FORKING AND DIVIDING IN CONTINUOUS LOGIC

GABRIEL CONANT & CAROLINE TERRY

ABSTRACT. We investigate an open question concerning properties of algebraic independence in continuous
theories (see Section 4). The rest of the work is essentially a translation to continuous logic of popular notions
of independence (in particular, forking and dividing). Much of the time we are simply “copying” classical
proofs from well-known sources, while along the way making the necessary adjustments for continuous

languages.

1. FORKING AND DIVIDING

We assume that the reader is familiar with the construction of continuous languages and theories of metric
structures. A full introduction to these concepts can be found in [2].
We begin with the usual definition of dividing, which does not need to be altered to work in the continuous

setting.

Definition 1.1. A partial type w(z,b) divides over C if there is a C-indiscernible sequence (b;)i<w, with

bo =c¢ b, such that

U 7. 00) == (J{ela,b:) = 0: “p(z,b) = 0" € p(, b)}

i<w i<w

is unsatisfiable. A formula ¢(z,b) divides over C if {¢(x,b) = 0} divides over C.
Basic familiar properties of dividing from classical logic can now be proved with little difficulty.
Proposition 1.2. If p(z,b) divides over C and b =¢ b then p(x,b') divides over C.

Proof. Let 0 € Aut(M/C) such that o(b) = b'. Let (b;)i<w be C-indiscernible, with by = b, such that
{¢(z,b;) = 0: 4 < w} is inconsistent. Then (o(b;));<, is C-indiscernible and {p(x,0(b;)) = 0: i < w} is
unsatisfiable, witnessing that ¢(z, ") divides over C. O

Proposition 1.3. Suppose w(x,b) divides over C. Then there are formulas ¢1(x,b),...r(x,b) such that
“oi(x,b) =0” € m(x,b) for all j, and maxi<j<i ¢;(z,b) divides over C.
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Proof. Suppose 7(z,b) divides over C, witnessed by the C-indiscernible sequence (b;);<.,. By compactness

there are Spl(va)a S Spk(xy b) such that “(,Di(x, b) =0" e 7T("E, b) for all i, and
{pij(z,b) =0:i<w, 1<j<k}

is unsatisfiable. This implies
{maxi<j<k @;(x,b;) =0:1 < w}

is inconsistent, and so (b;);<. witnesses that maxi<;<x ¢;(x,b) divides over C. O

Corollary 1.4. A complete type p € S(B) divides over C if and only if there is some formula p(xz,b) such
that o(x,b) =0 € p and p(x,b) divides over C.

Proof. The reverse direction is obvious. Conversely, if p1(z,b) =0,...,pk(x,b) =0 € p and p is a complete

type then max;<j<i ¢;(x,b) =0 € p, so the result follows from Proposition 1.3. O
Proposition 1.5. Suppose p is C-invariant. Then p does not divide over C.

Proof. Fix a formula ¢(z,b) such that “p(z,b) = 0” € p. Let (b;);<, be a C-indiscernible sequence with
bp = b. For i < w there is some o; € Aut(M/C) such that o;(b) = b;. By C-invariance, “p(z,b;) = 0 € p.
Therefore {p(z,b;) =0:4i < w} C p is satisfiable. O

The natural thing to do next is define forking. Many sources use the “implies a disjunction of dividing
formulas” definition, which we thought might be too syntactical and/or dependent on classical logic. So
instead, we use the definition illustrating the motivation for forking independence as the natural attempt to

“force” the extension axiom on dividing independence (see [1, Section 3] and Proposition 1.12).

Definition 1.6. A partial type w(x,b) forks over C if there is some D 2 Cb such that any extension of
p(x,b) to a complete type over D divides over C.

Proposition 1.7. Let C C B and w(x) a partial type over B. If w does not fork over C then it can be
extended to a complete type p(x) € S(B), which does not fork over C.

Proof. Suppose D O B witnesses that m does not fork over C. Let X be the collection of consistent partial
types over B, which extend 7 and do not fork over C'. Then 7w € ¥, and we show that X satisfies the increasing

chain condition of Zorn’s Lemma. Indeed, suppose my C m; C ... are elements of ¥.. Let ©’ = J,_,, m;. Then

1<w
7' is a consistent partial type over B extending 7. It follows that D witnesses that 7’ does not fork over C,
so 7 € X.

Let p(x) be a maximal element of ¥. Then p does not fork over C, so we have left to show that p is

complete. So let p(x) € L(B)and suppose, towards a contradiction, that “p(z) =" & p for all r € [0, 1]. By
maximality of p, p, := pU {p(x) = r} forks over A for all r € [0,1]. Let D, O B witness that p, forks over
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C, and set D" = {J,cg Dr. Suppse p* is a complete extension of p to D’. Then there is some r € R such that

“

o(x) =r € p*. Tt follows that p* is a complete extension of p,. to D' D D,. By assumption p*|p, divides
over C, and so p* divides over C. Altogether, we have shown D’ witnesses that p forks over C, which is a

contradiction. O

Given a formula ¢(x) and € > 0, we use p(x) < € to denote the condition p(x) ~ € = 0. If 7(z) is a type

and ¢(x) is a formula then we use the notation

m(x) b p(x) =0

to mean that ¢(a) = 0 for any realization a = 7(x). Note that by compactness, if w(x,b) F ¢(x) = 0 then

for all € > 0 there is a finite subset m(z,b) C 7(x,b) such that mo(z,b) F ¢(x) <e.
Lemma 1.8. If p(x,b) divides over C then there is some ¢ > 0 such that ¢(x,b) < € divides over C.

Proof. Suppose ¢(x,b) divides over C, as witnessed by a C-indiscernible sequence (b;);<.. Then
{o(z, b)) < L :ii<w, n>0}
is unsatisfiable. By compactness there is some N > 0 such that
{o(z,b;) < L:i<w, 0<n< N}
is unsatisfiable. Therefore (b;)i<., witnesses that ¢(z,b) < 4 divides over C. O

We can now show that in continuous logic, the analog of forking as “implying a disjunction of dividing

formulas” still works.

Theorem 1.9. The following are equivalent:
(2) w(z,b) forks over C;
(t4) There are formulas @1(x), ..., pr(x) such that p;(x) divides over C for all j, and

m(x,b) 121}2;@ @;(x) =0.
Proof. First suppose 7(z,b) forks over C, witnessed by D 2 Cb. Define
Y ={u(x) € L(D) : (x) divides over C'}.
By Lemma 1.8, for each ¢ € ¥ we can find €, > 0 such that ¥(z) < ¢, divides over C. Define
po(z) :=7(x,b) U{¢(x) > €y : ¥ € X},

which is a (possibly inconsistent) type over D. Suppose, towards a contradiction, that po(x) is satisfiable.
Then we can extend po(x) to p(z) € S(D). By assumption p(z) divides over C. By Corollary 1.4, let
¥(z) € p(z) divide over C' (and so ¥(z) € X). If a realizes p then 1(a) = 0, but “¢(x) > €4” € po(z) C p(z),
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which is a contradiction.
Therefore po(x) is unsatisfiable. By compactness there are 91(x),...,¢r(x) and €; := €y, such that

j(x) < ¢; divides over C' and

(@, b) U{ey(e) > ¢ 1 <5<k}
is unsatisfiable. If ¢;(z) := 1, (z) = €;, then we have
m(x,b) - 11Snj1£]C @;(x) =0.

Conversely, suppose we have 1(z),...,or(z) satisfying condition (i7) of the theorem. Let D be the
union of Cb together with all parameters from the ¢;(x), for 1 < j < k. Suppose p(z) € S(D) is an
extension of 7(x,b) and let a = p. Then a = 7(x,b) so, by assumption, ¢;(a) = 0 for some j. But then
“pj(x) =0” € tp(a/D) = p, which means p divides over C. Therefore m(z,b) forks over C. O

As with dividing, we can now prove basic results about forking with little to no change from their classical

counterparts. Many of these are exercises in [5, Chapter 7].
Exercise 1.10. If w(x) is finitely satisfiable in C' then w(x) does not fork over C.
Proof. If w(x,b) forks over C then let

m(x,b) 1I§ngl£k @;(x,b) =0

with ¢;(x,b) dividing over C for all 1 < j < k. By Lemma 1.8, there is some € > 0 such that ¢;(x,b) < e
divides over C for all 1 < j < k. Let mo(x,b) C 7(z,b) be finite such that

i ; <e
mo(x,b) F nin, w;(x,b) <e

Since m(x,b) is finitely satisfiable in C, it follows that there is @ € C' and some 1 < j < k such that
@;(a,b) < e If (b;)icw is C-indiscernible, with by =¢ b, then a satisfies {¢;(a,b;) < €:i < w}. Altogether,

it follows that ¢;(z,b) < e does not divide over C, which is a contradiction. g

Proposition 1.11. Suppose M is a model and C C M such that M is |C|T-saturated. Then for p € S(M),

if p forks over C' then p divides over C.

Proof. Suppose p F mini<j<i ¢;(z,b) = 0, with ¢;(z,b) dividing over C for all 1 < j < k. By Lemma
1.8 there is € > 0 such that ¢;(x,b) < e divides over C for all 1 < j < k. Let py be finite such that
po F mini<j<i ¢;(x,b) < e. Let m be the finite tuple of parameters mentioned in py. By assumption, there
is some d € M realizing tp(b/Cm). Then p - po - mini<;<k ¢;(z,d) < €, which implies there is some j such

that “p;(z,d) < €’ € p. But d =4 b implies ¢;(z,d) < e divides over C, and so p divides over C. O
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Proposition 1.12. Non-forking satisfies extension, i.e. if tp(a/BC) does not fork over C' and B’ O B then

there is some o’ =g a such that tp(a’/B'C) does not fork over C.

Proof. Let M be a |C|"-saturated model containing B’C. Since p := tp(a/BC) does not fork over C, there
is some ¢ € S(M) extending p such that ¢ does not divide over C. By Proposition 1.11, ¢ does not fork over
C, and so ¢|p/¢ does not fork over C. If @’ = ¢|p/¢, then o' =g¢ a and tp(a’/B'C) = q|p¢ does not fork
over C. ]

2. ERDOS-RADO RESULTS AND INDISCERNIBLES

In this section, we provide proofs of two fundamental theorems about indiscernibles. These are used
frequently in classical model theory, and will be just as useful in the continuous setting. The main results
are Theorem 2.3 and Theorem 2.4. We include complete proofs for continuous logic, but they are only slightly

modified from the classical proofs. Both can be found in [5] (Lemma 5.1.3 and Lemma 7.2.12, respectively).

Definition 2.1. Given a sequence T = (a;);cr and a set A, the EM-type of T over A, denoted EM(Z/A),

is the following partial type in the variables (z,,)n<w over A
EM(Z/A) ={p(x1,...,2n) =0:9p(Z) € L(A), Vi1 <...<ipn, ©(ai,-...,0a;,) =0}

Lemma 2.2. Given a sequence (a;)icr, a set A, and a linear order J, there is a sequence (b;);es such that

EM((ai)ier/A) € EM((b))jes/A).
Proof. We want to satisfy
A= {@(%jl, e ,.Tjn) =0: “QD(’I‘l,. .. ,ZL‘n) =0" € EM((al)lel/A), 1<...<7Jn€ J}

Given a finite subset Ag C A, let j; < ... < ji € J be such that (z;,)F_; are all the variables occuring in
the formulas in Ag. Fix iy < ... < i from I. If @(xjrl yoon g, ) € Ag then 1 <y <k forall 1 <1 <nand
o(r1,...,2n) € EM((ai)ier/A), so by assumption, ¢(ai, ,...,a;, ) = 0. Therefore (a;,)k_, satisfies Ag.

By compactness, A is satisfiable, and if (b;)c s is a realization, then EM ((a;)icr/A) C EM((bj)jes/A). O

Theorem 2.3. Given a sequence (a;)icr, a set A, and a linear order J, there is an A-indiscernible sequence

(b)) e realizing EM ((a;)ic1/A).

Proof. First, given a formula ¢(x1,...,x,), we define the following connective:

utp(l‘la"'axn7y1a"'ayn) = max(@(‘%‘l,"' axn) - @(ylv--~7yn)7‘P(y1a--~7yn) - So(mlw"a-rn))'
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So u,(Z,y) = 0 if and only if p(Z) = ¢(7).
Let A(A) be the elementary diagram of A. Let £* = LU AU {b; : b € J} and define the sets

'y = {up(bjy, .30, by oo b)) =0: () € La, j1 <...<jpand ky <...<k,in J} and
FQZ{QD(bjl,...,bjn):Ol “QD(ZL’l,...,CEn):O” EEM((ai)iGI/A), j1<-~~<jn in J}

Set ¥ =TUA(A)UT; UT,. Suppose ¥y C X is finite. Let ¢1(Z),...,om(Z) be the formulas in 3¢ N Ty,
and suppose Z1, ..., T, are the free variables occurring in the ¢ (Z). Set x = 3,,(2%)*. By Lemma 2.2, we

may replace I by an index set of size k. Define F' : [I]™ — [0,1]™ such that if iy < ... < i, then

F({Zl,,ln}) = (gpl(zil,...,zin),...,gpm(zil,...,xin)).

By the Erdés-Rado Theorem, there is an infinite subset Y C I that is homogeneous for F'; say n € [0, 1]™
such that F(Iy) = n for all Iy € [Y]".
Let Jy be the finite set of j € J such that b; appears in a sentence of ¥o. Let {i; : j € Jo} C Y such that

i; <1y if j < k. Thenif j; < ... <j, and k; < ... <k, are in Jy, we have
wk(aijl,...,ai]‘n)zre[0,1] s nk)=r < cp(aikl,...,aik“):r.

Therefore if we interpret b; as a;; for j € Jo, we have uy(bj,,... b5, , bk, ,...,b,) =0 forall j; < ... <j,
and k1 < ... <k, in J. It follows that Ml = XoN(TUA(A)UTy). If p(x1,...,21) € La and @(bj,,...,b;,) €
3o NTy, then j; < ... < j; are in Jy and M | @(aih,...,aijl). Therefore with these interpretations,
M E X.

By compactness, there is (b;);cs satisfying 3. The sentences in I'y ensure that (b;);cs is indiscernible

over A, while the sentences in I'; ensure that (b;);c s satisfies EM ((a;)icr/A). O

Theorem 2.4. For any A C M, there is some X\ such that for any linear order I of cardinality X and any
sequence (a;)icr, there is a sequence (b;)i<w, indiscernible over A, such that for all j1 < ... < j, < w there

are iy < ...<ip in I with a;, ...a;, =4 bj, ... b;, .

Proof. Let T = sup,,«,, |Sn(A)|. Let A =13,+. By the Erdés-Rado Theorem we have

(i) cof(A) > 7 and

(i) for all k < A and all n < w there is some k' < A with & — (x)2.
Given k < A, since A — (k)1 and by considering a; — tp(a;/A) € S1(A), there is some Iy C I, with |I| = &,
and pf(x1) € S1(A) such that tp(a;/A) = p§(x1) for all i € Iy. This gives a map from A to S;(A) such that
K+~ p¥(x1). Since cof(\) > 7, it follows that there is some p;(x1) such that p;(z1) = p¥(x1) for cofinally
many k. Therefore we have p;(x1) such that for all K < A there is some Iy C I, with |Iy| = &, such that
tp(a;/A) = p1(x1) for all i € I,.

Now suppose we have p1(z1) C pa(z1,22) C ... C pp(x1,...,2,) in S(A) such that for all K < A there is
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some Iy C I, with |Iy| = &, such that tp(a;,,...,a;, /A) = pp(T1,...,2y,) forall iy < ... < i, in .

Given k < A, let &' < A be such that " — (k)" *1. Let I’ C I, with |I’| = £’ such that tp(a;,,...,a;, /A) =
p1(x1,...,2y,) for all iy < ... <, in I’. Consider the map from [I']"*! to S, 11(A) where i1 < ... <ipi1+>
tp(ai,, ..., a4,,,/A). By assumption on &', there is Iy C I’, with [Io| = n + 1, and pj; ,(21,...,%p41) €

Snt1(A) such that tp(as,,...,ai, ,/A) = phy(21,...,2py1) for all iy < ... < ipyq in Jy. Note that

Pn(®1,. . 2n) C ph i (21,. .., Tnq1). Again, & — pj; gives a map from X to S,41(A) and so there is
Pnt1(21,. .., Tpq1) such that p | = pnyq for cofinally many . It follows that for all kK < X there is Iy C I,
with |Io| = &, such that tp(a;,,...,a, ,/A) = ppyi(x1,...,2nq1) for all iy < ... <ipyqin Ip.

Since p; € pa C ..., there is a realization (b;);<., of ;. pi- Suppose ¢(vi,...,v,) € L4 and M =
@(bo,...,bp—1) =0. If j; < ... < j, are in w then p, C p;, . Suppose, towards a contradiction, that M =
@(bj, ... ,bj,) =1 for some r > 0. By assumption, there is Iy C I infinite such that tp(a;,,...,a;, /A) = p;,
forall4; < ... <4, in ly. But “max(p(z1,...,2n), 0(Tj,...,25,) =7)=0" €p;.. Soif weset N =j,—n

and pick ¢y < ... <1, 4~ in Iy then we have

©(aiyy .-, aq,) =0, go(aijl,...,aijn):r and ‘p(ain7""ai1n):0’ ‘P(aij1+wv~-~>aijn+w):7"-

which is a contradiction. Therefore M = ¢(b .,b;,) =0, which implies (b;)i<., is indiscernible over A.

j17 ..
Suppose ji < ... < j, are in w. Then there is an infinite set Iy C I such that tp(a;,,...,ai, /A) = pn
for all i1 < ... < iy in Iy. Therefore, for any i1 < ... < i, in Iy, we have a;, ...a;, =4 by...bp—1. By

A-indiscernibility, it follows that a;, ...a;, =4 bj, ... bj,. O

n n

3. DIVIDING AND ALGEBRAIC CLOSURE
In many texts (e.g. [5]), dividing is defined by k-inconsistency of sequences, rather than inconsistency of
indiscernible sequences. We can formulate and prove the analogous result for continuous logic.

Theorem 3.1. Let ¢(x,b) be a formula and C C M. The following are equivalent:
(1) ¢(x,b) divides over C;

(ii) there is an € > 0, an integer k > 0, and a sequence (b;)i<,,, with b; =¢ b for all i < w, such that

{o(z,b;) < e:i<w} is k-unsatisfiable.
Proof. Suppose ¢(z,b) divides over C, witnessed by the C-indiscernible sequence (b;);<,. Then

{o(z, b)) < L :ii<w, n>0}
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is unsatisfiable, so by compactness there is some N > 0 and some i; < ... < i, < w such that
{p(z,b;,) < % :1<s<k}

is unsatisfiable. We claim that for all j; < ... < jy <w, {¢(z,b;,) < 4 : 1 < s < k} is unsatisfiable. Indeed,
otherwise
; ) < L
= inf max o(x,b.) < x,
and so = infy maxi<s<k @(,b;,) < % by C-indiscernibility. A realization of this sentence contradicts that
{o(z,b;,) < + : 1< s <k} is unsatisfiable. Altogether we have shown that

{p(x,b;) < % D < w}

is k-unsatisfiable.
Conversely, suppose we have a sequence (b;);<.,, with b; =¢ b for all i < w, such that for some ¢ > 0 and
some integer k > 0, {¢(x,b;) < €:i < w} is k-unsatisfiable. Given i; < ... < iy, we have that for all x € M|

@(x,b;,) > € for some s. Therefore
= sup min_ ¢ = e(@,b;,) = 0.

It follows that “sup,mini<s<pe — @(z,ys) = 07 € EM((b;)icw/C). Let (b})i<w be a C-indiscernible
sequence realizing EM ((;);<w/A). After conjugating by an automorphism, we may assume by = b. By the

above,
in €~ b.) = 0.
#Sgplglslgke o(z,b5) =0

Then for any d € M, there must be some 1 < s < k such that ¢(d,b,) > €, and so {p(z,b)) =0:47 < w} is
unsatisfiable. Therefore ¢(z,b) divides over C. O

Lemma 3.2. Suppose C C M and a € M. The following are equivalent:

(1) a € acl(C);

(#it

)

(i1) the set of realizations in M of tp(a/C) is compact;
) the set of realizations in M of tp(a/C') has bounded density character;
)

(iv) for all € > 0 there is some p(x) € L(C) and § > 0 such that p(a) =0 and {b € M : ¢(b) < 6} has a

finite e-net.

Proof. This is [2, Exercise 10.8]. a
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Definition 3.3. We define the ternary relations

a J/é B & tp(a/BC) does not fork over C
a J/dc B & tp(a/BC) does not divide over C

alyB & acl(aC)Nacl(BC) = acl(C)
Note that dividing implies forking for partial types, and so J/f = J/d.

Lemma 3.4. Suppose b € acl(C) and (b;)i<., is a C-indiscernible sequence, with by =b. Then b; = b for all

< w.

Proof. The set of realizations of tp(b/C) is compact. Since (b;)i<. is a sequence of realizations of tp(b/C),
it follows that (b;);<, contains a convergent subsequence. If there are i < j < w such that d(b;, bj) =€e>0,
then d(b;,b;) = € for all i < j < w by indiscernibility. This contradicts the existence of a convergent

subsequence. Therefore d(b;,b;) =0 for all i < j < w, and so b; = b for all i < w. a

Lemma 3.5. Suppose b & acl(C). Then there is an € > 0 and a sequence (b;)i<w such that b; =¢ b for all
it <w and d(b;,bj) > € foralli < j < w.

Proof. We will prove the contrapositive. Let X = {0’ : b’ =¢ b}. Suppose that for all € > 0 and all sequences
(bi)i<w from X, there are i < j < w such that d(b;,b;) < e. Fix € > 0 and let by € X be arbitrary.
Suppose we have chosen by, ...,b,—1 € X such that for all i # j, d(b;,b;) > €. Let Y = X N{J,_,, Be(bs).
If X\Y is nonempty, pick b, € X\Y. If this process continues infinitely then we have a sequence (b;);<.
such that d(b;,b;) > € for all i < j < w, which is a contradiction. Therefore there is some n such that
X CUjcn Be(bs).

We have shown that X is totally bounded. Since X is closed, it follows that X is compact, and so
b € acl(C). O

Proposition 3.6. For any tuple a € M and C C M, a J/dc a if and only if a € acl(C).

Proof. Suppose a ¢ acl(C). By Lemma 3.5, there is a sequence (a;);<. of realizations of tp(a/C) and an
€ > 0 such that d(a;,a;) > e for all i < j <w. Then “d(z,a) < §” € tp(a/Ca) and {d(x,a;) < §:i <w}is
2-unsatisfiable. By Theorem 3.1, tp(a/Ca) divides over C.

Conversely suppose a € acl(C) and p(z,y) is an L(C)-formula with “p(z,a) = 0" € tp(a/Ca). Suppose
(a;)i<y is indiscernible over C', with ag = a. By Lemma 3.4, a; = a for all i < w, and so {¢(x,a;) =0:i < w}

is satisfied by a. Therefore ¢(x,a) does not divide over C, which implies a \de a. |

The proof of the following theorem is adapted from that of [3, Proposition 3.9].

Theorem 3.7. aj/i,acl(BC) = algB
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Proof. Suppose aLaCB. Then (acl(aC) N acl(BC))\ acl(C) # 0, so fix b € acl(BC) such that b €
acl(aC)\ acl(C). Let p(z,y) = tp(a,b/C) and ¢(y) = tp(b/C). Suppose, towards a contradiction, that
for all formulas ¢(x,y), with “p(z,b) = 0" € p(x,b), ¢(z,b) does not divide over C.
Since b & acl(C), we can fix € > 0 and (b;);<., as in Lemma 3.5. Then this sequence satisfies the type
T()icw == |J aws) U {d(yi,y;) > e <j <w}.
i<w
Claim: J;, p(z,y:) U T'(yi)i<w is satisfiable.

Proof: By compactness, it suffices to satisfy
{maxp(z,y:) = 0} U T'(yi)icw,
i<n

for n < w and any formula ¢(x,y) such that “p(x,b) = 0" € p(z,b). But ¢(z,b) does not divide over C by
assumption. So by Theorem 3.1, it follows that {yp(z,b;) < €:4 < w} is n-satisfiable.

Let (a’, (b})i<w) realize |, p(z,4:) U I'(yi)i<w. In particular (a’,by) =¢ (a,b), so by conjugating by an
automorphism over C, we may assume a’ = a. But then b} = tp(b/aC) for all i < w. Since (b});<,, does not
contain a convergent subsequence, it follows that the set of realizations of tp(b/aC) is not compact. This
contradicts that b € acl(aC).

From this contradiction, we conclude that tp(a/bC') divides over C. Since b € acl(BC), it follows that
a j/dc acl(BC). O

4. AN ASIDE ON INDEPENDENCE RELATIONS

The study of abstract independence relations in first-order theories has become a popular combinatorial
way to understand complexity. These independence relations usually take the form of a ternary relation | ,
together with various axioms of “good behavior”. We list a few examples of such axioms, organized into

categories which will be explained shortly.

Category 1

(automorphism invariance) If A | , B and o € Aut(M) then o(A) \LU(C) a(B).
(monotonicity) f D C C C B and A \LDB then A J/D C and A \LCB.
(normality) A | B if and only if A |  BC.

Category 2



FORKING AND DIVIDING IN CONTINUOUS LOGIC 11

(transitivity) If D C C € B, A |, C,and A | B, then A | B.

(symmetry) If A | B then B |, A.

(local character) There is a cardinal  such that if A | B then there is some Cy C C, with |[Co| < &, such
that A \LCO B.

Category 3
(extension) If A |, B and B’ O B then there is some A’ =pc A such that A" | B’
(existence) For all A and C, A | C.
(full existence) For all A, B, and C, there is some A’ =c¢ A such that A" |, B.
(irreflezivity) a | . a if and only if a € acl(C).

The properties in Category 1 are relatively weak and usually hold of any reasonable notion of independence,
including \Lf and J/d.

The properties in Category 2 are desirable in order for a ternary relation to capture the feeling of an
independence relation. Having Ld or J/f satisfy even one of the properties in Category 2 is equivalent to
having both | ¢ and | ¥ satisfy all of them (see [4]). A theory in which this happens is called simple.

Category 3 is slightly more miscellaneous. We have shown J/d satisfies irreflexivity in Proposition 3.6.
By Proposition 1.12, J/f satisfies extension, but a priori can fail existence (there are classical examples).

On the other hand J/d satisfies existence and can fail extension.
Proposition 4.1. J/d satisfies extension if and only if J/f = J/d.

Proof. Suppose \Ld satisfies extension. We always have J/f = \Ld, so suppose a f é B, witnessed by some
D D BC (i.e. every extension of tp(a/BC) to S(D) divides over C). Then a j/dCB, since otherwise the
extension axiom would give some a’ =g¢ a such that a J/g D, contradicting the choice of D.

Conversely, if | 7 = | / then | ¢ satisfies extension by Proposition 1.12. O

The reader should see [1] for more on abstract notions of independence.

In this section, we will take a slight detour with a discussion of the full existence axiom. In [1, Proposition
1.5], Adler gives a short and fairly self-contained proof that | * satisfies full existence in any classical theory.
Goldbring has asked if the same is true in continuous logic. We have not been successful in adapting Adler’s
proof to the continuous setting so, for now, we take an alternate route and answer the question for certain
classes of theories.

To show that | “ satisfies full existence, it would suffice to find a stronger independence relation that

satisfies it. In particular, we will want to see if \Lf or \Ld is stronger than | “. It would then follow that
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L “ satisfies full existence whenever J/f or Ld does. This happens quite often, as seen from the following

easy exercise in | -calculus.

Proposition 4.2. Suppose | is a ternary relation satisfying normality, existence and extension. Then |

satisfies full existence.

Proof. Fix A, B, and C. By existence, A LC C. By extension, there is some A’ =¢ A such that A’ J/C BC.
By normality, A" |, B. O

In particular, if | 7 satisfies existence then | 7 satisfies full existence (normality for | 7 is trivial).
Alternatively if | ¢ satisfies extension (i.e. if | ¢ = J/f ) then | ¢ satisfies full existence (since | ¢ always
satisfies existence and normality). Of course in this situation we would then have that J/f satisfies existence

anyway.
Proposition 4.3. J/d satisfies full existence if and only if J/f satisfies existence.

Proof. Suppose J/d satisfies full existence, and fix sets A and C. For any D D C, there is some A’ =¢ A
;) d : f
such that A" |/, D. Therefore tp(a/C) does not fork over C, i.e. a | ¢, C.
Conversely suppose \|/f satisfies existence. Then it satisfies full existence by Proposition 1.12 and Propo-

sition 4.2. Therefore | @ satisfies full existence, since J/f = 1% O

So now we try to see if | or |/ is stronger than | *. Of course, |/ = | % so | %= | * would
be the strongest result. However, this implication is stronger than what we need for now, and has a more

difficult proof (see the appendix for further discussion). So we prove an easier fact (Lemma 4.4).
Lemma 4.4. a Lé B = a L‘é acl(BC)

Proof. Suppose tp(a/acl(BC)) divides over C, witnessed by some formula ¢(z,d), where “p(x,d) = 07 €
tp(a/BC) and d € acl(BC). Let D := BU{d’' : d’ =p¢ d} C acl(BC). Suppose g € S(D) is an extension
of tp(a/BC). If ' = ¢q then a’ =p¢ a, and so ¢(a’,d’) = 0 for some d' =pc d. Then d' € D, so
“o(x,d") =07 € q. Therefore g divides over C, and so we have shown that tp(a/BC) forks over C. |

Corollary 4.5. |/ = | °
Proof. Combine Theorem 3.7 and Lemma 4.4. O
Theorem 4.6. If Lf satisfies existence then | “ satisfies full existence.

Proof. Combine Proposition 1.12, Proposition 4.2, and Corollary 4.5. O
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The class of theories where J/f satisfies existence includes simple theories and, more generally, any theory
where forking equals dividing. In classical logic this includes most NIP theories with a notion of minimality

(o-minimal, VC-minimal, etc...).

APPENDIX

Authors’ Note (October 2021). In the original draft of these notes, this appendix detailed a proof
that | “= | “in continuous logic. This proof relied on Theorem A.2 (in the original draft), which claimed
to prove a J/‘é B implies a J/dc acl(BC). In discrete logic, this statement appears as Remark 5.4(3) in [1], as
well as Exercise 1.25(i44) in Adler’s thesis. Our original argument was a continuous adaptation of a discrete
proof of this exercise given to us by Adler. However, a gap in that proof was recently found by A. Kruckman,
leading to the construction of a (discrete) counterexample, which will appear in forthcoming work. In the
mean time, a direct proof of \Ld = | “ for continuous logic can be found in joint work of the first author
and J. Hanson (see arXiv preprint 2110.07763). [Added November 2023: The preprint with Hanson
is now published in Fundamenta Mathematicae vol. 259 (2022) pp. 97-109. I also neglected to mention
in 2021 that the main purpose of that paper is to give a direct proof that | “ satisfies existence in any
continuous theory (c.f., the discussion above at the bottom of page 11, and subsequent results). Finally, the
“forthcoming work” with Kruckman alluded to above is now available; see arXiv preprint 2311.00609.]

Thus we have revised this appendix to remove the wrong result. But we have left the following lemma,
which is correct and still useful for other purposes. On the other hand, the proof is entirely based on

indiscernibles, automorphism, and Erdés-Rado, and thus looks identical to the discrete proof.

Lemma A.1. The following are equivalent:
. d
(1) a Lo B;
(1) for any C-indiscernible sequence I = (b;)i<w, with by an enumeration of BC, there is some aC-

indiscernible sequence I' such that I’ =gc 1.

Proof. Assume (i), and let (b;);<,, be C-indiscernible, with b := by an enumeration of BC. By assumption,
U< P(,b;) is consistent, where p(z,b) = tp(a/BC). Let o’ be a realization of | J,_,, p(z,b;). In particular,
there is 0 € Aut(M/BC') such that o(a’) = a. Let I"” = (b/)i<w := o(I). Then I"” =pc I and a realizes
Ui P(2,b]). Let I* = (b )i<w be an aC-indiscernible sequence realizing EM (I” /aC). Then a = p(z,bf)
so there is 7 € Aut(M/aC') such that 7(b§) = by. If I' = (b})i<y = 7(I*), then I’ is still aC-indiscernible.
Moreover, by = by, so it follows that I’ =g¢ 1.

Now assume (ii), and let p(z,b) = tp(a/BC), with b an enumeration of BC. Given a C-indiscernible
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sequence (b;)i<y, with bg = b, let I’ = (b});<,, =pc I such that I’ is aC-indiscernible. Since by =p¢ b, and
bo = BC, it follows that b, = by = b. Then a = p(z,by) and so a satisfies | J,_,, p(z, b;) by aC-indiscernibility.
It follows that | J,; ., p(z, b;) is satisfiable as well. O
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