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1. Introduction

The objects under consideration in this paper are oscillatory integral operators
on L*(R) of the form

Tf(x) = /6“S(x’y)¢(w7y)f(y) dy (1.1)

Here ¢(x,y) is smooth function defined on an appropriately small neighborhood of the
origin with ¢(0,0) # 0, A is a real parameter, and S(x,y) is a smooth function. The
question being addressed in this paper is the determination of the best constant ¢ > 0 for
which for some constant C' > 0 we have the estimate

T o < CIA| (1.2)

It turns out that the answer to this question depends on the behavior of the second
2 2

derivative aaatésy (z,y). If aax—aij(0,0) # 0, then by a straightforward 77T argument, one

has that the best € in (1.2) is exactly % On the other hand, if each multiindex (a, ()

with o, 5 > 1 satisfies %S(0,0) = 0, then it is not too hard to show that there is no
€ > 0 for which (1.2) holds. Hence in this paper we will assume we are in the degenerate,
finite-type case; in other words we will assume that for some («, 3) # (1,1) with a, 8 > 1
we have the following:
2 o+
0°S 0,0) = 0, ootBg
Oxdy Ox oyl

(0,0) # 0 (1.3)

In view of prior work on this subject, such as [PS2] and [R], one expects that in general the
optimal € in (1.2) is expressible in terms of the reduced Newton polygon of S(x,y). Namely,
let Y s,.57%° be the (possibly nonconvergent) Taylor expansion of S(z,y) at the origin.
For each (a,b) € R?, let Qqup be the set {(z,y) € R*: x> a, y > b}.

Definition: The reduced Newton polygon N,.(S) is defined to be the convex hull of the
Qa,p for which s, # 0, a > 0, and b > 0.

It is a well-known fact that the boundary of N,(S) consists of a vertical ray
going out to infinity in the y direction, followed by finitely many (possibly zero) bounded
segments of negative slope, followed by a horizontal ray going out to infinity in the -
direction.



Definition: The reduced Newton distance §, of S is defined to be the least § > 0 for which
(6,0) € N.(S).

One often thinks of the reduced Newton distance geometrically as the x and y
coordinates of the intersection of the line y = = with N,.(95).

The main theorem of this paper is that the best € in (1.2) can be expressed in terms of the
reduced Newton distance in a canonical way:

Theorem 1.1: For any S(x,y) satisfying (1.3), if ¢(z,y) is supported in a sufficiently
small neighborhood of the origin then for an appropriate C' (1.2) holds for € = —% This
value of € is sharp; there exists a constant C’ such that for any A we can find an f(x) and

g(x) such that | [ Tf(x)g(z) dz| > C'|A|"7 || flls|gll-

A brief history of the work done on this problem is as follows. In the 70’s, inspired
by a conjecture of Arnold, Varchenko [V] proved an analogue to Theorem 1.1 for scalar
oscillatory integrals (i.e integrals [e*S@¥¢(x y)drdy) in a number of cases, using a
method involving resolutions of singularities. In [PS2], Phong and Stein proved Theorem
1.1 for a class of operators, and many of the analytic tools used in subsequent papers were
developed. They later conjectured that Theorem 1.1 holds for any real-analytic S(z,y), and
proved this conjecture in [PS1]. A rather different argument, in the context of multilinear
operators, was later given in [PSSt]. Furthermore, in [Se], Seeger proved non-endpoint
estimates for the operators in [PS1] as well as more general averaging operators. Endpoint
estimates in the fold case, which include higher-dimensional operators, are given in [Co.
In his thesis [R], Rytchkov simplified the arguments in [PS1] and was able to generalize
their work to most C'*° situations. However, some exceptional cases remained. The author
later found a proof of Theorem 1.1 in the real-analytic situation [G1] that combined the
analytic methods of [PS2] with a resolution of singularities procedure more in the spirit of
[V]. This proof avoided quoting any theorems from algebraic geometry, but still did not
cover the general C°° situation since the resolution scheme only applied to real-analytic
functions. At around the same time, the author proved an analogous result for objects
related to scalar oscillatory integrals [G2] which used a substantially simpler resolution
scheme that applies to general C'*° functions; the question arose if there was some way of
proving an operator version that used the same simplified resolution scheme in conjuction
with extensions of the analytic tools used in the various papers on this subject, giving a
theorem that covers the full C°° situation. This paper does exactly that.

2. The Set-up

In most of the work that has been done on this type of problem, starting with
[PS1], one proceeds by writing the operator 7" as the sum of operators T; where the cutoff
o(x,y) is replaced by a cutoff ¢;(x,y) with smaller support. In general each ¢;(x,y)
will be supported on a rectangle on which it satisfies appropriate derivative estimates.
Determining the precise set of rectangles to be used is a delicate matter. Typically, on the



support of a given ¢;(x,y), the function g;gy is within a factor of C of a fixed value on the

support of ¢;(z,y). As a result, one may use "operator Van der Corput lemmas” such as
those in [PS1] [PS2] to find sharp estimates for T;. Carefully adding the estimates obtained
for each T;, using almost-orthogonality when appropriate, one obtains sharp estimates for
the whole operator T'. To figure out how to divide T into the T;’s, one typically uses the
resolution of the zero set of 885% in some way to give information about the behavior of
%S
OxOy

and its z and y derivatives.

One can view the operator T to fall into three cases, depending on whether the
line y = x intersects the reduced Newton polygon N,.(S) on one of the infinite rays, at a
vertex, or in the interior of a bounded segment. The first two cases are far easier than the
third, and the decomposition into rectangles is straightforward. As a result, we focus our
attention on the third case. In the following arguments up to the proof of Lemma 2.3, we
focus on the part of the support of ¢(x,y) where z > 0; the portion where x < 0 is done
in the analogous fashion.

Let —% denote the slope of the bounded segment intersecting the line y = x. We

write the Taylor expansion of aa%gy as follows, keeping in mind the series may not converge.

62
90y (z,y) ZS“ pz%y” (2.1)

Define the quantity d by
d = min{e : S, # 0 for some (a,b) with a + Mb = e} (2.2)

Let the polynomial p(y) be given by

> Sawy (2.3)

a+Mb=d

It turns out that the zeroes of the polynomial p(y) give a lot of information on the location

f 8 S

of the zero set o . To see why this is case, for a fixed ¢ we consider the behavior of

9%s
oy O the curve z — (z,cx™), which we denote by o.. We have

0?8
Sy a™) = ple)a + Oa+) (2.4
Hence on a curves o, with p(c) = 0, the function a‘aj—gy decays at least as fast as O(zT1)

as © — 0, while on a curve with p(c) # 0, it decays only as fast as z¢. Hence we would

expect the decomposition into rectangles to be most difficult near curves o, with p(c) = 0.
However, it turns out that if £ denotes the order of the zero of p at ¢, then near o. the
8k 828 and a* 9%s

o2k ozoy A FoxE 55, are nonzero and can be bounded below. This will make

functions



it possible to divide the support of ¢(z,y) near o. into rectangles appropriate for the
use of the various Van der Corput-like lemmas that have been developed for this subject.
Needless to say however, doing so will be a delicate matter. The next lemma makes some
of these considerations precise.

Lemma 2.1: Suppose ¢ is a zero of p(y) of order k. If € and = > 0 are sufficiently small,

then if |y — cx| < ez there exists a constant § > 0 such that
ok+2g - ok+2g
— o | | > Sd M (2.4)
OxOyhk+!

Proof: By symmetry we only have to prove the second estimate. We do the variable
change (z,y) = (z,2™y’), and we obtain that
0?8
0xdy

(2,y) = p(y")a’ + O(a™) (2.5)

One should keep in mind here that the O(z%*!) term may depend continuously on z and y,

but for fixed y has a zero of order d+1 at x = 0. Taking a y derivative of 88;51 corresponds

to taking a g’ derivative of the right hand side of (2.5) and multiplying the result by z=.
Thus we have
ak—i—ZS 3kp
k41 (z,y) = 1k
oxdrtly oy

The set |y —cx™| < ex™ corresponds to the set |y’ —c| < e. So if we take e sufficiently small

(y/)xd—kM + O(.Cl)d+1_kM) (26)

that the function %L,],Z(y’ ) has no zero on |y’ — ¢| < ¢, and if we then let x be sufficiently
small, the right hand side of (2.6) is of absolute value at least dz%~*M for some § > 0.

Thus the lemma is proven.

In order to use the operator Van der Corput lemmas of section 3, we also need

. 1+2 1+2
upper bounds on the functions £l+1gy and a(zaylil for { = 0,1, and 2.

Lemma 2.2: Suppose N > 0 is fixed. For [ = 0,1, and 2, on the set |y| < Na™ | if x is
sufficiently small we have the estimate

925

Ml
\W(% Y)

| < CN$d_

On the set |y| > 2™, if |y| is sufficiently small we have the estimate
8l+2

d—1
ey @) < Chlul ™

Proof: Again, by symmetry we need only consider the y derivative estimate. Again we do
the coordinate change (x,y) = (z,2™y’). The lemma follows directly from (2.6); since we

4



are on the set |y'| < N, the O(z4T1=M) term is bounded in absolute value by Ayzdt1=M
Apn a constant depending only on N.

We also have lower bounds for aajgy away from the curves y = cx™ where p(c) = 0.

Lemma 2.3: Let ¢, N > 0 be fixed. Then if |y| < N2™ and |y — cx™| > ex™ for any c
satisfying p(c) = 0, then if x > 0 is sufficiently small we have the estimate

0?8
— > C d 2.7
e (@0)| > Ca (270)
If the condition |y| < Nz is replaced by |y| > -2, then the conclusion is replaced by

the following holding for |y| sufficiently small

0?8

|5y @0 > Clul (2.70)

Proof: As before by symmetry it suffices to prove (2.7a). We again do the coordinate
change (z,y) = (z,2™y’) and examine (2.5). We are on the set of (x,y’) satisfying |y/| < N
and |y’ — ¢| > € for any zero ¢ of p(y’). Since |y'| < N, the remainder term is bounded by
Anz?tt. Since |y’ — ¢| is at least € for each zero ¢ of p(y’), the first term is of magnitude
at least z? for some § > 0. Thus if z is sufficiently small, (2.7a) holds and we are done.

We are now in a position to describe the first stages of the decomposition of T’
into a sum of simpler operators. Let 1(z) be a nonnegative C'*° function that is supported
on [—1,1] and which is equal to 1 on [—3, 1]. Let x(z,y) be the characteristic function of
{(z,y) : * > 0}. We enumerate the zeroes ¢; of p(y), except y = 0 if it is a zero of p. For
each of the ¢;, for an appropriately small ¢ > 0 we define the operator T; by

— CZ'.CEM

Tf(z) = / EAS@) (g, )L

oar X y) f(y) dy (2.8)

We also define the analogous collection of operators T, corresponding to z < 0. Next, we
define operators V and V' by

Vi) = [ Eote il ) dy (2.90)
T M
Vs = [ o el dy (2.90)

Observe that if € is sufficiently small, then the integrand in the definition of T'— >, T; —
>, Ti —V — V' is supported on several disjoint curved triangles; for fixed = the support
consists of several disjoint intervals of measure ~ |z|". We write T — ", T; = >, T/ —V —
V'=3".U;+> .U/, where each U; corresponds to a curved triangle with z > 0 and each
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U! corresponds to a curved triangle with x < 0. We thus have created a decomposition of
T given by
T=> T+ T+ U+Y U+V+V (2.10)

The next stage of the decomposition is to divide each of the terms in (2.10) dyadically
in z, except V’ which must be decomposed dyadically in y. To this end, we let ¥,(x) =
204)(27x) — 29 14p(27 1 x), and we write T; = > Ty;, U; = > Uy;, ete. Each Tj; is obtained
by multiplying the integrand in 7; by ;(x), with the analogous definition for the U;; and
so on, except the Vj’ which are defined by the analogous decomposition in y instead of x.
In this way we get the next level of the decomposition

T=>"Ty+> Th+> Uj+> U, +V;+V] (2.11)
As a direct consequence of Lemmas 2.1 - 2.3 we have the following:

Lemma 2.4: If € is chosen sufficiently small in the definitions of the terms of (2.11), then
we have the following.

(i) Write T;; f(x) as
/ e i (2, y) f(y) dy

Let k be the order of the zero of p(y) at y = ¢;. On the support of ¢;;, for some constant
C' we have

okt+29 kM okt+29 e
‘W‘>CQ JaTy y ‘amk—_’_lay‘>02 JaTs (212&)
For [ =0,1,2 we also have
928 —jd+jIM 9'*2s —jd+jl
The analogous statements hold for the operators Ti’j.
(ii) Write U;; f(x) as
/ eV g (3, y) f(y) dy
Then on the support of ¢};(z,y) we have
028 ,
|axay| > 2794 (2.13)

Again for [ = 0,1,2 equation (2.12b) holds. The analogous statements hold for the opera-
tors U/ ..
ij



(iii) Write V} f(z) as
/ eNS@N ¢ (2, ) () dy

If p(y) has a zero at * = 0, let k be the order of this zero. Otherwise, let £k = 0. Then if
x > 0, on the support of ¢};(z,y) we have

| 0" %S | > ¢ idtikM (2.14)
Dx0k+1y :
And again (2.12b) holds. If z < 0 the analogous statement holds with p(y) replaced by the
corresponding polynomial. For the operators V}’ , the analogous statements hold with the
roles of the x and y axes reversed.

3. Analytic Lemmas

In this section we give some analytic lemmas that are necessary for the subsequent
arguments. The first is a variant of Schur’s test taken verbatim from [G1], where a proof
may be found.

Lemma 3.1: Suppose R is an operator defined by Rf(z) = [ f(y)K(x,y)dy, where
K (x,y) is supported in an a by b rectangle and |K (,y)| < 1. Then ||R||r2_12 < (ab)z.

The next lemma is what is often referred to as an ”operator Van der Corput
lemma”. This is also proved in detail in [G1]. Very similar lemmas have appeared in
papers dating back to [PS1].

Lemma 3.2: Suppose Q(z,y) and x(x,y) are smooth functions on an open set U, with
x(x,y) supported on an a by b rectangle. Assume for a constant A that y(z,y) satisfies

A A
Also assume that for some p > 0, Q(x,y) satisfies

0*Q 0°Q

Ap 0*Q
> —_ X
S @)l = s |5 y

(z,y)| < o aroey

(z,9)] < =5

For a real parameter )\, define the operator R by

Rf(@) = [ A9\ (a,) f()dy
Then for a constant C' depending only on A, we have
IR|| 2 p2 < COW) ™
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The third lemma is a direct consequence of Cotlar-Stein almost-orthogonality. It
is also used in [R] for a similar purpose.

Lemma 3.3: Suppose R = ), R; is an operator, such that each R; can be written as
R f(x) = [ f(y)Ki(z,y) dy, where K;(z,y) is supported on a product of intervals I; x J;.
Suppose there is a positive integer N such that for a fixed [, the number of m with
I; N I, # 0 is bounded by N, and the number of m with J; N J,, # () is also bounded by
N. Then HRHLQ—>L2 < Nsupl HRlHL2—>L2'

The following variant of Van der Corput’s Lemma is a consequence of Lemma 3.3 in [C].

Lemma 3.4: Suppose f is a C* function on an interval I satisfying |f*)(2)| > a for all
x € I. Then for a constant C), > 0 we have

sup | f(2)| > CyalI|*
xzel

The next lemma contains the Bernstein-type inequalities needed for this paper.
It is conceivable that it has appeared somewhere before.

Lemma 3.5: Let f(z,y) be a smooth function defined in a neighborhood of the origin
and (a,b) a multiindex such that

aa—i—bf

axa—ayb(o,O) :57&0 (31)

Suppose that € > 0. There is a neighborhood U of the origin such that if R C U is an r;
by 79 rectangle with r1 < r§, ro < r§, then for any multiindex (a, 3) we have the following.

T ()l < O sup () 3.2)
sup |=——==(z,y)| < Cry“r sup T,y )
(z,y)ER 8xa8y5 ! 2 (z,y)ER
Furthermore, if S is a subrectangle of R of dimensions 3+ by %, then we also have

sup |f(z,y)| < C sup |f(z,y)] (3.3)

The constants in (3.2) and (3.3) and the neighborhood U depend on ¢, a, b, o, 3, §, and
the suprema of the absolute value of finitely many derivatives of f(x,y) on U.

Proof: Let R be a rectangle satisfying the conditions of the lemma. Let d = , and let
r = max(ry,72). We define the function gy (z,y) by
ai—Hf Jnrid
— i+j
QN($7y) — Z ‘83718 j ($ y)‘rlr N (34)
0<4,5 <d



Observe that by (3.1), in a sufficiently small neighborhood of the origin we have

1)
lan (z,y)| > 5”’d (3.5)

Sublemma: If N is sufficiently large, then for any (z1,v1), (x2,y2) € R, we have

1
|QN($17?J1) - QN(372,?J2)| < §QN($1791) (3~6)

In particular, the function gy (z,y) remains within a factor of 2 of any given gy (z1,y1) on
R.

Proof of Sublemma: We have
ai+jf az’+jf

i (72, Y2)— i
oz Oy’ ey ozt oy’

lan (z1, 1) —an (T2, y2)| < Z | ($17y1)|rli7’%Ni+j (3.7)

0<i,5<d

We Taylor expand a given term in (3.7) at (x1,y1), obtaining an expression bounded by

oy s i
c 2. 3o @ )N L O N (3.8)
(s d>k>i, d>125, (kDA ()} Y

Observe that each term in the sum in (3.8) is bounded by +-gn (21, 41), and that by (3.5)
the remainder term is at most Cr Nt/ gy (x1,y1). Hence if we make N sufficiently large,
and then assume we are in a small enough neighborhood of the origin to ensure that each
CrN“*J is small, (3.6) follows and the sublemma is proven.

We now let F(z,y) = f(riz,r2y) and R’ be the rectangle {(r1z,m2y) : (x,y) € R}.
Correspondingly, we define

= 3 120 e (3.9)
QN 7y _O<' ‘. 8x18y3 7y .
_’L’J_

The conclusion of the sublemma is that whenever (z1,y1) and (z2,y2) are in R’ and N
is sufficiently large, we have |Qn(z1,y1) — Qn(z2,92)] < 3Q@n(z1,31). Let (a/,V) be a
multiindex such that

oy B

Na/+b/ >
|axa/ayb/ (xla yl) | -

m@]\f(l’l,yl) (310)

Such a selection is possible because there are (d+1)? terms in the series defining Q y(z, ).

If @’ = b =0, the conclusions of the lemma are easy: equation (3.2) follows directly from
(3.10) and the fact that @ x(x,y) dominates the various r‘f‘rzﬁ\%(az,yﬂ, and (3.3) will
automatically hold if N is chosen appropriately large since F'(x,y) remains within a factor

9



of 2 of a fixed value on R’. Hence we assume that a’ or b’ are nonzero. We next let v be a
direction such that for some constant ¢ > 0 we have

o7+ F
|G (@Lyn)l = cQn(@1, 1) (3.11)

The existence of such a v follows from the general fact that the directional derivatives of a
given order n span the whole space of operators generated by partial derivatives of order n
(See [S] for details.) In analogy with the sublemma, the following holds for all (z,y) € R/,
if N is sufficiently large.

oY F UV c
|W(l‘7y) - W(Ihwﬂ < §QN(901791) (3.12)

This is proved by going back to the original coordinates and then arguing exactly as in
the sublemma. Hence if N is sufficiently large, the following holds for any (z,y) € R':

ov VR c
|W($,y)| > §QN(331,y1) (3.13)

As a result, by Lemma 3.4 and the fact that the cross sections of the square R’ are between
1 and 2, we have

sup |F(z,y)| > Qn(x1, 1) (3.14)
(z,y)ER’

However, by the sublemma the following holds.

1
On(x1,y1) > 5 Sup Qn(z,y) (3.15)
(z,y)ER/

By definition of @y, for any 0 < 4,5 < d, we have

otiE
oxt oy’

(QN(xvy)EiAﬂ+j| (x7y” (316)

Combining (3.14) — (3.16), we have

oitiF

|8xi—8yi(x’y)| (3.17)

sup |F(z,y)| >C" sup
(z,y)eR (z,y)ER’

Translating (3.17) back from R"’s coordinates to R’s coordinates gives (3.2) for o, < d.
If « or 3 is greater than d, then d was defined large enough so that we have the following,
where again we use the notation r = max(rq,r2) and where (a,b) is as in (3.1).

8a+ﬂf

) +[3f
W(%y” < it

z;;azﬁ;g(x,y)|<:(jr X T%Tg (3.18)

rry|
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On the other hand, by (3.5) the right-hand side of (3.18) is at most

! a,.b aa+bf

C'r x Ty T2| 8xa8yb (ZB, y)’ (319)
By virtue of the fact that we already have shown (3.2) for the multiindex (a,b), (3.19) is
at most C”'r times the supremum of f on R. Hence in view of (3.18), equation (3.2) holds
for the multiindex («, 3) as well. Thus we have shown (3.2) in all cases.
Moving on to proving (3.3), recall by (3.13) that for (z,y) € R’ we have |%j}?—,if(:c,y)\ >
5Qn(z1,y1) for any fixed (v1,91) € R'. Thus by Lemma 3.4, if I is any cross-section of
R’ in the v direction of length %, for some constant ¢’ > 0 we have

sup |F(Llf,y)| > C/QN(xhyl)
(z,y)eL

So in particular, if S’ is a subsquare of R’ of diameter %, we have

sup |F(z,y)| > Qn(z1,41) (3.20)
(w,y)€S’

By definition of @y, we have that |F(z,y)] < @Qn(x,y), and by the sublemma we also
have that Qn(x,y) < 2Qn(x1,y1). Thus we have

sup |F(z,y)| < 2Qn(71,71) (3.21)
(z,y)ER

Combining (3.20) and (3.21) gives

)
sup |F(z,y)| <~ sup |F(x,y)
(z,y)ER C (zy)es

Changing back into the coordinates of R and letting C' = % gives (3.3). This completes
the proof of Lemma 3.5.

4. The decomposition of the Tj;

As in Lemma 2.4, we write T;; f(z) as

/ eNS@D (1) () dy (4.1)

The goal is to write ¢;;(z,y) as a sum of cutoff functions with smaller support in such
a way as to most effectively apply the lemmas of section 3. In general the new cutoff
functions will have supports that are comparable to rectangles; if we used any other shape
the almost-orthogonality lemma can generally be used to reduce to the rectangular case.
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Furthermore, in general one wishes to make the supports as large as possible while
keeping the mixed partial 86:—8*2 comparable to a fixed value. For suppose R; is an a by b
rectangle which we write as Ry = Ry U R3, where Rs is an a by b’ rectangle and Rj3 is an
a by b” rectangle. Let Ty = T, + T3 be a corresponding sum of operators of the form (4.1)
except with cutoffs that correspond to the associated R;’s. Assume that there is a number
A such that %85;; is between A and 24 on R;. Then if Lemma 3.1 is applied directly to
Ty, one gets an estimate ||T1|| < (ab)2, while if one applies the same lemma to 75 and Tj
and adds the results, one gets the worse estimate ||Ty|| < (aby)z + (abs)2. Hence in using
Lemma 3.1 it is better to make the rectangles as large as possible. The same is true for
Lemma 3.2; applying it to Ty directly gives ||T}|| < C(|A|A4)~ 2, while adding the estimates
for Ty and Ty gives ||T}]| < 2C(|]A]A)~2. In addition, Lemma 3.3 is generally easier to use
the fewer rectangles one has.

This suggests that if one is doing the most efficient decomposition, a support
rectangle containing a given point (z,y) should be, roughly speaking, as large as one can
get while keeping H = af’;gy within a factor of two of a fixed value. One way this would
happen would be if we fixed a ratio r and specified that the dimensions a x ar of a support

rectangle R were maximal such that the following holds:

oH oH 1
sup (al5—(z,y)| +ar|—(z,y)]) < = sup [H(z,y)| (4.2)
(z,y)ER Ox ay 4 (z,y)ER

In the real-analytic case, such a decomposition into rectangles is possible with and the
lemmas of section 3 can be used on the resulting decomposition of T;; to get sharp esti-
mates. The ratio r is given by the ratio corresponding to the function ¢;; in (4.1), namely
22__334 = 2/73M "where M is as in section 2. To show that this all works one uses detailed
information concerning the zero set of the mixed partial H(x,y), as in [PS1] or [G1].

In the general C'*° case things can be more complicated. Regardless of which ratio
r one chooses, it can happen that a decomposition into rectangles satisfying (4.2) does not
satisfy the orthogonality lemma. The reason for this is that sup(, ,)er a|%—f(m, y)| can be

far larger or far smaller than sup ar| 25 (x, y)|. If it is far smaller, for example, there
will be too many rectangles in the x direction for a given y. Hence one needs to extend
such rectangles in the x direction until one obtains an a’ by ar rectangle such that

oH oH

/
sup a'[——(z,y)[ ~ sup ar[——(z,y)| (4.3)
(z,y)ER Ox (z,y)ER y

One has to do this in a way to make sure that the mixed partial H(z,y) stays within a
factor of two of a fixed value on the extended rectangle.

So in the general situation one does a two-stage process, which we will describe
in detail shortly. In the first stage, one decomposes the support of ¢;; into squares where
(4.2) is satisfied with 7 = 1. One could use other values of r for this stage, we choose
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r = 1 for simplicity of exposition. In the second stage, one extends the squares of the
first stage in the vertical or horizontal directions until (4.3) is satisfied (with r = 1),
making sure that H(x,y) doesn’t vary by more than a factor of two on a given enlarged
rectangle. Sometimes, multiple rectangles from the first stage will correspond to a single
rectangle in the second stage. It will turn out that the resulting collection of rectangles
have bounded overlap at any given (x,y), and that any two intersecting rectangles in this
collection have comparable dimensions. Hence the rectangles will be suitable for defining
a partition of unity and thus an appropriate decomposition of Tj;. The relevant properties
of this decomposition for the future arguments will be given in Lemma 4.8. In section
5, the lemmas of section 3 will be used together with Lemma 4.8 on each term of the
decomposition, and the results will be added, giving sharp estimates for T;;.

We now describe the first stage of the decomposition. We will start by covering
the support of ¢;; by boundedly many squares which are as ”large as possible”; by this the
following is meant: Since the support of ¢;; is comparable to a 277 by 2=MJ rectangle, if
M > 1 we should make the squares have side 2~MJ while if M < 1 we should make them
have side length 277. Thus letting My = max(M, 1), we define By be a set of boundedly
many 2~ MoJ x 2=Moj gquares that covers the support of bij-

At the end of the first stage of the decomposition, we will have a collection B of
squares that we will obtain by dyadically subdividing the squares in By using a stopping
time argument; the squares in B will not overlap and their union will be the points in
the union of the squares in By for which H # 0. It should be pointed out that other
stopping-time arguments have also been used in this subject such as in [R] and [PS3].

The stopping time procedure begins as follows. Let S be any square in By.
Suppose the following holds.

) 1
27407 sup [VH(z.)| < & swp |H(z.y) (1.4
(z,y)€S (z,y)ES

In other words, assume (4.2) is already satisfied. In this case we add S to the collection
B. Next, for each square S’ for which (4.4) does not hold, we dyadically divide S’ into
four subsquares. We denote the collection of all the resulting subsquares of the various S’
by Bi. For a given S” in By, we add S” to B if and only if we have

. 1
27 M7t sup [VH(w,y)| < 5 sup [H(,y)| (4.5)
(z.)Es” (e.)€S"”

The members of By that don’t satisfy (4.5) are then divided into 4 subsquares, each of
which is added to the set By of squares, and the above procedure is repeated. Inductively,
in the k 4 1th step of this argument, a square .S in By is added to B if and only if we have

‘ 1
2 Moi=F gup |VH(z,y)| < 1 Sup |H(z,y)| (4.6)
(z.y)€S (z.y)€S

13



Performing this stopping time procedure for all positive integers k£ results in a set B of
disjoint squares whose union contains the portion of the support of ¢;; where H # 0. A
square S comes from the k + 1th step of the stopping time argument if (4.6) holds for S,
but (4.6) does not hold for any of the larger dyadic supersquares containing S.

A way of saying that the squares in B are as large as possible for H(x,y) to stay within a
factor of 2 of a fixed value on each square is the following lemma.

Lemma 4.1: There exists a uniform constant d; such that if S is one of the squares in
B, coming from By in the k + 1th stage of the stopping time procedure described above,
then we have

. 1
& sup |H(z,y)| <27 MI=% sup |VH(z,y)| <~ sup |H(z,y)] (4.7)
(z,y)€S (z,y)€S 4 (zy)es

Furthermore, H(z,y) stays within a factor of 2 of a fixed value on S.

Proof: The final statement of Lemma 4.1 follows from the right-hand inequality of (4.7),
so it suffices to show (4.7). The stopping time procedure was defined so that the right-hand
inequality holds, so it suffices to show the left-hand inequality. We fist consider the case
where S comes from a By for some k& > 0. In this case, S is contained in a square S’ in
Bj_1, and since S’ was not selected in the kth step of the stopping time procedure we
must have

| 1
27 MeImH sup |VH(z,y)| > 5 sup |H(z,y)| (48)
(mvy)GS/ ($7y)€S/

By (3.3) of Lemma 3.5, for some dp > 0 we therefore have

9~ Moi—k+1 gun |VH(z,y)| >80 sup |[H(z,y)] (4.9)
(m,y)ES (m,y)ES’
> sup |H(z,y)| (4.10)
(z,y)€S

Hence the left hand inequality of (3.7) holds for é; = %. This completes the proof of
Lemma 4.1 for squares coming from By for k£ > 0.

So suppose S is a square in By. Then by Lemma 2.2 we have

sup |H(x,y)| < C27Y (4.11)
(z,y)eS

(Recall that d was defined by the Newton polygon of H having an edge with equation
x4+ My = d.) Since S intersects the curves y = cx™ for a range ¢; < ¢ < ¢y of values of
¢, by applying Lemma 2.3 to %—ZI and %—I; respectively we have

H L
sup |8—(93,y)| > /o4t (4.12a)
(zy)es 0T
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oH
sup | ——

(z,y)| > C'2~4+Mi (4.12b)
(z,y)€S ay

Recalling that My = max(M, 1), we thus have

sup |VH(z,y)| > C'2-4+Moi (4.13)
(z,y)eS

Combining (4.11) and (4.13) gives

. Vol
27V sup [VH(z,y)| > & sw |H(z,y)] (114

So long as §; < C’'/C the left-hand inequality of (4.7) holds and we are done.

We now move to the second stage of the stopping-time procedure. We will define a
collection D of rectangles. Each member of D will either be a member of B or an elongation
in the horizontal or vertical direction of a member of B. We create D as follows. By Lemma
4.1, for each S in B of side length 2=Moi=k at least one of the following two inequalities
must hold:

; oOH o
27 Mk sup |2 (a,y)| > 5 sup |H(x,y)] (4.150)
(z,y)es OF (z,y)€S
. o0H o
27 M sup (o (e y)| > o sup |H(z,y)l (4.15b)
(z.y)es Y (z,y)eS

In the proof of Lemma 4.6 we will define a constant Jo < %. By (4.15a) and (4.15b) at
least one of the following holds.

. OH
2~ Moj—k sup | —=—(z,y)| > d2 sup |H(x,y)| (4.16a)
(ey)es 0T (z.y)€S
- OH
27 MoI=F sup | —=(z,y)| > b2 sup |H(z,y)| (4.16b)
(zy)es Oy (@.y)€S

If both (4.16a) and (4.16b) hold, then we add S unchanged to D. Suppose now that one
of (4.16a) and (4.16b) holds and not the other. Say (4.16b) holds, the case where (4.16a)
holds is dealt with in the analogous fashion. Write S as a product of intervals as I x J.
Then we let I’ be the largest dyadic interval containing I of side length at most 277 such

that we have SH
'l sup o (@y)l <62 sup o [H(z,y) (4.17)
(z,y)el’xJ O (z,y)EI’' xJ

We include the rectangle I’ x J to the collection D. We do this for all squares S in B
such that (4.16b) holds but not (4.16a), and we then add to D all the analogous vertical

elongations of squares in B for which (4.16a) holds but not (4.16b). Once this is done we
have defined D.
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The next lemma ensures that H(x,y) stays within a factor of 8 of a fixed value
on each of the rectangles in D.

Lemma 4.2: Suppose that R is a rectangle in D, and let Ar = sup(, g [H(2,y)|. Then

for each (z,y) € R we have

A
B < H ()| < An (4.18)

Proof: Assume R was obtained by extending in the horizontal direction; the case where
R was obtained by extending vertical direction is done similarly and the case where R
was not extended at all follows from Lemma 4.1. Let (zo,yo) denote a point in R where
|H(x0,y0)| = Ag, and let (z,y) denote any other point in R. We may let z; be such
that (x1,y0) is in the square S of B which was extended to create R. By (4.17) and the
mean-value theorem, we have

|H(x1,90) — H(z0,y0)| < 624R
Since |H (xo,y0)| = Ar, we thus have

A
[H@1,90) > 5

Furthermore, by Lemma 4.1, on this square S the function H(zx,y) stays within a factor
of two of a fixed value. Since (x1,y) and (z1,yo) are both in this square, we therefore have

A
[Hw1,y)l > =

Applying (4.17) with the mean-value theorem again we have
|H(z,y) — H(z1,y)| < 624r
The last two equations imply that |H (z,y)| > ATR and we are done with the proof.

The next lemma allows us to apply finite-type ”"doubling lemmas”, in particular
Lemma 3.5, to the rectangles in D:

Lemma 4.3: There exists an € > 0 such that for each rectangle R in D of dimensions

r1 X ro we have
ro < CT;, r < CT; (419)

Proof: Without loss of generality we assume R was obtained by extending in the x
direction, so that ro < r1. Thus we must find an € > 0 such that for some C' we have

r1 < Crj (4.20)
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Like above we let Agr = sup, . er |H(z,y)|. By equation (2.12a) of Lemma 2.4(i), there
is a k > 0 such that the following holds on R:

oOFH

—dj+kj
laxk‘>02 lj+kj

As a result, by Lemma 3.4 we have
o~ ditkipk < CAR (4.21)

Since we are assuming R was created by horizontally extending a square S in B, by (4.15b)
we have

0 OH
= sup [H(z,y)| <ry sup Gl
2 (zy)es (z,y)es Y
By Lemma 4.2, we have
01 A 4]
=L <2 sup [H(z,y)l
16 2 (@y)es

MAR oOH
<ry sup |—- (z,y
16 Q(x,y)ER dy (@)

By (2.12b) of Lemma 2.4(i) we have

OH Yy
sup | (z,y)| < C27 UM
(z,y)ER 8y

Combining the last two equations, we have
Ap < 0274t Mip, (4.22)

The idea now will be to combine (4.21) and (4.22) to get the result we seek. We raise both
sides of (4.21) to a power a > 1 we will specify shortly, obtaining

graditakipak < A% AR (4.23)

We use the inequality Ag < C27% from (2.12b) of Lemma 2.4(i) on the A% ' factor,
obtaining o o
gmeditakipek < Comedt AL (4.24)

Note that we require a > 1 here. Combining (4.24) and (4.22) gives

2—adj+akj7,%k < CQ—adj—i—MjT,2

It is preferable to write this as
rixk < 02_akj+Mj’l“2
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As a result, so long as a is at least % we have

rfk < Crg

So for example we can set a = max(1, L) In this case (4.20) holds for ¢ = - and we are

ak
done.

The following lemma says that the rectangles in D have been extended as much
as possible; it makes the heuristics of (4.3) precise:

Lemma 4.4: Suppose R is one of the rectangles in D, of dimensions r; by r2. Then for
some constants 0 and C' the following hold on R:

oH
§ sup |H(z,y)|<ry sup |a—(ac,y)|<(] sup |H(z,y)| (4.25a)
(z,y)ER (z,y)ER x (z,y)ER

oH
5 swp |Hy) <rs s D@y <O swp |Hy|  (@250)
(z,y)ER (z,y)ER Yy (z,y)ER

Proof: First, by the Bernstein-type inequalities of Lemma 3.5 the right-hand sides of
(4.25a) and (4.25b) hold. Thus we focus our attention on the left-hand sides. If R is a
square, then R is one of the squares in B and by Lemma 4.1 R must satisfy (4.25a) and
(4.25b) with § = 6; and C = ;. Hence we assume that R is not a square. The cases where
ro < rp and ry > r; are done the same way, so we assume that ro < r1. In this case, R

was created by extending a square in B in the z-direction, and we have that (4.15b) holds.
Therefore the left side of (4.25b) holds with § = %1.

It remains the prove the left side of (4.25a). By the definition of the stopping-
time procedure, R is a product of intervals I’ x J, where either I’ is of length 277 or I’
is the maximal dyadic interval of length less than 277 where (4.17) holds. First consider
the case where |I’| = 277, In this situation, R intersects the curve y = cx™ for a range

c1 < c < cyof c. As a result, by Lemma 2.3 applied to %—g we have

H o
sup |8—(x,y)| > C 279t (4.26)
(z,y)eR OT

On the other hand, by Lemma 2.2, we also have

sup |H(z,y)| < Cp2~% (4.27)
(z,y)ER

Combining (4.26) and (4.27) gives the left side of (4.25a), where we take § = g—;

Hence it remains to prove the left hand side of (4.25a) when I’ is the maximal
dyadic interval of length less than 277 for which (4.17) holds. Let I” be the dyadic interval
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containing I’ with twice its length. By assumption, (4.17) does not hold when I’ is replaced
with I”. Since |I"”| = 2rq, this means that

OH
2r;  sup a—(:ﬂ,y)|252 sup  [H(z,y)
(z,y)el”"xJ 0T (z,y)EI" xJ

By Lemma 3.5, this implies that

oOH
2ry  sup  |—=—(z,y)|>Cé sup |H(z,y)|
(zy)el’xJ OT (zy)el” x.J

> Céy  sup |H(z,y)|
(zy)el’xJ

Hence the left side of (4.25a) holds with § = 22 and we are done.

Since we are using the rectangles in D for a partition of unity, it is necessary to
also understand the behavior of H(z,y) on dilations of the rectangles in D. For example,
the following lemma is useful.

Lemma 4.5: Suppose R is a rectangle in D, of dimensions r; X ry. Let R. denote the
rectangle obtained by dilating R by a factor of 1 + €, keeping the same center. Like before
let Ap =sup(, ,yer [H(z,y)|. Then if € is sufficiently small, for each (z,y) in Re we have

A
1—5 < |H(z,y)| < 2Ag (4.26)

Proof: Let (x,y) be any point in R.. Let (z/,y’) be the point in R nearest to (z,y). Then
we have
2" — x| <ery, Y —y| < ery (4.27)

By the mean value theorem, we have

oH oOH
H , _ H /’ / < / - i ! . i
|H(z,y) — H(z',y')| < |z x|81;16p 5, Tl y|sgf> 9y
oH OH
< erysup — + ergsup —
Rr. Ox Rr. 0y

By the Bernstein-type inequalities of Theorem 3.5, there is a constant C' such that

< oOH <Cs OH < OH <Cs OH
up — up —— up — up —
Rep Oz Rp ox’ Rep dy Rp dy

As a result,

oH OH
|H(z,y) — H(2',y")| < Cery sup — + Cerg sup (4.28)
R

ox Rﬁ_y

19



Again using the Bernstein-type inequalities of Lemma 3.5 we thus have
|H(xz,y) — H(2',y")| < C'esup |H(z,y)| = C'eAg (4.29)
R

Since (2',y’) is in R, by Lemma 4.2 |H (z,y")| is between % and Ag. As a result, if € is

such that C’e < ‘?—g, then (4.29) implies that (4.26) holds and we are done.
The next lemma will help us prove that the rectangles in D have bounded overlap,
and that intersecting rectangles in D have comparable dimensions.

Lemma 4.6: Let R = I x J be one of the rectangles of D, of dimensions r; by 73, and
let Ar be as above. Let R, be as in Lemma 4.5, and let I, and J. be intervals such that
R. = I, x J.. If the 05 used in defining D was sufficiently small, the following hold, where
01 1s as in Lemma 4.1:

a) If ro < 7y, then there is a yg € J such that for each = € I, we have the following:

oH 4]
Tzfa—y(l"ayo)\ > ZIAR (4.30)

b) If o > rq, then there is an xg € I such that for each y € J. we have the following:

oOH 1)
T1|%($o,y)| > ZIAR (4.31)

Proof: The proofs of a) and b) are identical, so we consider a) only. Since ro < 71,
equation (4.150) had to have held, so we may let (xg,y0) in R be such that

0H 4]
7‘2|a—y($o,yo)| > %AR (4.32)

By the mean-value theorem, for any x in I, we have

OH OH 0’H
— - — < (1 4.33
7"2‘ ay (Zﬂ,y()) ay ($0,90>’ = ( + 6>T1T2 Sll{lepyaxay’ ( )
However, by equation (3.2) of Lemma 3.5 we have
’H OH
<C -— 4.34
1T S;F'axay’ r1 S;tip’ 2 \ ( )
Furthermore, by equation (4.17) we have
OH
Crysup || < Cégsup |H| = Cé2AR (4.35)
r. Ox R
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As a result, so long as d2 was chosen such that 2C4d, < %, we have that (4.32) and the

string of inequalities (4.33) — (4.35) imply that (4.30) holds and we are done.

Observe that each rectangle R in D is of the form [a27%, (a+1)27%] x [b27, (b+
1)27!] for some integers a, b, k, and I. As a result, for a given pair (k,[), there are at most
four rectangles R, containing any given point. Consquently, if we can show that for each
point z, there exists a (ko,lo) such that |k — ko|, |l — lo] < C for any 27% x 27! rectangle
R for which x € R, then we will have that the rectangles R. have bounded overlap and
have comparable dimensions. This is given by the following lemma.

Lemma 4.7: There are constants §, C' such that the following holds. Suppose R and () are
rectangles in D for which the point z is in both R, and Q., of dimensions (1+¢€)ry X (1+€)ry
and (14 €)g1 x (1 4 €)ga respectively. Then

s<2 2 oc (4.36)
q1 Qg2

Proof: We break into two cases. Case 1 is where ;1 < ¢; and ro < g9, or 71 > ¢ and
ro > go. Case 2 is where r1 > ¢ and r9 < g9, or r1 < ¢1 and r9 > ¢o.

We consider Case 1 first. Switching names if necessary, we assume that r; < ¢;
and 7o < ¢o. By Lemma 4.4, for some dy > 0 we have

OH OH
dpA —_— —_— 4.37
0 R<7°181ép|5x|a T2S%p|6y| ( )

Since r; < ¢; and ro < g and R, N Q. is nonempty, the rectangle R must be contained in
a C-fold dilate of Q. (In fact C can be taken to be 3 here.) As a result, by Lemma 3.5 we
have

O0H OH
< o 4.38
1 s;l%pl 5, | < Cor Sgpl 5 (4.38a)
OH oOH
—| < C — 4.38b
ro s111%p| oy | < Cors sgpl oy | (4.38b)
By Lemma 4.4, we have
8H T1
risup|—| < C1—A 4.39a
1 Qpl 8x| 15, Ae ( )
8H T2
rosup | —| < C1—A 4.39b
251 |8y| 15, e ( )

By Lemma 4.5, |H(z,y)| stays within factor of 32 of a fixed value on each of R, and Q..
Since R. and (). intersect, this means that Ag and Apr are within a factor of 1024 of each
other. So we have

C1t Ag < Oyt Ap (4.400)
q1 qi

21



Cl—AQ < (Cy—=Agr (440b)
Combining the string of inequalities (4.37) — (4.40) gives

rorz %

, — 4.41
a1 g2 Oy (441)
Since we are working in case 1, we also have %, 2—; < 1, and (4.36) follows. Thus we are

done with case 1.

We now move to case 2. Assume that ro is the smallest of r1, r2, q1, and ¢o; the
other three cases are done exactly the same way. Since we are in case 2, the minimality of
ro implies that r; > ro. We write R = I x J and R. = I. x J. as before. By Lemma 4.6,
we may let yo € J be such that for each x in I, we have

5 OH
fAR<m%g@y@| (4.42)

Since we are in case 2 and 71 > r9, we have that ¢o > ¢;. Because of this and the fact
that R, N Q. is nonempty, the dilation of @ by a factor of 3, which we denote by Q’, will
contain a vertical cross section of R. In particular, @)’ contains a point (x,yo) in I. X {yo}.
By Lemma 3.5 applied to @', we have that

OH
(3Q2)|8—(907 Yo)| < Cssup |H|
Y Q'

We rewrite this as OH
T
T2|a—($,yo)| < 3C3— sup |H]| (4.43)
Y q Q'

Using Lemma 3.5 again, this is bounded by

Oy sup |H| = Ci—2 Ao (4.44)
92 Q q2

As in case 1, since R, and @) intersect, by Lemma 4.5 Ar and Ag are within a factor of
1024 of each other. Hence combining (4.42) — (4.44) gives

2.0 (4.45)
q2

Since we are assuming ro is the smallest of r1, ra, ¢1, and ¢z, (4.45) implies

1>2 5 ¢4 (4.46)
q2

This is half of (4.36). Next, note that depending on whether 7y < ¢; or vice-versa, (4.46)
implies that either r;1 < ¢; and ro < g9, or g1 < rq and ¢ < Cisrg. The first possibility
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is just case 1, while the second possibility is case 1 modulo the & factor. However, the
argument of case 1 covers this situation; all one needed there was that one of R and @ is
contained in the C-fold dilation of the other for a constant C. This completes the proof
of Lemma 4.7.

We are now in a position to decompose the T;;. Let p( ) be a nonnegative function
that is equal to 1 on [—3 5 5] which is supported on [—% -5, 5 + 5] and which is nonzero
on the interior of its support. Here € is as in Lemma 4.7. Suppose R is a rectangle in D
with dimensions 71 by r3. Denote the center of R by (zg,y0). Let ¥r(x,y) be defined by

r— o Y—Yo
()

Yr(z,y) = p(

Let £r(x,y) be defined by
Yr(z,Yy)
ZQGD Vq(z,y)

By Lemma 4.7, the functions g (z,y) form a partition of unity such that each {gr(x,y)
satisfies derivative estimates appropriate to the rectangle R. Correspondingly, we let
{¢ijx(z,y)} be the collection of functions {¢;;(z,v)ér(z,y) : R € D}. Here ¢;;(x,y)
is as in (4.1). We define the operators T;;; by

{r(z,y) =

Tijif(x) = /ei)‘s(m’y)@jk(xa y)f(y) dy (4.47)

Observe that >, Ti;x = T;;. Also observe that ¢;;; is supported in the rectangle in D
from which it was derived.

The next lemma summarizes what we will need in section 5 from this section.

Lemma 4.8: Suppose ¢i;r = ¢i;j(x,y)Er(x,y) for some 1 by ry rectangle R. For a =
0,1,2 we have

\aaiifk | < Orpe (4.484)
‘a ‘Wy < Cry® (4.48b)

In addition, there is a constant M;;;, such that on R we have

Mijn

3y < |H(z,y)| < Mij (4.49)
Also, there exist §,C' > 0 such that we have

OH oH
oM < r1 sup |o—(x,y)|, r2 sup |[—(z,9) (4.50)
’ (ew)er 0T * ewer Oy

23



0H 5 O0’H
riosup |—=—(z,y)], 7 sup | (zy)| < CMi (4.51a)
(zy)er 0T " waer 072 ’
0H 0’H
ry sup |—=—(z,y)|, 3 sup |=—=(z,y)] < CMj (4.51b)
(z,y)ER ay 2(m,y)€R 3y2 !

Proof: (4.48a) and (4.48b) follow from examining the definiton of the ¢;;; and Lemma
4.7. Equation (4.49) follows from Lemma 4.5. Equation (4.50) follows from Lemma 4.4,
and (4.51a) — (4.51b) are a consequence of the Bernstein-type inequalties of Lemma 3.5,
or alternatively Lemma 4.4.

5. Estimating ||T;,||; proof of sharp estimates for T;

We now fix i and j and we will bound ||T};||z2— 2 using the decomposition

Tij = >, Tiji of (4.47) and Lemmas 3.1-3.5. We first observe from Lemma 2.4 (i) that
H(z,y) satisfies

|H (2, y)| < C2771 (5.1)

Correspondingly, we divide the operators {T;;} into the following classes D;, where A,
denotes the rectangle called R in Lemma 4.8.

Di={Tye: 20 < sup  |H(z,y)| < 2+1-0) (5.2)
(z,y) €Ak

Our constructions were such that any A;;;, has dimensions (1 +€)27™ 77 x (1 +¢)27 =M

for some nonnegative integers m, n. Thus it is reasonable to subdivide the classes D; into
subclasses Dy, where

Dimn = {Tijx € Dy : Aiji, has dimensions (1 +€)27™ 77 x (1 4 ¢)27 "~ M7} (5.3)

Lemma 5.1: Suppose Tjjj, is an element of D; whose corresponding A;;; has dimensions
a x b. Then there exists an integer p > 0 depending only on ¢ such that for some constants
C1 and Cy we have

1

012_j_l <a< 0227j7p, 012_Mj_l <b< 0227Mj7% (54)

As a result, for a given [, there are at most C(I + 1) values of (m,n) for which Dy, is
nonempty.

Proof: We consider the inequalities for b. By Lemma 2.4 i), for all (z,y) € A;;; we have

OH .
|a—y($=y)| < 27 IdIM (5.5)
By Lemma 4.8 (or Lemma 4.4), there is a (2’,y') € A;ji for which we have
OH ‘
|a—y($',y')| > gp~ 1277 (5.6)
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Combining (5.5) and (5.6), we have that for some C}
b>C27miM (5.7)
On the other hand, if p is the number denoted by %k in Lemma 2.4 (i), on A;;; we have

OPH
oyP

| > ¢2id+iMp (5.8)

Thus by applying Lemma 3.4 in the y direction, we have

sup |H(z,y)| > C'2779H3Mp ppp (5.9)

ijk

By (5.2) we also have .
sup |H (z,y)| < ¢"271=4 (5.10)

ijk

Combining (5.9) and (5.10) we conclude that for some constant Cy we have
b < 022_jM_%

Thus we have proven the inequalities for b. The inequalities for a are proved in exactly
the same way, switching the roles of the x and y axes and using (2.12a) and (2.12b) in the
x direction.

Lemma 5.2: For a fixed (I,m,n), the number of operators Tjji, € Djy,y whose corre-
sponding A;;j intersects any given vertical line is uniformly bounded. The number of
Tiji € Dimn whose corresponding A;ji, intersects a given horizontal line is also uniformly
bounded. Consequently, by Lemma 3.3 there exists a constant C' such that

I > Tiellee—ze <C  sup || Tinllz2—re (5.11)

TijkeDlmn TijkeDlmn

Proof: We prove the statement for vertical lines, the horizontal case being entirely analo-
gous. We fix an interval I of length (1+¢)27™77, and the goal is to show that the number
of A;j, whose z-projection is I is uniformly bounded. Denote this number by V.

For each such A;;;, by Lemma 4.8 there is a point (2,y’) € A;jr such that
|%—Z($',y')| > §2ntMi=l=dj " Tp fact, it is also true that for a sufficiently small &’ > 0,

whenever |2/ — x| < §27™77 and |y’ — y| < 827" "MJ we still have
aH 527’L+Mjflfdj (512)

|a—y($ay)| > 5

This follows from the bounds on |V%—Z| obtained from the Bernstein inequalities of lemma
3.5. Hence if we let B be the set
OH J

B={(z,y):xel, |H(z,y)| >27"7% |3—y(9«"»y)| > 52"+Mj_l_dj} (5.13)
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then B contains all N of these subrectangles of dimensions §’27™" 7 x §27"~Mi  As a

result, we have ‘ .
|B| > N2—m—i—nMigre2 (5.14)

On the other hand, since H(x,y) has nonvanishing pth derivative in the y direction for
some p > 1, the y-cross section of B for a fixed x’ consists of boundedly many intervals. By
(5.13) each such interval has measure at most 27174/ 2on+Mi~l=dj — C2-n=Mj  Hence
we have the following upper bound on |B|:

|B| < 02~m—i—n=Mj (5.15)
Combining (5.14) and (5.15) gives uniform bounds on N, and we are done.

Combining Lemmas 5.1 and 5.2, we have

Corollary 5.3: There exist constants ¢; and co such that

T3] < C> > sup || T3] (5.16)

TiireD
l {(m,n):cl+%< m,n <ca+l} 1k € Pimn

To bound a given ||T;;x||, we will use Lemmas 3.1 and 3.2; the conditions of the latter
mtjtnt Mj

lemma are satisfied by Lemma 4.7. Lemma 3.1 tells us that ||T};%|| < C2~ z , while
Lemma 3.2 tells us that ||T;,x|| < C’\)\\_%Z#. Hence (5.16) implies
. _mtitntMj —1 tdi
1T <C> > min(2”" 2, |A[T7272) (5.17)

L {(mn):cr+L< mn <cot+l}

Since in any term of (5.17) we have m,n > ¢; + %, in a given summand in (5.17), the left
term in the minimum is used if we have

27r R < AR (5.18)
Equivalently,
D+ 2l 1 .
. > logy [A\| — (M +1+4d)j (5.19)

Let [y denote the minimum possible value of [, and let jy be such that

p+2

If 5 > jo, then the left term in the minimum will be used in every summand of (5.17), and

we have i
_mrjTn J
||TZ]||<C E E 2 2

1>lo m,n>%
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<ot (5.21)
On the other hand, if j < jo, we use both sides of the minimum. For each j < jo, let [;

denote the solution to
p+2

le =logy |A| — (M +1+4d)j (5.22)
We now fix an [ and add up the terms in (5.17) for this value of [. If I > [;, we always use
the left side of the minimum and the portion of the sum (5.17) corresponding to [ is

_metitntMj
C g 2 2

l
m,n>p

This is at most ,
L (M41)j

C27r»™ 2
Therefore, the sum of all terms of (5.17) corresponding to [ > [; is bounded by

G (M4
2

C2" % (5.23)

If [ < l; one has to use both sides of the minimum in (5.17), depending on m and n. The
number N; of terms where one uses the right side is bounded by the number of (m,n) with
m, n > zl_a satisfying

_ m+tjtnt+Mj l+dj
2

2 > [A\T2277

Equivalently,
m+n<logy |\|—(14+M+d)j—1

Thus N; is bounded by C' times the area of the set ); defined by
[
Q= {(z,y) 12,y > oy <log Al = (A +M+d)j—1} (5.24)

The set @; is a 45-90-45 triangle. Denote its height by h;, and its area by A;, so that

2
A= %l Observe that for some constant ¢ we have

—_— = Chl (525)

In other words, hl% = chy, and thus h; is of the form cl + ¢’. Since [; was chosen exactly
so h;, = 0, we in fact have h; = ¢(I —I;), and thus

A = %(z —1;)? (5.26)

Hence Nj, the number of terms of the sum (5.17) corresponding to [ such that the right
hand side of the minimum is used, is bounded by C(l—1;)?, and the sum of all these terms,
which we denote here by Y7, satisfies

I+dj

%7 < O(l—1;)?|\ 2272 (5.27)
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On the other hand, for our fixed [, the terms in the sum (5.17) corresponding to taking
the left hand side of the minimum form a geometric series in m and n, whose sum is thus
bounded by C times the largest term. This largest term corresponds to where the two
sides of the minimum are equal. Hence if ¥} denotes the sum of all these terms where the
left hand side is used, we have

sl < N 227 (5.28)

Adding (5.27) and (5.28), the sum of all of the terms of (5.17) corresponding to our given
[ <lp is bounded by

l4dj

C'((1—1;)2 +1)|A|"2272

Summing this over all [ < [y, we conclude that the sum of the terms of (5.17) corresponding
to [ < lp is bounded by

lj+dj

C"IN"227 (5.29)

In (5.23) we had an expression for the sum of all the terms of (5.17) corresponding to
[ > lp. Observe that I; was defined so that (5.23) and (5.29) are equal. Hence for our
given value of j < jp, the sum (5.17) is bounded by C' times the expression in (5.23). So

we have, for a given j < jo
LY (Mt
2

||TIJ|| <(C2 7"~ (530)

Substituting back for I;, we have

M+14+d  M41 )j

IT35]] < A7z 2o 72 (5.31)
In view of (5.21) and (5.31), we have bounds for every ||T;;||. We are now in a position to
bound the operator T;. First observe that we may use almost-orthogonality on the sum
T, =5 j T;j;; there is an N such that if we take every Nth term in the sum, the z and
y projections of the supports of their kernels are disjoint and the orthogonality lemma
Lemma 3.3 applies. Hence we have

IT3]| < C'sup ||T5]| (5.32)
J

I claim now that the expression (5.31) is nondecreasing in j. For this do be true, one needs
that p < M2—jl_1. Recall that p is the order of a zero of the polynomial p(y) from section
2, and each term cy® in p(y) derived from a term cx®y® in the Taylor expansion of aajésy
with a + Mb = d. There are at most min(d, %) + 1 such terms, with the degree of p(y)
being at most min(d, %) < M2_il‘ So p < MQ—il, and (5.31) is an nondecreasing function of
j. Clearly (5.21) is a decreasing funcction of j. Since (5.31) is used for j < jo, and (5.21)
is used for j > jo, the supremum in (5.32) is realized for j = jo where we can use either

(5.21) or (5.31). If we use (5.21) for j = jo then we get

(M+1)5¢

T3l < C27=
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Inserting in (5.20), we get
M4l
T3] < CJA]” 2orsrsa (5.33)
Since the edge of the Newton polygon of aa;égy intersecting the line y = x has equation
x4+ My = d, the edge of the reduced Newton polygon of S intersecting the line y = x will
have equation x + My = d+ 1+ M, and (5.33) is exactly the decay required by Theorem
1.1. Thus we have found the sharp estimates for T;.

6. Estimating the ||U;||, ||V||; completion of the proof.

Since U; = }_; Uij, we have that [[U;|| < >, ||Usj||. Using Lemma 3.1 on Uy, we

have
M1 j

|Uisl| < C27 72

(6.1)

By virtue of part (ii) of Lemma 2.4, each U;; also satisfies the conditions of Lemma 3.2.
Thus we also have the estimate
jd

||| < CIA|"22% (6.2)

Combining (6.1) and (6.2) we have

jd

[U3]] < ¢ min(2~ 737 A7 $27) (6.3)
J
The estimate in (6.1) decreases exponentially with j, and the estimate of (6.2) increases

exponentially with j, so the sum in (6.3) is bounded by C times the term where the two
estimates are equal. Denoting the j for which they are equal by j’, we thus have

M+1

U] < 27727 (6.4)
One may calculate that j' = ;j_gj)i'l, so that (6.4) becomes
]| < CIA T (6.5)

As explained in section 5, this is the exponent in Theorem 1.1.

We now turn our attention to ¥V and V’. Since they are done the same way except
with the axes reversed, we will focus our attention on V. Since the x > 0 and z < 0 are
done the same way, we will restrict consideration to the half of V' for which = > 0. Let k
be as in Lemma 2.4 (iii). If £ = 0, then (2.14) is identical to (2.13) and one may use the
same argument that was used to analyze the U; above and get the optimal estimate (6.5)
again for V.

Assume now that £ > 0. The following argument is quite similar to the correp-

sonding argument in [R]. As above let j/ = %. For j > j’, one can use Lemma 3.1
and as in (6.1) we have
IV;ll < 027777 (6.6)
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Adding this over j > j’ one obtains

13" Vil| < Ol =D

>3’
Now consider j < j’. The kernel of T;T7 is given by K(z1,22), where
K (w1,22) = / A2 TS G (01, ) (22, y) dy (6.7)

We use Van der Corput’s lemma to bound (6.7). Observe that the k + 1th derivative of
the phase has absolute value

okt1s 8’““5 okt+29
It (2:) = 5o @)l = A / g @)
> C|\||xy — xq|27dHIFM (6.8)
Equation (6.8) follows from (2.14). Hence by Van der Corput
K (w1, 22)| < CIAI 757 |y — |70 27 " (6.9)

The cutoffs in (6.7) do not interfere with this application of Van der Corput; the condition
J < jo insures that they are wide enough. We now apply Schur’s test to K (x1,x2) using
(6.9). We have

[ 1Kz < o o1 — 2ol day
|ze—z1|<C277

—kM—k

< C|A\|" T2 T
By symmetry, the x; integral satisfies the same bounds, so Schur’s test implies that

—k

IViV7 1| < CA-mhr2i s

Therefore

V51l < CIA~mwem o T (6.10)

Recall from section 2 that k was the order of the zero of p(y) at y = 0, which is exactly

the same as saying that the lowest point on the segment of the Newton polygon of 88 égy

of slope —% has coordinates (k’, k) for a k" satisfying k' + Mk = d. Since the line y = z
intersects the interior of this segment, we have k < k', and thus k(M + 1) < d. We rewrite
this in the form

d—kM —k >0 (6.11)
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Dividing (6.11) by 2(k + 1) shows that the coefficient in (6.10) is positive. In particular,
adding (6.10) over j < j' gives

S VIl < O~ (6.12)

Iy’

Substituting 27/ = |)\|d+1\14+1 back into (6.12), one obtains

Vil < CI\ _2(k1+1)+2(dig4kﬁ)7<2+1) 6.13
J
i<y’
The exponent in (6.13) simplifies to —%, so we conclude
S IVill < CIA|~ e (6.14)
J<y’
Combining (6.7) and (6.14) gives
V]| < C|A|” =@*arrD (6.15)

This is the desired estimate for V' and we are done. So we have now found the sharp
estimates for each T;, U; and V. The T} and U] are dealt with in the same way as the
T; and U; respectively, and V' is analyzed like V' but with the roles of the axes reversed.
Hence we are done proving Theorem 1.1 in the case where the line y = z intersects the
interior of a bounded edge of the reduced Newton polygon of S.

The cases when the line y = x intersects the reduced Newton polygon of S at a
vertex or on one of the unbounded edges do not require an elaborate decomposition into
rectangles. Since they are straightforward and very much like the analysis of V above,
we will be brief here. In the case where the line y = x intersects at a vertex v = (a,a),
denote the slopes of the adjacent edges by —% and —%. Let M be any number between
m and m’/. We divide the support of ¢(x,y) into 4 regions via the curves |y| = |z|M. We
consider the region where z > 0 and |y| < |z|*; the other 3 are done similarly. We write
this portion of T', call it Tp, as To = T}, where for > 0

T = [ gty ) dy (6.16)
ly|<|z|M

(One does not need to define 7 using cutoff functions for the following to work). There
is an appropriate j” such that if j > j”, one gets optimal estimates for ||7}|| by applying
Lemma 3.1 exactly as in the discussion of V above for j > j/. If 7 < j”, one obtains
estimates ||T; 77, || 1;T;]| < C|A|==27¢"=l by applying Van der Corput’s lemma to the
kernel of T; T or T;"T; and then invoking Schur’s test; the argument is essentially the same
as the one used to analyze V;V above for j < 4'. By almost-orthogonality one then gets
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||To|| < C|A|~ 2. The other 3 regions are done similarly and we have ||T|| < C|\|~ 2« , the
desired estimate.

In the case where the line y = z intersects one of the unbounded edges in its
interior, the argument is very direct. Take the case where it intersects a horizontal edge
y = a in its interior. Then we write T =) ; Ty, where this time

T f(z) = / NS@) (2, y) f(y)dy (6.17)
27 <|z|<2-i+1

By applying Van der Corput to the kernel of T;77" as in the analysis of V, for some ¢ >0
one gets that y .
| T5]] < €277 |A| 7 2=

Adding this over j gives ||T|| < C|A|~2a, the desired estimate. The case where the line y =
x intersects the vertical edge is done in the analogous fashion with the dyadic decomposition
being in the y direction.

Since all possible cases have now been covered, we have proven all the estimates of
Theorem 1.1. The estimates obtained can be seen to be sharp as follows. Let A;; x B;; be
the support of the kernel of the operator denoted by U;; in section 6. The phase function
AS(z,y) will not vary by more than § on A;; x B;; if j > j'4+ N for some integer N, where
j'isasin (6.4). As a result, if we let f(y) be the characteristic function of B; j4n and g(z)
be the characteristic function of A; ;4 , we have | [ Tf(x)g(x) dz| > C’|)\|%||f||2||g||g,
proving the sharpness of the estimates.
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