A T(1) Theorem for Singular Radon Transforms

Michael Greenblatt

1. Introduction

The purpose of this paper is to extend and clarify the methods of the papers [G1]
and [G2] by using the methods of [G3], incorporating ideas from Carnot-Caratheodory
geometry such as those of the fundamental paper [NSW|. We will thereby prove an analogue
for singular Radon transforms to the 7'(1) theorem of David and Journe [DJ]. As in [G1]
and [G2], we will associate a singular integral operator to a singular Radon transform.
The crux of this paper consists of showing that the difference of the singular integral
operator and the singular Radon transform is bounded on L2, analogous to [G1] [G2]
and their predecessors. Consequently, in some sense this 7'(1) theorem for singular Radon
transforms follows from ”lifting” to the traditional 7°(1) theorem for the associated singular
integral operator.

The operators under consideration in this paper are of the form

Tf(x) = - fy(, 1)) K (x,t) dt (1.1)

Here y(z,t) is a smooth function defined in a neighborhood of the origin in R™ x R* for
some n > k > 1. We assume that y(z,t) is "centered” at z, in other words that

v(x,0) ==z (1.2a)

We further assume that for all x we have
t — 7y(z,t) is a one to one immersion (1.20)
Equation (1.1) is a way of saying T f(z) is an average of f(x) along the surface t — y(z,t)
with respect to the kernel K (z,t). Although (1.2b) is not required in some works on this
subject, such as [CNSW] and [G2], for us to be able to use Carnot-Caratheodory geometry
it is necessary to assume it. We also assume that ~ satisfies the curvature condition of

[CNSW], which we will have more to say about shortly.

The function K (z,t) is assumed to be C! in the support of v outside ¢ # 0 and
to satisfy the estimates

|K(z,t)| < C|t|™F, |V K(z,t)| < C|t|*1 (1.3)
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So that there is no issue as to whether the operator 71" is well-defined, we assume that for
each x the function K (z,t) is a distribution in the ¢ variables, and that (1.1) holds for
each Schwarz function f. We will also assume some regularity on K (x,t) in the x-variable,
which we will be able to describe once we have some facts about the metric associated to
7v; see (1.20) below.

The distance associated to y(z,t)
Given two points x and y, we define the distance d(x,y) between x and y by

d(x,y) = inf{r : for some m there exists t°,...,t*™ ! ¢ R* and o, ..., Tne1 € R™ such

2m—+1
that © = xg, ¥ = Tma1, Z 1t < r, and (x4, t%) = y(zigp1, t2*TH) for all i, (1.4)
i=0
If no such path between x and y exists, we say that d(z,y) = co. Denote the balls with
respect to this distance by B(x,r). The curvature condition of [CNSW] at a point x € R"
can be restated as follows.

Curvature Condition: The curvature condition holds at z¢ if and only if there is a
(Euclidean) neighborhood FE containing x¢ and an r¢ > 0 such that

1) If z € E, then d(z, x9) < 0.

2) There exists a constant C' such that if » < rq and B(z,2r) C E, then |B(x,2r)| <
C|B(z,r)|.

We will not prove here the equivalence of the above with the curvature condition
of [CNSWI; it follows fairly directly from the similar restatement of the curvature condition
given in [G2]. Note also that when the curvature condition holds at x, then the distance
d(x,y) satisfies the conditions of the generalized Calderon-Zygmund theorem of Coifman
and Weiss [CW] near x = xy. Throughout this paper, we assume the curvature condition
holds. Specifically, we assume that the curvature condition holds at xog = 0, and that the
support of K (z,t) is sufficiently small that the z-projection of this support is contained in
the neighborhood E for which 1) and 2) hold.

As might be expected from its definition, the distance d is closely related to a
certain Carnot-Caratheodory metric. To see this, we move to a viewpoint related to that
of [H]. Let E be as in the statement of the curvature condition for the operator T" at x = 0.
For a sufficiently small ro > 0 that things are well-defined, we define the manifold M by

M = {(z,y(z,t)) e ExX E : |t| <ra} (1.5)

Let v*(y,t) be defined by
T (v(@, 1), 1) =
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It is not hard to verify that the adjoint of T is given by

T f(y) = /R FO )y, ) K (v (y, 1), t) dt (1.6)
Here n(y,t) is the Jacobian of the coordinate change. M can also be expressed as

M ={(v"(y,1),9): (V" (y,1),y) € EX B, |t] <72} (1.7)

There are natural vector fields X, ..., Xj and Y7, ..., Yy on the manifold M. The vector
field X; at (z,7(x,t)) is the image of the vector field dt; under the map t — (z,v(z,1)),
while the vector field Y; at (v*(y,t),y) is the image of the vector field dt; under the map
t — (v*(y,t),y). So we can write

dv,(x,t) dv; (y, 1)

X; = (0, Z Ttidyj), Y, = (Z Tidfﬂj,o) (1.8)
j j

The curvature condition can be expressed in terms of the vector fields { X}, {Y;}. Namely,

the curvature condition above is equivalent to these vector fields satisfying Hormander’s

condition:

Curvature Condition The operator T satisfies the curvature condition at a point x if
the vector fields {X;}, {Y;} and their iterated commuators span the tangent space to M
at (z,x).

This formulation of the curvature condition is perhaps most similar to that of
Seeger [Se]. It is equivalent to the curvature condition given in section 1; however we will
not prove the equivalence here. We refer to [CNSW]| for more information on these issues.
It is natural to examine the metric one obtains by applying the techniques of [NSW] to the
vector fields {X;} and {Y;} on M. Let D((z,y),r) denote the ball of radius r in this metric
centered at a point (z,y) € M. As is well-known (see Chapter 1 of [Gr] for example), the
balls of the metric can be taken to be the following:

2m—+1
D((z,y),r) = {2t Xizmr1gsemYiam  52Yiz e81%i1 (1 9)) -, > 0, Z |s;| <r} (1.9)
j=1

If m is sufficiently large the balls may also be taken to be either of the following:
D((z,y),r) = {e52m 1 Xizmr1e52mYiom | e52Yia 5150 (1 ) |sj| <rforall j}  (1.10a)

D((z,y),r) = {e2mYizm e22m=1Xizm -1 e52Yize51Xi1 (g )« |s;] < r for all j}  (1.10b)

Let m; and w5 be the projections of M onto the first n and last n coordinates respectively.
In view of (1.9) we have
m1(D(x,x),r) = B(xz,r) (1.11)
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Lemma 1.1: There are constants ¢; and ¢y such that
D((z,z),c1r) C {(y,v(y,t)) 1y € B(x,r), |[t| <7} C D((x,x),car) (1.12)

In addition, there exist constants C' and C’ such that
C|D((z,x),7)| < r*|B(z,r)| < C'|D((z, x),r)| (1.13)

Proof: Equation (1.12) follows directly from (1.9). Using the nondegeneracy condition
(1.2b), (1.12) implies that

C1|D((x,z), crr)| < v¥|B(z,7)| < Co| D((x, x), cor)| (1.14)
By the [NSW] theory, we have
Cs3|D((x,z),7)| < |D((x,x), c17)] (1.15a)
|D((z, ), cor)| < Ca|D((x,z),7)| (1.15b)
Combining (1.14) and (1.15a) — (1.15b) gives (1.13), and the lemma follows.

We can use this Caratheodory metric to define privileged coordinates on the balls
B(z,r), in analogy to the privileged coordinates of [NSW] on the Carnot-Caratheodory
balls D((x,z),r) on M. Let Ty,...,7, be an enumeration of commutators of the vector
fields X; and Y; on M, such that the list T7,...,T}, contains commutators of sufficiently high
degree to include those used in privileged coordinates for the Carnot-Caratheodory balls
on M. Let d; denote the degree of T;.

Fix some x and r. By the theory of [NSW], we can find vector fields V1, ..., Vi, 1
among r 1Ty ..., r&~1T, » such that for some large constant Cy dictated by our subse-
quent arguments the following map, which we denote by A, ,(s1, ..., Sn+k), gives privileged
coordinates on D((x,z), Cor) for |s;| < r.

Ay (81,0 Snyk) = exp(s1Vi + oo + Sppk Vosn) (2, ) (1.16)
For notational convenience, we assume that the degrees of the vector fields V; are decreasing
with ¢. If we can find k£ independent nonvanishing vector fields amongst the X; and Y,
we may let Vj, 41, ..., V.41 be these vector fields. By (1.2b), we can do this in our current
setting by letting V,,; = X, for 1 <i < k.
For 1 <1 < n, define W; = dmV;, where m is left projection.
Lemma 1.2: Define the map 3, , by

Bar(s1, ..., $n) = exp(s1Wi + ... + s, W, ) (z, x) (1.17)
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Then 3, provides privileged coordinates on B(z,r) in the following sense. First, the
image of [—r,r|™ under the map (3, , contains B(x,Cyr) and is contained in B(z,Cr) for
some C. Secondly, the determinant of 3, , is within a constant factor of a fixed value D, ,.
on [—r,7]", such that |B(z,r)| ~ |Dgy|r".

Proof: We view the n vector fields W1, ..., W,, as vector fields in n + k dimensions, and
extend them to a set of n + k vector fields Wy, ..., W, i by defining W; =V, for i > n.
Observe that for i < n, W; = V; + Z?::H O(r%=1)V; with d; > 1. Consequently, if we
define B, , by

By (815 ey Sntk) = exp(siWh + .. + Spk Whan) (2, ) (1.18)

then the Jacobian determinant of the map A, B, L is of the form I + rF, where I is the
identity matrix and F' has bounded coefficients. As a result, if a point has coordinates
s = (81,..-;Sntk) in the coordinates of (1.16) and coordinates s’ = (si,...,s;, ;) in the

coordinates of (1.18), then we have

|s — §'| < Crls| (1.19)
In particular, the function B, . on [—r,r]"* gives privileged coordinates on D((x,z),).
Observe that by the way the W; are defined, the points (y1,y2) in the image of B, ,
with yo = x are exactly the points By (s1, ..., $n,0,...,0) = (Bzr(s1, ..., 8n), ). Further-
more, the determinant of B, , is comparable to the determinant of 3, , since the vectors
Wy, ..., W,, are orthogonal to the vectors W, 11, ..., W, 1 and the latter vectors have degree
0 in the map B, ,. The conclusions of Lemma 1.2 thus follow from the corresponding facts
about the coordinate map B ,.

Next, we use the vector fields W1, ..., W,, above to give the z-derivative bounds
on K (z,t) that we assume in this paper. Namely, we assume that there exists a § > 0 such
for each i and for each ¢ with |¢| < r we have

\WiK (z,t)] < C|t|F=17° (1.20)

To be perfectly clear, the vector field W; acts in the x variable. The extra ¢ is necessary
for the arguments of this paper, as will become clearer in sections 3 and 4. The author
believes it is likely that Theorem 1.1 does not hold in general for § = 0.

One also has a notion of bump functions for the balls B(x,r). We fix some
integer M > n, and we say that a smooth function 1) is a normalized bump function for
a ball B(x,r) if ¢ is supported in B(z,r) and for any nonnegative integers aj,...,a, with
>; a; < M the following inequalities hold:

sup [WM .. Wonp| < \r\*zi & (1.21)

The T'(1) theorem (see [C] or [S] Ch. 7 for example) says that a singular integral operator
S satisfying appropriate differentiability conditions is bounded on L? if and only if S and
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S* are L2-bounded on all bump functions; that is, if for all z and r and all 1 satisfying
(1.21) we have

1592 < C|B(x,7)|? (1.22a)
1S*9]|L2 < CO|B(z,7)]

(SIS

(1.22b)

Our main theorem is analogous:

Theorem 1.1: Suppose (1.2a) — (1.2b) holds and ~y(z, t) satisifies the curvature condition
at = 0. Suppose K (x,t) satisfies (1.3) and (1.20). Then there exists a neighborhood F'
of the origin in R™ x RF such that if K (x,t) is supported in F, then T is bounded on L?
if and only if for each x and r and all smooth 1 satisfying (1.21) we have

1T¢||2 < C|B(z,7)|? (1.23a)

1T*4)]| 2 < C|B(w,7)|2 (1.23b)

Some history

Metrics have been used in the study of singular Radon transforms for some time.
An early example of associating a metric to a singular Radon transform occurs in [Fa]
where the parabolic singular Radon transform ~(z,t) = (z1 —t, x5 — t?) is considered and
L? boundedness is proven in this case. General LP boundedness was later shown by Nagel,
Riviere, and Wainger [NRW1], and LP boundedness of the associated maximal operator
was proved by Stein and Wainger [NRW2]. In fact, [NRW2] shows LP boundedness of
both the singular Radon transform and the associated maximal operator for any finite-
type, translation-invariant v(z,t). We refer to [G2] for more details on these situations.
The curvature condition was developed in [CNSW], where LP boundedness for a singular
Radon transform is shown when the curvature condition holds, under some restrictions
on the kernel K(z,t). The paper [CNSW] uses, among other things, the technique of
lifting to nilpotent Lie groups. We refer the reader to [CNSW] for a detailed history
of the ideas that led up to it, as well as an extensive discussion of the meaning of the
curvature condition. In [G2], using the metric here the author found another proof of LP
boundedness of singular Radon transforms under the curvature condition, again assuming
some restrictions on K (x,t). The methods of [G2] are also related to those of [Fa] [PS]
[SW] and [NSW], with [PS] being the most influential.

The issue of proving T'(1) theorems for singular Radon transforms over hypersur-
faces when ~y(x,t) satisfies a strong nondegeneracy condition called rotational curvature
was taken up in the thesis of Pottinton [Po|, where several interesting theorems are proven.
In [Po], one also proceeds by showing L? boundedness of the difference between a singular
Radon transform and an associated singular integral operator. The rotational curvature
assumption allows one to directly define the singular integral operator without the use of
Carnot-Caratheodory metrics or the associated machinery that was developed here and in

G3).



2. Carnot-Caratheodory geometry and the distance function d(z,y)
We now define some notation which will be used at various places in this paper.

The functions f!(z,t, ..., #!) for small |z, |t!| are defined inductively for [ > 2 as
follows. For | = 2, we define

2=z, t', 1) = (x,t') = (2,7 (2.1)

For [ > 2 odd:
Bl 1%, ) = (B ()8 (2:2)

For | > 2 even:
Bz, th 62t = BB 2 (w, th 82, Lt )t (2.3)

In this notation, by (1.10) and (1.12), for sufficiently large [ the metric d(z,y) is equivalent
to the one with balls B!(z,r) defined by

BY(z,r) = {8 (z,t}, ..., t") : [t!] < r for all 3} (2.4)

As in [G3], we also define a parameterized family of functions ﬁél yl(gc,tl, ot We

.....

fix x and 7, and let T7,...,T,, be the commutators of the X;’s and Y;’s as before. Define
U; = r%~1dm T;, where d; is the degree of T}. For |y| < r we define

Yy (x,t) = exp(y1Us + ... + ypUp)y(z, 1) (2.5)

In analogy to (2.1) — (2.3), we define

z = 5517y2($,t1,t2) = yu(z,th) = y2(2, %) (2.6)

For [ > 2 odd:
Bip (et ) =y (B () (2.7)

For [ > 2 even:
Bia gt 2t = 80 (852 (8%t (2.8)

Observe that 3 o(z,t*,¢%, ..., ") is just B (x, ¢!, 12, ..., 1h).

For the remainder of the section, we will develop some technical ideas that are
necessary for the proof of Theorem 1.1. They are quite similar to the concepts devel-
oped in the second half of section 2 of [G3], and will be used for an analogous purpose;
in fact all we will use from the remainder of this section is Lemma 2.3, which will be
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used as a substitute for Corollary 2.6 of [G3] when applying the arguments of [G3]. Sup-

pose | > n, and I is a subset of {1,...,1} x {1,...,k} of cardinality n. (Recall k is the

t-dimension). Write I = {(p1,41), .-, (Pn, @n)} where p; < py < ... < p,. We define the

function det ﬁ;l o (x,t',...,t) to be the determinant of the matrix whose jth column

is O, ﬁél yl(a:,tl, ...,t"). In other words, detlﬁél yl(a:,tl, ...,t!) is the Jacobian deter-
Py

minant of ﬁél y in the ¢4, ..., th" variables.

.....

Next, we define M1 ,i(x,7) by

.....

My . i(z,r) =sup sup \detlﬁél 77777 yl(x,tl, o th) (2.9)
I |th|<r for all p,q

By (1.10), each ﬁ;l oy (x,t1,...,t!) is of finite type in the ¢ variables for [ sufficiently large.
As a result, for a given [ the measure of the image of B?lj 1 (z,t4, ..., 1) in the ¢ variables

for [th] < r satisfies

..... Yy

\Image(ﬁél ..... yl(:v,tl,...,tl))| >CMy oz, r)r"” (2.10)

.....

Image(ﬁél 77777 gt .., tY) € B(z,C'r) (2.11)
Hence we have B
My p(w7) < o 1B@:r)] (2.12)
/r.n

It is also true that for some C'” we have

Mo, ol ) > €T (213)
Equation (2.13) follows from the constructions of [NSW]. Namely, by [NSW] the measure of
the Carnot-Caratheodory ball D((x,z),r) is comparable to the maximum determinant of
(1.10a) or (1.10b6) in n of the s-variables. Equation (2.13) then follows from left projection
onto B(z,r), using Lemma 1.1 to translate into the current situation. Combining (2.12)
and (2.13), we conclude

B B
C/I/‘ (33.7 r)’ < MO O(aj, T) < C// ’ (x7 T)‘ (214)

.....
Tn

We now show that it is also true that My i(x,7) ~ “3&'37,;7"” for |y°| < er for a small
constant c:

Lemma 2.1: For a given [, there is a constant ¢ such that if |y?| < cr for each i then

B
o Bl

,rn



Proof: The right inequality follows from (2.12) so it suffices to prove the left-hand in-
equality. Let I and (u!,...,u!) be such that

detrB'(x,ut,...;ut) = My, o(z,7) (2.15)

By the Bernstein inequalities (see Lemma 3.2 of [G3] for example) if all [t*], |y¢| < r we
have

(2.16)

Myl,...,yl(a:v T’) < MO,...,O(*’L T)
T

I 1 !
VigdetiB (@t .. )] < CSl;p .

The right-hand inequality follows from (2.14). By the mean value theorem, if (y,...,9")
satisfies |y°| < g—l/r for all 7, where C’ is as in (2.16), then

1
\detJﬁ?lJl ’’’’’ yl(a:,ul, nuly = detr Bl (z,ut, .. ul)| < §M0 _____ o(x,r) (2.17)
Combining (2.15) and (2.17), we have
1
My (x,r) > |det15lyl7m7yl(x7u1,,..,ul)\ > §M07,,,70(:U,1") (2.18)

Thus letting ¢ = g—l/ gives the lemma and we are done.

Lemma 2.2: Let x and r be fixed, and let W1, ..., W,, denote the privileged coordinates
for B(z,r) from Lemma 1.2. Let W;(z) denote the value of the vector field at a point z.

a) For |s;|,|t| < r consider the map ®;(s,t) defined by

p
D (51, ..., Sp, ) = exp(z siU;)v(z,t) (2.19)
i=1

Then for each i and each s and ¢ we can find ay, ..., a, with |a;| < C’ for all [ such that

0P,
8Si

(51,s8prt) = Y aWi(®1(s1, ..., $p, ) (2.20)
=1

b) For |s;|, |t| < r define the map Py(s,t) by

p

Do(s1, ..., 8p, ) = 7*(63319(2 —s;U;)z,t) (2.21)

i=1
For each i and each s and ¢ we can find ay, ..., a, with |a;| < C’ for all [ such that

0P,

g(sl, ey Spy t) = Z aWi(P2(s1, ..., Sp, 1)) (2.22)

=1
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c) Let N be a positive integer. For [y!|,...[yN],|t!], ..., [t¥| < r define the map ®3(y,t) by
O3y’ .yt ) = BN (st tY) (2.23)

Then for any i,4’,j and j/, and any |y, ...|y~|, [t!], ..., [t¥| < r there exist ay,...,a, and
al,...,a,, with |a;|, |aj| < C' for all [ such that

0P
—(y .yt ZalWl (@3(y"s oo y™ 1L s t)) (2.24a)
dy;
0P
6t]:} (tlw"atN?tl?' ZalWl (1)3 7 7y 7tN)) (224b)

Proof: Define ®(q,s,t,y,u) by ®(q1, -, Gn, 815y Sps t4, sty o yN g, oy uy) =

P p
erp ZqZ ;)exp ZsiUi)ﬁ?Zl’...’yN(exp(Z —w; Uy, th, ., t) (2.25)
=1 =1
Define P(z,r) by
P(x,r)= sup |det;®(q,s,t,y,u)l (2.26)

J,q,8,t,y,u

Here J is a subset of cardinality n of the various ¢, s, ¢, y, and u variables, and det ; denotes
the determinant in those variables. The J, q, s, t,y,u supremum is taken over all possible
n-tuples J and all q, s, t,y, u with |g;|, |s:|, [t?|, |9?|, |u;| < . The determinant of ® in the ¢
variables is at least C' “B(T% since the W, are a privileged coordinate system for the ball
B(z,r). Consequently we must have P(z,r) > C w. Furthermore, since the image of
® is contained in the ball B(z, C'r) for some C’, exactly as in (2.10) — (2.12) we also have
P(z,r) < C”W. Thus we have

(B

,rn

(1Bl )]

< Px,r)r" < s

(2.27)

Let v be any of the variables s;, tg, yz‘»j, u;. Then I claim that for any (s,t,y,u),
equation (2.27) implies the existence of constants by, ..., b, with |b;| < C for all [ such that

0, ®(0,s,t,y,u) = Zlel(q)(O,s,t,y,u)) (2.28a)

Or equivalently,
0, ®(0,s,t,y,u) = Zblaq@(o, S, t,y,u) (2.28b)
l

For if there were not b; such that (2.28a)—(2.28b) holds, then the vector 9,9(0, s, ¢, y, u) and
the vectors 0,4, ®(0, s,t,y,u) = W (®(0, s, t,y,u)) would generate too large a parallelopiped
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for the right-hand side of (2.27) to be satisfied, given that the vectors W;(®(0, s, ¢, y, u))
already generate a parallelopiped of measure at least C' “38737,1’7")' by virtue of their being
privileged coordinates. Letting v be an s variable and setting t2 = ... =tV =0, y! =
yN =0 and u = 0 in (2.28b) gives part a) of this lemma. Letting v be au varlable and
setting s = 0, y! = ... =y =0, t! =0, and t3 = ... = y» = 0 gives part b). Setting
Letting v be a t or y variable and setting s = 0, u = 0 gives part ¢). This completes the
proof of Lemma 2.2.

Lemma 2.3: Let [ > n. Suppose (t,...,t!) satisfies |t/| < r for all j, and (y',...,y")
is such that |y?| < c¢r for each j, where ¢ is as in Lemma 2.1. Suppose I is a set of ¢

variables of cardinality n. For a given i and j let dety” ’pﬁl o (z,t4, ..., t") denote the
determinant of the matrix obtalned by replacing the pth column of the J acoblan matrix of
ﬁél o Szttt ! (z,th, ..., tY). Assuming [ is

sufficiently large, if € > 0 is such that \detfﬁ?ljl’m’yl(a:,tl, ] = eMy1 . i(z,r) then we
have

de tyﬂ’pﬁll z,th
| o )| g (2.29)

\detlﬁélwwyl(w, th .., th)]

Proof: Let A denote the matrix whose determinant is being taken in the numerator of
(2.29). By Lemma 2.2 c), each column of A is of the form ), aiWi(ﬁél’ (@ th, ..., th) for
|a;| bounded by a constant. Since the W; are a coordinate system for B(x, ), we have that
the determinant of the matrix whose columns are the W;’s is comparable to My, . o(z, ),

which by Lemma 2.1 is comparable to M, ,:(z,r). As a result, we have

|de tyj’pﬁl17 Lyt Y < CMy () (2.30)
On the other hand,
det By (a,th ot =eMy () (2.31)

Combining (2.30) and (2.31) gives the lemma.

3. Associating a singular integral to a singular Radon transform; kernel esti-
mates

Asin [G1] and [G2], in our proofs we will make use of a singular integral associated
to the singular Radon transform 7', even though this singular integral does not explicitly
appear in the statement of Theorem 1.1. In order to define this singular integral operator,
we will effectively have to define bump functions for the balls B(x,r). One can apply the
results of [NS] to define bump functions on B(x,r); however, we need some rather delicate
cancellation conditions particular to our singular integrals that require the bump functions
to be defined somewhat differently.
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Let ag(t) be a nonnegative bump function on R* supported for [t| > 2 with
ap(t) = 1 for [t| < 1. Let a(t) = ap(t) — ap(2t), and let K;(z,t) = a(27t)K (x,t). We
define the operator Tj by

Tjf(x) = - F(y(a, 1) K (e, t) di (3.1)

Note that we have

YT =T (3.2)

As before, Let T7,...,. T, be an enumeration of the commutators of the vector fields X;
and Y; on M, such that Ti,..., T}, contains commutators of sufficiently high degree as to
include all those used in privileged coordinates for the Carnot-Caratheodory balls on M.
Next, assuming j is fixed we let U; = 2779(ded(T)=Dqm T, where m is left projection as
before. Let W1, ..., W, be vector fields amongst the U; that give privileged coordinates on
B(x,277) in the sense of Lemma 1.2. Let ¢(z) be a nonnegative bump function on R*
with integral 1 that is supported on |2| < 1. Define the operator S; by

S, f(x) = 297 / flexp(s1Uy + ... + s,Up)y(2, 1)) Kj (2, 8)$(2751) ... $(275,) dsy ... ds, dt

(3.3)
The singular integral associated to 7 is defined to be the operator S given by

S=>"5; (34)

The exact definition of the S; is not really important here; what is necessary is that the
S, satisfy the conditions of the following lemma:

Lemma 3.1: Let L;(x,y) be the kernel of S;. Let W7 denote the vector field W; of
the privileged coordinates on B(x,277), and let W L;(x,y) denote the action of W on

(2

L;(x,y) in the y variables. Similarly, let W} denote the vector field W; of the privileged
coordinates on B(y,277), and let WYL;(z,y) denote the action of W! on L;(z,y) in the
x variables. We have

|Lj(z,y)| < C|B(z,277)|7! (3.5)

W Li(,w)|, WL ()| < C2|B(a, 277 (3.6)
Furthermore, if § is as in (1.20), for any « and y we have the cancellation conditions
[8;(1)(x) = T3(1)()], 1S5 (D(y) = T; (1)(y)] < C27% (3.7)

(The idea behind (3.7) is that if the kernel of T} (x, y) could have been written as a function
M;(z,y), then the cancellation condition (3.7) could have been cast in the more recogniz-
able form

[ M) - Ly dsl | [ Myt - Liw)dal <0270 (38)
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Proof: We write L;(z,y) in the form
27P / Sy — ewp(z siU)v(x, ) Kj(z,t)p(27s1) ... p(27s,) dsy ... dsp, dt (3.9)
=1
This can be rewritten as
2“’/ /(5 - ewp(z W + Zsml U )y (2, 8)3(2721) ... (27 2,,)d 2y ... d2y)
=1

XK (2,8) (27 Sy ). (27 51, )dS iy o S, dt (3.10)

We now do the dz integrations. Define A(z) by

n p—n
A(z1y .oy 2n) = exp(z Wi + Z Sy Um, )y (2, t) (3.11)
=1 =1

Of course, the function A(z) also depends on j, x, t, and the s,,,, but for notational
convenience those variables are not mentioned explicitly. We change variables in the dz
integral of (3.10) from z to y’ = A(z). Writing ®(272) = ¢(2721) ... p(272,), we get

L(a,y) = 27 / [ / 5y — et A~ (o) | (29 A (') 1 (2, )62 81, ) (2 5m, )

dsm, .--dsm,_,, dt (3.12)

In Lemma 1.2, the vector fields W; were defined to be canonical coordinates on B(z, Cp277)
for some large Cj. As a result, assuming C\ was selected large enough, the vectors s,,, Uy,
appearing in (3.11) are small enough such that the map A(z) is a perturbation of the

privileged coordinate map in the sense that |detA=1(y’)| ~ %. Therefore
93 (p—n) .
L5 9)] < Oyl [ 10 D9 5062 50,
C
P — 3.13
Br.29) 1

This gives (3.5). Moving on to proving (3.6), we write W*L;(z,y) as
WiLi(z,y) = 29P /[/ Wié(y — A(2))p(2721) . 0(2 2 )d 21 .. d2]

XK (2, 8) (27 Sy ). (27 81, )dS iy o Ay, dt (3.14)
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The strategy will be to write W;"6(y — A(z)) in the form 3 b, (y, 2)0,0(y — A(2)), do an
integration by parts in (3.14), and then bound terms. To this end, observe that by the
chain rule

V:[o(y = A(2))] = =V, d(y — A(2))dA(2)

This can be rewritten as
Vyd(y — A(2)) = =V.[0(y — A(2))JdA(2) ™ (3.15)

Taking the dot product of (3.15) with W2 (y), we get
Wid(y — A(2)) = =V [0(y — A(2))]dA(2) " W (y) (3.16)

The right-hand side of (3.16) is in the form > by(y,2)0:,0(y — A(z)). The functions
by(y, z) are readily determined via Cramer’s rule. Namely, let dA(y, z) denote the matrix
obtained by replacing the gth column of dA(z) by W*(y). Then by applying Cramer’s rule
to (3.16) we get

Wesly - AG) = - 3 G0 o, sty - a2 (3.17)

Thus to prove (3.6), we must bound each term

—27P /[/ %@qé(y — A(2)0(2721) ... (20 2,,)d2y ... dzy,]

XK (2, 8) (27 Sy ). (27 51, )dS iy o A, dt (3.18)

We do the integration by parts in (3.18) in the z, variable. We get several terms, depending
on where the derivative lands. First suppose it lands on the ¢(27z,) factor. In this case,
the term of (3.18) is bounded by

2Jp/ / ‘dieiéily, 160y — A(2))|¢(2720)]-- |20 (20 2,) ]| 6(20 2) | dz1 ... dzy)]

x| K, (z, t)\\¢(2jsm1)y...]ap(zjsmp,n)\ dSpy .. dsp,_, dt (3.19)

By Lemma 2.2 part a), each column of det dA(z) can be written as a linear combination
of W7 (A(z)) with bounded coefficients. Due to the delta function in (3.19), we can set
A(z) = y and say that each column of det dA(z) is a linear combination of W7 (y) with
bounded coefficients. As a result, each column of det dA{(y, z) is also a linear combination
of W7(y) with bounded coefficients. Since the W are privileged coordinates, it follows
that

B(x,277

14



Furthermore, as in (3.13), the fact that A(z) is a perturbation of privileged coordinates
implies that

det dA(2)| > c"B(;Jifn)‘ (3.21)

Hence (3.19) is bounded by
2jp/[/(5(y — A(2))|p(2721)|--- 270 (27 2)|-.| (27 2, |d 21 .. d ]

X| K (x, £)]|0(27 Sy )| | 0(27 Sm, )| dSiny o dSim,, (3.22)

If we change variables from z to A(z) like we did in (3.5), and then argue like before, the

dz integration gives a factor of C’% The extra 27 factor comes from the 27¢(27z,)

factor. (3.22) is thus at most

9i(p—n+1) .
C]B @2 /\K x,t)||p(2 sml)] ]¢(2]smp7n)\dsml Sy, dt (3.23)
C d 4
T, <. .2
Bz, 27| (3:24)

This is the estimate we seek for this term. We next consider the term where the derivative
lands on the det dAj(y, z) factor. There are two differences between this term and the
previous term. First, instead of having a factor of 27¢/(272,) appearing, we have a factor
of ¢(272,) showing up. This changes the estimate by a factor of C277. Secondly, instead

of having the det dA(y, z) in the equation, we have 0. det dAf(y,z). This changes the

. 9z, det dA? (y,z) .. ..
equation by a factor of Wq(yz), whose absolute value by the Bernstein inequalities

is bounded by the reciprocal of the radius of the z-domain. Since this radius is C277, we
get a net gain of C'27 for this factor. This cancels out the C277 from the ¢(2’2,), and we
once again get the estimate (3.24).

The observant reader might ask how we know we can use the Bernstein inequalities
here, since they assume that det dA}(y, z) is of finite-type uniformly in the s, z, y, and
z variables. By continuity, one needs just that det dA}(y, z) is of finite type at s = © =
y = z = 0. Since the W} give privileged coordinates, we know that det dA(z) is uniformly
of finite type. If it so happens that W7*(y) is orthogonal, to infinite order, to the n — 1
columns of det dA(z) other than the gth column at z =y = s = z = 0, then we just write

det dA}(y, z) = det dBj(y, z) + det dA} (y, 2) (3.25)

Here dB](y, z) is the matrix obtained by replacing the gth column of dA(z) by W7 (y) —
UZ(y) for an appropriate i’. The functions det dB](y, z) and det dA},(y, z) will then be of
finite-type uniformly, so if we plug (3.25) into (3.18) and consider each of the two terms
obtained separately, the argument of the last paragraph will hold in both cases.
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Lastly, we consider the term of (3.18) where the z, derivative lands on m.

In this case, there are again two differences between this term and the first one. First, again
we have ¢(27z,) in place of 27¢/(272,), resulting in a factor of C277 over the first term.

. o . —0. A
Secondly, after applying the derivative, the function m factor becomes %t(dz))(f).
o . — Uz A . . . o .
As a result, we get an additional factor of %a which by the Bernstein inequalities

is bounded in absolute value by C27. Hence we again get the estimate (3.24). This com-
pletes the proof of the left inequality of (3.6). Notice that this time there is no issue about
whether we can use the Bernstein inequalities; since the W,’s give privileged coordinates
the function det dA(z) will necessarily be of finite type.

Proving the right-hand inequality of (3.6) is much the same as proving the left-
hand inequality, looking at the adjoint of S; instead of S;. Let us write out what this
adjoint operator is. For functions f(z) and g(z), we have

[ sis@gta) e =

27P / flexp(s1Uy + ... + s,Up)y(w, 1)) g(2) Kj (2, 1) (27 51) ... p(275,,) dsy ... ds, dt dx (3.26)

Changing variables from x to y(x,t), we get

27P / flexp(s1Ur + ... + s,Up)x) g (v (x, t))KJQ('y*(x,t),t)gb(?sl) e 9(275,) dsy ... ds,, dt dx

(3.27)
Here KJQ is K; multiplied by the smooth Jacobian of the coordinate change. Next, we

change variables from = to exp(s1U; + ... + sp,Up)z in (3.27). Once this is done, (3.27)
becomes

2jp/f(:v)g(7*(e:vp(—81U1 — = spUp):U,t))Kjl('y*(e:Up(—slUl — ... —spUp)x, t), 8,1)

x3(2751) ... p(275,) dsy ... ds,, dt dx (3.28)

Here K 31 is KJQ times the smooth Jacobian of the coordinate change. As a result,

S;g(x) = 2Jp /g(y*(exp(—slUl — = spUp)x,t))K}('y*(e:Up(—slUl — ... —spUp)x,t), 8, 1)

X$(2751) ... p(275,) dsy ... ds, dt (3.29)

This may look different from (3.3), but the same arguments that gave the left inequality of
(3.6) still work here. The two (minor) differences worth mentioning are as follows: First,
the kernel K (z,t) is replaced by Kj(v*(exp(—s1Uy — ... — 5,Up)x, ), s,t). This is relevant
since when an z, integration by parts occurs, the derivative might land on this factor.
However, the differentiability condition (1.20) coupled with part b) of Lemma 2.2 ensures
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that taking this derivative incurs a factor of at most 20197 and won’t affect the estimates
obtained. The other difference is that instead of having f(exp(s1U1 + ... + s,U,)v(x, 1)) in
the integral we have g(y*(exp(—s1U1 — ... — spU, )z, t)). One can still use the coordinates
W,; and do the integration by parts. The definition of A(z) changes but not the estimates;
this time one uses part b) of Lemma 2.2 in place of part a) to justify them. This completes
the proof of (3.6).

Proceeding now to the cancellation conditions (3.7), observe that by (3.3)
S, (1)(x) = 277 / K (2,0)$(2s1) . (27s,) dsa .. ds, d (3.30)
Since the function ¢ was defined to have integral 1, we have
S0 = [ K tydt = T;(1)(z)

This gives half of (3.7). As for the other half, we first determine an expression for T g(z).
To do this, observe that

[ s = [ 60K 09() do d (3.31)
Changing variables from x to 7(x,t), this becomes
[ @RS @0, 097" (0,6) do (3:32)
Consequently,
T79(a) = [ 90" (@ )K" ), 0) e (3.3)
Next, observe that by (3.29)
Si(1)(x) = 27'7’/KJl (v*(exp(—s1Uy — ... — 5,Up) 2, ), 5, 1) (27 81)...0(27 5,) dsy ... ds, dt
(3.34)

Part b) of Lemma 2.2 and the differentiability conditions (1.20) imply that for each ¢
|05, K (v*(exp(—s1U1 — ... — spUp), t), 5, t)| < Cok+1=0)] (3.35)

(Recall that k denotes the t-dimension). As a result, since each |s;| < 277 we have

K (v (exp(—s1U1 — ... — spUp), t), 5, t) — K (v*(,t),0,t)| < Cok=2)i (3.36)
Consequently,
Sr(1) = 2”’/K}(v*(x,t),()?t)gb(?sl) e $(295,) dsy ... ds, dt + O(27%) (3.37)
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Recall that K Jl is equal to K;-) times the Jacobian of a coordinate change, and that this
Jacobian is equal to the identity when s = 0. As a result, for the values of s and ¢ in
question, the Jacobian determinant is 1 + O(277) and we get

S(1) = 2jp/K§)(fy*(x,t),t)¢(2jsl) e d(295,) dsy ... dsy dt + O(279) + O(27%)

_ / K9(y* (1), )dt + O(277) + O(2~%9) (3.38)

The left term of (3.38) is exactly 77 (1), and so the right-hand inequality of (3.7) follows.
This completes the proof of Lemma 3.1.

Since Sj(x,y) is supported for d(z,y) < C277, (3.6) implies the following corollary.

Corollary 3.2:
/ L, (. )] de, / L;(e,y)|dy < C (3.39)

4. Main Estimates
To prove Theorem 1.1, it suffices to show that S — T is bounded on L?:
Lemma 4.1: Suppose S — T is bounded on L?. Then Theorem 1.1 holds.

Proof: Assume that S — T is bounded on L?. We must show that if T satisfies (1.23a) —
(1.23b), then T is bounded on L?, as the converse direction is trivial. So assume T satisfies
(1.23a) — (1.23b). By the boundedness of S — T on L2, the operator S satisfies (1.22a) —
(1.22b).

Note that the kernel L;(x,y) of each S; in the sum S = Zj S; is supported on

d(z,y) < C277 and satisfies the estimates (3.5) and (3.6). As a result, the usual T(1)
theorem (see [C]) implies that S is bounded on L?. By the assumption that S — T is
bounded on L?, we conclude that T is also bounded on L?. This completes the proof of
Lemma 4.1.

We now proceed to the main argument, proving the boundedness of S —T on L2.

We use almost-orthogonality on the sum S —T = > j S; —Tj. In particular, we will prove
the estimates

HS]‘—TJ’HLQ_,L2<O (41)

1(Si = T)(S5 = T2 r2, 11(S] = T)(S; — Tyl |22 < C27HI (4.2)

Here 1 is a small positive constant. We begin with the straightforward proof of (4.1).
We will show that for all j we have ||T}||, ||S;|| < C. Observe that for each ¢, the map
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x — ~y(x,t) is a perturbation of the identity map. As a result, the map f(x) — f(v(z,t))
is bounded on L2, uniformly for small |¢|. Consequently, by (3.1) we have

75| < C/\K(m,t)|dt < (4.3)

Similarly, for each s and ¢, the map f(x) — f(exp(s1U1 + ...+ s,Up)y(2, 1)) is bounded on
L?, uniformly for small |s| and [t|. As a result, (3.3) implies that

115;]] < CQjP/\Kj(x,t)qs(stl) o 9(275p)| dsy ... ds, dt < O (4.4)
Equations (4.3) and (4.4) imply (4.1).

We proceed now to the orthogonality estimates (4.2). Since the two estimates are
proven the same way, we will restrict our attention to the estimates on (S} —17)(S; —T}).
Replacing this operator by its adjoint and switching the letters ¢ and j if necessary, we
may assume that ¢ > j. For a small constant e dictated by our subsequent arguments,
define the operator S} by

S! f () = 2l +eli=sD /f(ea:p(slUl ot sy Uy (s ) K (1)

xp(20teli=ils)) L p(29F<iIls ) dsy ... ds, dt (4.5)

In other words, the definition of S} is like that of S; in (3.3), except the powers 27 are
replaced by 2/t€li=il. Thus the operator S; can be viewed as being slightly closer to
the operator T; than S; is. Let L’(x,y) denote the kernel of S}(z,y). The exact same
arguments that produced (3.5) and (3.6) now give

L (2, )| < C2" VB, 277)| (4.6)
@ n+1)eli—j|+j —jy—1
WLz, y)l, [WEL (2, y)| < C20 D=3 | B2, 279)] (4.7)
We write the operator (S} —T)(S; —T;) as O1 + Oz, where
01 = (Sz* - TZ*)(SJ - S;) (48&)
Oq = (8] = T7)(S; — Ty) (4.8b)

The operators O; and O, will be treated separately, starting with O;.
Analysis of the operator O,

Let {J,} be a sequence of functions converging to the delta function, and let
T+ be the operator with kernel M (z,y) =

2P / 6n(y — v (exp(—s1U1 — ... — 8,Up)w, ) K} (v* (exp(—s1Ur — ... — 5,Up)w,t), 8, 1)
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XP(2'51) ... $(2's,) dsy ... ds, dt (4.9)

We will prove that for some p > 0, uniformly in n we have
1S5 =17 ™)(S; = S))l| < 27+~ (4.10)
Taking the limit of this as n goes to infinity gives the desired estimate for O;:
1057 = T7)(S; = 57)|| < c27# (4.11)

Observe that [ MM (z,y) dy = Tr™ (1) (x) = TF(1)(z), so that if L* denotes the kernel
of S¥, by (3.7) we have

| / (Li(z,y) — M; " (2,)) dy| = [S7 (1) (z) — Ty (1)(z)| < €27

< okl (4.12)

Similar to the proof of (4.1), it is a straightforward consequence of the definition (4.9) of
MF™ that

/ M) (2, )| dar, / M) (2, 9)] dy < C (4.13)

As a result, by Corollary 3.2 we also have

/ L (2, y) — M) (2, ) da, / L2 (2) — M2 (2,y)) dy < C (4.14)

The estimate (4.10) will now be proved basically the same way that orthogonality estimates

are proved for singular integral operators with a good cancellation condition, and equations
(4.12) and (4.14) will be key in accomplishing this. We write S} = S; —S%, and let L (z,y)
be the kernel of S;. Then by (3.5) — (3.6) and (4.6) — (4.7) we have

LY (z,y)| < 2" B(z,277)| (4.15)
WELY ()], [WPL (2, y)] < €20 D143 B 97) (4.16)
The kernel of O; = (S; — TZ»*(”))Sg’ is given by
Nwy) = [(Liw2) = M7 )L (20) dz (4.17)
We will use Schur’s test to bound O;, by showing that for some p > 0 we have
/ N (2, y)| dy < C2-#li~J] (4.18)
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This suffices to prove (4.10) by Schur’s test since the estimate [ |N(z,y)|dz < C directly
from (4.13) and (3.39). Rewrite N(z,y) as

L/kz:<x,z>—-Af:“”<x,z>>Ly<x,y>dz-+L/kz:<x,z>—-Af:“”<x,z»<Lg<z,y>—-Ly<x,y>>dz

(4.19)
Then
L/va<x,y>\dy:zL/Wﬁ/kzs<x,z>—-Af:“”<x,z>>ay<x,y>dzrdy
+//me%MW%wmw@w—w@wwwy (4.20)
By (4.12), the first term in (4.20) is bounded by
¢~ 0li=l / 1LY (z,y)| dy (4.21)

By (4.15) and the fact that [L}(x,y)| is supported on d(z,y) < C277, (4.21) is at most
C2me=9)li=Jl (4.22)

As long as € < 2, this gives a term bounded by C27#I"=Jl for some positive 4, which is the
desired estimate. Moving on to the second term of (4.20), observe that in order for the

factor L} (z,z) — Mi*(”)(a:, z) to be nonzero, we must have d(z, z) < C27*. Consequently
for such x and z, by the differentiability conditions (4.16), we have

o (n+1)elij|—|i—jl

‘L;/(Zvy) —L;-/(.li,y)’ <C ‘B(l’ 2_3')’ (423)
As a result, as long as e was chosen such that (n+ 1)e < 3, we have
. . o—li—jl/2
‘Lj (z,9) — L; (z,y)| < Cm (4.24)
Substituting this back into the second term of (4.20), we get a term bounded by
e 2 MM (z, 2)] dy d 4.25
m/| i(@,2) = M7 (a, 2)| dy dz (4.25)

Here the dy integral is only over y for which the factors L*(z, z)—M*™)(z, z) and LY (z,y)—
LY (z,y) are nonzero, which is a subset of the y for which d(x,y) < C277. Hence (4.25) is
bounded by

—li—j|

27 [ |Lite,2) - M, 2) a2 (4.26)
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By (4.14) this is at most
—li—j]

2= (4.27)

Consequently, the second term of (4.20) contributes at most C2~ = to [ IN(z,y)| dy. We
have now shown that both terms of (4.20) contribute at most C2~#=7l to [|N(z,y)|dy

for some p > 0. As a result, (4.18) holds and by Schur’s lemma we have

(57 = T ™)(8; - s))l| < C2~ = (4.28)

This gives (4.10), and taking limits as n goes to infinity gives (4.11) (replacing § by p.
This is the desired estimate for the operator O;.

Analysis of the operator O;. We now analyze Oy = (5] — T;")(S} — T}), with the goal
of proving ||Os|| < C27#I"=Jl for some p > 0; this will complete the proof of Theorem 1.1.
By (4.1), we have ||S} — T;|| = ||S; — T;|| < C, so it suffices to show that

1S} — Ty]| < 27+l (4.29)

For a p-tuple s = (s1,...,5p), as in (2.5) let v5(z,t) = exp(s1U1 + ... + spUp)y(z,t). We
define the operator 77 by

TS f(z) = / F (el ) K (a, 1) dt (4.30)

Lemma 4.2: Suppose we can prove that for some a > 0, for |s| < Cr we have
1Ty — T;]] < C|s27|* (4.31)
Then (4.29) (and therefore Theorem 1.1) holds.

Proof: (S} —T})f(z) can be rewritten as

op(iteli=il) /f(%(x, ) (w, t)p(27 T lsy) L (204N Tls ) dsy L. dsy dt

—op(iteli=il) / [ / FOy(@, ) Kz, t) dt] (2T =ls) (20 <i=dls, ) dsy ... ds,  (4.32)
= 2””““‘“)/[/ f(vs(z,t) Kj(x, 1) dt—/f(v(w,t))Kj(w,t))dt]
X (2 T=ls 1) L p(27HIls ) dsy .. ds,,
— op(iteli—jl) /(T]Sf(m) _ ij(x))¢(2j+€|i*j|Sl)u¢(2j+€|i*j|sp) dsy ...dsp (4.33)
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In other words, we have
S — Ty = 2vUtei=il /(T; — Ty)p(20Feli=ils) ) p(20Helimils ) dsy ... ds, (4.34)
Consequently, if (4.31) holds, then
1S — Ty|| < 2rUteli=i / |s|“p(20F<liils)) . p(20Heli=ils ) dsy ... ds,, (4.35)
In the support of ¢(29+<li=ils ) ... ¢(27Feli=ils)), we have |s27|* < C27¢li=il g0
IS — Ty|| < C2eli=i] / oP(iteli=il g(giteli=ilg )y | (2T =Ils ) dsy ... ds,

— ¢2cli=dl (4.36)

This implies (4.29) for u = ea and we are done.

Hence our goal is now to prove that ||TF — T}|| < C|s27|* for some a > 0.
The argument from here on is all but identical to the argument in [G3] proving [T} —

T;|| < C(29%|y])<277° (in the notation of section 5 of [G3]). Namely, the N-fold iterate
(17 = T;)" (T = T)..(T; = T;)*(T7 — T;) can be written in the form

oN
Z j:TjSN,z (T;J\ul,l )*...T;2’l (T;l’l )* (4.37)
=1

Here each s; ; is either s or 0. Observe that in the sum (4.37), 2¥~! terms have a plus
sign and 2! terms have a minus sign. As a result, (4.37) is exactly

J J

2N
Z iTjN’l (T;Nfl»l)*,,,T.SQvl (T;)* — ;. 1T (4.38)
=1

As a result, in analogy to Lemma 5.2 of [G3] we have

Lemma 4.3: Suppose we can show that for some N, for each ¢ and for any (s1,...sn)
with |s| < C277 we have

|05, (TENTIN T2 T8 )| < C2 (4.39)

Then each term of (4.38) has operator norm at most C|s27|. Consequently, || — Tj|| <
C|s27|~ and Theorem 1.1 follows.
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In the notation of (2.5) — (2.8), for a given function f(z), 9, (T;¥T; V.. T;*T;* ") f (x) can
be written as

S1,.-+3SN

/651, [f (BN (2, Y, ) K (51, s, 2 o tY)] dE L dtY (4.40)

Here K;(x,s1,...,5n,t", ...,t"V) is a function that satisfies

|K (0,81, 0y St o V)| < O2MIN |V, K (0, 81, oy S, oo V)] < C2FINTIT (4.47)

The analogue in [G3] to (4.40) is equation (5.13) of that paper, whose derivative is (using
the notation of that paper)

/8yg[f(ﬁﬁywy1v(x,t1,...,tN))k:j(tl)...k:j(tN){(x,yl,...,yN,tl,...,tN)]dtl...dtN (4.42)

The analysis of (4.40) is nearly identical to (5.13). Rather than rehash a long
technical argument essentially verbatim, we will highlight three (minor) differences. First,
the function f(j (z,81,...sn,t, ..., t") and its first derivatives are a factor of C27°V larger
than the function k;(t1)...k;(tn)E(z, y', ..., yN, t1, ..., tn) and its corresponding derivatives
(here ¢ is as in [G3]). Thus in the present situation we incur a factor of €27V over
the estimates of [G3]. Secondly, we must insert Lemma 2.3 of this paper instead of the
analogous Corollary 2.6 of [G3]. Lastly, the range of y in [G3] was |y| < 277%, while the
scaling in this paper is such that the range of s is |s| < 277. So the correct estimate for
the operator (4.40) will be what one obtains by taking the estimate for (4.42) in [G3],
replacing the 27% by 27, and multiplying the result by 279V, The result is exactly (4.39)
and we are done.

5. Final Comments

For 1 < p < oo, LP boundedness of singular Radon transforms under the assump-
tions (1.23a) — (1.23b) can be proven from the results of this paper using standard methods
(see [G1]-[G2] [PS] for example), as can LP boundedness of the associated maximal func-
tion. Namely, in section 4 we showed that under the assumptions (1.23a) — (1.23b), S — T
is bounded on L?. Consequently S and S* are also bounded on bump functions, and the
T(1) theorem then implies that S is bounded on L?. So by the Calderon-Zygmund theory,
S is bounded on each L? for 1 < p < oo as well. If we can prove that S — T is bounded on
LP, it will then follow that T is bounded on LP. To accomplish this, one defines operators

Sz'j by Szjf(m) =

209 [ fleap(ssls -+ o 5,0 (0 ), 00(2 1) G(275,) s s

—o+i+1p / flexp(s1Ur+...4s,Up)y(z, 1) Kj(z, ) (27T s1) . p(2719 s ,)) dsy ... dsy, dt
(5.1)
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Define S* by
S'=>"8S; (5.2)
j

Observe that we have

S—-T=> & (5.3)

i>0

Straightforward adaptations of the arguments giving (4.2) show that for some n > 0 we
have , :
HSZ||L2_>L2 < o27m (54)

Using the nonisotropic Calderon-Zygmund theory (see for example Ch. 1 of [S]), one
obtains that for 1 < p < co and a fixed 0 < 1’ < 1 we have

189 | Lo rr < Cp277" (5.5)

Summing this in ¢ gives

IS = Tllzo < C, (5.6)
We conclude that under (1.23a) — (1.23b) we have LP boundedness of T for 1 < p < oo.

The boundedness of the maximal function associated to T follows from the results
of this paper by applying standard square-function methods to the difference between the
maximal function associated with 7" and the maximal function associated to the singular
integral S, whose LP boundedness follows from the Calderon-Zygmund theory.
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