
Applications of Pseudofinite Model Theory-

-

Lecture 10 ( 15 May 2020 )
setting : G is a sufficiently saturated pseudofinite expansion of a group .

Mainland Ginn definable A E G
.
Nip
, express G = Xn where Xn is

definable and has nice algebraic structure.

Rennard
1) Suppose %f is proteinik . Then GO.no e- DI Hn whee Hn is a clef.

finite - index
,

normal subgroup .
(ExcFf)

.

The titis) Any compact Hausdorff torsion group is probnite
Exercises : Suppon G is a finite

group
of exponent r and AEG

is k-NIP
.
Then tf Ezo, F a normal subgroup HE G, ofindex On, r. ell ),

and Z EG
, IZ le etGl , st tf get Z . IsH nA Kellett o- ISHIAl -EIHL .

2) If G is definable . Then it has finite index (Exc. Gc)
.

So GLEE is finite
.

Also Ea =D .
Then V ge G , µ(g GI nA) = o or pig Gott IA) - O .

This happen, if A is
" k- stable" (ie. BCA) outs (aid, Ck]; e ); see Thur 4.4) .

Preposition. I suppose T E G is ctbly -def. , normal, bounded index .
Then T =

,

X ; where tf iso
,
Xi is def. . X it, E Xi . F a clef.

finite - index normal subgroup Hi E G t a clef. surj . hom. Ti : Hi → Ini,
for some ni EN st Te KerTi e Xi E Hi .
Proof : By Thin 3.267 [Pelo -Weyl? Glp = ling Li whee (Lili. is an inverse
system of compact Lie groups with surjective projection maps fi : Glp- Li .
Let Ti = her (fi oil) where T: Gas Glp .

So Ti is a ctbly clef. normal
subgroup of bounded index . No le TE Ti and T = into tf .



WLOG : Li = Glp, and fi : Glp → %, i , the canonical map.

Fix i so
.
Then 647. is a clef

. compactification & G (Example 2.77.
So by Thin 3.1 , (Glp

,
)° is compact connected abelian lie group .

So F ni EN s t (%)
'

E Ini (see Noles B.3) . Let Hi be the

primacy of (Glp;)
°

under G→ Ghq. .

So (%. ): Hifi .
Now Hifi is a dopen finite -index normal subgroup of %. (B.3)

By Exe 7-b, Hi is a clef . finite- index normal subgroup of G
.

let Ti : Hi→ Hyp
,
EI? So Ti = her Ii .

If iej then Tj ⇐ Ti t Hy e Hi . let Ti = Xm
.
i .

Then

T = !
o

Xm
, i . By taking finite intersections

, we obtain a decreasing sequence .

Deftly suppose HE G is old. and T : H → It
"

is a old . comp. Then a

Teappnx.Bohrc.hu# is a decreasing sequence (Wm)m7o of definable subsets of H

St here = Wm t F sequence Cfm)m% st tf m. fm : H→ It
"

is

a clef
. In - approx . horn .

with finite image t Wm -- Exe H : d (funCx? o) < In}

Inpositioning Any clef. I : H→ It
"

as above admits a T- approx . Bohr chain.

Proof ! BY lemma 3.6 a Remark 3.7
,
I a clef. In - approx . hom. fun : H- II

"

st fmftt ) is finite
,
d(Tha, kn CX)) c Im V xEH, t if TCX) C- Be fado) then

4mW =o .
Set Wwe Exe H : dlfmcx? o ) c 33

.

So here e Wm ,
and

Wm is definable by Exc. 8A . If x EWm then decaf? E Int Im =
'Em ,

and co Wm - herT. We have I
- '(Bezio) ) E Wm E T- '(Bezio))

so Wee Wan if Ige E Im .
ie .
.
I 240am . So WLOG (Wm)I is deceasing .






