a plane
of multiplicity | — 2 which connects A and B. Let Syc be a plane of multiplicity | — 2 which connects A
and C. Moreover, assume that there are only two hyperplanes passing though both B and C. Then o/*

is not a nice point arrangement of hyperplanes in CP'.

One can easily check that 4(i) = @ forall 1 < i < [ — 2. But none of the three stars S7(A4),

St(B) and St(C) is a simple joint star of the soul ¢, since the two end points of any of the stars are
connected by more that one paths. Plus, any two stars are not disjoint. So there are no disjoint simple
joint stars in ¢ such that ¢’ has no loop. Hence .o7* is not a nice point arrangemen of hyperplanes in
CP.
Example 2.3. Let <7* be an arrangement of hyperplanes in CP' and & be the of «/*. Assume that
4(0) = {A, B, C, D}. Figure 2.1 shows the generic projection of «/* onto CP?> C CP'. Line AB and
AD are the only lines in L (/™) which are both of multiplicity | —2. There are two hyperplanes containing
B and C but not A and D. There are two hyperplanes containing D and C but not A and B.

C
Figure 2.1 Figure 2.2

Note that we can choose St(A4) and St(C) as simple joint stars. Because, B and D are shared
end points and the numbers of shared hyperplanes are both /. Moreover, 4’ = ¢ \ (St(A) U St(C))
( see Figure 2.2) has no loop. Therefore .o7* is also a nice point arrangement.

Example 2.4. Let o/* be an arrangement of hyperplanes in CP' and & be the soul of <7*. Assume that



4(0) = {A, B,C, D, E, F}. Figure 3.1 shows the generic projection of «/* on CP? C CP'.

B C
F E
Figure 3.1 Figure 3.2
We can easily make (i) = @ foralll < i < n — 2 so that & is a nice point arrangement of
hyperplanes in CP'.
3 Setup
Let 4" ={0,1,---,1}. We need to consider equations of the flowing form:

P= 3 (Cam][x][]w) =0 (@)

LUl=x% i€l jelr

LNL=0

170,170
where C(y, 1,) are constants and (x,, y,) € CP! forr e ..
Definition 3.1. A (I — 1)-tuple (X1, Yr,)» + » (Xr,_,» Yr,_,)) € (CPH=D is called an irregular (I —
1)-tuple for equation (1) if and only if the homogeneous polynomial P is a reducible polynomial of the
remaining two variables, where r; € A", fori = 1,--- ,[ —1and r; # rj wheni # j.
Lemma 3.2. Letax;x; + by;x; + cx;y; + dy;y; be a homogeneous degree two polynomial. Then it is
reducible if and only if

b
“ Pl=o.
d
Proof. Suppose that
abl_y,
d

then (a,b) = k(c, d), where k isa constantin C* = C—{0}. Thusax;x; +by;x; +cx;y; +dy;y; =
(ax; +byi)(x; + %yj). So it is reducible.

Conversely, suppose the polynomial is reducible. Then the polynomial can only be factorized into
(Ax;i+By;)(Cxj+Dy;).So,(Ax;+By;)(Cx;j+Dy;) = ACx;x;+BCy;x;j+ADx;y;+BDy;y; =
ax;xj + byix; + cx;y; + dy;y;. By comparing the coefficients, it follows that

a b
c d

AC BC
AD BD

= ABCD — ABCD = 0.




Corollary 3.3. Suppose that all of the coefficients of equation (1) are non-zero. Then the following items
hold:

1. The set of irregular (I — 1)-tuples, (Xr,, Yr,)»=+ » (Xr,_ys Yrr_y)) € (CPYHYU=Y, for equation (1)
is a hypersurface in (CP')/ 1,

2. The set of [-tuples, (Xyy, Vro)»*+ » (Xr,_ys Vr,_y)) € (CPY=V which contain an irregular (I —
1)-tuple for equation (1) is the union of finite hypersurfaces in (CP')".

3. Theset of (I + 1)-tuples, (Xry, Yry), " » (Xr,, Y1) € (CPY), which contain an irregular (I —1)-
tuple for equation (1) is the union of finite hypersurfaces in (CP') *1,

Proof. Let ((Xr,, Yr,)s++» (Xr,_ys Vr_y)) € (CP1)U=D be an irregular (I — 1)-tuple for equation (1).

Suppose the remaining two variables are (x;,, y»,) and (x,,, ,,). Then the equation can be written as

[ Z (C(h-lz) ]_[ Xr; H yrj)]XrOle +[ Z (C(Il~12) l_[ Xri 1_[ Yr_/)]ymxr/
LU=/ i€l1\{0.l} Jjelr LHUl=W el \{l} J€Ix\{0}
INly=0 INIly=0
{0./3C 1 1€l
I>#0 0l
_l’_
[ Z (C(11~12) l_[ Xri l_[ yrj)]xfoyrl +[ Z (C(llJz) 1_[ Xri l_[ yrj)]yroy"z
IUl,=4 iel]\{0}  jel\{l} LU=/ iel, Jjelx\{0.0}
IhNi=0 IhnNl=0
0el 11 #9
lely {0.13C1I>
=0

Hence polynomial at the left hand side of the equation (1) is reducible if and only if the determinant

[ Z (C(h»lz) l_[ Xr; H y"j)] [ Z (C(/lslz) 1_[ Xr; l_[ yrj)]
LHUl=% iel1\{0.l} Jjely hUuly=4 el \{l} J€I>\{0}
I1NI=% I1NI=Y%
0.13C1, lel;
179 0elr
(2)
[ > ©Curn II x IT »)1 [ X (Cavrn [Txn T wr)]
Hhul,=4 iel;\{0} jel\{l} hUul,=x4 iel J€I>x\{0,1}
hNir=0 IhNir=0
0el, I1#9
lelr {0./3C 1
vanishes, which defines a hypersurface in (CP')’~!. Hence (1) holds.
Now we prove (2). Clearly, there are only / different forms of (/ —1)-tuplesin ((x,,, yr,). -+ » (X, Yr,_,)) €

(CP")! for equation 1. For a given form, the irregular (/ — 1)-tuples generates a polynomial equation of
form 2 which can be regard as an equation of variables (x,,, Yr,). -+, (Xr,_,, ¥r,_,), .. a hypersurface
in (CP")!. Then (2) follows.

To prove (3), we only need to point out that there are (/%) different forms of (/ — 1)-tuples in
((Xrgs Yro)s* -+ » (Xry» ¥ry)) € (CPHUHD for equation 1. Immigrating the argument in the proof of (2),

one will easily get (3). ]

Corollary 3.4. Suppose that all of the coefficients of equation (1) are non-zero. Then the (I — 1)-tuples
((1,0))!=! and ((0, 1))'~" are both non-irregular for equation (1).

8



Proof. Plug ((1,0))"~! into the determinant (2) and simplify each entries, one can easily check that the
determinant equals to
0 Cita,- 13,000

Cio -y Ctromi-13.000
By the assumption, the coefficients C(z,  1,) in equation (1) are all non-zero. So C(yj. ... 13,101)> C(f0, 1—1}.41})
and C(qy,.. 1—1},{0,13) are all non-zero which implies that the above determinant is non-zero. Hence

((1,0))*~1 is non-irregular. Similarly, we know that ((0, 1))!~! is also non-irregular. ]

Before we introduce next lemma, let us give some notations at first.

Pll = Z (C(Il,lz) 1_[ Xr; 1_[ )’rj) (3)

LU=/ ieli\{o0,l} jelr
IL1NI>,=0
{0,/}CI,

I #0

Po= > (Cay [] x ] ») (4)

LU=/ iel \{l} jeI>\{0}
IL1NI>=0

lel;

oel,

Py = Z (C(Il,l2) 1_[ Xri 1_[ yrj) (5)

LU=/ iel\{0} jel\{l}
I1NI,=0

0el,

l€]2

Py = Z (C(Il,Iz) l_[ Xr; l_[ yrj) (6)

LU= iel; jeIx\{0,l}
I1NIL,=0

11#0
{0,/}CI»

Lemma 3.5. Suppose that all of the coefficients of equation (1) are non-zero. Given a non-irregular (I —1)-
tuple ((Xr,, ¥r)so s (Xr_s V1)) € (CPHYU=D for equation (1), let Pij, i, j = 1,2 be the polynomi-

als defined above. Then
X} _ K Py Py, Xro  KeC* )
Yr, —Pyp —Pr2 Yro

is an automorphism of CP'. In particular, if (X, Yr,)s++ » rr_s Yry)) = ((1,0))!71, then the
automorphism (7) sends (1,0) to (1,0). If ((Xry» Yry)s -+ » (Xry_ys Vi) = ((0, 1))=Y, then the auto-
morphism (7) sends (0, 1) to (0, 1).

Proof. Notice that equation (1) can be written as
PiiXro Xy, + PrayroXr, + Po1Xry Yr, + P22yroyr, =0,

which implies that

xrl _ K le.XrO + P22yr0 — K P21 P22 xro , K c C*
Vr, —Pllx,-o — Plzyro _Pll _PIZ Yro

9



Since ((xXr,» ¥r)s -+ s (Xr,_,» ¥r,_,)) is non-irregular, by Lemma 3.2

P21 P22
_Pll _P12

Pll P12
_P21 _P22

is an invertible matrix which defines an automorphism of CP'. When

(X, r)s s s Yr_y)) = ((1,0))!71, by Corollary 3.4 we know
P P _ Ceo,-1-13,4p  C@r,-1-13,40.0Y)
—Pi =Pz 0 —Ct1.-.13.00))
is invertible. Then

Par o P ) (1) Croa-nay Cora-niomn | (1) _ g (1
—Pyy —P12) \O 0 —C(1,,13,{0))- 0 0

Similarly, when ((x,,, yr,).-=+ » (Xr,_» ¥rr_,)) = ((0,1))!71, the automorphism (7) sends (0, 1) to
0, 1). O

Pll P12
P21 P22

£0.

Therefore the matrix

Remark 3.6. Under the assumption and the proof of the above lemmas, we know that the automor-
phisms (7) and the equations (1) are equivalent. Fixing n variables (x;,, yi,), (Xi,, Yi,)> > (Xi,_ s Vi)
of equation (1), if there is a non-irregular (I — 1)-tuple, say, (x;,, ¥i,)> > (xi,_,, ¥i,_,), then (x;,, yi,)
will be uniquely determined by automorphism (7). We call such procedure "fixing / variables to solve
the remaining one".

Theorem 3.7 (Lattice-Isotopy Theorem [Ran89]). Iftwo arrangements are connected by a one-parameter
family of arragements {.o7; } which have the same lattice L (<), then the complements are diffeomorphic,
hence of the same homotopy type.

4 Diffeomorphic type of complement of nice arrangement in CP’

In this section we will prove the main theorem. The idea of the proof is to construct a one-
parameter family between 27" and .&/|" such that L(</]*) =~ L(4}) = L(«,") for any t moving
on a real curve. In fact, the lattice conditions require us to solve a family of equations and some in-
equalities and show that the solution set has a real curve which connects the points corresponding to
<7y and 7}*. First, we will prove that the solution set for the equations is a variety depending only
on some free variables. Roughly speaking, the variety is in some sense an embedding of (CP')” in
(CPM)", i.e. there exists an open subset of (CP')™ such that on which the equations define an embed-
ding of this open subset in (CP')" and the image is a subset of the whole solution set. We will prove
that there exists a such open subset which is path-connected. Furthermore, The points corresponding

to <7, and #7|" are contained in this open subset.

10



Proof of Main Theorem. Suppose that <7) = {G1,G2,...G,} and & = {H,, H,, ... H,} are two
arrangements of hyperplanes in CP/, where Gi = (goi, g1, ,gi) and H; = (hoi, hyi, -+ hii)T
are the dual representation of the defining equations of the hyperplanes in CP’. We need to construct
a one-parameter family of arrangements .«7," which connects &7 and #/|" and L(&7*) = L(<)) =

L(27") for all ¢ on a real curve.

Leto/* = {F, F>,... F,} where F; = x;G; + y; H; and (x;, y;) € CP!. In dual representation,
Fi = (xigoi + Vihoi,xigwi + yihii, -+, xign + vih;;)T. Thus 7/ is an arrangement in CP’.

For any point e € ¥(<7,*),let ¥ = {(ro,---,r1) :ri € #Aand1 <rog <r; <--- <1 <
n}. So || = (;},). Forany ! + 1 hyperplanes Fy,,--- , F, passing through point e, denote by
| Fy, -+ Fy,| the determinant of the (! + 1) x (! + 1) matrix (F},--- Fy,). Since L(%/") = L(%)
if and only if 4 (/") = ¥ (), by definition of nice point arrangement, we only need to focus on
the points in the souls. Actually, we only need consider all the possible / + 1 hyperplanes intersecting
exactly at one point. Therefore, to get L(.2/*) = L(«<7;) it is sufficient and necessary to show that
rank(F;, --- Fy,) = [ if and only if rank(G,, - - - G,,) = [ for any (r¢,--- ,r;) € .. This is equivalent
to:

1. |Fy -+ Fy | = 0ifand only if |G,, - - G,,| = 0, and

2. there exists one non-zero /-th order minor D;(F,, - - - F;,) if and only if there exists one non-zero
[-th order minor D;(Gy, - - - G,).

For I c A4 ={0,1,2,--- ,n},let |H 4\ ;G| be the determinant of (/ 4+ 1) x (/ + 1) matrix
whose i-th column is G,, ifi € I and H,, ifi € .4\ I wherei € I. By the multilinear property of

determinant of matrix, using the new notation, we have:

|Fr0"'Fr1|: Z |H/V\IGI| l_[ xll_[y] (8)

Icyv ie/\I jel

Letd = ) ( lfrl ) pi (). The condition 1 is equivalent to the following two condition:
i=l+1

(A) If |Gy, -+ Gy, | = 0, then polynomial (8) vanishes and |H,, - - - H,,| = 0, i.e. equation (1) holds.
(B) If |Gy, - - - Gy, | # 0, then polynomial (8) does not equal to zero.

Hence, to show condition 1, we have to consider a system of d equations and a system of (;5;) — d
inequalities:
P1=0,P,=0,---,Pg =0

Ql #O»QZ 7507"' ’Q(lil)_d 750

Here, P;’s are polynomials of form (1) and Q;’s are polynomials of form (8). To show condition 2, we
can consider a /-th order minor D;(F,, - Fy,)) of |Fy, -+ Fy,| such that, D;(F;,--- F;,) # 0ifand
onlyif D;(Gy, - -+ Gy,) # 0. Notice thatamong Py =0, P, = 0,--- , P; = 0, thereareonly c (o) =
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Z( J — D p;j () of them which are independent, because at every point there are / hyperplanes in
j>1
general position passing though the point in CP’.

To prove the theorem, we need to construct a one parameter family of arrangements .7;* with iso-

morphic lattices. We will prove that there exist a real curve connnecting the points ((1,0),--- , (1,0))
and ((0, 1), -+, (0, 1)) which lies on some irreducible component of { P; = 0, -+, Pc(yx) = 0}. This
curve can be chosen so that it will neither intersect with Ul(:l1 )_d{Qi = 0} nor intersect with the

intersection of all {D;(F;, - -+ F;,) = 0}.

We shall prove that we may assume that all of the coeflicients of the equations Py = 0, P, =
0,--+, Pe(yy) = Oarenon-zero. Fixing <y, we claim that there exists an automorphism of CP! acting
on #/}" such that all of the coefficients of the polynomials are non-zero after renewing .;* under the
action. We know that the automorphism of projective space is defined by a matrix (see [Hary7] Example
7.1.1):

Ooo - Qo

Oro -+ Qg

whose determinant is nonzero. That the determinant equals zero defines exactly a hypersurface in

cpi+¥ by regarding the entries as variables.

For any hyperplane in @7}, say H; = (ho;,++- ,h;;)T, 1 <i < g, the action of I on H; gives a

new hyperplane:
! !
Hi/ = (Z Qorhyi, - Zalrhri)T
r=0 r=0

Suppose on the contrary that for any automorphism of CP’ acting on .¢7;* there is a coefficient
in one of the polynomials Py, -, Pc(dg) which remains zero. Replacing all F; = x; H; + y;G; by
F] = x;H] + y;G;, one find that that a coefficient |H{’/V\ ;G1| in the polynomial is zero defines a
determinant-type polynomial equation of variables ;;. We shall check that this determinant-type
polynomial equation of variables «;; is not identically zero, i.e. |H ;V\ ;G| # 0,for@ #1 & N,

Since G,,, i € I, are in general position, then there exists a non-zero |/ | x |/ | minor. We may assume

that the non-zero || x |/ | minor sits on the last |/ | rows of |G, ---Grl.”| |, i.e
gu—iyri, “r 8U-i)ri,
: ’ : # 0, (9)
glrl‘l e glr,-m

wherei; < i, < --- < i)y are different elements in /. We claim that the cofactor of the above non-zero
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minor (9) must be zero identically, i.e.

1 l
Zk:o OCOkhkr‘jl tee Zk:o O{Okhkrjpy\”
: : = 0. (10)
l 1
D k=0 Qa—rnkher, Y g=o ta—irnkher; .,
In fact, by Laplace Theorem,
gjlril T gjlrl"”
/ . .
Hp\ Gil = )
J1<J2<-<J|1| . .
g.]\]lrfl g]l]lrl"”
l [
D k=0 Yiikhkr; o Do O‘j{khkrjw\”
. (_1)J'1+~-~+1'|(//\1|+i1+"'+i|1\ : . :
1 l
2 k=0 af[w\ukhk’/l o Dk=o a-"\iw\nkhk’ﬂlmu

where {jl/---j|f/1/\1|} = {0, I} \ {j1:--ji}-and j{ < .-+ < jli/V\II' Note that in the above
expansion any two terms have no like terms in variables ¢;;. Then that |H’,, ;G| = 0 implies (10).

By using the multilinear property of determinant, the identity (10) can be easily written as

2.

0k <ky<-<kio\nU|hkigry, 0 Bknar g | [@a=110k T @U=ITDK g

hiir), hklrjw\,l ok, Q0K |y 1

Il
o

Thus as a polynomial equation of variables «;;, all the coefficients in the above equality must be zero,
ie.
hklrjl k'rjM/\I\
. : —0
hkwmm o hkwmrjw\”

forO0 <k; <k, <--- <kpy\y <![.Henceallthe |4\ I| x| A4\ I|ofthel x |4\ I|matrix

hOrjl 07j_y\1)

iy, e hlrjw\”
are zero, where j; < jo <--+ < jj 47 areelementsin 4"\ I. Therefore H;,,--- , H}, ., arelinearly
dependent, which contradicts lemma 2.9. We then proved that all the determinant-type polynomial
|HLV\IG1| of aj; in CP"*? are not identically zero, i.e. |H’/V\IG1| = 0 defines a hypersurface in
CP" 2 Let P/ be the polynomial derived from P; by replacing H; by H/. Then that a coefficient
of the polynomials P, P,,---, P/ equals zero defines a hypersurface in CP”*+2 These hyper-

c(§)
surfaces together with hypersurface defined by det(I') = 0 generate an arrangement &7 of finite

2
hypersurfaces in CP'" 72! Obviously, the union of the hypersurfaces in .7, is not the whole projective
2
space. Then there exist points in the complement of the union in CP* 7% j.e. existing an automor-

phism such that all the coefficients of polynomials P;, 1 < i < c¢(&;") are nonzero after the action
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of the automorphism I' on .27}*. Notice that under the automorphism of the projective space, the dif-
feormorphic type of the complement is unchanged. So we may assume at the beginning that all the

coefficients of the polynomials Py, Py, -, Pc(%*) are nonzero.

Next we will prove that the system of the polynomial equations P; = 0,---, Pe(yr) = 0 are
solvable, i.e. we can solve all variables in terms of some fixing variables. The key argument is to show
that at each point in the soul ¢(.#,*), there are at most / fixing variables. Then we can fix / variables

and solve other variables in terms of these [ variables.

Case 0: Assume ¥ (<7,*) has no loop, i.e. 4 (.27/*) like a tree. Pick up a point p € ¢ (") of multi-

plicity m(p) which we regard as the root of the tree. There are m(p) variables, say, (X1, Y1), , (Xm(p)> Ym(p))
appearing in m(p) — [ equations and (xy, y1),--- , (x7, 1) appears in each of these m(p) — [ equa-
tions. Thus we may fix (xy, y1),---, (X7, y7) to solve all the other variables at p. By Lemma 2.10, any

end element of p connects with p by at most / — 1 hyperplanes. Hence we can solve all variables at
the end elements of p by fixing / variables in which some are variables shared with p and some are
new. Note that for two points in ¢ (.27,*) there are at most / — 1 hyperplanes containing both of them
by Lemma 2.10. Then chasing the points from the "root" p along the "branches” (i.e. paths) to the
"treetops” (i.e. points) in & (<), we can solve all the polynomial equations P; = 0, -+, Pe(y) atall

points of ¢ (.27*). Clearly, the solution set can be obtained in terms of at least / fixing variables.

Now suppose ¢ (27,*) has loops. we will show that the solution set is also of dimension no less than
[. By the definition of nice point arrangement, there exist simple joint stars, say St (u1), -+, St(ug) in
G (<) such that ¥ (") = G () —{St(u1),--- . St(ux)} has no loop. We will show by induction

that the system of polynomial equations are solvable.

Case 1: Consider that & = 1. This means that there is only one star S7(u). Like case o, we can
fix arbitrary / variables at 1 and solve all the remaining variables at ;. Now consider the end points
of u;. For any two end points of u1, say u;1, U1, there are two subcases. Case 1(a): Suppose that there
is no path in ¢ (.#7,*)" connecting them. By lemma 2.10, there are at most / — 1 hyperplanes connecting
Uy, Uqq O Uy, U, respectively. Fixing / variables at u1; (112 respectively) which include the variables
shared with the equations at 1, we can solve all the remaining variables at 11, (1 respectively). Case
1(b): Suppose that 1 and u, are connected by path in ¢ (.e7*)". By the definition of simple joint stars,
there is only one path connecting u;; and u,. By Definition 2.4, each two adjacent points ax—; and
ay in a path are connected by only one hyperplane /i in this path. If the variables at an end point u;;
are solved, we can solve all variables at the points in the path between u;; and u;, and the path will
deliver only one solved variable to the end point u;,. Thus there are at most / variables at 1, being
solved and we can use the solved variables to solve the remaining ones. Then all the variables at the
star and the end elements can be solved. For other points in ¢ (.27,*)’, since ¢ (.27,*)" has no loop, like
case 0, we can also solve all variables at the points in ¢ (.27,*)’. Consequently, we can solve all variables

at all points in finite steps.

Case 2: For h = 2, say, there are two stars S7(u1), St(u). First we fix arbitrary / variables
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at u; and u, respectively and we can solve all variables at u; and u,. If there is no path in ¢4 (/")
connected them, we can solve all variables coming form them separately like case 1. Therefore, we only

need consider the case when they are connected.

Suppose St(u1), St(u,) are connected by paths in ¢ (7*)’. All variables at both u; and u, can
be solved at first. If St(u;) and S7(u) have shared end elements, by the item (3) in Definition 2.6,
at each shared end element there are at most / hyperplanes containing this end element and one of
the u’s or uy’s. Then all variables at each shared end element can be solved based on those [ shared
variables. Now suppose there is no shared end element. Case 1 shows that we can solve all variables
at any end point of u; or u,, if the end points of u; only connect with end points of u; and the end
points of u, only connect with end points of u, in ¢(<7*)". Otherwise, for an end point of u, say
U11, it can connect with at most one end point u5; of u,. And there is a unique path in ¢ (.<7;*)" which
connects #1; and u5;. The path can only deliver one solved variable from u; to u,;. Similarly to case
1, there are at most / solved variables together from u, and u;;. Then all variables at 15, can be solved.
Chasing points in the tree ¢ (.27,*)" by paths, we can solve all variables at points in ¢ (.27,*)" as case o.

So all variables can be solved in finite steps.

Suppose that we can solve all variables for the stars St (u1), St(u2), -, St(ux), k > 2. For anew
coming star S7(ux4+1), each end element of S7(ux+1) either connects with at most one end element
of St(u1),---, St(ug) by a path in 4 (")’ or is a shared end element. In both cases, we know that
there are at most / solved variables. So all variables coming with it can be solved like case 1 or case 2.

By induction, all of the variables in ¢ (.27,*) can be solved.

Finally, we will prove that there is a connected open set which contains the points corresponding
to <7, and &/".

Suppose that the number of free variables in the solution set is #. Then the solution set of equa-
tions is determined by (CP')?. By Remark 3.6, when there exists non-irregular (/ — 1)-tuple in solved
variables for equation (1), we will get a unique solution for the remaining variable. We claim that there
exists a connected open subset W of (CP')? which contains ((1,0))? and ((0, 1))’ such that all of the

solutions for the equations are determined by the automorphisms in Lemma 3.5, i.e

(1, y0)s o Gena yn)) = (1, y0)s oo (6 ye)s f((0ns 1)+ 5 (X, Y1),

where each component of f is a composition of automorphisms.

To prove the existence of such a connected open subset, the idea is that we can shrink the base so-
lution set by removing finite hypersurfaces. We shall introduce an information checking and returning

algorithm. By working on case o, one shall see that the method works well for all the other cases.

Suppose that the soul ¢ (.7*) has no loop. Pick up a points pt; € ¢ (2Z*) of multiplicity j;. Since
any / of the hyperplanes passing through p# are in general position, then the intersection structure of
this point is determined only by j; —/ equations P! = 0,---, P}, ;) = 0. We may assume that the
equations at this point have / shared variables, say, (x1, y1),---, (x7, y1). We call them free variables
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for the solution of the equations. Let I; be a set of the points ((x1, y1), -+, (x7, ;1)) € (CP')! such
that ((x1,y1),--* . (x@=1), Ya—1))) is an irregular (/ — 1)-tuples of one of the equations. According
to the proof of Corollary 3.3, we know that I, is the union of j; — I hypersurfaces in (CP')!. Let
U, be the complement (CP')! — I;. Then any point in U; contains a non-irregular (I — 1)-tuple
((x1,¥1)s -+ . (x@=1), Ya-1))). So each point in U; will induce a unique solution for each equation by

a embedding
i@y Groyn) = (v G vD) g (G, y0)s -+ g, (G v))

where ¢/ is an automorphism of form (7) introduced in Lemma 3.5. Clearly, f;(U;) C (CPY/'isa
set of solutions for equations P} = 0,--- , P(ljl_l) = 0. Note that each point in f;(U;) is given by
a point ((x1, y1),--, (x7, y7)) in Uy under the embedding f;. We call (x1, y1),---, (x7, y1) the free
variables.

Now let pt, be a end point of multiplicity j, which connects with p#; by /1, [; < [ — 1, hyper-
2

(2~
that (x;,, yi,), -, ()c,-,1 , y,-ll) are the variables associated to the /; hyperplanes which contain both

planes. Then there are j, — [ equations P2 = 0,---, P y = 0O associated to this point. Suppose
pty and pt,. Choosing [ — [y variables (x;, 41, ¥j,+1), , (Xj, +1=1,, ¥j, +1—1,) Which are associated to
the hyperplanes passing through p#, but not pt;, we may then assume that (x;,, yi,), -+, (xi,, yi;,)
and (X, 41, Yj1+1)s** » (Xj,+1—1,» Yj, +1—1,) are variables appearing in each equation P = 0 and call
the last / — [, variables (x;,+1, yj,+1)."* , (Xj,+1-1,» Yj1 +1—1,) new free variables. Let p; = [ — [;
and U; =: fi(Uy) x (CPYHP1 C (CPYH)U1+PD where p; is just the number of the new free vari-
ables. Denote I, be the set of points ((x1, y1), **+» (Xj, Y1) (Xj14+1, Vir+1) > (Xjy+p15 Viv+p1))
in Uy such that ((x;,. y1,), +++, (Xiy, 5 Vi, )s (X415 Vijs+1)s -+ +5 (Xj14p1=1, Yji+p1—1)) is an irregular
(I — 1)-tuple for one of the equations at point p#,. By Corollary 3.3, the irregular (I — 1)-tuples
((xiys ¥iy)s =+, (xi,_,» ¥i,_,)) for an equation is a hypersurface defined by a polynomial of variables
(xiy, yi), =+, (xi,_,» ¥i,_,). By regarding the polynomials as polynomials in higher dimensional prod-
uct space (CP")U1+21 one will find that I} equals to the intersection of U; and the union of Jja—1
hypersurfaces in (CP')U1 T2 Note that the pull-back of a hypersurface in (CP')V1+21) under f; x
(Id)P' is nothing but a hypersurface in (CP')¢*7. Denote by I, the pull-back of the union of the
j» — I hypersurfaces in (CP')U1+71 Then I, is the union of j, — I hypersurfaces in (CP')¢+71_ Let
Up = Uy x(CPY)?1 — I, = (CPY)+P0\ (I, x (CP")P1) U 1)), then f, x (1d)?'(U) = Uy \ I3 and

each point in fi x (Id)?'(U,) will induce a unique solution for the equations P! = 0,--- , lel =
0,P2=0,--, P(zjz_l) = 0 by an embedding

le((xlv Y1) (Xi4p)s YGi+pn)) =
(1,905 (Gt prs Vit o) DT Xy p1s Vit p1)s = D1 (X p15 Vit 1)
where ¢Z, - - ,(,bjz] _; are automorphisms of form (7). Let fo = f,(f1 x Id?"), then f, gives an
embedding from (CPYH!*P1 to (CPY)/1+7271t and f,(U,) is a solution set of the equations Pl =

0,---, lel L, =0,P2=0,---, P(zjz_l) = 0. Similarly, we can solve the equations for all other end

points of pt; as for pt,.
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Now let pt3 be an end point of multiplicity j3 which connects with pt, by [,(< /) hyperplanes.
3

are the variables associated to the /,(< [) sha(rjéd hyperplanes between pt, and pt;. Let 1o = j; +
J2 —liand p, = [ — [,. Freely, choosing p, variables (X¢ , 41, Yein41)> ***» (X1t pas Yero+ps) aS-
sociated to p, hyperplanes which are passing through pt; but not pf,, we may then assume that
(Xkeys Vi) o5 (X s Vi) and (Xe o415 Vera+1)5 5 (Xepat-pas Yeratpa) alfrivariables appearing in each
equation P? = 0. We call the last p, variables new free variables. Let U, =: f>(U,) X (CPHYP2
(CP1)(12%P2) and I} be the set of points (X1, Y1) -+ *» (X104 pa» Voot pp)) i U, such that ((Xkys Viey)»
s (Xkpys Vi )s (Xepnt15 Yero+1)s 5 (Xerp4pa—15 Yern+po—1)) is an irregular (I — 1)-tuple for one of

the equations at point p#3. By Corollary 3.3, the irregular (/ — 1)-tuples for an equation are on a

Then thereare j;—/ equations P = 0,--- , P )= Oattached to pt3. Suppose that (xi,, yi, ).+ (Xk,,» Vi, )

hypersurface. By regarding the defining polynomials as polynomials in higher dimensional product
space, we know that /3 equals to the intersection of U, and the union of j3 — I, hypersurfaces in
(CP')(12+r2) pylling back a hypersurface in (CP')©12+72) under f] x (I1d)?> we have nothing but a
hypersurface in (CP')V1+21+72) Denote by / ; the pull-back of the union of the j3 — I, hypersurfaces
in (CP")U1P1+P2) Pylling back I} again under the embedding f; x (Id)?' x (I1d)P?, we will get a
set I3 which is the union of j3 — [, hypersurfaces in (CP')/+71+72) Let Uy = U, x (CP)P2 — I3 =
U, x (CPY)?1 x (CPY) 22\ (I, x (CP)P2 U I5) = (CPH)U+P1+r2)\ ((I; x (CP!)?1) x (CP")?2 U [, x
(CPY?2U5),then fox(1d)?>(Us) = 5;\[; and each pointin f,x(Id)?2(U;) induces a unique so-

lution for the equations P! = 0,---, P}, =0, P =0,---, P}, =0,P} =0,---, P ;=0
by a embedding
S, y1)s - (et p)s Yeera+p2))) =
((xl’ yl)v Tt (x612+P2v y612+172)’ ¢f(x612+p2’ y612+P2)v toe ¢;3—l (x612+P2v yc|2+p2))»

where ¢?,-- -, q%_ ; are automorphisms of form (7). Let f3 = f5(f2 x Id*"), then f3 gives a embed-
ding from (CP')!+21+P2 to (CP')/1+/2+/3=hi=l2 and f3(Us;) is a solution set of the equations P! = 0,

1 — 2 __ 2 — 3 _ 3 —
o Pl =0,P2 =0, P2, =0,P}=0,-, P} _, =0

Since there are only finite hyperplanes in the arrangements, repeating such procedure, we can
solve all the equations in finite steps. Let ¢ be the number of all free variables in the sense of above
argument. By repeating the above argument, it is clear that after removing ¢ (.7*) hypersurfaces from
(CP')!, we have a subset W C (CP')! on which there is an embedding so that the image of W under
the embedding is a solution set of all equations.

Note that so far we have only considered the solutions of the equations, but lattice condition
require the restriction of the solution on the open set V; = {((x,y))" € (CP")" : Q;(((x,y))") #
0,i = 1,2,---, ;1) —d}and Vo = {((x,y))" € (CPY)" : Dy(Fyy--- Fy,) # 0,¥(ro,-+- ,11) €
7}. Clearly, under the embedding, the pullbacks of complements of V; and V5 are the union of finite
hypersurfaces in (CP')?, say, C. Let U = W \ C, then U is still the complement of the union of finite
hypersurfaces in (CP')?. Therefore U is path-connected. Let S be the embedding of U in (CP')".

Then S is homeomorphic to U, so is also path-connected.
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It is obvious that (0, 1)* and (1,0)" both satisfy the equations and inequalities. By Corollary
3.4 and Lemma 3.5, in fact they are both contained in S. Therefore there exists a continuous curve
connecting (0, 1)” and (1, 0)" which defines a one-parameter family of arrangements .«7,* such that
<y corresponding to (0, 1)” and .&* corresponding to (0, 1)"”. Applying Theorem 3.7, we complete
the proof. O]

Corollary 4.1. The homotopy groups of the complement M(/*) in CP! depend only on the lattice
L(a/™).

Proof. By Main Theorem, the diffeomophic structure of M (2/™) is determined by L(.27*), so the ho-
motopy groups of M (.e/*) depend only on L (/™) ]

Theorem 4.2. Let &7 be a nice point arrangement of hyperplanes in CP". Then the moduli space of </
with L(</™) fixed is connected.

Proof. In the course of proving Main Theorem, for any two nice arrangements .o7;" and .«7;* with fixed
L(a7*), there is a one-parameter family L (7,*) with the same L (/™) connecting <, and .%7|*. Thus
the moduli space of .o7* with L(27™) fixed is connected. ]

Remark 4.3. As one can see from the proof, the definition of the nice point arrangement allows us to
solve all of the equations which reflect the combinatoric information of the family of the arrangements.
In fact our method works for a much larger class of arrangements. Example 2.2 is an example of such
an arrangement. Since at every point, there are at most / shared hyperplanes, and the number / is less
than the number of variables in each equation, one can solve all variables of the equations without
conflict. In other word, if the combinatorics of the arrangement is "proper”, then the combinatorics
will determine the diffeomorphic type of the complement. Here the word "proper” means that the

combinatorics will allow us to solve all variables of the equations by chasing the points in the soul.
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