MCS 401 Spring 2020
Homework 1

February 4, 2020

1. Problem 1 [Exercise 3-1-4, page 53]:

(a) Since 0 <271 < 2.27 we have 2"! = O(2").

(b) Since
2n

we have that there is no such constant C' > 0 such that 22" < C(2"). Hence 22" # O(2"). In
fact, we have 2" = 0(2%"), or equivalently 22" = w(2").

2. Problem 2 [Problem 3-3-a, page 61]:
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Below are the comparisons that are not so trivial:
(a) 22" = w((n+1)!): We have
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Hence (n + 1)! = 0(2%").
(b) n! =w(e™): Since lgn! = O(nlnn), and lge™ = nlge, and nlge = o(nlnn), we have " = o(n!).
(¢) €™ =w(n2™): Since

e’ e’

e xr
. 2)
= lim —2
o0 1+ 2 ln2
£T(1 —1n?2
= lim 22—~ ( n2)
Z—00 In?2

L’hospital
= 007

1



we have
n

lim
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(d) (Ign)'8™ = O(n'8'8™): We have
lg (lgn)lgn =lgnlglgn =lglgnlgn =1g niglgn

(e) lgn'8™ = w(lgn)!: Since m™ = w(m!), by substituting m with lgn, we get the expression.

(f) (Ign)! = w(n3): By a), we have Ig(lgn)! = O(lgnlglgn) = w(3lgn) = lgn® and hence the
desired expression.

g) 2v28n — y(Ign): Tt is easier to see that 2F = w B , and the desired expression is achieved by
4
substituting k£ with /21lgn.

. .2
(h) Inlnn = w(2'e"(™): We have lg(Inlnn) = O(lglglgn) Assume that n = 227 | where the number

2(1
of 2’s is k and 0 < a < 1, then we have lg*n = k but lg(Inlnn) = O(lglglgn) = 6(2% ),
where the number of 2’s equals k — 3.

3. Problem 3 [Exercise 3-4-b, page 62]

We disprove the statement by providing a counterexample. Let us consider

f(n) :=n?
g(n):=n
Then
f(n) +g(n) =n?+n.
However,
O(min(f(n), g(n))) = O(min(n?,n)) = O(n)
Since
. n2 +n
lim =00
n—oo n
we obtain that
n? +n # 0(n)

and conclude the proof.

4. Problem 4 [Exercise 4-5-1, page 96]
For all the four recursive functions, we have a = 2,b = 4, and hence log, a = %
(a) T'(n) =2T(n/4) + 1: Since

N|=
~—

by the master theorem case 1, we have T'(n) = O(n
(b) T'(n) = 2T(n/4) 4+ \/n: Since
f(n) = ©(n2),

by the master theorem case 2, we have T'(n) = G(n% logn).



(¢) T(n) =2T(n/4) + n: Since

and
2f(n/4) =n/2<0.9-n,Yn >0,

by the master theorem case 3, we have T'(n) = ©(n).
(d) T(n) = 2T(n/4) + n?: Since

and
2f(n/4) =1/8-n* < 0.5-n2¥n >0,

by the master theorem case 3, we have T'(n) = O(n?).



