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Lecture 6 (6 May 2020 )

ProofofThm59_ M pseudofinite, 4(x; g) NIP. Fix e> o .

Set De = { I C- MT :

µ (4Cxib )) e E3. VTS De is an intersection of ctbly many
4'- definable sets . Given me I

, apply Prop 5.4 to obtain anElf
"
m

st I C-MT

I Avamfkxibl ) - m flcxibl ) ) a tin .

Set Xm -- { I c-MJ : Avon flex;D) e et 'm ] .

So De -

- Xm
.

Tix met . For se (nm ) at Os Cg) : = ¥467 , j) n
,! - 467,57 .

Let E -

- { s :
"Ynmc Et tu ? Then Xm is defined by the 4

*
- formula

Yee Os Gil . D

NIPSelstskb.li
Setting : G is a sufficiently saturated pseudofinite group .

A E G is definable t NIP (ie
,
x eYA is NIP)

B is the Boolean algebra generated by { gAh : g.he 63.

Note : B - {4- definable sets} where Nx ; y,z ) : = x e yAz

This formula may not be NIP ! (Exercise 19)

But any
set in B is NIP (Exercise 20)

(i.e.
,
if 047 is a 4- formula then 4(x ; y) : = OCy . x) is NIP)

.

Defeat : X E G is B-type -definable if X=?zXi where I is small and each

Xi is in B
.

If I is countable then X is

io-kbly-B-type-dfm-bk.DE#
: Ginn Eso

,
set stabme (A) = Ege G :

µ (gas A) E e }



Prep a) StabmeCA) is symmetric and contains 2 .

b) StabCA) : = Stab? CA) is a subgroup of G
.

Theoem-6.tl StabMCA ) is a ctbb B - type -clef . subgroup of G f index E 2¥

Proof Note : Stabat) ← ? Stab CA). We fix ezo and show that

Steber CA) = : S is countably B - type- def, and is left generic.

let 4 (xiy) be xEj'As A .

Note of Cx; y) is
NIP

.

So S - Ege G :p (4G :g)ke }

By Thin 5.9 S is ctbly 4¥ definable . Given a EG
,
aka; y) defines

A- at it act A and GIAE' if a c-A .

So Sis ctbl
, B- type - definable .

Let 4 ( x ; y , z) be xey As 2-A .

Then 4 is NIP
.

By Cor 5.5
,
3- finite EEG st if g.he G if µ (gAsh A) se then

(gashA) n F =L 0 .
Define an egret . n a. G by gnh if gAnF=hAnF.

Choon rep's g, , . . . . gn E G
for all n- classes

.
If a E G then I ist

a- gi , ie .
. Fn (AA s g.A) = 01 . So plats giA) EE, ie . gita e S

so G = g ,Su . .
. ugh S .

We've shown StabYA) is ctbly B-type- old .

Now write stabMA) - Xn where Xn = Steyn CA) . Fix a ctble set EEG
St G - EX n tf nel . For a E G

,
at Ia -- { (g , n) c- Ex Et : a Egxn ?

Given a
,
be G

,
if Ia=Ib then tf n

, a-
' b e Xi ' Xn E Xing , so a-

'be Stabat)
.

So stab# has index E 2
"

.

B
.

Defoe : C: = gskbmftlg'



GIGI Goa is a clbly B- type- old .

normal subgroup of index E 2%
.

Proof : Goa = gstebmcA) g- ' where I is a set of left coat reps for Skb4A)
so III E 2*0

.

So Ef is B - type -definable of index E 22%
.

Note : There is a countable set C E G st Goa is invariant under

automorphisms A G fixing C pturn.

Using model theoretic tricks ( Exc . Sd, 64, we can shew that GI
is ctbly B - type - old .

of index E 2%
.




