MAGMAS AND MAGOG TRIANGLES

GABRIEL CONANT

In this note, we construct an explicit bijection between the family of positively ordered abelian unital
magmas with n nontrivial elements and the family of magog triangles of order n. The size of the latter
family was calculated explicitly in [4] as part of the solution to a famous problem in algebraic combinatorics

called the Alternating Sign Matrixz Conjecture.
Definition 1. A unital magma is a set, together with a binary operation and an identity element.
We will only consider abelian unital magmas, written additively (4, ®,0).

Definition 2. Suppose (A, ®,0) is a unital magma. A is positively ordered if there is a linear order <
on A such that

(i) for all a,b,c,d€ A,ifa <band c < dthena®c<bdd,

(#7) 0 < a for all a € A.

Definition 3. Fix n > 0. Let Magg (n) denote the number (up to isomorphism) of positively ordered abelian

unital magmas with n nontrivial elements.

Definition 4. Given n > 0, a magog triangle of order n is an n xn lower triangular matrix A = (a; ;) j<n
such that

(1) a;; €{0,1,...,n},

(19) f 1 <j<i<nthenl<a;,;<j,

(#i7) the nonzero entries in any row or column of A are nondecreasing.

Theorem 5. [4] Given n > 0, the number of magog triangles of order n is

n—1

H 3k + 1)!
Pt (n+ k)"

The expression in Theorem 5 (sequence A005130 in the OEIS) has its roots in a famous problem in
algebraic combinatorics called the Alternating Sign Matriz Conjecture. In particular, this expression counts

the number of n x n alternating sign matrices, which are a generalization of permutation matrices, and are

used in the Dodgeson concentration method of calculating determinants. The formula for alternating sign
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matrices was first conjectured in [2], and first proved in [4]. This formula turns out to count a multitude
of interesting combinatorial objects including magog triangles of order n, monotone triangles of order n,
descending plane partitions of order n, totally symmetric self-complementary plane partitions of order 2n,
n X n corner-sum matrices, n x n tilings by “baskets and gaskets”, and n x n arrays of “square ice”. Despite
the fact that these families of objects are all known to have the same size, the existence of explicit bijections
between many of them remains open. For more on these objects, as well as details of the story of this

problem, see [1] and [3].

Corollary 6. Givenn >0,

n—1

Magg (n) = [ ]

k=0

3k + 1)!
(n+ k)"
Proof. We construct an explicit bijection between magog triangles of order n and positively ordered abelian
unital magmas with n nontrivial elements. Given an n X n matrix X, we let X (7, j) denote the (i, j) entry
of X.

Suppose (4, @, <,0) is a positively ordered abelian unital magma with n nontrivial elements. Enumerate
A={0,a1,...,an}<. Define the n x n matrix P(A) by

o 0 ifi<y
P(A)(i,)) =
k ifj <ianda; ®a; =ay.

One may verify that P(A) is an n X n lower triangular matrix satisfying the following properties:

(1) P(A)(i,5) € {0,1,...,n},

(7i) if 1 <j <i<mnthenj < P(A)(,j7),
(#it) the nonzero entries in any row or column of P(A) are nondecreasing,.
Let C(n) be the family of n x n lower triangular matrices satisfying properties (z) through (ii7). Let P(n) be
the family of positively ordered abelian unital magmas with n nontrivial elements (modulo isomorphism).
Then we have that P : P(n) — C(n) is a well-defined function, and it is easy to see that P is injective.
Moreover, if X € C(n), then define the structure (4, @, <,0) where A = {0, a1,...,a,}<, ax®0 = a;, = 0Day
for all k, and a; © a; = ax(; ;) = a; D a; for all 1 < j <i<n. Then A € P(n) and P(A) = X. Therefore P
is a bijection.

Finally, let M(n) be the family of magog triangles of order n. Let o be the permutation of {0,1,...,n}

such that o(i) = —i (mod n + 1). Define f : C(n) — M(n) such that

F(X)(i,5) = o(X(o(5),0(2)))-

It is straightforward to verify that f is a well-defined bijection. |
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