ULTRAMETRIC SPACES IN CONTINUOUS LOGIC

GABRIEL CONANT

ABSTRACT. We investigate the continuous model theory of ultrametric spaces of diameter < 1. There is
no universal Polish ultrametric space of diameter 1; but there is a Polish ultrametric space, Umax, taking
distances in QN[0, 1], which is universal for all such Polish ultrametric spaces. We show that in the continuous
theory of Umax, nonforking is characterized by a stable independence relation, which is a continuous version

of “forking by equality” in first-order logic. Finally, we show that the theory of Umax is strictly stable.

1. INTRODUCTION

The recent development of continuous logic has allowed for a more controlled study of the model theory of
bounded metric structures. An in-depth introduction to this field, as well as many examples, can be found
in [3]. One example of such a metric structure is the Uryoshn sphere, i.e the universal Polish metric space
of diameter 1. In a rather naive sense, this structure is somewhat analogous to the model completion of the
empty theory in first-order logic, which is of course just an infinite set. However, the Urysohn sphere turns
out to be far more complicated than an infinite set. Model theoretic results about the Urysohn sphere in
continuous logic can be found in [6] and [8]. The characterization of forking and dividing for the Urysohn
sphere, as well as a classification in the spectrum of unstable theories, can be found in [4].

In this paper, we study a more well-behaved continuous stucture: Upax, the universal Polish ultrametric
space with distance set Q N [0,1]. We consider the continuous theory Tiax of Upax in the same language
as that of the Urysohn sphere: the empty language containing only a symbol for the metric d. We first
show that arbitrary ultrametric spaces of diameter 1 will embed in a sufficiently saturated model T ax.
Then we show that Th,.x has a stable independence relation, which can be seen as a continuous version of
independence in the first-order theory of the infinite set. Consequently, T}, is stable, and we further show
that it is strictly stable (in the sense of continuous model theory). Finally we note that Tiax is, in some
sense, the continuous version of the model completion of infinitely refining equivalence relations in first order

logic.

2. ULTRAMETRIC SPACES

Definition 2.1. Let (X,d) be a metric space.
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(1) The spectrum of X, Spec(X), is the set of distances realized by points in X, i.e. Spec(X) =
d(X x X).

(2) The density character of X, x(X), is the least cardinal k such that X has a dense subset of size
K.

(3) (X,d) is an ultrametric space if for all z,y,z € X, d(z, z) < max{d(z,y),d(y,z)}.
Proposition 2.2. Suppose (X, d) is an ultrametric space and Y C X is dense. Then Spec(X) = Spec(Y').

Proof. We clearly have Spec(Y) < Spec(X). Conversely, suppose r € Spec(X) and z1,z2 € X are such
that d(z1,22) = r. We may assume r > 0. For i € {1,2}, let y; € Y such that d(z;,y;) < r. Then
d(x2,y2) < d(x1,22) so d(x1,y2) = d(x1,22). Then d(x1,y1) < d(z1,y2), so d(y1,y2) = d(x1,y2) = r.
Therefore r € Spec(Y). O

Corollary 2.3. If (X,d) is an infinite ultrametric space then | Spec(X)| < x(X).
Proof. f' Y C X is a dense subset of size x(X), then | Spec(X)| = |Spec(Y)| <Y x Y| = x(X). O

It follows that there is no Polish ultrametric space that embeds every Polish ultrametric space, since such a
space would have uncountable spectrum and therefore fail to be separable. However, one can construct Uy,
a homogeneous Polish ultrametric space, with spectrum @Q N [0, 1], which embeds every Polish ultrametric
space X such that Spec(X) C QN [0, 1]. The following construction of Upax, and subsequent results in this

section, are taken from [5].
Definition 2.4. Let I = QN (0,1] and Upmax = wl. Given f, g € Unax, let

d(f,g) =sup{z € I : f(x) # g(z)},

where sup ) = 0.
Proposition 2.5. (Unax,d) is an ultrametric space, with Spec(Umax) = [0, 1].
Proof. Fix f, g € Umax. We clearly have d(f,g) = d(g, f). Moreover,

d(f,9)=0 & {zel:fx)#g@)}=0 & f=g

Next, fix f,g,h € Upnax. Without loss of generality, assume d(f,g) > d(f,h). If x € I is such that
x > d(f,g) then g(x) = f(z) = h(x). Therefore d(f,g) > d(g,h). If d(f,g) = d(f,h) then the result follows,
so we may assume d(f, g) > d(f,h). For any x € I, with d(f,h) < z < d(f, g), we have g(z) # f(x) = h(z).
Therefore d(g,h) > d(f,g), and so we have d(f,h) < d(f,g) = d(g,h), shows that Upax is an ultrametric
space.

Finally, fix € [0,1] and let f : I Nw be the characteristic function of I N (0,7]. Let g : I — w be the
constant 0 function. Then d(f,g) = sup{z € I : * < r} = r. Therefore Spec(Umax) = [0, 1]. ]
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Definition 2.6. Given r € I, let I, = QN [r,1]. Define
Umax = {f € Umax : for all v € I, I, Nsupp(f) is finite}.
Proposition 2.7. Spec(Upax) = QN 0, 1].

Proof. Given r € I, let f,. : I — w be the characteristic function of {r}. If ¢ is the constant 0 function,
then d(f,, g) = sup{r} = r. Therefore QN [0, 1] C Spec(Umax)-

Next, fix distinct f,g € Unax and let r =sup{x € I : f(z) # g(z)} € (0,1]. We want to show r € Q. Fix
q € Q such that 0 < ¢ < r. Then

{rel:z>q, f(x)#g(x)} C (I, Nsupp(f)) U (I; Nsupp(g)),

and so {z € [ : x> ¢q, f(x)# g(x)} is finite. It follows that

r=sup{e € I f(z) £ g()} = sup{z € [: 2 > g, f(z) # g(x)} € Q. 0
Proposition 2.8. Up.x and Uy are complete.

Proof. Let (fn)n<w be a Cauchy sequence in Upax. For each k < w, there is some N < w such that for all
m,n > Ni, d(fm, fn) < % Assume Ni < Ny for all k < w.

Given k < w, and m,n > Ny, if x € I is such that x > %, then

Tz % > d(fm, fn) =sup{z € I : fu(z) # fin(2)},

and so fn(z) = fm(z). Therefore we may define f : I — w such that if z € I, with =z > then

f(@) = fni ().

We first show that lim, .. fn = f. Indeed, given € > 0, if k¥ < w is such that ; < € then for any n > Ny,

1
%

we have
d(fn, f)=sup{z € I: fp(z) # f(x)} < % <,

since for any @ > &, we have f(z) = fn, () = fn(2).

This shows that Up.x is complete. To show that Up.x is complete, we assume f,, € Upax for all n < w
and show that the function f constructed above is also in Upay. For this, fix r € I. We want to show that
{vel:xz>r f(x)+#0}isfinite. Let k < w be such that + <r. Then if z € I is such that « > r, we have

f(z) = fn,(z), and so I, Nsupp(f) = I, Nsupp(fn, ), which is finite by assumption. a

Proposition 2.9. U,.x is separable.
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Proof. Given r € I, set X, = {t € wl" : supp(t) is finite}. Note that each X, is countable. Given t € X,
define f; : I — w such that
t(x) ifx>r
fi(z) =

0 ifz <.

Let Y = {f; : t € X,., » € I}, which is a countable subset of Upax. We show that Y is dense in Upax-
Indeed, fix f € Upax and € > 0. Let € I be such that » < e. Then ¢ := f|;, € X, and

d(f, fo) =sup{z € I : f(z) # fi(z)} <r <e 0

Theorem 2.10. [5]

(a) Umax 18 a Polish ultrametric space with spectrum QN [0, 1].

(b) If (X,d) is a Polish ultrametric space, with Spec(X) C QN [0,1], then (X,d) is isometric to a subspace
of Unmax-

(¢) Any isometry between two compact subspaces of Unax extends to an isometry of Upax.

Note that Cantor space, 2¢, with the metric d(f,g) = is a Polish ultrametric space,

1
min{n<w:f(n)#g(n)}+1
with Spec(2¥) € QN [0,1]. Therefore |Upax| = 2%°. Obviously, we also have [Upax| = 2%°. On the other

hand, X (Umax) = No and x (Umax) = 27°.

3. CONTINUOUS MODEL THEORY OF Upax

We assume the reader is familiar with the treatment of metric structures in continuous logic (see [3] for
a full introduction). Let Tiax = Th(Umax) in the language containing only the metric d. Let Upax be a
sufficiently saturated monster model of T ..

Given r € [0, 1], we let d,(x,y) denote the following formula:
max{d(z,y) = r,r = d(z,y)}.
We will also write d(z,y) = r for the condition d,.(z,y) = 0.

Theorem 3.1. If (X, d) is an ultrametric space, with Spec(X) C [0, 1], and Umax is x(X)-saturated then X

is isometric to a subspace of Upax-

Proof. We may replace X with a dense subset and assume that Up.y is | X|-saturated. By compactness
and saturation, it suffices to assume that X is finite. Let X = {ay,...,a,} and, given 1 < i,5 < n, let

ri; = d(a;,a;) € [0, 1]. Define

o(x1,...,2n) = max{d,, (z;,7;): 1 <i<j<n}

J
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We want to show that “infy, . o(z1,...,2,) = 0" € Thax, 16, we fix € > 0 and find ¢1,..., ¢, € Unax

such that p(ci,...,c,) < e Given 1 <i <j <mn,let s;;,t;; € QN[0,1] such that r;; — § < s;; <71 <
ti; <mij+ 5.
Consider (Q, <) and (R, <) as first order structures in the language £ = {<}. Let 0 = (v; ;)1<i<j<n and
define the following first order L£-formula:
0(v) := /\ 8ij < i <ty
1<i<j<n

AN (i < max{ g, vkt A vy < max{v;j, vk} A vk < max{vi 5,05 })
1<i<j<k<n

(where u < max{v,w} is shorthand for (v <w = u < w) A (w <v = u <w)). If 7 = (1;;)1<icj<n then
R |= 0(7). Since (Q, <) < (R, <), it follows that Q = 3v6(v). Let ¢; ; € Q be such that Q = 0(q).

Define the space Y = {c1,..., ¢} with d(¢;,¢;) = ¢4, for 1 < i < j < mn. Then Y is an ultrametric
space, with Spec(Y) C QN [0,1]. So we may assume Y C Upax. For any 1 < i < j < n, we have
ri; — 5 <d(ci,cj) <rij+ 5. Therefore d

(ci,cj) <€ and so p(c1,...,cn) <€, as desired. O

Ti,j

Next, we prove that T,,.x has quantifier elimination. The proof is essentially the same as quantifier

elimination for the Urysohn sphere (see [8]).
Theorem 3.2. Ty,.« has quantifier elimination.

Proof. Given a = (a1, ...,an) € Upax and C C Upay, note that the quantifier-free type of a over C' is entirely

determined by the following quantifier-free type:
{d(zs,z;) = d(a;,a;) : 1 <i,j <n}U{d(z;,c) =d(ai,c):1<i<n, ceC}

We use quantifier elimination techniques outlined in [3]. In particular, fix a quantifier-free formula
o(z,y1,...,Yn). We want to show that the formula inf, p(z,7y) is approximable in Ti.x by quantifier-
free formulas. Fix M, N = Tiax, substructures My C M and Ny C N, an isomorphism ® from My onto Ny,

and elements aq,...,a, € My. It suffices to show that for any € > 0,
.. oN oM
inf}’ o(z, ®(a1),...,P(a,)) <infy” p(z,a1,...,a,) + €.

Let b € M be such that o™ (b,a) < inf p(z,a). Note that, since ® is an isometry, the space X =
{z,®(a1),...,®(an)} with d(®(a;), ®(a;)) = d(a;,a;) and d(z,®(a;)) = d(b,a;) is an ultrametric space.
Therefore the type

{d(z,®(a;)) =d(b,a;) : 1 <i<n}
is realized by some ¢ € N, where A is a saturated elementary extension of N. We clearly have that

® extends to an isomorphism from {ai,...,a,,b} to {®(a1),...,P(a,),b} in the obvious way. Therefore
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o(d,®(a)) = ¢(b,a), since p(x,y) is quantifier-free. It follows that
inf} ¢(z, (@) = infy p(z, d(a)) < ¢(¢',B(a)) = p(b,a) < inf}’ p(z,a) + e,
as desired. 0O

By quantifier elimination, given C' C Upax and @ = (a1,...,n ) € Umnax the complete type tp(a/C) is
completely determined by its quantifier free type:

{d(zs,z5) = d(a;,a;) : 1 <i,j <n}U{d(z;,c) =d(a;,c):1<i<n, ceC}

Moreover, by quantifier elimination it follows that Upax < Umax. Note that if » € [0,1] then the type
{d(z,y) = r} determines a complete type in Sao(Tiax). If 7 & Q then {d(z,y) = r} is omitted in Upax. It
follows that Ti,ax is not separably categorical. Moreover, by Corollary 2.3, Ti,ax does not have a separable

saturated model.

4. STABILITY IN CONTINOUS MODEL THEORY

Let T be a complete continuous theory, and M a monster model of T. The following definitions and

results are quoted from [3].

Definition 4.1. Given A C M, we define the d-metric on S, (A) as follows: given p,q € S, (A), define

1<i<n

d(pa q) = lnf{ max d(bzvcz) : (bla"'abn) ':pa (Cla---vcn) ’: Q} .

Definition 4.2. Let A be an infinite cardinal.

(1) T is A\-stable with respect to the discrete metric if for all A C M, if |A] < X then |S1(A)] < A.
(2) T is A-stable if for all A C M, if |A] < X then the density character of S1(A), with respect to the

d-metric, is at most \.

T is stable if it is \-stable for some .

Theorem 4.3. [3] If T is stable then T is A-stable with respect to the discrete metric for any A such that
ATE= ).

Definition 4.4. Let T be a complete continuous theory and M a monster model of T. A ternary relation
L is a stable independence relation if it satisfies the following properties:
(i) (invariance) For all A,B,C C M and o € Aut(M), A |, B if and only if 7(A) |
(i) (symmetry) For all A,B,C CM, A | B if and only if B |, A.
(ii7) (full transitivity) For all A,B,C,D C M, A LC BD if and only if A J/c B and A \LBC D.
(iv) (finite character) For all A,B,C C M, A J/c B if and only if Ag J/c By for all finite Ay C A and
By C B.
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(v) (full existence) For all A, B,C C M there is A" =c A such that A" | B.
(vi) (local character) For all A C M there is a cardinal k(A) such that for all B C M there is C C B,
with |C| < k(A), such that A |, B.
(vit) (stationarity over models) For all A, A’, B C M and models M C M, if A J/M B, A J/M B, and
A=y A, then A=py A'.

Theorem 4.5. [3] Let T be a complete continuous theory and M a monster model of T. Then T is stable if

and only if T' has a stable independence relation. Moreover, if T' has a stable independence relation | , then
f d
L=1l=1"
5. STABILITY AND INDEPENDENCE IN Tiax

Using Theorem 4.5, we can show that T}, is stable and characterize forking independence.

Theorem 5.1. Given A, B,C C Upax,
f _
Al,B & foralaceA, d(a,BC)=d(a,C)

Proof. Define the ternary relation | such that A | , B if and only if for all a € 4, d(a, BC) = d(a, C). We
show that | satisfies the necessary properties to characterize forking.

Invariance, Full Transitivity: Trivial.

Symmetry: Suppose A J/CB and fix b € B. For a contradiction, suppose d(b, AC) < d(b,C). Then
there is some a € A such that d(a,b) < d(b,C). Given ¢ € C, we have d(a,b) < d(b,c), so it follows that
d(a,c) = d(b,c). Therefore,

d(a, BC) < d(a,b) < d(b,C) = d(a,C),
which contradicts A |, B.

Finite Character: Suppose A |, B. Given Ay C A finite, we have Ao | ., B by definition of | . There-
fore Ag | . By by monotonicity. Conversely, suppose Ag | . By for all finite Ag C A and By C B. Given
a € Aif d(a, BC) < d(a,C) then there is b € B such that d(a, b) < d(a,C), which contradicts a |, b.

Full Existence: Given A, B,C, we may find A’ =¢ A such that for all ' € A’ and b € B,

d(a’,b) = Clgg max{d(a,c),d(b,c)}

(where inf ) = 1). In other words, A’ is constructed by taking the usual free amalgamation of AC' and BC
over C. We show that A" |, B. Fix a’ € A’. For any b € B, we have

d(a’,C) =d(a,C) = in(fJ d(a,c) < ing max{d(a,c),d(b,c)} = d(a’,b).
ce ce

Therefore d(a’, BC) = d(d’, C).
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Local Character: Fix A, B. Given a € A, let (b% )<, be a sequence from B such that (d(a, %)) — d(a, B).
Now define

C = U (bgz)n<wv

acA
and note that |C| < |A[ +Ro. We claim that A |, B. Indeed, given a € A and € > 0, find n < w such that

d(a,b%) < d(a, B) + €. Then d(a,C) < d(a,b?) < d(a, B) + €. It follows that d(a, B) = d(a,C).

Stationarity Over Models: We will actually show stationarity over all sets (i.e. M need not be a model).
Fix A, A’, B,C such that A =¢ A’, A LB, and A’ Lo B- To prove A’ =pc A, it suffices to show that
d(a,b) = d(a’,b) for all b € B. So suppose, towards a contradiction, that d(a’,b) < d(a,b) for some b € B.
Note that this means d(a,a’) = d(a,b). On the other hand, d(a’,C) = d(a’, BC) < d(a,b), and so there is
some ¢ € C such that d(a’,c) < d(a,b) = d(a,a’). Therefore d(a,c) = d(a,a’) > d(a’, c), which contradicts
A=c A ]

Corollary 5.2. Tp,.x s stable.

This characterization of forking independence in Ty,.x can be seen as a continuous version of forking
independence in infinite sets: A \Lé B if and only if AN B C C (this is also the characterization of forking
in the random graph). In these theories forking only happens as a result of changes in equality. In Tjax
forking only happens as a result of changes in distance.

Theorem 5.1 also follows from a straightforward generalization of the characterization of forking and
dividing in the Urysohn sphere from [4], giving a proof that does not rely on Theorem 4.5.

In the proof of Theorem 5.1, we utilize the free amalgamation of ultrametric spaces. In the theory of the
Urysohn sphere, free amalgamation of metric spaces yields a ternary relation: A L% C' if and only if for
all a € A and b € B, d(a,b) = inf.cc(d(a,c) + d(b,c)). This is a stationary independence relation, i.e. a
ternary relation satisfying all of the axioms for a stable independence relation except possibly local character
(see [7]). In any theory T, if | is a stationary independence relation then one may show that | = J/f
(e.g. using methods of [1]). If T is unstable (e.g. the Urysohn sphere), this implication must be strict since
nonforking cannot satisfy stationarity.

In Thax, we can consider the stationary independence relation given by free amalgamation of ultrametric

spaces, and show that it coincides with forking independence.

Corollary 5.3. For all A, B,C C Upax,

ALLB & forallac A, be B, da,b)= inf max{d(a,c),d(b,c)}.

ceC
This can be verified directly using the characterization of Lf in Theorem 5.1. Alternatively, one could
show that in ultrametric spaces, free amalgamation is a stable independence relation.

Next, we show that Ti.x is strictly stable.
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Theorem 5.4. Given an infinite cardinal \, Tyay i A-stable if and only if \¥0 = \.

Proof. The reverse direction is by Theorem 4.3. For the forward direction, suppose A > X. Define
f:N—10,1] N Q such that

1 n 1
n+2 2

fn) =
and note that f is strictly decreasing. Next, we define the following space (A, d). Let Ay = (a;;)ner<~ and,
for n # u, define

d(ay, a,) = f(|v]),
where v is the meet of n and pu.
Claim 1: (Aj,d) is an ultrametric space.
Proof: Fix distinct pq, g, 3 € A<¢. For distinct 1 < i < j < 3, let v; ; be the meet of p; and p;. Without
loss of generality, it suffices to assume |v1 9| > |11 3| and show that |va 3| = |v1,3]. But in this case, since
v1,2 € pr and vy 3 C g, it follows that vy 3 C v1 2. Therefore vy 3 = v 3, and so the desired result follows.

We may assume Up,ax is AT-saturated, and so (Ay,d) is a subspace of Upax. Fix o € \¥ and define
Po ={d(x,0,),) = f(n) : n <w}U{d(z,a,,) = f(m) : 7 € X, 7 # 0, m =max{i <w:o|; = 7|;}, n > m}.

Claim 2: p, is a consistent 1-type over Aj.
Proof: Tt suffices to show that (A, U{x},d) is an ultrametric space. In particular, we must check the triangle
inequality in the following cases.

Case 1: {x,ag‘m,aﬂn}, for some m < n. We have d(ao‘m,ao‘n) = f(m), d(z,a,,,) = f(m), and
d(x, a0),) = f(n).

Case 2: {z,a,|, 0, }, where 7 € A, 7 # 0, n >k := max{i < w: o|; = 7[;}. If m < k then we have
d(a0|m,aﬂm) = f(m), d(z,ag‘m) = f(m), and d(x,aﬂn) = f(k). If m > k then we have d(ag|m,aﬂm) = f(k),
d(z,a,,) = f(m), and d(z,a,,) = f(k).

Case 3: {x,a,,

m?

k<1, k< m,and |l < n. We have d(z,a,,) = f(k) and d(z,a.,) = f(I). If k& < I then pl; is the

ar|, }, where p,7 € X\{o}, k := max{i < w: o|; = pl;}, | ;= max{i < w:ol; = 7|},

meet of pl|,, and 7|,, so d(a
d(ap),.,ar,) = f(r).
Next, fix distinct o,7 € A and let n = max{i < w : o|; = 7|;}. Let b = p, and ¢ = p,. Then
d(b,as,.,) = f(n+1) and d(c, a,|,.,) = f(n). Therefore d(b,c) = f(n), and so we have d(py,p;) = f(n) >
%. If D C S1(Ay) is dense then, for each o € A¥, there is some g, € DN B%(pc,). Therefore, if o, 7 € A\¥ are

ar|,) = f(k). If k = [ then the meet of p|,, and 7|, has length » > &k and

plm

distinct, we have d(g,,q;) > 5. In particular, [D| > A¥ > . Altogether, x(S1(4y)) > |A4x]. O

As a final remark, we note the connection between ultrametric spaces and refining equivalence relations.

In particular, if (X,d) is an ultrametric space, then for any r € [0, 1], d(z,y) < r is an equivalence relation.
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Conversely, suppose we have equivalence relations (E,.),.cp, where D C [0, 1], and we consider a structure

M on which these equivalence relations refine according the ordering (with Ey equality). Then M can be

considered as a (pseudo)ultrametric space when equipped with d(a,b) = inf{r € D : aE,.b}. For example

Baire space can be considered as a model of infinitely refining equivalence relations indexed by D = {%L :

n € N}. Theories of refining equivalence relations are standard examples in stability theory (see e.g. [2]).

Indeed, much of the previous work is guided by the behavior found in these examples.
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