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Type - Definable Subgroups t the Logic Topology
-- -
- - - -

Setting all is a squinty saturated L- structure
,

ice
. M is

K- saturated and strongly N- homogeneous R- some strongly inaassibk k
(ie .
,
uncountable

, see af Get, lick ⇒ 2" c n )
.

Key point : If { Xi : ie -23 is a collection f definable subsets of M st

III c K and ¥
.

Xi Elo t finite Io EI
,
then Xi to

.

We
say that a set is bound * small if its cardinality is a se .

Deihl : A subset X EM is typedefinable if X = in Xi when I is bounded
and each Xi is definable

. If I is countable then X is countably
type -definable
Exercises : Basic properties f type - definable sets .

Now let M - G be an expansion of a group .

Exercise : Basic
prep .

of type - clef . subgroups .

Def2# Suppose T E G is a type - clef . , normal , bounded index subgroup
of G

. Then K e % is closed if T-'(K) is type- definable, whee
Ti : G → Glp is the quotient map .

Exercise Let ME G be as above
.

D Glp is a compact Hausdorff group .

2) K E Glp is elopen IR Tt 'CK) is definable
.

3) If X E G is type- def then IT(X) is closed
.

4) If X EG is definable
,
and U = {C E GA : C EX} then

F- '(U) EX and U is open .



5) Glp is second countable if T is countably type- definable

6) Glp is profinite H T is an intersection of definable subgroups of G .

Example 2.3
- -

D G f- Th (Z, t. o) and T = NG
.

T is countable type -definable
and [G : TT - 2%

. Fact : Cohn E E (independent of the choice of G)

2) Gt Th (s! .
. cyccx.y.nl . Let t -- Xn where

Xn = { x c- G : cycle-Eth , × , e'%)} .

T is ctbb type -def, index 2 ".

Fact : Glp E S' .

Compactifications f Pseudofinite Groups-

-- -

T¥4 : An L-structure M is pnudofinite if any 2- sentence true in

µ is true in some finite L- structure .

Fact :µ is pseudofinite it all = TheMi whee each Mi is finite .

Def Let C be a compact Hausdorff space. Then a function f :M- C
is definable if tf closed REC and U E C

,
if K E U

,
then

3- definable set XE M st f-' CR) E X E f-'(U) .

Exercises : If M is sufficiently saturated and C is smell then

f : M- C is definable if F' CK ) is type- old . I closed REC .

DefI6 : Let G be an expansion of a group . Then a debnc-bkcompatifi.cat
of G is a definable homomorphism E : G→ C

,
where C is a compact



Hausdorff group and I (G) is clean in C.

Example 27 If G is sufficiently saturated
,

and T E G is type-elf. , normal,- -

bounded index
,

then IT : G → GIT is a definable comp . of G .


