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1. Introduction

In their seminal paper [PS], Phong and Stein consider operators T on L?(R) of
the form

Tf(z) = /R ASED) 3(z,y) f(y)dy (L1)

Here S(x,y) is a real-analytic function defined in a neighborhood of (0,0), ¢(x,y) is a C°
function supported in an appropriately small neighborhood of the origin with ¢(0,0) # 0,
and )\ is a real parameter. The goal is to characterize the maximum e such that for some
constant C, ||T||f2—r2 < C|\| 7€ for all \.

When the second derivative 82,5 (z,y) is nonzero near the origin, € is known to
be equal to % by a relatively straightforward TT* argument. Therefore, the situation of
interest is the degenerate situation, namely when 97,5(0,0) = 0. [PS] deals with the de-
generate case by dividing the support of ¢ outside the zeroes of 8§y5 (x,y) into rectangular
pieces on which 8§y5 (z,y) is within a constant factor of a fixed value. By a careful sum-
mation, using almost-orthogonality when necessary, the sharp € is determined in terms of
the Newton polygon of a,%yS (z,y). A major tool used in [PS], as well as its simplification
and elaboration in [Ry], is the Weierstrass preparation theorem (see [W])

Weierstrass Preparation Theorem:

Suppose f(z1,22) is a (complex) analytic function in a neighborhood of (0,0). Then there
exists a neighborhood U of (0,0) and an analytic function h(z1, 22) defined and nonzero
on U, such that on U we have a factorization:

f(z1,22) = 2% H(z2 —Yi(21) (21, 22) (1.2)

Here each [; is an integer and Y; is an analytic function of 213 for some large M. (1.2)
can to be taken to hold on any fixed branch of log z;.
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It is natural to attempt to extend the method of [PS] to higher-dimensional operators,
as well as to stability questions relating to the operator T'. For example, if we have a
1-parameter family of phase functions Si(z,y), we might ask how the behavior of the
operator T' changes with t. Since factorizations like that of (1.2) are restricted to two
dimensions and furthermore are not very well-behaved under perturbations of the function
f(z,y), it makes sense to try to find a substitute for these Weierstrass factorizations when
trying to extend the Phong-Stein method. One natural thing to try to do is to directly
resolve the singularities of the phase function S, for such resolutions of singularities are
known to exist in all dimensions, such as in the famous work of Hironaka. Furthermore,
using direct resolutions of singularities, Varchenko showed in [V] that if one considers the
scalar analogues of (1.1), namely

I = /e“s(“’y)dﬁ(w,y)dx dy

Then the largest € for which we have an estimate of the form
x| < CIAI
can be expressed in terms of the Newton polygon of S in many situations.

The purpose of this paper is first to define from scratch a direct resolution of
the singularities of a locally defined real-analytic function in the plane; this resolution
and its properties may be of independent interest. The existence of Puiseux series will be
a consequence. Next, complex analytic analogues will be described and the Weierstrass
preparation theorem will fall out easily. Lastly, we will use the real-analytic resolution in
conjunction with many of the analytic methods of [PS] and its predecessors (e.g. operator
Van der Corput lemmas) to reprove the results of [PS]. No facts from algebraic geometry,
including the Weierstrass Preparation Theorem, will be quoted; the real-analytic resolution
of this paper supplies all the necessary information.

Many of the ideas behind the resolution procedure here are ancient; Isaac Newton
himself did some of the important early work (see [BK].) Over the centuries a number of
different ways of resolving singularities of plane curves have been developed, by Puiseux,
M. Noether, and many others. The resolution procedure here naturally is related to these,
but is tailored to analyzing operators such as (1.1). Our arguments are relatively direct
and only involve finitely many coordinate changes of the form (x,y) — (z,y — g(x)). This
allows us to break up the support of ¢(z,y) in (1.1), in the original coordinates, into
finitely many curved triangles (e.g. sets of the form {(z,y) : a(z) <y < b(z),0 < x < zo}
where a(0) = b(0) = 0). On each of these curved triangles, 97,5(z,y) and its first two
y-derivatives will satisfy appropriate bounds for using the analytic tools of [PS], again in
the original coordinates. It is very important that our resolution algorithm give estimates
in the original coordinates and not in a transformed coordinate system arising from the
resolution process; the almost-orthogonality and operator Van der Corput lemmas used
in [PS] and here depend critically on the role played by the coordinate axes. This is in
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contrast to the scalar oscillatory integral denoted by Iy above, where the coordinate axes
play no special role. This issue is discussed in more depth in [PSSt]|, where another proof
of the main theorem of [PS] (Theorem 1.1 below) is also given.

We now provide some relevant definitions. Suppose f(z,y) is real-analytic in a
neighborhood of the origin with Taylor expansion > a, ,2™y". For each (m,n) in R?,
let Q. be the set {(z,y) € R* 1z > m,y > n}.

Definition The Newton polygon N(f) of f is defined to be the convex hull of the @y,
for which a,, , # 0.

Definition The reduced Newton polygon N, (f) of f is defined to be the convex hull of the
Qm,n for which a,, , #0, m # 0, and n # 0.

Newton polygons have been extensively used by algebraic geometers in their study
of the zeroes of polynomials in two variables. It is well-known that N(f) (and variants like
N,-(f)) has finitely many extreme points. As a result, the boundary of N(f) consists of
an infinite vertical ray, an infinite horizontal ray, and finitely many (possibly zero) slanted
segments between the two rays, the slopes of which get larger (less negative) as one goes
counterclockwise from the vertical ray to the horizontal ray of the polygon.

Definition: The Newton distance of f is defined to be the least § > 0 such that (4,6) €
N(f)-

Definition: The reduced Newton distance of f is defined to be the least § > 0 such that
(6,0) € Np(f).

Geometrically, the Newton distance of f is the z-coordinate of the intersection of
the line {y = x} with N(f), and the reduced Newton distance is the z-coordinate of the
intersection of the line {y = x} with N,.(f).

The main result of [PS] as well as section 5 of this paper is as follows:

Theorem 1.1 Let T be the operator (1.1). Then if € is equal to one-half of the reciprocal
of the reduced Newton distance of 82,5 (z,y), we have the sharp estimate

T2z < CIAI~ (1.3)

The organization of this paper is as follows. In section 2 the real-analytic res-
olution of singularities procedure is defined and some consequences of the resolution are
proven. In section 3, the (minor) modificiations needed to resolve the singularities of com-
plex analytic functions are indicated, and the Weierstrass Preparation Theorem will be
shown to follow quickly. In section 4, several lemmas concerning the L? behavior of oscil-
latory integral operators are proven. These are very similar to analogous lemmas in [PS],
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such as their operator Van der Corput lemmas, and have also been influenced to some
degree by [PSSt]. In section 5, the results of sections 2 and 4 are combined to reprove the
main result of [PS].

2. The Resolution Algorithm

In this section, f(x,y) is assumed to be a real-analytic function of two variables,
defined in a neighborhood of (0,0) such that f(0,0) = 0. The following resolution proce-
dure, as well the lemmas of this section, should be construed to hold in a small disk U
containing the origin even if this is not made explicit. This procedure will divide U into
”curved triangles” of the form {(z,y) € U : hi(x) < y < hao(x)}, where hi(0) = ha(0), as
well as 4 similar curved triangles on either side of the positive and negative y-axis. On
each curved triangle, f will be well-behaved enough to apply the lemmas of section 4. To
give some idea how to go about this, first write f(x,y)’s Taylor expansion as

F@,y) =Y fmnz™y" (2.1)

Suppose (z,y) € U with z,y < 1 is in the upper right quadrant; an analogous discussion is

valid for the other three quadrants. Then for d = }E—g, we have that (z,y) can be written

in the form (z,z%) with d > 0. For a given d, we look at the curve Cy, where for some
fixed but small xy we define Cy by

Cy={(z,2%):0 <z <20}

On the curve Cy, f(x,y) can be written as

f(z,y) = f(, xd) = Z fm,nxm—Md (2.2)

Hence if e denotes the minimum value of m + nd over all nonzero f,, ,,, then (2.2) becomes

fla,a®)y = D" fanz®+o(z) (2.3)

m-+dn=e

To relate this to the Newton polygon N(f), suppose (a,b) is a vertex of N(f) between two

sides of slopes —ni and —#H, where 0 < m; < m;+1 < oo. Then if m; < d < mjy1, the

7

number e of (2.3) is equal to a + db, and furthermore there are no (m,n) other than (a,b)
for which m + dn = e. Thus on Cy, (2.3) becomes

f@,y) = fapz®*® + o(a® ) (2.4)

Hence on Cy, the behavior of f(z,y) is well approximated by the monomial f, %+,

These heuristics are formalized by the following lemma.
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Lemma 2.1: Suppose (a,b) is a vertex of N(f), between edges of slopes —
where m; < m;41.

If m; > 0 and m; 41 < oo there are d;, M; > 0 and constants C, C’ such that if V; is defined
by
Vi={(z,y) €U : M;|x

<yl < Oila|™} (2.5)
Then for (z,y) € V; we have the relation
Clfapz®y’| < |f(2,9)] < C'| fapz®y’| (2.6a)

Also, if a, f < 2, we have

030y f(2,y)] < C"| fapz=y""| (2.60)
In the case that m; = 0, (2.6a) — (2.6b) holds if we define V; by

Vi={(z,y) €U : Myla|™ < [yl}
In the case that m;;1 = oo, (2.6a) — (2.6b) holds with

Vi={(z,y) €U : |y| <z

mi}

If both m; = 0 and m;+; = oo, then V; can be taken to be all of U.

Proof: We assume x > 0, as the case x < 0 is done exactly the same way. We write
f(x,y) = S1 + S2 + S3, where

1
Sl - §fa,bxayb + Z fm,nxmyn

m<a, n>b

1
S2 = §fa,b$ayb + Z fm,nzmyn
n<b, m>a

53 — Z fm,nxmyn

m>a, n>b

In S7, we change coordinates y = x™iy’. The condition |y| < §;|z|™ becomes |y'| < d;,

and S; becomes
el At
S = anrmzb[ﬁfa,b(y/)b +O((y)"F )] + Oz @ HmidHn (y )+ (2.7)

Here n = min (m;,1) > 0. Hence if ¢; sufficiently small to deal with the O((y/)b+1) and
O(zatmib+n(y)o+1) terms, we have

1 1
|S1 — §fa,b90ayb| < 6|fa,bl‘ayb| (2.8)
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Similarly, if we exchange the roles of the z and y axes and M; is large enough, we have
that

1 1
Sy — §fa,b$ayb’ < 6|fa,b56a3/b\ (2.9)

As for S3, each term f,, ,x™y" appearing there satisfies m > a and n > b. So if z and y
are small enough, which we may assume, shrinking U if necessary, we have that

1
|S3] < 6|fa,b-77ayb| (2.10)

Combining (2.8)-(2.10) gives (2.6a). As for (2.6b), one applies the above argument to
8385f(a:,y) in place of f(z,y). If @« < a and § < b the exact same argument works.
Otherwise, (2.10) holds as before, while in place of (2.8) — (2.9) one has

1 b
[S1] < 5l fapz y* b (2.8")

1 o
|52 < 6|fa,b90a y' 7 (2.9)

Adding (2.8"), (2.9") and (2.10) gives (2.6b). This completes the proof of Lemma 2.1.

In view of Lemma 2.1, the regions V; define a collection of curved triangles on
which f is well-behaved. Each V; corresponds to four such triangles, one in each quadrant.
We will now divide U — U, V; into more curved triangles. To motivate how we will do
this, observe that each (z,y) in U — U;V; satisfies §;|x|™ < |y| < M;_1|x|™ for some
0 < m; < oo. Thus it makes sense to examine the behavior of f(x,y) on curves D, where
for some small xq

D ={(xz,ca™) : 0 < x < zp}

On the curve DY, if e; denotes the minimal value of m +mnm; over all (m,n) with f,, , # 0,
f satisfies
fl@y) = flmea™) = > (fmac")z® +o(z)
m-+tnm;=e;

Hence so long as ¢ is not a root of the polynomial g; = >° . _  fm.c", f(z,y) is
comparable to x on the curve D{ for small values of z. In this case f(z,y) can be
viewed as staying away from its zeroes on the curves Df, and being of roughly maximal
magnitude. This suggests dividing the portion of U — U;V; where x > 0 into several large
curved triangles away from the D{ for which c is a root of g;, and several small curved
triangles where f is small and which we will further analyze later.

Making these heuristics precise, we define
T, ={(z,y) € U —U;V; : §;|=|™ < |y| < M;_q|x|™}

Observe that U;T; = U — U;V;. We will now divide the portion of a given T; on which
x > 0 into curved triangles; the x < 0 portion is done the same way with f(z,y) replaced

by f(—z,y) and g;(c) replaced by > .. fmn(=1)"c".
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If g; has no roots, we don’t subdivide T; at all and define I/VZ-1 to be T;. Otherwise,
let ¢?,...,ck denote the roots of g;(c). For each j, we let [r;, r:] be an interval with ¢ in its
interior, such that neither g; nor any of its derivatives has any zeroes in [r;, r}] other than
cg Define Xij by

X] = {(,y) : rja"™ < Jy| < rham™y

Then the part of T; — Uinj where x > 0 can be written as the union of regions WZJ of the
form '

W ={(z,y) : s;2™ < |y| < sjz™}
Confirming the heuristics that f(z,y) should be roughly of magnitude x¢ on WZJ is the
following lemma.

Lemma 2.2: Let (a,b) be either vertex of the Newton polygon N(f) on a bounded edge
of slope —%. Then there exist constants C and C” such that for each j, each (x,y) in W/
we have

Clz®y’| < [f(z,y)| < C'|z"°| (2.11a)

Furthermore, if |af, || < 2, we have
1050y f (2, y)| < C'[a"= "7 (2.11b)

Proof: We do the variable change y = ™y’ on le . In the new coordinates WZJ is the
portion of U where s; <y’ < s, and we have the Taylor expansion

fx,y) = fz,2™y') = gi(y')x® + o(z°) (2.12)

By definition of VVZ‘7 , gi(y") does not have any zeroes on s; <y’ < s;-, so in particular there
is some € > 0 such that |g;(y')| > € on [s;, s}]. Thus by (2.12), if |z| is sufficiently small,
which we may assume, then for some constants 6 and ¢’ we have

dz¢ < |f(x,y)| < &'z° (2.13)

By the definition of WZJ , for any (a,b) with a +m;b = e we have 2%y® is within a constant
factor of ¢ on W/, and thus (2.13) implies (2.11a). (2.11b) is proved the same way as
(2.11a), applied to 8?85]“@, y). The only possible difference is that the analog to g;(y")x®
might be have zeroes or even be a zero term; however since (2.11b) only requires upper

bounds this will not cause any problems. This completes the proof of Lemma 2.2.

We have now divided U into various curved triangles V; and W/ where the be-
havior of f(x,y) is well-controlled by Lemmas 2.1 and 2.2, as well as some curved tri-
angles X which contain all possible zeroes of f(x,y). Consider a given X;. By the
heuristics above, we expect any zero of f(x,y) with > 0 to be located near the curve
{(z,y) : 0 < x < xmg, y=cla™}. The traditional way of further analyzing the zeroes near
this curve would be to do a coordinate change 3y’ = y — cf 2™ and to consider the function
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f(z,y) in the (z,y') coordinates, namely f(z,y") = f(x,y — chm) Then the zeroes of f

lie near y' = 0, and thus doing the previous analysis on f(x,3’) in place of f(x,y) would
further specify the location of the zeroes of f(z,y), using the Newton polygon of f(x, y').
(The vertices of the Newton polygon do not have to be integers for the above analysis to
work.) We could then do the procedure on the resulting analogs to the X7/, and so on,
ad infinitum. At the kth stage of this procedure, we would be in (:v,y(k)) coordinates,
where (z,y*)) = (z,y — pk(xNLk)), pr being a polynomial and Ny a large integer. The
end result of all of this would be an infinite collection of curved triangles, and to do the
type of analysis we will do in later sections, we would have to keep very good track of
all constants appearing in the various stages and hope to be able to add up the resulting
estimates. Thus there would be a significant advantage in trying to determine an iteration
scheme that converges in finitely many steps. This in fact can be done; the key is instead
of doing the coordinate change y' = y — ¢J2™i, one must do a coordinate change of the
form y' =y — o™ — q;;(x)x™t*, where > 0 and ¢;;(z) is a particular real-analytic
function of z3 for some large M. To see how one chooses this ¢;;(x), we use the following
lemma. An analogous lemma will hold for z < 0.

Lemma 2.3: Let (a,b) and (a’,0’) be the vertices of a bounded edge of N(f) of slope
—-L, with b < b and a > a’. Denote the order of a zero ¢] of g;(c) by ¢! .

1) qzj <V —band qg m; < e; There are constants C' and C’ such that on the set Xij we
have

Ca 0™ < |9 f(z,y)| < C'a" 0™ (2.14)
Furthermore qg is the minimal value of ¢ for which an identity of the following form holds

on Xij for any f > 0:
Cxl < |04f(z,y)| < C'a! (2.14)

, i_ .
2) For each sufficiently small z, there is a unique hJ(x) with ;' 1f(3:, hl(xz)) = 0. The
function hZ (x) is a real-analytic function of 27-% whose leading term is given by cf x™mi
In addition, on X we have
. h] 8‘]3_1 C/ ei—qjmi
y—hi(z)| <[0y' flz,y)] <C'z="%

Cgi=ami y — hl(z)] (2.15)

Proof: The highest and lowest powers of ¢ appearing in g;(c) are & and ¢ respectively,
so any zero of g;(¢) other than ¢ = 0 must be of order at most b’ — b. Thus each ¢/ is at
most b — b. Therefore we have

mig] <mi(b —b) <mgb <d +mb = e

Next, we do the coordinate change (x,y) = (z,2™iy’). Then for some constant o # 0 we
have

fl@,y) = fla,a™y) = 2%[o(y — )% + 0y — B +o(@®)  (2.15)
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If g < qg , taking y derivatives of f(z,y) ¢ times corresponds to taking y’ derivatives of
f(z,x™iy") q times and multiplying the result by ~™i?. Thus we have for some constant

pq 7 0
O f(a,y) = w " py(y = )H I+ Oy — )T Fola ) (2.16)
In particular, if we let ¢ = qg , we get
oy f(z,y) = o [quf +0@y — )]+ O(xei_qzmi) (2.17)

We can assume that X7 was chosen small enough that the Oy — ¢!) term is dominated
by the constant Py and that z is small enough that the o(xei*qzj‘mi) term suffers the same
fate. This gives (2.14).

Furthermore, we cannot have any relation (2.14") for ¢ < qf For in this case,
(2.16) tells us that on the line 3/ = ¢/, f(z,y) is o(z*~9™), while on any other line 3’ = ¢,
there is some § > 0 with |f(z,y)| > dx® 9™ if x is sufficiently small. This completes the
proof of the first statement of this lemma.

Moving to the second statement, we examine (2.16) for g = qg — 1. The function

p(x,y) = _eiasg_lf(x 2™iy') has a zero at (x,y') = (0,¢!), while there is a § > 0 such
that |9, p(z,y’)| > d. Hence by the implicit function theorem, there is a function H? ( )

=

so p(x,y’) is a real-analytic function of £7% and y. As a result, Hf(x) is a real-analytic
1 . . . .

function of %= with leading term c;. Defining h}(z) = ™ Hj (z), we have that hj(z) is

such that p(z, H (z)) = 0 if 2 is sufficiently small. Furthermore, we have that m; =

a real-analytic function of £7F with leading term chmi, such that 653_1]”(36, hg (z)) =0.
(2.15) now follows directly from integrating (2.14) in the y-variable. This completes the
proof of Lemma 2.3.

We are now in a position to define the full decomposition of U into finitely many
curved triangles on which f(x,y) is well-behaved.

Decomposition of U into curved triangles

We start with our small neighborhood U of the origin, and we let V;, le , and
Xij be as in the above discussion. Lemmas 2.1 and 2.2 give all the information we need
concerning f’s behavior on the the V; and WZJ , so we do no further subdivisions on them.
We use the notation (V;); = V; and (W7); = W7 to signify that the V; and W/ come from
the first stage of the resolution process.

h!(z)), creating
f (e, y=h(z)).

Next, on a given X f , we make the variable change (z,vy’) = (z,y—
) =

aregion X7 in the new coordinates. The function f(x,y) becomes f(z,y
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We next create the Vi, W}, and X! corresponding to the function f , which we denote by
(Vi)2, (Wi)2, and (X!)s to signify that they arise in the second stage of the resolution
process. We continue to iterate the procedure until we get to a stage p where no (X!),, are
created; we will see by Lemma 2.4 that such a stage p exists. As a result, we have divided
U into a collection of (V}), and (W}), on which the behavior of f(x,y) is well-described
by Lemmas 2.1 and 2.2. Observe that by Lemmas 2.1 and 2.2, f(z,y) can not have any
zeroes in the closure of a (Vj), or a (W}),, corresponding to a 0 < m; < oo in its derived
coordinates, except at (0,0). As a result, any possible zeroes of f(z,y) must be either on
the y—axis, or along the curve corresponding to the z-axis in some nth stage. Note that
this fact implies the existence of Puiseux series.

We now prove the resolution takes finitely many stages. There is a corresponding lemma
for z < 0.

Lemma 2.4: Let p be the maximum of qg over all ¢+ and j. Then the above-defined
resolution procedure terminates in at most n = p + 1 steps.

Proof: Let (X}), and (X},),41 be such that (X},),41 C (XL),. Let gL, and ¢} be orders
of the relevant zeroes of the corresponding polynomials g,l;, and g}c. Then it suffices to
show that qf{:, < qu. Let (x,7) be the coordinates after the nth stage y-shift is performed

on (X!),, and let f(x,7) be f in the transformed coordinates. Then by Lemma 2.3, part
2, there are constants C, C’ > 0 such that for some e > 0 we have

Cx°|g| < [0 f(z,5)| < C'z°|g] (2.18)

By definition of (X]i//)n+]_, there are constants C”',C""",m > 0 such that for any (x,y) in

(XE) i1 we have
C//l'm < |g| < mem (219)

As a result, on (X )n11, we have
l ~
CO" pet™ < \ng_lf(sc, 7)| < OO petm (2.20)

By the minimality condition of Lemma 2.3, part 1, we therefore have that qf;, < qfc —1. So
qfﬂ/, < qé and we are done with the proof of Lemma 2.4.

We have now proved everything we need from the resolution procedure. We
summarize what we need in the following. The natural analogues will hold for z < 0.

Theorem 2.1: Let f(x,y), U, (V;)n, and (le)n be as in the above arguments. For a
function p(z) defined in an interval I = [0,7), let z(p) denote the greatest z for which
Ip(z)| < Cxz* on I. If such a C exists for any z, let z(p) = co.

Suppose n > 1. Then there exists a collection of functions 7, (), Tk, ko ()yeees Thy .k, (T),
Sky (X)), Sky ko (T) vy Sk, k) (T), thy (%), Ty ko (@), ,thy .k, (), each defined on an interval
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I =10,7), such that each Z = (V;),, or (sz)n is expressible in the form

Z x y 6 U Z ,r.kl +8k17 < y < Z /’nk17 7 +tk1a 'n 1(33)}

Here [ is at most the p in lemma 2.4, and each k,, varies over an index set {1, ..., M, } for
some M,,. These functions satisfy the following equations for each m.

2(Thy) < 2(Thy ky) < oo < 2Ty, k)

2(Sky ke )s Z(hy ko) = 2(Thy o k) (2.21)

In addition, there is a positive integer M such that each 7y, ., (%), Sk, .. % (z), and

' - : S . . ,
tky ...k (z) is a real analytic function of x3 on its respective domain. In fact, each
Sky,... k() and tg, . g, () is a monomial.

Each 7y, satisfies z(rg,) = m;, where —-L is the slope of a bounded edge of f’s Newton

(3

polygon. In fact, ry, () is of the form ¢ 2™ + o(x™), where ¢/ is a zero of the function

gi(c).

On Z, the function f(z,y) satisfies the following equation, where (a,b) is a

n—1

vertex of the Newton polygon of f(z,9) = f(z,y — >, Tky,...k,(x)) on an edge of

slope —m and an edge of slope ~ i Gn ) (these may be the same edge since

2(tky ... k) can equal z(Sk, .. k.. )-)

n—1
Clz|*ly — Z Thy,....k D<) < Cally = D Ty ()] (2.22a)
m=1
If B <2, we also have
n—1
100 (2, )| < C"a|*ly = Y iy ()77 (2.22b)
m=1

The functions s, . g, ,(z) or tx, . k., ,(z) in (2.22a)-(2.22b) are allowed to be the zero
function. In fact, the zeroes of f(x,y) for z > 0 not on the x axis comprise a subset of the

curves
n—1

{@9) :y=> Ty, ()} (2:23)

m=1

Proof: Everything above follows directly from the resolution procedure defined here and
Lemmas 2.1 - 2.2. The details are omitted. It should be pointed out that with an ad-
ditional argument, one can show that each 7k, . . (%), Sk, .. k. (x) and tx, . (x) are

1
real-analytic functions of ®-»' where (a,b) and (a’,b’) are the vertices of the edge of
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the Newton polygon of f of slope —% such that ry, (z) = cfa:m +o(z™). So for example,
if o' —b=1, rk,... k, (T), Sky,... %, () and tg, . (z) become real-analytic functions of x,
regardless of how far into the resolution procedure we are.

We also need the following lemma for the arguments of section 5.

Lemma 2.5: Let f(z,9) = f(z,y — 221;11 Tky,...km (Z)) be as in Theorem 2.1. Suppose
the edge of the Newton polygon of f(z,y) with slope —m%_ has equation miz +y =e. Then

any edge of the Newton polygon of f' of slope —% with t > m; has equation of the form
¥ +y=¢, where e’ <e.

Proof: Each term of Z”m_:ll Thy ...k, (2) is of the form cz?® with d > m;, so since any
vertex (p, q) of the Newton polygon N(f) of f satisfies 2= + ¢ > e, any vertex (p’,q’) of

the Newton polygon N(f) of f will satisfy % + ¢ > e as well. Furthermore, if (p,q) is
the left vertex of the edge of slope —m%_ of N(f) then all edges of N(f) to the left of (p, q)

are edges of N(f) and vice versa. In addition, (p,q) is the left vertex of an edge of N(f)
of slope —- where m’ > m. As a result, -Z; + ¢ < e. Starting with the edge of N(f) of
slope —# and moving counterclockwise, the y-intercepts of the lines containing the edges

of N(f) decrease, and the lemma follows.
3. Complex-analytic analogues, proof of Weierstrass Preparation Theorem

When f(z1, 22) is a complex-analytic function of two variables in a neighborhood
U of the origin in C? with f(0,0) = 0, the arguments of the previous section hold with
little change. We pick some 6y, and let

U'={(21,22) € U : arg(z1) # 6o}

Fractional powers of z; are well-defined on U’, and we can apply the arguments of section
2 on U’. There now only needs to be one W for a given 4, which we denote by W;. The
regions V; and W; are now

Vi ={(21,22) € U : Mi|z1|™+" < |za] < 8|21}

Wi ={(z1,22) € U : §i|z1|™ < |za| < Mi_1|21|™, |22 — cl2]™"

> €| Vi)
Here cg are roots of a polynomial g;(z) analogous to the gf from before. Theorem 2.1 still
holds in the current setting, with the functions rg, .k, (21), Sky.... k., (21), and tx, . k.. (21)

1
now being analytic functions of 2, defined for arg(z;) # 6p. In particular one obtains
the Puiseux expansions in the complex analytic setting as well.

How to go from Puiseux’s theorem to the Weierstrass Preparation Theorem was
essentially already known by Newton (see [BK]), and the same sort of argument will work
here.

12



Proof of Weierstrass Preparation Theorem: Let f(z1,22) and U’ be as above; we
will factorize f(z1,22) on U’ in the required fashion. We first factor out all the powers of
21 we can, writing f(z1, 22) = 2FF(z1,20). As a result F(0,2;) has at most an isolated
zero at zo = 0; otherwise we would be able to factor out an additional z; as can be seen
from the fact that F'(z1,22) = F(0, 22) + 21 F1(21, 22) for some analytic F;. We now apply
the resolution procedure to F'(z1,22). By section 2, the zeroes of F(z1,22) not on z =0
are curves of the following form

{(z1,22) €U 122 = D Ty b (21)} (3.1)

In the coordinates (z1,22) = (21,22 — anzl Tky....k, (21)) of the corresponding V;, the
function F(z1,22) = F(z1,22 — > & _{ Tk,...kn, (1)) can be factored as

F(Zb Zp) = Z~2ZF1(2’1, Z2) (3.2)

If the number [ in (3.2) is chosen to be maximal, and U is appropriately small, then
Fi(z1,0) has at most one zero, at z; = 0. Translating in terms of F'(z1,z2), we have the
factorization

F(z1,22) = (22 = > Thyooookon (21)) Fi (21, 22) (3.3)

Here Fi(z1,22) is an analytic function of zlﬁ and 23, and has no zeroes along the curve
(3.1) except possibly the origin. We can then iterate the argument leading to (3.3) since
the resolution procedure applies to analytic functions of z5 and a fractional power of z;
exactly as it does for analytic functions of zo and z;. In this fashion we can remove all
the zeroes of F(z1,25) not on {z; = 0}. After possibly factoring a final factor of 2", we
obtain a factorization of the form

f(zlazQ) = Z{CF(Zl,ZQ) =

2 [ [ (22 = Yi(21)) (21, 22) (3.4)

=1

Here Y;(z1) are analytic functions of 2:1ﬁ and h(z1, z2) is an analytic function of 2:1ﬁ and 29
with at most an isolated zero at the origin. As a reader versed in several complex variables
might realize, h(z1, z2) should not be able to have any isolated zeroes. To see why, suppose
h(z1, z2) did have an isolated zero at (0,0). Then since h is analytic in the second variable,
by Cauchy’s integral formula we have that the following expression is a nonzero integer,

for a small € > 0:
dh

1 0z
— 2 d .
27Ti h (0, ZQ) zZ2 (3 5)

[22]=€

13



But then by continuity, if |z1] # 0 is small enough, the same nonzero integer would equal

1 Oh

822
il d 3.6
271 h (21, 22) d2o (3.6)

|z2|=¢

This would imply that h(z1,22) has zeroes where z; # 0, a contradiction. We conclude
that h(z1, z2) has no zeroes at all in a small enough neighborhood of the origin.

To complete this proof of the Weierstrass Preparation Theorem, we must show
1
that h(z1, 2z2) is an analytic function of z; and z3, not just an analytic function of 2z and
1 1
z9. To this end, we write h(z1,22) = H(2{,22), and Y;(21) = Z;(2{"), with H and Z;

analytic. Let (z1,22) be in U, and write z; = pei‘i’. We may take 8y = ¢ in the definition
of U" when obtaining (3.4). In the formula (3.4), we move counterclockwise around the
circle {(z1, 22) : |z1| = p}, going from @ = ¢ +§ to § = ¢ — 4. Letting & go to zero, by

continuity of (3.4) we have

1 2ri L

[1G2 = 2 T 20) = [[ (oo = 2 ) S 2 20 (37)

L wi L
Thus the functions Z;(z27) are a permutation of the functions Z;(e#r 2 ), and we have

1 2mri L

H(z{M, z0) = H(e™™ 2 | z) (3.8)

Writing the Taylor expansion of H (w1, ws) as 3, Hpnwiwy, by (3.8) we have for each
m and n:

2tmsa

¢S5 Hy = Hyn (3.9)
1
As a result, H,,, = 0 unless m is a multiple of M. Equivalently, h(z1,22) = H(z{", 22) is

an analytic function of z; and z,. This completes this proof of the Weierstrass Preparation
Theorem.

4. Some analytic lemmas

In this section we prove three analytic lemmas needed for the arguments of section
5. The first is a variant of Schur’s test.

Lemma 4.1: Suppose R is an operator defined by Rf(z) = [ f(y)K(x,y)dy, where
K (z,y) is supported in an a by b rectangle and |K (z,y)| < 1. Then ||R||12— 12 < (ab)=.

Proof: ||R||z2_ 12 is given by

sup / K(z,y)g(z) f(y)dz dy (4.0)

[ 12:l1g]12<1

14



a\s 2 b 1 2
Using that |g(z)f(y)| < (§)29(x) ;(Z)Qf(y) and that |K(z,y)| <1, (4.0) is at most

ay3 24 (b\3 2
wp [ @,
[1fll2:l1gl]2<1 2
ab 3 ab 3
= s [P garar e s [ 5
llgll2<1 [ fll2<1

This completes the proof of Lemma 4.1.
The next lemma is a straightforward orthogonality argument.

Lemma 4.2: Suppose R = ) . R; is an operator, such that each R; can be written as
Rif(z) = [ f(y)K;(z,y) dy, where K;(z,y) is supported on a product of intervals I; x J;.
Further suppose that if i # j, I; N I; = J; N J; = 0. Then ||R||p2— 12 = sup, || Ril||r2— L2

Proof: R;R} has kernel L(x1,72) = [ Ki(z1,y)K;(x2,y)dy = 0 since I; N [; = 0. Sim-
ilarly, RfR; has kernel M(y1,y2) = [ K;(z,y1)K;(z,y2)dx = 0 since J; N J; = 0. So
|RiR} |22 = |[[R} Rj||lp2—r2 = 0, and the lemma now follows from the Cotlar-Stein
almost-orthogonality lemma, for example.

The final lemma is an appropriate ”operator Van der Corput lemma” (see [PS] and [PS2]).

Lemma 4.3: Suppose S(z,y) and x(x,y) are smooth functions on an open set U, with
X(z,y) supported on an a by b rectangle. Assume for a constant A that y(z,y) satisfies

A A
0 <|x(@y)l <1, [Oyx(@y)| < 7 02x (2, y)| < = (4.1)

Also assume that for some p > 0, S(x,y) satisfies

028 838 Ap 98 Ap
> — == = .
|8x3y($’y)’ > 1, Iawgy(w,y)l <5 \axagy(:ﬂ,y)l <33 (4.2)

For a real parameter A, define the operator R by

Rf(@) = [ 50 (a.y) () (43)
Then for a constant C' depending only on A, we have
[1Rl|2r2 < COt) ™ (4.4)
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Proof: Denote the kernel of RR* by P(x1,x2). Then

P(x1,12) = / NS @D =AS@20) 3 () )\ (0, y)dy (4.5)

We now integrate (4.5) by parts, writing
ei)\S(xl,y)—i)\S(mg,y) —

1

. o iIAS(z1,y)—iAS(z2,y)
[(ZAayS(why) z)\ayS(a:Q,y))(e )] X Z)\ayS(I’l,y) —ZAayS(IQ,y)

We integrate the bracketed expression. The end result is

? ; - 1
P — ’L>‘S($l7y)_1'>‘s(w2ay) d 4
o) = [ e T e CANNCR LY

We obtain several terms, depending on which of the factors in the bracketed expression
the 0, lands on. If it lands on the L factor, this factor becomes (), where
Y Oy S(z1,y)—0yS(z2,y)

975(z1,y) — 025 (x2,y)

Q= "%,505y) = 8,5(t2,9))

By the mean-value theorem and (4.2), the numerator of @ is at most C W, while

the denominator is at least Clxy — x2]?u?. As a result @ is at most C’m, and the
resulting term of the integrand in (4.6) is at most C’ m as well. On the other hand,
if the derivative lands on x(z1,y) or x(z2,y), by (4.2) we gain a factor of ;. Using the
lower bounds we had for the denominator of ), we see that we again get a term of the

integrand in (4.6) bounded by C’ m. Thus the whole integrand in (4.6) is bounded
by C"m for some C"’.

Similarly, we may integrate by parts again in (4.6), using the higher derivative
bounds in (4.1) and (4.2), and we gain an additional factor of { coming out, and an
integrand now being bounded by C” |wl_x21|2ugb2 for some C”. We take absolute values
and integrate, obtaining that

1
P(xq, <C” 4.7
| (ml $2)| )\2|$1 — $2|2/L2b ( )
Note also that by taking absolute values in (4.5) and integrating, we have
|P(z1,22)| < b (4.8)

We now wish to use (4.7)-(4.8) and apply Schur’s test to P(x1,x2), by finding bounds
for [|P(x1,z2)|dz1 and [|P(x1,x2)|dze. By symmetry we need only consider the dzs
integral. We use (4.8) when 5 5; > b, and (4.7) otherwise. Equivalently, we

|z1—z2|?p
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use (4.8) when |z; — x2] < )\%Lb and (4.7) otherwise. We get two terms of comparable
magnitude, and we conclude that

1
/|P($1,$2)‘d$2 < Cl/ b dxs < 02—
|x1 352|<>\ )\lu’

Likewise, we have [ |P(zq,z2)|dzy < C’lﬁ, so by Schur’s test ||[RR*||r2_72 < Cgﬁ.
Therefore ||R||p2— 2 < Cs m 1); , and we are done with the proof of Lemma 4.3.
H° 2

5. Proof of Theorem 1.1

We now let T' be the operator of (1.1), and we assume the support of ¢(z,y) is
contained in a neighborhood U of the origin on which we can apply the resolution procedure
of section 2 on the function ﬁgyS (x,y). Actually, it simplifies the calculations somewhat to
use the following variant of the resolution procedure: Divide a neighborhood of the origin
into 8 regions via the lines x = 0, y = 0, y = c;x, y = —cyx such that the latter two lines
stay away from the zeroes of 8§yS (z,y). Then do the resolution on each of the 8 regions
taking the = or y axis as horizontal (i.e. rotate the regions adjacent to the y-axis by 90
degrees.) This way all relevant edges of the Newton polygons appearing will have slope
between 0 and -1, and all m;’s appearing are at least 1. This will simplify the arguments
that follow.

Next, let 9 (x,y) be a function supported in U but which is 1 on the support of
é(z,y). Enumerate the various (V;), and (W), as {Z;}}¥,. We decompose ¢(z,y) =

Z;\il Y1 (z,y) according to the Z; as follows. We assume Z; is a subset of {0 < y < c1x}
(The other 7 regions are dealt with in an analogous fashion.)

Suppose first that Z; is a (V;), or (W?), with n > 1. Then as in Theorem 2.1 we can
write Z; in the form

Zy={(z,y) €U : Zrkl L)+ Sk, (2) Sy < Zml, L)+ thy, ko ()}

(5.1)
Here sy, ..k, ,(x) or tg, .k, ,(z) may be the zero function. We define 9; to be equal to

1 on Z;, and to be supported in Z;, where Z, is defined by
Zy ={(z,y) €U :

n—1

D Pk (2) F (1= 8) sy, () Sy < Z Tk, + (140t k1 (7)) (5.2)

m=1
We also stipulate that if ¢, . 1, , is not the zero function, then on the upper portion of
Z; — Z; we have for a = 1,2 that
1

ki,ookn—1 (x)‘a

|0y ¥, y)| < C

; (5.3)
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Similarly, if sg,. . . ,(z) # 0, on the lower portion of Z;, — Z; we make the stipulation
that for « = 1,2 we have

1

Oy hi(z,y)| <C
%@,y < O

(5.4)

In the case that Z; is a (V;)1 or (W});, then for some positive ; and 7, m = m;
or m;41 we have
Zr={(z,y) :ma™ <y <na™}

In this case, we define ¢;(, y) to be supported on a Z; of the form
Zr={(z,y) : (m — 8)z™ <y < (2 + 8)=™}

The analogues of (5.3), (5.4) are |9y (z,y)| < Cz=*™ and |07 i (z,y)| < Cz~*™ respec-
tively.

The constructions of section 2 ensure there are no incompatibilities between the
Y;’s corresponding to adjacent Z;’s. The consequences of the resolution procedure listed
in Theorem 2.1 for a given Z; will still hold on the larger set Z; containing the support
of ¢y if ¢ is sufficiently small. This is perhaps most easily seen by observing that there is
some leeway in defining the §;, M;, s;, s;- in the definitions of the (V;),, and (W/),; for
n > 1 this translates into being able to replace sy, . k. , or tg, . k., , by al=40 multiple
of itself.

n—

Let wl(xay) as above such that Zl wl(xay) = ¢(xay)7 and let ¢l(xvy) = wl(xay)¢(x7y)
Define the operator T; by

T f(x) = /R NS@) (2, y) f(y)dy (5.5)

Then ), T; = T, and on the support of each ¢; the function §2,S(x,y) is well behaved in
the sense it satisfies the conditions of Theorem 2.1, including (2.22a)-(2.22b) if n > 1. In
the following arguments, we always assume 7; arises from a ¢; coming from the set {z > 0,
y < x}; T; coming from the other 7 regions are done in an analogous fashion. In addition,
if n > 1, we assume that sp, %, ,(z) = csz® and tg, .k, ,(x) = cia® satisfy cs, ¢; > 0;
if ¢s, ¢4 < 0 the same argument works with the roles of s, . k. ,(z) and tg, k. ,(2)
reversed. (cs and ¢; are always of the same sign.)

We now write T; = ), Tl’ as follows. If n = 1, for an appropriate bump function
n(z) supported on [3, 1], we define

T f(z) = /R NS gy (2, )0(2) F () dy (5.6)
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If n > 1, let r(x) be the function an_:11 Thy....k,, () from Theorem 2.1. Define m to be
the exponent of the leading term of r, () and ¢ to be such that ty, . x ,(z) = cia’. We
define T} f (z) by

Tj f(z) = /R NS gy ()02 (y — 1(2))) F(y)dy (5.7)

Observe that there is an ig such that n(2‘x~*(y — r(x))) is zero on the support of ¢; only
if ¢ < ig; this follows from the fact that t, %, _,(z) = ca’.

3]

We now do a further decomposition in the x variable into pieces for which the
Hessian Gin (x,y) is within a constant ratio of a fixed value. If n = 1, we do a normal
dyadic decomposition. Namely, we let ¢; be the characteristic function of [277,2771) and
we write T} = T\, where

T f(w) = /R 5@ gy (@, )¢ (@)n(2'y) f (y)dy (5.8)

In the case n > 1, we need to divide each of these z-dyadic pieces into 2:77(=™) smaller
pieces; this will allow us to fully take advantage of the orthogonality lemma, Lemma 4.2.
Namely, we let &5 be the characteristic function of [277 + k27i—i(t=m+1) 2=i 4 (k4
1)27=3t=m+D)] for 0 < k < 27 ¢=m) and we write T} = Dk Tlijk, where

77" f(2) = /R eV Gy (2, y)esgi(@n(2'a (y — (@) f(y)dy (5.9)

The analysis for n = 1 and n > 1 are somewhat divergent from now on, so we consider
them separately.

Suppose first that n > 1. If z is small enough, which we may assume, then r/(x)

is between %cmxm_l and 2cmz™ 1. As a result, the support of & (z)n(2'z~™(y — r(x)))

is contained in a rectangle of the form
[330,1'0 + 2—i—j(t—m+1)] X [T‘(xo),’r’(a;o) + Arl(x0)2_i_j(t_m+1)]

= [0, 20 4+ 27 7EHD] 5 [r (o), 7(20) + A2 (5.10)

Here z € [277,277%1] and A, A’ are constants. As a result, for a given i there is a B > 0

such that if Tlij "+ is at least B operators to the right of Tlij b (ordering the operators with
respect to the x-supports of their kernels), then the x-projections and y-projections of the

kernels of Tlij ¥ and Tlij "+ are disjoint. Hence, if we write T} = Zqul U, such that a given
U, takes every Bth Tlij * under this ordering, then we can apply lemma 4.2 to each U,

obtaining that ||U,||z2— 2 is the supremum of the corresponding ||Tlijk||L2_)Lz. Adding
these up over all ¢, we conclude that

1T} |[z2— 12 < BSUEHTZ‘] |22 (5.11)
3,

19



Hence we focus our attention on determining bounds for a given ||T}? |p2_ 2. By (5.10)
and Lemma 2.1, we have

mfl)

NT7% || oo < €270 79055 (5.12)
On the other hand, if (a,b) is as in (2.22), by Lemma 4.3 we have
NT* || paspe < CJA| 3227 (5.13)

Observe that we need the derivative conditions in (2.22) to apply Lemma 4.3 here. We
conclude that

m—1 1 (i+tj)b+ja
2

NT7%|| e < Cmin(2779¢=550) |\ 7227 2 ) (5.14)

The right-hand side of (5.12) decreases when j increases while the right-hand side of (5.13)
increases when j increases. As a result, for fixed 7 the right-hand side of (5.14) is maximum
when the two quantities are equal, which occurs when

2—j — ‘A|_2t_m+11+a+tb 2i2t—mlr12+a+tb (515)

In this case, (5.14) becomes

m—1

- . R
||T‘lzjk||l/2—>L2 < Ct|)\|72t—m+12 m a

TaTt Q12w 1 Tatih) (5.16)

Hence by (5.11) we have

m—1

T 12 p2 < C'|N|~ T rrass 91 2 ) (5.17)

We would like to add (5.17) over all i > iy to obtain a bound for ||T;||z2_ 2. To do this,
we require that b(1—m)—2a < 0. Since m > 1, the only potential problem occurs if m = 1
and a = 0. This exceptional case must be done separately: By almost-orthogonality we

have B B
1Y T7* |2 < Csup || Y T2 pe
i,k J ik

<Csup Y |1D T e
T k
< Csup Y (sup 177"l p212)
T
Applying (5.12) and (5.13) to this expression gives sharp bounds.

Assuming now that we are not in the exceptional case, we may sum (5.17) in ¢ to obtain

m—1

t—

I Ti|| 122 < CV|N|~ 7 mirars (5.18)
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We write the exponent in (5.18) in the form

1
t—m+ 2
2(t—m)+m+1+t($ +b)

(5.19)

By Theorem 2.1, the Newton polygon of f(z, ) = f(z,y— Zzl_:ll Tky,...km (2)) has an edge
of slope —%. So by Lemma 2.5, if (a/, ') is the left vertex of the edge of slope —% of the
Newton polygon of f, then ¢ +b < % + b'. Therefore, the expression in (5.19) is at least

+1 +1
b—m+ - t—m+ Bl

2t —m)+m+1+HL+V)  20t—m)+m+ 1+ 1

_ m+1
- t-mt (5.20)
(t—m)(1+%)+a +1+ (b + 1)t

mt1
Observe that m is one half of the reciprocal of the z- coordinate of the intersection
of the line y = x with the line of slope —% containing the point (¢’ + 1,0 +1). As a result,
m-+1

we have that %(b’ﬂ)t is at least the desired e of Theorem 1.1. In addition, the ratio

t—m _ _m .
(t—m)(1+2)  m+d satisfies

m - m S m—+1
m+a = ml+1)+d+1 7 2ml +1)+2(a’ +1)

This is also at least the € of Theorem 1.1. Thus we conclude that the quantity (5.20) is at
least this e. Hence we have

p_m—1

T2z < C"|A|~F=mrtrars < O\~

This is the desired estimate for ||T;||p2_ 2.

We now address the case where Tj is from a (V;); or (W/);. Then T}7 is as in
(5.8). Let a, b, and m; be as in Lemma 2.1 or 2.2 respectively. By Lemma 4.1, we have
T} |22 < €275, and by Lemma 4.3, we have ||T}7||p2_z2 < C’|)\|_%2m§]b SO we
have

177 || 22 < Cmin(277 ", [A]~5275) (5.21)
We now define operators U,, = ), tj=n Tlij . So we have
T[22 < Z |Un||L2— 2 (5.22)
n

Writing U = 33, i, oqa Ty and U =
4.2 to Ugdd and U;V°" and we conclude that

tj
Zi-l—j:n, i evenjjl , WE Can apply Lemma

|Unllz2—r2 < U p2mpe + U |z2—r2 <2 sup [|T}7|| 2z (5.23)

1+7=n
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Consequently, using (5.21) we have

|Unllr2—r2 < C’Supmin(2_%7 W—%QW
J

(5.24)

We break into cases a > b and b < a, starting with a > b. In this case, the right-hand side
of (5.24) increases with j. Up to a constant, the j index goes up to the j corresponding to

the intersection of y = 2™ with xy = 27", namely j = mﬁ—{—l' Therefore we have

n(a—b)

|Up|lp2—z2 < Cmin(2” 2, |>\|7%2%b+2(7ni+1)) (5.25)

nb n(a—b) n
IA|72272 T20m 41 increases exponentially with n, while 27 % decreases exponentially with
n. Thus in evaluating (5.22), the sum is bounded by a constant times the ||U,||p2_ 12 for
which the two expressions on the right-hand side of (5.25) are equal. This works out to

m;+1
2" = |\|miGFDFEFD | and we obtain

m;+1
T3l 2z < C|A|” TG (5.26)

Since (a,b) is a vertex of the Newton polygon of Q%yS(x,y) on an edge E of slope —m%,

the exponent in (5.26) is 1 times the reciprocal of the z-coordinate of the intersection of
the line containing E with the line y = x. This is at least the reduced Newton distance ¢
of Theorem 1.1, so (5.26) gives the desired estimate for ||T}||p2_ 2.

We proceed now to the case where a < b, m;y+; < oo. In this situation, the
right-hand side of (5.24) decreases with j. Hence we seek the minimum possible j, which
up to a constant corresponds to the intersection of xy = 27" with y = 2™ or y = 2"+,
depending on whether 7} comes from a V; or a W/. In any event, the same steps we did
in the a > b case will now lead to either

m;+1
|Ti||L2—p2 < C|A| Zri®iDF20sD

or
mi41tl

Tl |22 < CA] Zric CFDF2EED (5.28)

The former situation is what we had in the case a > b. The latter situation will once again
give us an exponent at least the e of Theorem 1.1; in the case of a W, the point (a,b) is

the vertex between sides of slopes ——+ and ———.
m; mi41

Finally, we consider the case where a < b, and m;;; = oo. In this case, the
minimum possible j is some jo depending on the size of the support of the function ¢(z,y)
in Theorem 1.1, and (5.24) becomes

1Unllz2—z2 < C'min(27 %, [N 722%) (5.29)
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Again we equate the two expressions in (5.29), which occurs when 2" = |/\|_lﬂ+1. In this

case we have X
|11 22 < C|A|” 205D (5.30)

Since m;41 = 00, (a,b) is the lowest vertex of the Newton polygon of (?C%yS(x, y), and thus
its horizontal face has equation y = b. So m is at least the € of Theorem 1.1, and T;
satisfies an estimate at least as good as we need. This concludes the proof of Theorem 1.1.
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