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1. Introduction

In this paper, we consider an operator T acting on L? functions defined near the origin of
R™, n > 1, of the form

Tf(x) = /R £ £))K(2) dt (1.1)

Here «(z,t) is a smooth function defined in a neighborhood of the origin in R™ x R
satisfying
Oy
v(z,0) = z, a(m,t) # 0 (1.2)

v(z,t) is also assumed to satisfy the curvature condition of [CNSW]. We will have more
to say about the curvature condition in section 2. The kernel k(t¢) is assumed to be
a compactly supported function satisfying the following conditions for some sufficiently
small §; how small 4 has to be will be determined later:

K< It~ |95 < o>+ (13)
Thus T'f(z) can be viewed as averaging the function f over the curve t — ~(z,t) with
respect to the fractional integral kernel k(t). The condition y(x,0) = z is a way of saying
the curve at x is "centered at x”, and the condition that %(x,t) # 0 ensures that the
averaging is smooth. In fact, the arguments of this paper will go through with k() replaced
by k(z,t) satisfying appropriate x-derivative conditions, as will be described at the end of
this paper. However, to simplify the exposition we asssume (1.3). It should be pointed out
that recent work of Seeger and Wainger [SW] has also dealt with Radon transforms with
fractional integral kernel, proving L? to L? estimates under rather different hypotheses.

Our goal will be to prove sharp L? regularity estimates for T for sufficiently
small § > 0 that are analogous to a well-known theorem of Fefferman and Phong [FP] in
subelliptic PDE’s, and will hopefully be useful in that subject. To this end, we suppose
L is a linear partial differential operator on a compact manifold M of dimension greater
than two which is of the following form in local coordinates:

n

L=-— Z (%) 0, Op, + Zbk(.r)&rk + c(x) (1.4)

i, j=1 k=1



Here the coefficients are real, and the matrix (a;;) is positive semidefinite. L is said to be
subelliptic if the following is satisfied for some € > 0.

lullzz, < C(llullL2 + [[Lul|L2) (1.5)

In the paper [FP], Fefferman and Phong define a metric that characterizes the e for which
(1.5) holds. A vector v = (v1,...,v,) is said to be subunit for L at z if we have

n

- &P < > ai(z) &g for all £ € R” (1.6)

,5=1

A path v :[0,b] — M is subunit for L if +'(t) is subunit for each t € [0,b]. The metric of
Fefferman and Phong is defined by

dr(x,y) = inf{b : v is a subunit path for L, v(0) = =, v(b) = y} (1.7)

Let {Br(x,r)} denote the balls generated by the distance dy, and let { E(x,r)} denote the
usual Euclidean balls on M. It is shown in [FP] that (1.5) being true is equivalent to the
existence of a constant C' and numbers rg, € > 0 such that for each x € M, each r < ry we
have

E(z,r) C Br(z,Cre) (1.8)

Hence the supremum of the e that (1.5) holds is equal to the supremum of the e for which
(1.8) holds. For a subelliptic operator L, if Lu = f we have the representation

u(w) = [ Gl ) dy (19)
Here G(z,y) is a singular kernel satisfying the estimates

dL (fL’, y)2

Gyl <O s

(1.10)

with corresponding estimates on the derivatives of G(z,y) (See [FSa]). As the work of Fabes
[Fa] and [P] illustrates, frequently the kernel G(z,y) and its lower-order derivatives can be
expressed as an average of operators of the form (1.1) or of singular Radon transforms As
a result, sharp L? regularity estimates for operators (1.1) can be used to prove regularity
results for integral operators (1.9) or their derivatives; this is done in [Fa] and [P].

In the author’s paper [G2] on singular Radon transforms, a metric was associated
to y(z,t). Suppose B(z,r) denotes a ball of this metric. Then in analogy to (1.8), by
[G2] the curvature condition of [CNSW] is equivalent to the existence of a constant C' and
numbers rg, € > 0, such that for that for each sufficiently small |z|, each r < ry we have

E(z,r) C B(z,Cre) (1.11)
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Let % be the supremum of the e for which (1.11) holds in a neighborhood of the origin for
some rg. Our main theorem is as follows.

Theorem 1.1: There is a neighborhood V of the origin in R", a neighborhood W of
the origin in R, and a constant C' such that if § > 0 is sufficiently small, then for f(z)
supported in V" and k(t) supported in W the following holds.

ITfllzz < ClIflle2 (1.12)

Furthermore, if for sufficiently small [t| we have |k(t)| > c|t| "1+ for some constant ¢ then
(1.12) is sharp; there is no neighborhood V' of the origin such that there is a constant C’
for which for some € > % the following holds for all f supported in V':

ITf]

22 < Cllfllee (1.13)

Since ¢ is required to be quite small, Theorem 1.1 does not directly imply subelliptic
estimates using methods such as those in [F] or [P]. For example, if G(x,y) is to be written
as the average of operators (1.1), d is equal to 2, which corresponds to the exponent
2¢ appearing in (1.5). However, if the operator L or the selfadjoint LL* can be well-
approximated by UY for some large N, where U can also be written as an average of
Radon transforms (1.1) then for U, § will be % and the theorem can be applied. At any
rate, Theorem 1.1 can be viewed as analogous to (1.5) for the operators in question. Also,

as will be explained at the end of the paper, we also have L? to L, estimates for p near
% €

2, which might be of interest to people interested in subelliptic equations.
2. The Metric Associated to y(z,t) and its properties

We will now describe the above-mentioned metric that one can associate to y(z, t).
Metrics have been used in the study of singular Radon transforms for some time. A sin-
gular Radon transform is an operator of the form (1.1) except the § in (1.3) is taken to
be zero and some cancellation conditions on k(z,t) are assumed in the t variable. An
early example of associating a metric to a singular Radon transform occurs in [Fa] where
the parabolic singular Radon transform «(z,t) = (z1 — t, 22 — t?) is considered and L2
boundedness is proven in this case. General LP boundedness was later shown by Nagel,
Riviere, and Wainger [NRW1], and LP boundedness of the associated maximal operator
was proved by Stein and Wainger [NRW2]. In fact, [NRW2] shows LP boundedness of
both the singular Radon transform and the associated maximal operator for any finite-
type, translation-invariant v(z,t). We refer to [G2] for more details on these situations. A
nontranslation-invariant analogue of finite-type, suitable for analyzing Radon transforms,
was developed in [CNSW], where this finite-type condition is called ”the curvature condi-
tion”. LP boundedness for a singular Radon transform is shown in [CNSW] under some
conditions on the kernel k(x,t), using the technique of lifting to nilpotent Lie groups. We
refer the reader to [CNSW] for a detailed history of the ideas that led up to it, as well as an
extensive discussion of the meaning of the curvature condition. In [G2], the author showed
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how a natural metric could be associated to a ~y(z,t) satisfying this curvature condition
(the curvature condition can actually be defined in terms of the metric), and then used
this metric in an analogous (but substantially more intricate) fashion to [Fal, [SW], and
other papers to prove LP boundedness of a singular Radon transform under the curvature
condition, again assuming some restrictions on k(z,1t).

We now come to the definition of the metric of [G2] (and of this paper). First we
define functions S'(z,t1,...,t;) for small |z|, |t;| inductively on I > 2 as follows. For [ = 2,
we define

Yy = ﬁQ(’T’tl?tQ) < 7($at1) = 7<y7t2) (2'1)

For [ > 2 odd:
Bz by, ta, o ty) = (BT @, by, o 1), 1) (2.2)

For [ > 2 even:
B (@, t1,t2, . tr) = B2(B 72 (2, t1, b2y ooy ti—a), i1, 1) (2.3)

For x in an appropriately small neighborhood U of the origin, we define a ball B(z,r) of
our metric by

B(x,r) = {ﬁl(x7t1, AR Bl(ac,tl, wot) €U, >0, |t 4+ .o + [t <7} (2.4)

The balls B(z,r) clearly define a metric, assuming the distance between any two points
is finite; this will follow from the curvature condition that we will be assuming. It is also
true that under the curvature condition the balls satisfy the axioms of the generalized
Calderon-Zygmund theorem of Coifman and Weiss [CW]. In particular we have

Lemma 2.1: There exists an r; > 0 such that for a constant M > 0 the following hold
for |x|, r < ry.
|B(z,2r)| < M|B(x, )| (CZ21)

B(zy,7) N B(xe,r) # 0 — B(x2,r) C B(x1,2r) (CZ2)

The equation (C'Z2) automatically holds by the definition of the balls B(x,r). We defer
the proof of (C'Z1) for now, as we develop a different viewpoint. For a sufficiently small
ry > 0 that things are well-defined, we define the manifold M by

M = {(z,y(x,t)) e Ux U : |t| <ra} (2.5)

Let v*(y,t) be defined by
Y (v(z,t),t) ==

It is not hard to verify that the adjoint of T is given by
T f5) = [ F6 )tk d (26)
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Here n(y, t) is the Jacobian of the coordinate change. M can also be expressed as

M ={(v*(y,1),y) : (v (v,1),y) € Uo} (2.7)

Here Uy is a subset of U x U containing the diagonal. There are natural vector fields X
and Y on the manifold M. The vector field X at (x,~(x,t)) is the image of the vector
field dt under the map t — (x,v(z,t)), while the vector field Y at (v*(y,t),y) is the image
of the vector field dt under the map t — (y*(y,t),y). So we can write

X = (0, Z %ﬁf’”dyi), Y=0_ %d@, 0) (2.8)

1

The curvature condition used in [CNSW], [G2], and [Se] can be expressed in terms of
the vector fields X,Y. Namely, the curvature condition is equivalent to the vector fields
satisfying Hormander’s condition:

Definition: The operator T satisfies the curvature condition at a point x if the vector
fields X, Y and their iterated commuators span the tangent space to M at (z,z).

This formulation of the curvature condition is perhaps most similar to that of
Seeger [Se]. It is natural to examine the metric one obtains by applying the techniques of
[INSW] to M with respect to the vector fields X and Y. Let D((x,y),r) denote the ball
of radius r in this metric centered at a point (z,y) € M. By the general theory of such
metrics (see Chapter 1 of [Gr] for example), the balls of the metric can be taken to be the
following:

m+1 m
D((z,y),r) = {esm 1 XesmY 1Y e1X (z,9) :m >0, Z lsi| + Z |si] < r} (2.9)
If [ is sufficiently large the balls may also be taken to be either of the following:
D((xz,y),r) = {es”lxesgy...esllyeslx(1‘,y) 2 |sql, st < r for all 4} (2.10a)

D((z,y),r) = {5 e X .Y e X (2, y) : |sq], |s)| < r for all i} (2.100)

Let m; and 75 be the projections of M onto the first n and last n coordinates respectively

(The reader might recognize the similarity here with the setup Helgason uses in work on
Radon transforms; see [H| for example). By (2.9) we have that

w1 (D(x,z),r) = B(x,r) (2.11)

We have the following lemma.

Lemma 2.2: There are constants ¢; and ¢y such that
D((z,z),c1r) C {(y,7v(y,t)) 1 y € B(w,r), [t| <r} C D((z,2),cor) (2.12)
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In addition, there exist constants C' and C’ such that
C|D((z,z),7)| <r|B(z,r)| < C'|D((z,2),7)] (2.13)

Proof: Equation (2.12) follows directly from (2.9). Using the nondegeneracy condition
' > |Viy(x,t)| > ¢, (2.12) implies that

C1|D((z,x),c17)| < r|B(x,r)| < Co|D((x, x), cor)| (2.14)
By the [NSW] theory applied to the balls D((z,y),r), we have
C3|D((x, z), )| <[D((x,x), car)l, [D((2, ), car)| < Ca|D((w, 2),7)] (2.15)
Combining (2.14) and (2.15) gives (2.13), and the lemma follows.
Corollary: (CZ1) of Lemma 2.1 holds.

Proof: This follows directly from (2.13) and the fact that (CZ1) holds for the balls
D((x,x),7).

Note that by (2.10) and (2.12), for sufficiently large | the metric whose balls are B(x,r) is
equivalent to the one with balls B!(z,r) defined by

Bl(z,r) = {'(z,t1,....t;) : |ts] <r for all i} (2.16)

Lemma 2.3: The supremum of the e for which (1.11) holds in a neighborhood of the
1

origin for some rq is of the form 5, where £ is an integer.

Proof: By (2.12), Lemma 2.3 will follow if we can prove the analogous result for the
balls D((z,x),r) in place of B(z,r). But this follows readily from the general theory of
Carnot-Caratheodory metrics; see [NSW] for example. Namely, at the origin there are
privileged coordinates (t1,...,t,+1) — exp(d_, tirki Z;) for |t;| < 1 whose image contains
D((0,0),c17r) and is contained in D((0,0), cor) for some ¢; and co. Each Z; is an iterated
commutator of X and Y, and k; is the order of this commutator. There is an integer k
such that k is the maximum of the k; for r is sufficiently small. The number k is also
the number of commutators it takes to span the whole tangent space to X at the origin.
Lemma 2.3 then holds for this value of £ and we are done.

Define 7, (x,t) = y(x + y,t). We introduce some notation analogous to (2.1) —
(2.3):
Z = 6517312 (x7t17t2) > Tn ($,t1) = Yy (Z7t2) (2'18)
For [ > 2 odd:

?lJl,A--,yL (37, tl, tz, PN tl) = ’yyl( é:}__yylil (17, tl, ceey Ifl_l), tl) (2.19)
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For [ > 2 even:
lelv"‘?yl (x’tl’t2’ ""tl) = 51_1,211( gl/:,2...,yl_2 <x7t17t27 '“7tl—2);tl—17tl) (220)

Suppose r is fixed and y is such that |y| < r*. Then so long as z is sufficiently close to
the origin, by Lemma 2.3 we have that the distance from x to  + y in the metric (2.4) is
at most Cr. As a result, if |¢| < r, the distance from = to v(z 4 y,t) in this metric is at
most 2r. Inductively, if each |t;| < r and each |y;| < r*, one has that the distance from
to By, .y, (T,t1,...,t,) is at most C'r. Hence we have

{ gl,...yn(x’tlv“vtn) il <} < C|B(z,7)| (2.21)

Suppose N > n is an integer, and I is a subset of {1, ..., N} of cardinality n which we write
as I = {my,....,m,} where m; < mg < ... < m,. We define det; ﬁ?ﬁ’mw (,t1,....,tN) tO

be the determinant of the matrix whose jth column is &, Y un(@ty, . ty). In other
words, dety By, (x,t1,...,ty) is the Jacobian determinant of B = inthe ty ..., tm,

variables.
Next, we define My, ., (z,7) by

My, ... yn(x,7) =sup sup |det; ﬂﬁ,...yN (2, t1, s tN)| (2.22)

Since each det ﬁﬁw’w (x,t1,...,tN) is a finite-type function in the ¢ variables for a given
(Y1, .-+, Yn) in a neighborhood of the origin (this was shown in [G2] for example), the image
of Y ., (x,t1,...,ty) in the ¢t variables for [t| < Cr has volume comparable to the
measure of its domain times its maximum determinant; we write this as

N

|Ima’ge y1:~~~yN’

~ My, yn (@, r)r" (2.23)
Since this image is contained in the ball B(z, Cr) for some C we have
My, . yn(z,r)r™ < C'|B(z,Cr)| < C"|B(z,7)| (2.24)
In addition, by [G2] we have
My, o(z,r)r™ > C"|B(xz,r)| (2.25)

One may also show this by lifting to the ball B((x,z),r) and examining the geometry of
the map
(t1, .oy tngr) — eVHY | ef2Y ol1X (g g

if N is odd, or the map

tn1 X etQY t1.X

(t17"'7tN+1) — € € (CB,IL‘)
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if N is even.
We can go further and say the following;:

Lemma 2.4: There exist ¢y, C1,Ce > 0 such that whenever each y; satisfies |y;| < enrk,
we have

Ci|B(z,r)| < My, yy(x,7)r" < Co|B(z, )| (2.26)

Proof: The right-hand inequality follows from (2.24), so we must prove the left-hand in-
equality. Each dety ﬁé\i,ww (z,t1,...,tN) is a finite-type function. As a result, by the Bern-
stein inequalities of Lemma 3.2 applied to the set {(y1,...,yn,t1, .., tn) ¢ |yi| <7, |[t:] <7
for all i}, for each I we have the following.

C
sup |V ydetr ﬁé\i_n’w (x,t1, .. tN)| < — sup |det ﬂﬁ’._’yN(x,tl,...,tN)]
lys|[<rk,|t;|<r T Jyil<rk Jts | <r
(2.27)

< |B(z, )| (2.28)

Tk—|—n

The last inequality follows from the right-hand side of (2.26). By (2.25), there exists an I
and a (¢, ..., thy) with |t/| < r for all ¢ such that

C
|d€t[ 5(])\] O(x7t/17"'7t§\7)‘ > T_n|B($’T>| (229)

.....

C
..... un (@511 sty > | Bz, 7)] (2.30)

Since My, ...
we are done.

""" yn (T 1, ., Ty)], the left-hand side of (2.26) follows and

We now fix (x,r) and consider privileged coordinates on the ball D((x,x),r) of
our Carnot-Caratheodory space. Namely, we take higher order commutators of X and
Y which we denote by Zi,...,Z,+1, where Z; is of order m;, such that the image of
{(t1, ..., tns1) = |t;] < r} under the following map contains a ball D((x,z),c17) and is
contained in a ball D((x,z), cor):

(t1y s tng1) — exp(tir™ 2y + o+ g™ T 24 (2.31)

The map (2.31) can also be used to give canonical coordinates for the balls B(z,r). If n
is even, we may take Z, .1 = X, and project r™ 17, ... .r™"1Z at (x,z) onto the left
n coordinates to obtain vector fields W7, ..., W,, such that following map gives canonical
coordinates on B(z,r) for |t;| < r:

(tl, ...,tn) — €$p(t1W1 + ...+ thn) (2.32)
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If n is odd, we can take Z, .1 = Y and project r™ 17y, ... r™ =17 ~at (x,x) onto the
right n coordinates to obtain vector fields Wi,...,W,, such that (2.32) gives a canonical
coordinate system for B(z,r).

Lemma 2.5: Suppose y1,...,yn are such that |y;| < enr¥ for all i, where cy is as in Lemma
2.4, and suppose I, (t},...t)y) and € < 1 are such that |det; By (x,t),..,thy)| =
GMyl»"'7yN (aj? T)'

Then the set {3, ¢i0, B (2, 1], ..., ty) : |e;] < 1} contains a ball centered at the

origin of radius Cer*~1, where C is a uniform constant and k is as in Lemma 2.3.
Proof: Consider the map ®(sy, ..., Sp, t1,...,tn) defined by

D(S1,.eey Spyt1y ooy tn) = exp(siWi + ... + 5, W) ﬁ’.__ny (x,t1, ..oy tN) (2.33)
So viewed as a function of sq,...,s,, the map ®(sq1,...,Sp,t1,...,tx) is the exponential
flow along s;W; + ... + s, W,, starting at Bzﬁ,..-,yw (x,t1,...,tn). Replacing the coordinates

on B(z,r) with those on B(z,Cr) for some large C if necessary, we may assume that
®(s1,...,8n,t1, ..., tn) is defined for all |s;|, |t;| < r. Define P, ., (z,7) by

Py yn(xr) = iup |det ;P (S1,y ..oy Sy b1y ooy tN)] (2.34)
,8,t

Here J is a subset of {{1,...,n},{1,..., N}} of cardinality n, and det; denotes the determi-
nant in the corresponding subset of the sq, ..., s,,%1,...,tn variables. The s,t supremum is
taken over all |s;| < r, |t;| < r. Then since the image of ®(s1, ..., $pn,t1,...,tN) is contained

in the ball B(x,Cr) for some C, analogous to (2.24) we have
Py, . yn(z,r)r" < C'B(x,r) (2.35)

Next, since W7, ..., W,, are canonical coordinates we also have
dets, . s, P(S1, ey Spyt1y ey ty)|r™ > C" B(x,7) (2.36)

Hence we may conclude that for some constants C; and Cs we have

Ci|B(z,r)| < Py, .yn (@, 7)r" < Co| B(z, )| (2.37)
Equations (2.36) — (2.37) also imply that for each i and each $1,...,5,,t1,...,txy We

have that O, ®(s1, ..., Sn, t1,...,tn) can be written in the following form, where |c1],...,|cy |
are bounded by a uniform constant:

8tiq)(81, ceey Sn,tl, ...,t]\]) = ZCjasj(I)(Sl, ...,Sn,tl, ...,tN) (238)
J
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For if (2.38) did not hold, thenin view of (2.36) the vectors O, ®(s1, ..., Sn,t1,...,tx) and
{0, ®(s1, ..., $n,t1,...,tn)} would generate too large a parallelopiped for the right-hand
side of (2.37) to be satisfied. In particular, (2.38) holds when s1,...s,, are all zero. In this
case (2.38) translates to

8tiﬁﬁ,...,y1v (l’,tl, ...,tN) == chWj (239)
J

Here the vector fields W; are evaluated at the point 8Y . (z,t1,...,ty). Since (2.39)
holds for each 7, including ¢ in I, we have for some constant C"

O c0nB) (@t nty) el <13 C DWWt el < C} (2.40)
J

el

By Lemma 2.4 and the fact that the W, are coordinates for B(x,r), the volume of the
right-hand side of (2.40) is comparable to M, . ., (x,r). Hence if (#},...,t) satisfies
|det B (@t )| = €My, .,y (x,7), then the measure of the left-hand side of
(2.40) is at least Ce times that of the right- hand side. By Lemma 2.3 and the fact that
the W; are canonical coordinates, this right-hand side contains a ball of radius C’r*~1.
We conclude that the left hand side of (2.40) contains a ball of radius C”er*~! and we are

done.

Corollary 2.6: Suppose (t1,...,ty) satisfies |¢t;| < r for all 4, and (y1, ..., yn) is such that
lyi| < cnr® for each i, where cy is as before. Suppose I C {1,..., N} is of cardinality n
such that

|detlﬂﬁywy1\, (,t1, . tN)| = €My, yn (z,7) (2.41)

If v = (v1,...,v,) satisfies [v] = 1 and det?” Y un(@ t1,.. ty) denotes the deter-

minant of the matrix obtained by replacing the jth column of the Jacobian matrix of
N (x,t1,...,tx) in the I variables by the vector v, then we have

Yi,---YN
v,j AN
|detIJ yl,,_.,yN(x’tl"”’tN” C (2.42)
|det é\lf’”_’yN(x,tl,...,tN)\ erk—1
Proof: Since |v| = 1, by Lemma 2.5 we can find numbers ay,...,a, with |a;| < eTkL*l for
all 7 such that
v= Zaiatiﬁé\i,...,ij(xvtla"'7tN) (243)

icl
The determinant of the matrix obtained by replacing the jth column of the Jacobian in [
of BY . x(x,t1, ..., tN) by vis exactly the determinant of the matrix obtained by replacing
the jth column of the Jacobian in I of )Y . (x,t1,....,tx) by a;0n,BY . (x,t1, ... tx),
since the other terms lead to determinants of matrices with two equal columns. Hence the
determinant in question is exactly a; times detfﬁﬁ x,t1, ..., tn). Aslaj| < ﬂ,ﬂ%, the
corollary follows.

7"'7yN(
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3. Beginning of the Proof; Analytic Lemmas

The general outline of the proof is remniscent of that of [G2], whose origins
trace back to [PS]. The biggest difference is that since we are proving L? regularity here,
one does not need to associate a singular integral operator to T as in [G2]. Instead
one needs to consider certain convolutions of bump functions with the operators called T}
below; the arguments become somewhat different, in particular in the almost-orthogonality
arguments. Let n(t) be a compactly supported function on R, equal to 0 on a neighborhood
of the origin that satisfies Z;i_oo n(27t) = 1. Denote n(27¢)k(t) by k;(t), and define the
operator T by

T f(z) = /R F (e, 1))hy (1) dt (3.1)
Thus we have

YT, =T (3.2)

Let ((x) be a Schwarz function R™ whose Fourier transform is compactly supported and
equal to 1 on a neighborhood of the origin, and let 2" ((2™x) be denoted by (7). Let
k be the integer of Lemma 2.3. We define operators 7T and T;; by

Tif =Cu*Tif, Tijf = Cipvivr * Tjf — Gryi x Tj f (3.3)

We let T" = >_; Tij and T = > T;. We have

T+> T'=T (3.4)
i>0

In order to prove Theorem 1.1, it suffices to show that the operator U = AT is béounded
on L2. To this end, we decompose U analogously to (3.4). Namely, we let £ = A25( and
& = A%Cm, and we define the following operators.

Uif =&k *Tif, Ui f = (Erpivr — Epri) * Tif
U'=> Uy, U=>_T;
J J

Hence we have '
U+) U'=U (3.5)

i>0

Observe that because A3k has Fourier multiplier |y|* and ¢’s Fourier transform is smooth
and compactly supported, we have that £ = A%C is smooth with

£(z) ~ || % as |z| — oo (3.6)

11



Furthermore, since (,(z) has Fourier transform ((2-™x), we have
Em (x) _ 2m(n+%)£(2mx)
As a result,

2m(n—|—%) 2m(n+1—|—%)

, |[VEn(x)] < C
1+(2m|x|)n+% ‘ ¢ ()| 1+(2m|x|)n+1+%

eml@)| < C (3.7)

In addition, since the Fourier transform of &1 (z) — &m(z) is equal to |z|* [¢(2-™ 1z) —
¢(27™z)], a smooth function, we also have the following estimates for any N:

Zm(n+%) 2m(n—|—1+%)

7 [Vémia () = VEn(2)| < CNW

(ema1 () — En(2)] < CNW

(3.8)

To ensure our operators will all be well-defined, it is appropriate to truncate the &, (z) to
functions x(x)&,,(z) for a function x(z) with appropriately small support. This will not
affect the validity of our estimates; by (3.7) —(3.8) for any C we have ) f|:1:|>C |Ems1(x)—

Em(z)|dz < C', so by Schur’s test »_, . ||U;; — truncationof Uj{|r2—.r2 < C”. Hence in
our future arguments we may assume &,,(x) has been replaced by x(z)&m,(z). Note that
(3.7) and (3.8) still hold.

Observe that &, (x) satsifies the following cancellation condition:
/ Em(z) <C (3.9)

In other words, the cancellation gives us a gain of 2=

In order to prove Theorem 1.1, we will prove the following estimates, where vy,
V9, and 3 are positive.

|Uis Uy, 2z, |US, Ugy |l g2z < C271ig7v2lin=d] (3.11)
|‘ﬁj1[7]>'k2||L2—>L27 ||Ujik1 ﬁj2|’L2—>L2 < C2_V2|j1_j2| (312)
||Uij||L2—>L2 < 0271/31. (313)

U;||L2—p2 < C (3.14)

Equations (3.11) — (3.14) imply Theorem 1.1 in the following way. By (3.11) and (3.13),
for any small 3 > 0 we have

||U131U* ||L2—>L27 ||Uz‘>’;‘1Uij2||L2—>L2 < C(2v1i2—u2|j1—j2|)ﬁ(Q—l/si)l—ﬁ (315)

1J2
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Taking 3 sufficiently small in (3.15) gives the following for some vy, v5 > 0:

Ui Ui \l2 2, U, Usjyl|p2—pe < C2774i27vsli =02l (3.16)
Combining (3.13) and (3.16), Cotlar-Stein almost-orthogonality gives
1U|p2—r2 < 277 (3.17)
Similarly by almost-orthogonality, (3.12) implies
1Ul|p2—22 < C (3.18)
In view of (3.10), equations (3.17) and (3.18) imply
|U|2—r2 < C (3.19)

This gives Theorem 1.1.

We now give a couple of analytic lemmas that will be important in proving The-
orem 1.1. The first is a standard lemma concerning the growth of finite-type functions. It
for example appears in [G2] (Lemma 3.2a).

Lemma 3.1: Suppose f is a C°° function on the closure of a domain U such that there
is an € > 0, a direction v, and a positive integer a such that on U we have
7
ov?

| > €

Let B be an n-dimensional cube in U with side lengths equal to r. Let M denote the
maximum of f on B. If r is sufficiently small, depending on €, a, n, and the C**! norm of
f on U, there is a constant C such that for each 1 > ¢ > 0 we have

{z € B:|f(z)| <6 M}| < Codar"
The constant Cy also depends on ¢, a,n, and the C**t! norm of f on U.

The next lemma contains the Bernstein-type inequalities needed for this paper.
This is the m-dimensional generalization of the two-dimensional Lemma 3.5 in [G3]. The
proof is essentially identical, so it is not included here. It is conceivable that it has also
appeared somewhere else before.

Lemma 3.2: Let f(z) be a smooth real-valued function defined in a neighborhood of the
origin in R™ for some m > 2, and let o be a multiindex such that
o f
Ox™

(0,..,0) = #0 (3.20)

13



Suppose that e > 0. There is a neighborhood U of the origin such that if R C U is an
1 X ... X Ty, rectangle with r; < r§ for each ¢ and j, then for any multiindex 3 we have

or - _
sup |8—J;(x)| < Cr{? e Pmsup | f(2)] (3.21)
rerR OX TER

Furthermore, if S is a subrectangle of R of dimensions %+ x ... x %*, then we also have

sup | f(z)] < Csup [f(z)] (3.22)
TER €S

The constants in (3.21) and (3.22) and the neighborhood U depend on «, 3, €, u and the
suprema of the absolute value of finitely many derivatives of f(z) on U.

The following lemma provides a local Whitney-type decomposition of the com-
plement of the zero set of a finite-type function into disjoint squares of approximately
maximal size on each of which the function is within a factor of two of a fixed value. This
will be necessary for the detailed analysis of section 5; this will be discussed further after
(5.35).

Lemma 3.3: Let f(x) be a smooth real-valued function defined in a neighborhood of the
origin in R™ for some m > 1, and let a be a multiindex such that
o f
ox™

(0,..,0) = #£0 (3.23)

There is a cube @ centered at the origin with axes parallel to the coordinate axes, with
side length 27'@ for some integer lg such that one of the following two possibilities holds:

1) There is a number Ag such that on ) we have

A <|f] <34 (3.23)

2) There is a collection B of dyadic subcubes of @) with disjoint interiors such that the
union of the cubes in B is {x € Q : f(x) # 0}. B has the property that there exists a
§ > 0 such that for each cube R in B, if 27'# denotes the side length of R and R’ denotes
the concentric dilate of R with 1+ § times the side length, then the following hold:

i) There exist constants C; and Cs such that

Cl C2
3.24
5T s%plfl < St}l%pIVﬂ < 57l S%p|f| (3.24)

ii): There exists a number Ag such that on R’ we have:
Ar < |f| < 64g (3.25)

14



iii) Suppose R; and Ry are cubes in B with R} N R} # (). There exists a constant C3 such
that

|lR1 - lR2| < C3 (326)

iv) There exists a partition of unity {¢r : R € B} such that each ¢ is nonnegative and
supported in R/, such that on Q we have

Y ér=1, (3.27)
R

Furthermore, there is a constant C;y such that

(3.28)

The constants §, C1, Cy, C3, and C4, as well as the cube @), depend on «, p, m and the
suprema of the absolute value of finitely many derivatives of f(z) on U.

Proof: Let Q be a cube centered at the origin with axes parallel to the coordinate axes,
with side length 27!@ for some integer lg, such that @ is small enough that |gx;f | > 5 on
Q@ and the conclusions of Lemma 3.2 hold for e = 1 on Q). Let C be small enough so that if

supg |V f] < —zQ supg ]f\ then (3.23) holds. In this case, 1) of the lemma automatically

2—lQ

We proceed inductively as follows. We first divide @) into 2m dyadic cubes of side
length 2~ (et For each cube R amongst these, if supR IVf] < 2(1—+1) supp | f| then we
add R to the collection B. If R satisfies supp |V f| > W supp | f|, then we do not add
R to the collection B. Instead, we divide R into 2™ subcubes of diameter 2~ (e+2) For
each cube S amongst these, we check if supg |V f| < (l 25 supg | f| holds. If it does, we

add S to B. Otherwise, we divide .S into 2" more subcubes and proceed analogously, ad
infinitum.

By construction, the cubes in B are disjoint and the right-hand side of (3.24)
holds. Furthermore, if R is a cube in B and y and z are any points in R, if C'; were chosen
sufficiently small the mean-value theorem and the right-hand side of (3.24) imply that

7) — F(2)] < 27 i sup [97] < 3 sup (329)
R R

In particular, we may take y to be the point for which |f(y)| = supg|f|, in which case
(3.29) says that for all z in R we have

S < 7)< 1) (3.30)
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Next, since we are not in case 1) of this lemma, each cube R of B was derived from a cube
S of side length 27!'#%1 from the previous stage which was not chosen to be a member of
B. Since S was not chosen we must have

&
Sl;p V= 9—lntl Sl;p /] (3.31)
Therefore, by (3.22) of Lemma 3.2 there exists a C' such that
C
Slll%p|vf| > Py Sl;p |/l

C
> S Sup |f]

Setting C; = £ gives the left-hand side of (3.24). This gives conclusion i) of the lemma.

Next, we move to proving ii). Suppose R € B. By (3.21) and (3.22) of Lemma
3.2, there is a constant C' such that

/

2-In

sup |V f| < = sup|f| < ~——sup | (3.32)
R’ R’ R

2—lR/

Hence if  is any point in R’, and z is the point in R nearest to y, then |y — z| < /md2~!7
and we have

_ C
F) = FE)| < Iy = #lsup VS| < Vimd2'® x = supl f
= C'gsuplf|
R

As a result, as long as § is small enough so that C’d < %, we have

7() = f)] < g supl] (3.33)
R

By (3.30), on R the function f is always between %SupR |f| and supp |f|. In view of this
fact and equation (3.33), we conclude there exists an Ag such that on R’ we have

Ar < |f| < 6Ar (3.34)
This gives ii) of this lemma.

Moving now to proving iii), suppose Ry and Ry are cubes in B such that R|NRY, #
(). Since the cubes R} and R) intersect, by (3.34) we have

1
36

AR,

Ro

<

< 36 (3.35)

N
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Now suppose that Ig, < Ig,, the case where lp, > lg, is done in the same way. Since R}
and R} have nonempty intersection, the smaller cube R/, is contained in the dilate of R}
by a factor of 4. Consequently, by two applications of equation (3.22) of Lemma 3.2 to the
first partial derivatives of f, we have

sup [V f| < Csup |Vf| (3.36)
Ry Ry

(In the case that one or more of the first partials of f has a zero of infinite order at the
origin, we have to do a little more work. If they all have a zero of infinite order, so that
a = 0 in (3.23), then case 1) of this lemma automatically holds. If only some of these
first partials have a zero of infinite order at the origin, instead of applying (3.22) to the
first partials of f, we apply it to combinations ) ¢;0; f which do not have zeroes of infinite
order at the origin.)

Next, by (3.21) of Lemma 3.2 and (3.34) we have

6C

Sll%tl’lp IVf] < = Sg/p|f| < 5T, AR, (3.37)
On the other hand by the left hand side of (3.24), we have
C
sup [V f| > sup |[Vf| > ——Ap, (3.38)
R}, Ro 27
Consequently, (3.36) — (3.38) imply that
1 c’
A = s Ar, (3.39)

Since Ar, and Ap, are within a factor of 36 of one another by (3.35), we conclude that
C/
27t > — o7t 3.40
Consequently,
ZRQ < lRl +C” (341)
Since we are assuming lr, < lg,, we have (3.26). This completes the proof of iii).
Moving to iv), let p(x) be a nonnegative smooth function which is 1 on the

cube centered at the origin of side length 1, and supported in the cube centered at the
origin of side length 1 + §. For each R in B, let cp denote the center of R and define

Yr(x) = p(2'7 (z — cg)). We define ¢r(x) by

__ Yr(=)
¢R(x) - ESGB wS(x)

17
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Then ¢r(x) is nonnegative and supported on R, and ), ¢r = 1. Suppose z is such that
or(zo) # 0. By iii), if S is in the sum of (3.42) and s (z¢) # 0, then the side length of S
is within a factor of C' of the side length of R and there can only be boundedly many such
S. Equation (3.28) is now seen to hold and we are done.

4. Almost-Orthogonality

In this section, we will prove (3.11) and (3.12). Let V;; be the operator defined by
Vigf = &jrrix T f (4.1)

By the definitions (3.5) of U;; and U;;, equations (3.11) and (3.12) will follow if we can
show that for |i; —is| < 1 the following holds, where ¢ = max(iy, i2):

Vi Viejulle—r2, 1Vit, VigjallL2— 2 < C27ri27 2l =72 (4.2)

11J1 1272

Observe that Vi; = [, V5k;(t) dt, where

= /f(v(y,t))ﬁjkﬂ'(x —y)dy (4.3)

Hence, by the bounds (1.3), in order to prove (4.2) it suffices to show that for all ¢; and
t2 that

VAL V2 "l e, ||[VEL TV || el 2 < ©20U1HI2)graig=ralii=jal (4.4)

2171 1272 1171 1272

We examine the kernels of V;’;l and V;;Q* Changing coordinates in (4.3) via yoq =
Y (Ynew, t), we get

= /f(y)fjk—i-i(x — 7 (y, 1) (y, t)dy (4.5)

Here ¢ (y, t) is the Jacobian of the coordinate change. As a result, the kernel of V,j; is given
by

By (3.7), we have the bounds
C2(ik+i)(n+7)
K (2, y)| < — . (4.7a)
L+ @R = ()
CoUik+i) (n+1+3)
Vo Kij (2, y)|, [Vy K (2, 9)] < (4.70)

L+ (209 |z — 5 (y, 1) )"+ 7

Since the function y — = — v~ 1(y, t) has Jacobian nearly the identity matrix and is equal
to zero for y = v(x,t), we analogously have

C2ik+i)(n+$)
K} (2,y)] < —— : (4.80)
1+ (200 Fi|y — (z, 1))k
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CoUik+i) (n+1+3)
1+ (2704 ]y — y(x, b)) 7

We also need some cancellation conditions on K{;. By (4.6) and (3.9) we clearly have

‘VIKij(xa y)’? ‘VyKij (xv y)'

(4.80)

|/ (x,y)dz| < C (4.9)
In addition, changing coordinates back in (4.6) we have
[ K= [ Gunte )y < € (4.10)

We now are in a position to prove the estimates (4.4). Since they are totally symmetric, we
only prove the estimates on V' V"2 i . Replacing this operator by its adjoint if necessary,

11J1 272
we may assume that j; > jo. The operator Vflthf;J2 has kernel L(zx,y) given by
L(z,y) = / KL (z,2)K 2 (2,y) dz (4.11)

We will prove (4.4) using Schur’s test on L(x,y). For the = integral, observe that by (4.7)
we have

/|L($, y)|dx < O % Gk+izk+ii+ia) ~ (98(j1+i2+24) (4.12)

As earlier, i = max(iq,i2). To do the y integral, we rewrite L(x,y) as

/K“ 2, )K" (y(z, 1), dz+/Kt1 22K (2y) — K2 (y(2.t1), )] dz (4.13)

111 12]2 1171 12]2 12]2

Let Ly (z,y) and La(x,y) be the two terms in (4.13), so that L(x,y) = Li(z,y) + La(z,y).
By (4.10), |L1(z,y)| < C|K™. (y(z,t1),y)], so by (4.7) we have

742]2
/\Ll(ﬂc,yﬂ dy < C27+720 (4.14)

Next, we have

/MwwhwfﬂM@xZMﬁx y) — K2 (Y t1),y)| dy dz (4.15)

We break the integral into two parts depending on whether or not |y — v(z,t1)| is greater
than or less than twice |z — y(x,t1)|. Denote these two integrals by I; and I respectively.
For I;, the mean-value theorem and (4.8) give

1 ) (n s
K () — K™ (y(@t0)s9)] < Cli — Aoy t1)] — o
1272 t272 T U 4 (2ik iy — x|yt R
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Here z* is a point on the line segment joining 2 to y(z,t1). Since |z — y(z,t1)| < 3|y —
~v(x,t1)|, we must have |y — z*| ~ |y — y(z,t1)|, and the previous equation implies that

KE, o) — K22, (o1, < Clz = ()] ——— o 1
K2 K2, z,t1),y)| < C|z —v(z,t —
S U @kl — ()
As a result,
. 9 (jak+i)(n+1+%)
I < C’/|K“1] x, z)||z — (a:,tl)|dz/ —— = dy (4.16)
L+ (292K ¥y — y(z, ) [)" 5w
<C’2(j2k+i)(1+%)/]Kflljl(a:,z)Hz—’y(:v,tl)]dz (4.17)

Using (4.8), this is at most

j1k+i)(n+2
CoUzk+i)(1+$) / 2000 D]z — y(a b)| (4.18)
1+ (2754 z — y(z, 1) )" w
< O2UkAD) A+ )+ (Grk+i)—jik—i — colia—j1)k+3(1+52)+2iF (4.19)
This is the needed estimate for I;. For I, we use (4.7) to directly bound
K2 (2,y) — K2, (72, 11), )] < CRUsk+D0tD) (4.20)

As a result, doing the y integration first in (4.15), keeping in mind that |y — y(z,t1)| <
2|z — y(z,t1)], we obtain

1171

I, < C2Ukti(ntg) / K (x,2)||2 — y(z, )" dz (4.21)

Using (4.8a), this is at most

9(j1k+i)(n+3) |, —
z=y@ )l (4.22)
1+ (270702 — y(z, t)|)"F

2 Ui2k+0) (n+ ) /

E %)

< O2Uizk+)(n+ )= (Grk+i)n+(rk+i)f  9(iz—i1)knt(j1+i2)6+2if (4.23)

Observe this is the type of estimate we had in (4.19), with a coefficient of kn in front of
j2 — J1 instead of k. So we conclude that

/|L2(%y)| dy < C2U2=F0k+(1+52)5+2if
Since the bounds (4.14) for [ |Li(z,y)| dy were smaller than this, we conclude that
/|L(x,y)l dy < C2U2=i0k+(i1+j2)0+2i¢ (424
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By Schur’s test, the norm on L? of the operator with kernel L(z,y), namely V. V"2 " is

1171 i2J2

bounded by the square root of the product of the z and y-integrals, given by (4.12) and
(4.24) respectively. Hence we conclude that

Vi, Vi 7| < 2t b itanoezig (4.25)

11J1 " 122

Since we are assuming j; > jo, this is exactly the bound (4.4), and as we saw this implies
the orthogonality estimates (3.11) and (3.12).

5. Estimates on an individual U;;; the main argument
In this section we prove (3.13) and (3.14); by the results of section 4 and the discussion
above Lemma 3.1, this is what is needed to prove Theorem 1.1. Since (3.14) follows directly

from applying Schur’s test to the kernel of U j, we restrict our attention to proving (3.13).
Recall that U”f = (gjk—l—i—kl — gjk—ki) * ij Define

fo(x) = 2" Ee(20) — E(x) = AFF(27¢(22) — ((2))

Since the Fourier transform of ((z) is assumed to be compactly supported and equal to
1 in a neighborhood of the origin, {y(z) is a Schwarz function. By (3.9) we have that
Emi1(T) — Em(z) = 2m(F2)€0(2m 1), and hence denoting &1 (%) — (@) by O (z) we
have

Uijf = Ojkvi x T f (5.1)

Writing this out explicitly,

Uy () = / ( / OV + 1, 0) g (£) de) 20RO+ D gy ity gy (5.2)

Since &y has integral zero, we also have
Usj f () 2/[/ fOr(@+y, £))k; (1) dt—/f(v(x,t))kj(t) dt]2R N Dgy (2784iy) dy (5.3)

We define W by

Wit = [ £0Ge+ k@ dt = [ 160k d (5.4
We will show that for some e > 0 independent of 6, that for all |y| < C277* we have
W} f(@)|| < C27%|y|)2~7° (5.5)
This will imply (3.13) and therefore Theorem 1.1 by the following lemma.

Lemma 5.1: If § is sufficiently small, then equation (5.5) implies that ||U;;|| < C27# for
some p > 0.
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Proof: By (5.3), we have

jk+i)(n+ 2 jk+i
U351] < /20“” D)) (27| ||| dy

= /| ‘ i 2(Jk+l)(n+k)|€0(2jk+ y)| ||ij|| dy _,_/ 9 (jk+i)( +k)|€0(23k+ y)| ||lej|’ dy
y|<277

ly|>2-7*
(5.6)
Denote the two integrals in (5.6) by I; and I5. For I7, we substitute in (5.5) and we obtain

I < Cg(jk+i)(n+%)+jke—j5/|y|e|§0(2jkz+iy)| dy (5.7)

Scaling y — 2~ Uk+9y (5.7) implies that

I < C2k+i)(n+2)+ike—jo—(jk+i)(nte) _ (yoif —ie (5.8)

As a result, so long as ¢ < ke, I; will contribute no more than C27#* to ||U;;||. As for I,
first note that by direct integration a.k.a Schur’s test, we have ||ij|] < C277%. So since
&o is a Schwarz function, for any N we have that

I, < CN/ (kA (nt§ =N) =8|y | =N gy — O\ 20k (45 =N)=jo+jk(N=n)
ly|>2—7k

_ 9i(n+§—N) (5.9)

Hence by taking N > n+ 2, I, also is seen to contribute no more than C27#% to ||Uy;||. As
a result, under the assumptions of this lemma, we have ||U;;|| < C27#*. This completes
the proof of Lemma 5.1.

As in section 2, we let v, (2,t) = y(z + y,t). Define the operator T} by

T 1(e) = [l st = [ 9o+ v k(0 de (5.10)

Thus W} =T} — T;. Suppose N > n is even. Then the N-fold iterate WJy*WJy...WJQ*Wf

can be written in the form N
2

YN YN —1* Y2y
S ETINTIN TR (5.11)
1=1
Here each y;, is either 3 or 0. Observe that in the sum (5.11), exactly 2V~! terms have a
plus sign and 2V~ terms have a minus sign. As a result, (5.11) is exactly
2N
S H(TINTINLTETY — TyT L TTY)

=1
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Consequently, we have

Lemma 5.2: Suppose that for N sufficiently large, for each Y = (y1,...,yn) with |Y| <
277% the following holds.

| TPN TN TR TR — T TT7|| < 027N Ry | (5.12)
Then equation (3.13) holds, thereby proving Theorem 1.1.

Incidentally, it is in proving (5.12) that the curvature condition is used. (It has
not been used so far). For as we will see, the curvature condition implies that the kernels
of T;T..TyT; and T} T]?JN ’1*...T]92T ;’1* are spread out near one another well enough
that (5.12) holds. To be more precise, we will examine the partial derivatives of the kernel
of TV TJ?JN ’1*...ij2ij1* with respect to the y variables, and show that the associated

operator has norm bounded by C277N+ik opn .2,

To this end, using the formulas (1.1) and (2.6) for 7" and 7, in the notation of
(2.18) — (2.20) we have the following expressions for some smooth &.

Y YN—1* Y2 Y1 * _

/f( gjl\i,...,yN (x’tla 7tN))k](t1)k](tN)€(xuyla YN, 7tN> dty...dtn (513)

/f(ﬁN(m,tl,...,tN))kj(tl)...k:j(tN)f(x,O,...,O,tl,...,tN)dtl L dty (5.14)
Taking the y; derivative of (5.13), we have
i(TyNTyN—l* Tszy1*f( )>_
By I et et AP
o N
/Vf( ﬁ,m’yN(x,tl,...7tN)) . %(m,tl, e N (t1) . K ()
Xf(l‘,yl,...,yN,tl,...,tN) dtl...dt]\] (5150,)

o
—|—/f( é\lf .... yN(.’B,tl,...,tN))k‘j(tl)...kj(tN)a—yi({l?,yl,...,yN,tl,...,tN)dtl...dtN (515b)

The expression (5.15b) is easily bounded; viewed as a superposition of delta functions it has
norm bounded by ([ |k;|)" x sup g—yﬁl, which is at most C277™9 better than the estimate

C27IN+ik we need. Thus we need only bound (5.15a). To do this it suffices for each [
and m to bound the operator Uy, defined by

Ulmf(flf) = /<8mf)( é\L_“’yN (CL’,tl, ...,tN))k’j(tl)...k‘j(tN)
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XElm(l‘,yl,...,yN,tl,...,tN)dtl...dtN (516)

Here 2y, = X8y, (B, )m» where (3 )., denotes the mth component of 8 .
The exact form of =;,,, will not be relevant, just the fact that it is a smooth function. The
necessary bounds for the operator =, are given by the following theorem.
Theorem 5.3: For sufficiently small §, for each I, m we have ||Up,| < C27INo+ik,
Consequently, Theorem 1.1 holds.

Before being able to prove Theorem 5.3, we will have to learn more about the

function 8y . (x,t1,...,ty) for large N. We first define the function o) (,t1, ..., tx) by

Oéqj;v(xatb 7tN) = Z(detfﬁﬁ,...,ij (matla 7tN))2 (517)
I

The sum is over all I C {1, ..., N} of cardinality n. The function aff is of finite-type in the

t variables. In fact, each function det;ﬁﬁw,w (x,t1,...,tN) is finite-type in the variables
{t4 11 €1}, as was shown in [G2]. Let M, ., (x,r) be as in (2.22), so that

CiMy, ... yn (x,7) < sup o (z,t1, ..., tn) < CyMy, .y (z,7) (5.18)
|tl|<’l”

Fix some even Ny > n. By Lemma 3.1 and (5.18), we may let a > 0 be such that for each
x close enough to the origin and r sufficiently small we have

{(t1,....tny) ¢ |t < 7 for all 1, aév(’(x,tl,...,tNo) <My, yn(z,m)} < C3% N0 (5.19)

The following lemma says that if we replace Ny by a large enough multiple of Ny, then we
can make the power of § appearing in (5.19) arbitrarily large; this will give regularity to
the kernel of Uy, that we will exploit in our subsequent arguments.

Lemma 5.4: Fix an even Ny, and let a be as in (5.19). Then for any integer p > 0 we
have

H{(t1, .., tpn,) = |t] < r for all 1, aZNO(x,tl, e tpNg) < My, oy (z,1)}] < C3PrPNo
(5.20)

Proof: Let XgNO (x,t1,...,tpn,) denote the characteristic function of set on the left-hand
side of (5.20). We integrate XgNO (x,t1,...,tpn,) in the final Ny variables, using (5.19)
in these variables on the function (tu,—1)ny+1,-- tpNy) — By (w,t1, ..y tNg ),

Y(p—1)Ng+1s-HYN
(p—1)No )
Y1 Win1yng (E15 s E(p—1)N, ). We obtain

where w =
/XZI;NO (1‘, tl, aacy tpNo)dt(p—l)N0+1'~'dtpN0 < C5QTNOX§p_1)NO (ZL', tl, aeey t(p—l)No) (5.21)
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Similarly, we can then integrate in the t(,_2yn,+1, -+, t(p—1)N, variables to obtain

/XgNO (l‘, tl, cany tpNO)dt(p_Q)N0+1...dtpN0 < C(SQGTQNOX(yp_Q)NO (IL‘, tl, ceey t(p—Q)No) (5.22)

Proceeding thus inductively, after we exhaust all pNy of the ¢ variables, we obtain (5.20).
This completes the proof of the lemma.

In our future arguments, we assume N = pN; such that Lemma 5.4 holds for
ap > 3. For a given x and y, we apply Lemma 3.3 to the function aév(x,tl, oy ty) in
the t variables. Let {¢r} be the corresponding partition of unity of (3.27). By (3.25),
aév(x,tl, ., tn) is within a factor of 6 of a fixed value on the support of a given ¢g.
However, in our subsequent arguments, we will need that the largest term (det;fy, .. 4y
(x,t1,....,tx5))? of the sum (5.17) also stays within a constant factor of a fixed value on
the support of a member of our partititon of unity. To accomplish this, we will refine
the partition of unity by writing each ¢r as the sum of boundedly many terms; the
resulting partition of unity will have the desired property. We do this as follows. Let
¢(z) be a function on RY that is equal to 1 on [1, 2]V, and is supported in [—1,1]". Let

O(x) = %, where the sum is taken over all v with integral coordinates. Note that
{6(z — v)} are a partition of unity, as are {#(B2'#z — v)}, where 27!% denotes the side
length of R like before and B is a large constant to be determined in Lemma 5.5. Observe
that O(B~") of the functions {§(B2'2z — v)¢r(x)} are nonzero and the diameter of the
support of each of them is O(B~127!%) The properties of {#(B2'%2 —v)} that we need are
given by the next lemma. Equation (5.23) below is needed for the reasons outlined in the
above discussion, while (5.24) ensures that the support cubes are large enough that the
functions 8(B2'%x — v)¢r(z) don’t induce spurious large terms when a derivative lands on
them.

Lemma 5.5: Let {0](x)} be the set of all functions of the form 0(B2'rx — v)pr(x),
where R is a cube of the partition of unity {¢r} and v has integer coordinates.

If the constant B is sufficiently large, then there is a constant ¢ > 0 such that for
each v and R, there is an [ such that on the support of 05 r the following holds, where
Ap is as in (3.25):

CAR < |d€t1ﬁé\i,,..,y1\; (.'Ii,tl, ...,tN)’ < 6AR (523)

Furthermore, if € is such that Ap = €M, ., (x,7), there is a constant C' such that the
side length 27'7 of R satisfies
2R > Cer (5.24)

Proof: Fix v and R. Let w = (w1, ...,wn) denote the point 7. We may select I such
that (det;BY . (x,w1,...,wy))? is the largest term in the sum (5.17) for (t1,...,ty) =

(w1, ...,wy). In this case, by (3.25) there exists a constant ¢ > 0 such that

|detIﬂ;X’“ T, Wi, ...,wN)| > cAR (5.25)

-7yN(
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If 2 = (21, ..., 2x) is any other point in the support of 02 5, then by the mean value theorem
we have

|detlﬁﬁ ..... o (T, 215y 2n) — detg é\lf ’’’’’ un (T w1, wn)| < [z —wl Sg/p |thet15é\iwyN(gg, Sl
(5.26)
—Ir
<C I S]l%llp |thet1ﬂé\lrw’yN (z,-)] (5.27)
By the Bernstein inequality (3.21), (5.27) is at most
/
E ngp |d6t1ﬂé\i,...,y1\; (’Tv )|
6C" Ar
< 5.28
<8 (5.29)
The last equation follows from (3.25). Hence if B is sufficiently small that % < §, where
cis as in (5.25), then by (5.25) and (5.28), for z in the support of UER we have
N c
’det]ﬁyl’m’yN(ZL', 21,...,2’]\[)’ > §AR (529)

This gives the left inequality of (5.23). The right-hand inequality of (5.23) follows from the
fact that det; 3,y . (x,21,...,28) < ) (x,t1,...,tx) and the fact that ) (z,t1,...,tx) <
6An by (3.25). Thus we have proven (5.23).

As for (5.24), let € be such that Ap = €My, . 4, (z,7). By the left side of (3.24)
and (5.23) we have

SupR‘aé,V(x7t17'“7tN)‘ CleMyl,...,yN(xar)

Z_ZR > (4 =
supp [Viald (x,t1, ..., tN)| — supg [Viad (2,11, ..., tN)]

(5.30)

By the Bernstein inequality (3.21), we have

AR S C/Myl,...,yw(x7r)

r r

sup [Via) (2, t1, ..., ty)| < C’
R

Consequently, (5.30) leads to
Cicer

2 lr > L

This gives (5.24) and we are done.

We are now in a position to prove Lemma 5.3. For a fixed x and y, we use the
partition of unity {af, r} as follows. We write the operator Uy, as Uy, = Ep Ul , where
each U] f(z) is of the form

/(8mf)( Z]/\L~~~7yN (ZE,tl,...,tN))O'ER(tl, ...,tN)kj(tl)...k'j(tN)
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XElm(l‘,yl,...,yN,tl,...,tN)dtl...dtN (531)

The idea now is as follows. By Lemma 5.5, on the support of a given O'ER(tl, ..., tn) there
exists an I = {q1,...,qn} such that (5.23) holds. On this support, the determinant of

ﬁ’_“’yN (x,t1,...,tn) in the t, variables is nonzero. As a result, we can find functions
ai,...,a, such that

0
(amf)( é\i,...,y]\] (mvtlv '“7tN)) = Zaza[f( é\lr,...,yN (xvtlv "'7tN))] (5'32)

We will find explicit formulas for the a;, and substitute them into (5.32). We will then
subsitute (5.32) into the formula (5.31) for U] f(x), and integrate by parts with respect to
the t,, variables. We will then bound our terms and use Schur’s lemma to find the needed
L? bounds for Uj,,, thereby proving Theorem 5.3 and thus Theorem 1.1.

The explicit formulas for the a; are determined as follows. Define dg) . (x,t1,....tx)
to be the derivative matrix of 55{,...,% (x,t1,...,tn) in the t,, variables. Let ey, denote the
mth unit coordinate vector, and a the column vector (ay, ..., a,). Then for (5.32) to hold
we need that

By, .. yn (@11, tN) @ = em (5.33)

By Cramer’s rule, using the notation of (2.42) we have

em,t QN
. thI yl,...,yN('x?tl?"'?tN)

detl Z]J\i:m,yN (CL‘, tl, ceey tN)

(5.34)

a; =

Denote the operator of the ith term of (5.32) by Uj, , so that >, U}, = U] . We will

integrate by parts in ¢4, in the following expression for U}  f(z):

detem’i N ($ tl tN) 0
Up — I Yi,-- YN ) ? ’ t . t
zlmf(x) / detl z]/\i,...,yzv (l‘,tl, ...,tN) 6tqi [f(ﬂyhm,yzv (:L‘, 1500 N))]
xaER(tl,...,tN)kj(tl)...kj(tN)Elm(g:,yl,...,yN,tl,...,tN)dtl dty (5.35)

In a sense (5.35) is the crux of this paper. In converting z,, derivative of f into t-derivatives,
det}em’lﬂN yN(:L‘,tl,...,tN)
detjﬁé\; """" yN(m,tl,...,tN)
at least C27(F—1) and the integration by parts will lead to an additional factor of C'27, so
overall we will get an operator with norm C27*¥ beyond what we would get if we were just
looking for L? to L? estimates. By taking N sufficiently large and invoking Lemma 5.4
on the appropriate detlﬁﬁ’ww (z,t1,...,tN), we can ensure that the points near the zero
set of det;B3) . (x,t1,..,tx) do not have enough measure for (5.35) to satisfy worse
estimates than the portion where dety é\i,m,yw (x,t1,...,tn) is large. The Whitney type
decompositon of Lemma 3.3 is used to ensure two things. First, that one can use a single [
in the determinants of (5.35); otherwise we’d have to use variable-coefficient determinants

one gains an additional factor of . By Corollary 2.6, this factor is
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which would be difficult to handle. The second reason for the use of Lemma 3.3 is to
ensure that the cutoff functions 05 r have large enough support that the ¢, derivatives
landing on them don’t give large factors that would worsen our estimates.

Denote the kernel of Ul} by K! (x,z"). We will bound [ |K?} it (x,2")| dz’, with
the goal of eventually using it in applymg Schur s test to Uy, = ZW ;1m- Lo this end,
we now do the integration by parts in t,, in (5.35). We get several terms, depending on
where t,, derivative lands. We examine each separately.

First, we examine the term where the derivative lands on the =, factor. Denote
the kernel of the operator for this term by K%' (z,2'). We can write K. (z,2') as the
average of delta functions as

determi N (.T tl tN)
S — N bt I Y1yeery YN\ VL ey B ot
/ (= B (b V)= ™ o tay) oo )

0=im
ij(tl)...]{?j(t]v)at—l(x,yl, ...,yN,tl, ...,tN) dtl dtN (536)
qi

Thus we have

ilm

/|Kp1 z,x')| dx’ <

/Idet?m’l Y1, yN(.'IT,tl,...,tN) B
det; (le,tl,...,tN) v

8\~lm

inj(tl).. k‘ (tN) 81&
ql

(:L‘ Y1y eeey yN,tl,...,tN)|dt1...dtN (537)

By Lemma 5.5, there is an Apr such that on the support of O'ER the function |det; ﬁyN|

is between cAr and 6Agr. Define € to be the number such that Ar = eM,,, 4 (2, 277),
By Corollary 2.6, the factor di?;;g; _____ ) ’N(m(ilil’ thJ)V) appearing in (5.37) satisfies
det7=" BN x,ty, ...t
det BN ylylyj](vci, 51,1---,151\7];)‘ < ez—fk_1) (5.38)
By (1.3), the factor k;(t1)...k;(tn) satisfies
kj(t1).. ke (tn)| < C2IN(=9) (5.39)

The %Et;’_" factor we just bound by a constant. As a result, we have

ilm

/|Kp1 z,x')| dx’ <
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9i(k—1)+jN(1-6)
C /UUBR(tl,...,tN)dtl...dtN
e b

9d (k1) 5N (1-6)
—C IR| (5.40)

€

Next, we consider the term where the derivative lands on the k;(¢1)...k;(tn) factor. The
only difference here is that by (1.3) one gains an additional 27 factor. As a result, if the
kernel for this term is denoted by K22 (z, '), we get

ilm

02 , 2ik+iN(1-6)
K (x,2")| do’ < C—————|R) (5.41)

ilm €

Next, we consider the term where the derivative lands on the af r(t1,...,tn) factor. Recall

that this factor is a partition of unity function for a box of width 271R . As a result taking
the derivative leads to a an additional factor of C2!%®, which is at most = by Lemma
5.5. Thus if the kernel of this term is denoted by K flm( x'), we have
3 9ik+jN(1-6)
/]Kf;m z,2')| de’ < C————|R] (5.42)
€

Next, we consider the term where the derlvatlve lands on the detem’ é\{ un (@t tN)

detem lﬁN yn (Tt tN)

,,,,,

factor. One gets an additional factor of , which by the Bern-

d tgm ZﬁN ,,,,, un (:U,tl,...,tN)

C/
2— lR < €2—7
Uf r(ti,...,tn). Hence as in the previous term, if we denote the kernel for this term
by KP*

ilm

stein inequality (3.21) of Lemma 3.2 is bounded by on the support of

(x,z"), we get

4 9ik+jN(1-5)
/pr 2,2) de’ < C2—____|R| (5.43)

ilm €

Finally, we examine the term where the derivative lands on the detjﬁﬁ,_“’yN (x,t1,...,tN) in

—g2=deti By (@t1entN)
det;ﬁé\’l YYYY yN(x,tl,...,tN)
the Bernstein inequalities exactly as in the last term, so
denoting the kernel of th1s term by KP°

ilm

the denominator. In this case, we get an additional factor of

(z,2'), once again we get

ilm e2

5 9Jik+jiN(1-9)
/|Kp z,2)| do’ < C—————|R] (5.44)

Adding (5.40) — (5.44), we conclude that

9jk+iN(1-6)

/| P (z,2")| da’ < C |R| (5.45)

€
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Recalling that U = >, UY ~ (see above (5.35)), if we denote the kernel of U] by
K} (x,2'), then (5.45) implies

9jk+jN(1-5)
2

/ K? (2,2)] da’ < C IR (5.46)

€

Next, recall that Uy, = > U[ (see above (5.31)). Denote the kernel of Uy, by Kim (2, 2").
We will determine bounds on [ |Kj,(x,2")|dz’ by adding up the corresponding bounds
(5.46). We do this as follows. For each integer a, we together group the terms (5.46) for
2% < € < 279 The sum of these terms is bounded by

C2IFHIN1=0)+2a > R| (5.47)

yN($’27j)§AR§2ia+lMy1 ~~~~~ yN(mﬁzij)}

AAAAA

Recall we are assuming that N is large enough so that Lemma 5.4 holds with ap > 3. As
a result, by Lemma 5.4, (5.47) is bounded by

C2jkz—jN5—a
Adding this up over all a, we get that
/|Klm(a:,x')|dx’ < C27F=iNo (5.48)

These are the z’-integral estimates we seek in proving Theorem 5.3 by Schur’s test. For-
tunately, we have already done all the work needed for the z-integral estimates. For so
long as IV is even, which we are assuming, the adjoint U}, can be written as the sum of
finitely many terms of the form (5.16), with the functions =, replaced by other smooth
functions. Thus one can deal with U} exactly as we dealt with Uj,,, and we have

/ Koy (2,2 | da < C:27E—IN0 (5.49)

By Schur’s test, (5.48) and (5.49) taken together give Theorem 5.3, and therefore Theorem
1.1.

6. Final Comments
As mentioned before, the arguments of this paper still hold when k(t) is replaced by a

function k(x,t) under certain differentiability conditions on k(z,t) in the x-variable. For
example, our arguments work if we assume that for some p > 0 we have

\Vok(z,t)| < C|t|~2Ho+r (6.1)

The author does not know exactly how small § must be in Theorem 1.1. If one examines
the proof, one gets upper bounds on ¢ in terms of the growth of the distribution function of
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S (detr BN (z,tq, ..., tN))? for a sufficiently large N, for = near the origin. However there
is no compelling reason to think this is the best possible.

Using interpolations with easy L1 estimates, one can argue as in [G2] and earlier
papers to get almost-sharp LP to L% . boundedness of T if p is sufficiently close to 2.
k

This may be useful in the study of the LP theory of subelliptic PDE’s, which is still poorly
understood.
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