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Abstract

While the volatility of portfolios are often modeledby continuousBrownian motion processesgiscontinuous
jump processesire more appropriatefor modelingimportantexternal eventsthat significantly affect the pricesof
financial assets. Here the discontinuougump processesre modeledby stateand control dependentompound
Poissonprocessessuchthat the randomjumps comeat the timesof a pure Poissonprocesswith jump amplitudes
thatarerandomlydistributed. The optimal consumptiorandinvestmentportfolio policy formulationis in termsof
stochastiddifferential equationswith optimal discountedutility objectives. This paperwas motivatedby a recent
paperof Rishel(1999)concerningortfolio optimizationwhenpricesaredependenon externalevents.However, the
modelhasbeensignificantlygeneralizedor realisticcomputationatonsiderations.

1. Introduction

While muchof the continuoustime modelsof financial markets have beenbasedupon continuoussamplepath ge-
ometric Brownian motion processesMerton [14] applieddiscontinuousamplepath Poissonprocessesalongwith
Brownianmotionprocessesd,e., jump diffusions,to the problemof pricing options.He derived several extensionsof
thealreadyclassicaldiffusiontheoryof Black andScholeq1] applyingminimizing the portfolio variancetechniques
to jump diffusionmodelssimilar to thosetechniquesisedto derive the classicBlack and Scholesormulae. Earlier,
Merton[13] treatedoptimal consumptiorandinvestmenportfolio with eithergeometricBrownianmotionor Poisson
noise,illustratedexplicit solutionsfor constantrisk-aversionin eitherrelative and absoluteforms. In [12], Merton
also examinedtheseconstantrisk-aversioncases.In [9], Karatzas,Lehoczky, Sethiand Shreve pointedout that it
is necessaryo enforcenon-neatiity feasibility conditionson both wealthand consumptionderiving formally ex-
plicit solutionsfrom a consumption-imestmentynamicprogrammingmodelswith atime-to-bankruptg horizon,that

qualitatively correcttheresultsof Merton[13]. SethiandTaksar[18] directly presentorrectiongo certainformulae
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Merton'’s finite horizon consumption-imestmentmodel [13]. Merton [15] revisited the problemin the 6th chapter
of his book, correctinghis earlierwork by addingan absorbingboundaryconditionat zerowealthand using other
techniques.

Wilmott's [23] presentsa good discussioron hedgingwith jump diffusion modelsin finance. Lipton-Lifshitz
[11] presents gooddiscussiorof predictabilityandunpredictability mainly for foreignexchangeapplicationsput is
applicableto otherfinancialapplicationsaswell.

Recently Rishel[17] introduceda optimal portfolio modelfor stockpricesdependentn deterministicscheduled
and stochasticunschedulegump external eventsbasedon optimal stochasticcontrol theory The jumps can affect
boththe stockpricesdirectly or indirectly throughparametersThe deterministigumpsare deterministiconly in the
timing of thescheduledvents but themagnitudeof thejumpsis random.Rishel’s paperandrelatedbioeconomiand
manufcturingresearctof Hansonandco-workers[7, 20, 21, 22] arethe motivationfor the presentpaper Hereour
formulationis a modificationon Rishels paperwith heavier relianceon stochastidifferentialequationsgonstrained
control, moregeneralutility objectives,generalizedunctions,andrandomPoissonrmeasure Many of the modifica-
tionsmake the modelmorerealisticandcomputationafeasible.Major computationgor the modelwill bethesubject
of anothempaper Theapproachereis moretowardappliedmodelingandcomputationafeasibility ratherthanpurely
mathematicatheoremstatemenandproving.

Thepaperis arrangedasfollows. In Section2., the stochastidifferentialequatiormodelfor the underlyingrisk-
free andrisky assetareformulatedin termsof stateandcontroldependenimarked Poissorprocessesvith diffusion
processesisedfor the lessimportantbackgroundevents. In Section3., the wealth equationsare formulatedfor
the portfolio. In Section4., the portfolio optimizationproblemis formulatedandthe subsequenpartial differential
equationof stochastiadynamicprogrammings derived from the generalizedtd chainrule. The formulationof the
solutionfor the power utilities examplein Section5. is significantly reducedto muchsimplerequationavith mary
explicit terms,althoughsomeimplicit termsremain,especiallythosePoissorrelated but theseequationsaresuitable

for computationFurthercomputationatonsiderationarediscussedn Section6.

2. Stateand Control Dependent Asset Models

In this paperwe areinterestedn selectinga financial portfolio from a risk-freeassetor bondanda numberof risky
asset®or stocks.Let thebondearnafixedrater of interestsuchthatits price B(t) attime ¢ satisfiesghe deterministic

dynamicalprocess,
dB(t) = rB(t)dt, B(0) = By. 1)

Thecoeficientr alsocouldbe madetime dependentg.g.,jumpingattimesof eventsof thechangdn federalrates.
Let S;(t) denotethe price of theith stockwhich satisfieshe Markov geometrigump-diffusionstochastidiffer-

entialequation,

M
dSi(t) = Si(t) |m(A@®)dt+ Y 0i;(A(t))dZ;(t) + dPi(t) 2)
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fori =1,2,..., N stocksandwith parametevector[f(t) = (A1, A,). Firstthetermsin (2) will bebriefly identified,
but will be morethoroughlydescribedater The u;(@) = pi(a1,a2) denotethe meanappreciatiorratefor the ith

stockasafunctionof unscheduled, andscheduledi, parametersheo; ;(@) arethevolatilities for theith stockdue
to the jth continuous Brownian motion processes’;(t) for j = 1,2,..., M; thedP;(t) denotethe discontinuous,
random,space-timeéPoissorprocessesepresentingmportantunschedule@vents;andthe Efg\’;l J2,i0r(t — Toe)dt

representhe correspondingcheduledventswith deterministigump times, excepthave randomamplitudedik e the

space-timdoissorprocesses.

TheZ;(t), for j =1,2,..., M, denoteindependentstandardBrownian motion processeand P;(t) denoteghe
ith componenbf a marked Poissonprocess.The continuoussamplepath processes’; () modelthe lessimportant
backgroundandomeventsthat affect the market, while the discontinuousamplepath processed P;(t) modelthe
rare,importanteventsthatleadto largefluctuationdn risk sensitve marketassetsThe space-timalifferentialPoisson
processed P;(t) arerelatedto Poissonrandommeasureor space—timePoissonprocessesP(dt,del), (seeltd [8],
GihmanandSkorohod[4], or SryderandMiller [19]):

dP;(t) = ; Jui(t, ju; A)P(dt, djr ), ©)

fori = 0,1,...,N, where J; ; is the ith Poissonjump amplitudefunction correspondingo the ith stock price,
g = (jl,o,j"l) = [J1,i-1](N+1)x1 IS the (N 4 1)-dimensionalandommark vectoron the mark space”; . Eachtime
the constituentPoissoncounting processhasa jump signifying an unscheduleavent, a randommark vector31 is
generatedvhich in turn generateshe value of the vectorjump amplitudefl = (J10, J_i)(t,jl; A), resultingin the
jumpin the unschedulegparametetd; from J; o andin the jump in stockprice S; from J; ; fori = 1,2,..., N,

respectrely. Thecomponent!P;(t) of the Poissordrivenprocesshasthe expectation:

E[dPi(0)] = \#) | Jui(t, 51 A1 (h)djrdt = M) E[J1dt, @)
J1
fori = 0,1,..., N, where\(¢) is theratefor thecommonPoissomountingprocessand¢1(}1) is thejoint density

of theamplitudemarks.Assumingcomponent-wiséndependencelP; (t) hascovariancegiven[19] by
Var[dP; ()] = A(t) B2 Jdt, (5)
fori=1,2,...,N. Giventhatthereis ajumpatT; ,, thestockprice S;(t) jump magnitudes
[S)(The) = Si(Tit) = Si(Ty) = J1i(Th e, dus A)Si(Ty ),
for £ = 1,2,..., N, assuminghatthe jump amplitudeis continuousin ¢. A simplePoissonump amplitudemodel
couldhave Jl,i(tjl;d’) = j1,4, I.e.,thejump amplitudevectorbeingthe sameasthe markvector
Theunschedule@ventparameterd, (¢) is generatedby the samespace-timéPoissorprocessP asabove,reserv-

ing thecomponentg; o of thejumpandji o of themarkfor A, (¢), sothatthejumpin A; (¢) is generate@tthesame

time by the single underlyingPoissoncountingprocesf the unschedule@ventasit is for the stocksin (2) at rate



A(t) for unscheduledvents,
dA,(t) = A1 (H)d Py (1),
wheredPy(t) is givenby (3) wheni = 0, with conditionalexpectedump amplitudeof the parametedifferential
E[dA; (t)|A(t) = @ = A(t)ay E[J1 0| A(t) = d]dt,

whereE[J; o] is theaveraggump amplitudeof theOth componenof thespace-timé>oissorprocessAgain, arelative
jump sizeis usedhere ratherthananabsolutgump amplitude.

The lastterm on the right handside of (2) modelsthe jumpsresultingfrom scheduledventsat timesT 4, for
¢ =1,2,..., Ny andrelative jump amplitudeof Jz,,-(t,j"z,g;/_f(t)) causingS;(t) to jump by Js ;Si (T, ,), assuming
T < T 041, Wherefu = [j2,i,eln x1 is therandommarkvectorfor schedulegumpswhile JE is the corresponding

relative jump amplitude suchthat
Prob [jz,i,e € (J2,i, Jo,i + dj2,i)|A2(T5,) = aie] = $2,i(J2,i3 Ag o) dj2,i (6)
where

$2,i(J2,i502) = . 8(J2,i —jz,i)¢2(f2;az)df2
2
is a properdensityfunction,which mayincludediscretedistributionsthroughgeneralizedunctions,with é(z) denot-
ing theusualDirac deltafunction andez = [J2,i—1](nv41)x1- Thegeneralizedunctionsymbolég(t — T5,,) denotesa

right continuousdeltafunctiondefinedby
| foonte -1 = 517,

for someright-continuougfunction f, compatiblewith theright continuity (continuity from the right) of the Poisson
processUnliketheDiracdeltafunction,dg(t —T,¢) is aboundedstepfunctionembodiedn its constructve definition

asthedifferenceof stepfunctions,
Sr(t —To)dt = Hg(t + dt — Toy) — Hr(t — Ta ),

for infinitesimaldt, whereHg(t — T» ;) is theright-continuousunit stepfunctionthatcharacterizethe simplePoisson

countingprocessy_ - ; Hg(t — T»¢). Thus,the scheduleump amplitudeS; atT5 ¢ is
[Si](Tz,e) = Si(TZz) - Si(szz) = J2,i(T££aj2,€; A’(sze))si(Tiz)a

dueto non-anticipatingright-continuity and suchthat stocki jumpsfrom S;(T;,) to J»,;S:(T;,) atthe scheduled
jumptimeT; ;. It is furtherassumedhatthefinal schedulegumpat T n, takesplacebeforetheterminaltime T, i.e.,
To,n, < T < T, n,+1. Theseschedulegumpsaffectthe marketdueto eventssuchaschangesn monetarypolicy or
announcementsf labor statisticsor othereconomicannouncementsr eminentlabor strikes,althoughthe magnitude
of the jumpscanberandom,asdescribedcoy Rishel[17]. A recent(Februaryl7,2000)exampleis the semi-annual
economiaeportof ChairmanAlan Greenspaiof the FederaResere Boardto Congresshatconcernedheraisingof
interestratesandothermattersfollowedthe next day (Februaryl8, 2000) by a "double witching day” in which there
wasa simultaneougxpiration of contracton stockoptionsandstockindices.

For the continuousportion of the samplepaths,the non-anticipatingneanappreciatiorrateis u; ([f(t)) andthe



squaredvolatility is ij‘il az?’j([f(t)), relative to andconditionedon the currentstockprice S;(¢), i.e., in absencef
theschedulear randomjump events.Thevector A(t) = (A4, (t), A, (t)) representparametri@rgumentsf themean
appreciatiorrateu;, volatility o; ; andscheduleqump amplitudesThe parameterd(t) is assumedo have jumpsat

the sametimesasthatof the scheduledvents,

No
dAz(t) = Az(t) ) Jaolts jooe, A()Ir(t — To,e)dt, (7)
=1
[A2](T2) = Ao(Ty5 )20 (Tays G20, AT5)), (8)
Ep, [A2 (T;e)|A2 (TQ_,e) = az_,e] = (1+ jz,o)az_,ea 9)

wherethe meanjump distribution 72,0 for A, islikely differentfrom scheduledneanjump distribution 72,Z- for S; for
i=1,2,..., N stocks.Here,arelative jump sizeis usedratherthananabsolutesizein Rishel[17], i.e.,geometricor
multiplicative noiseis usedhereratheradditive noise.

Our modelfor the underlyingassetss the similar to that of Rishel[17], exceptthatmore generaldistributions
areusedherefor the appreciationyolatility andunschedulegump parametersiatherthanthe discreterandomstates

usedin [17]. Also, space-timdoissorprocesseareusedextensiely in themodel.

3. Portfolio Wealth Equation

Let W (t) bethe portfolio wealthprocesdor a portfolio attime ¢ thatincludesa risk-free bond assetat price B(t)
andthe N risky stocksS;(t). Let U;(t) be the fraction of the wealth T (t) investedin the ith assetat time ¢ for

i=1,2,..., N andUy(t) will denotethefractioninvestedn bondsattime ¢, sothat

N
Uo(t) + D Ui(t) =1, (10)
which senes as the defining constraintfor the bon:jiflraction Us(t) in termsof the stock fraction vector U (t) =
[U;(t)]nx1. Along with consumptiorof capital, the stockinvestmenftractionswill comprisethe component®f the
controlvector U () = [Ui(t)]nx1, for this problem,suchthat U;(t) cantake on arbitraryreal valuesif i > 0 in
theory sincethe fraction of stock: canbe negative if the stockis sold shortat time ¢ in anticipationof a dropin
pricesmakingit profitableto buy backlater, while thefractioninvestedn bondscanbenegative if money is borroved
on the bondandinvestedin stock: with ¢ > 0 (i.e., the sumover the stockfractionsin (10) canexceedunity and
thusareunboundedibove, in theory). However, for practicalreasonsthe stockfractionsmustbe boundecbr limited
sinceborraving andshortselling would be limited. Further if thejump modelleadsto singularcontrol calculations,
thenthe control spacewould needto be bounded. Thus,the control spacewill be assumedounded for example,
component-wis€onstraintSUmin,i < 4; < Umax,i, With Umin,; < 0 @ndUmax,; > 0, specified.
Thusthe wealthW (¢) = Ef;o U;(t)W (¢t) attime ¢ andthe dynamicsof the amountU;(t)W (¢) investedin
instrument; attime ¢ satisfies(1) for the bondwheni = 0 and(2) for theith wheni > 0 stock. The wealthless

consumption('(t), satisfieshe SDE,

dAW(t) = —C(t)dt+W(t)

rdt + U7 (t) { (F(A(t)) — r)dt + o(A(t))dZ(t) + dP(t) (11)

5
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=1
with matrix-vectornotation: U T () = [U;(t)]1x~ denoteshetransposef U (t), T = [1nx1, Z(@) = [1i(@)]nx1,

o(@) = [0i;(@)]Nxnr, dZ(t) = [dZi(t)]arx1, dP(t) = [dP;(t)]nx1 (the Oth componentor associatedvith the

randomunscheduleqump parameter4, (¢) is not directly includedin the wealth equation),and Je = [J,i]vx1s

k = 1 for unschedulegumpsandk = 2 for schedulegumps.Notethatthejumpin wealthis givenby
N

[W](Tk,e) = W(T,) = W(Ty,) = Z Ui(Ty ) T,i(Th s i, AO)YW (T ), (12)
i=1
ateachjumptimet = Ty, for £ = 1,2,3,... whenk = 1 for unschedulegumpsor ¢ = 1,2,..., N, whenk = 2

for schedulequmps.

4. Consumption and Portfolio Optimization for Expected Utility Problem

LetU; (w; @) betheutility functionof final wealthaswell asof thevectorparametet, andi/(c) betheinstantaneous
utility of consumptiorfor the investor Supposehe investorconsumes = C(t) attime ¢ andendsup with wealth
w = W(T) atthefinal time T' andthatthe investorseekg¢o maximizethe conditionalexpected currentvalueatt of

thediscountedutility of theterminalwealthandinstantaneousonsumptioni.e.,

T
Vit w,i,;d) = E |ePT-0U (W (T);a) + / e=Br=00(C (7)) dr (13)

t

W) =w,U(t) =a,Ct) = ¢ Alt) = a] ,

by selectinghemaximizingportfolio policiest (t) andconsumptiorC(t), assuminghewealthprocesd¥V (t) satisfies
the stochastidynamicsspecifiedby (11). Discountingis usedhereto accounfor opportunitycostsdueto alternatie

investmentsjn contrastto [17]. Here, 3 is the real (nominallessinflation) discountrate,assumedixed here,but,

for example,could be madeto jump with the announce@&nnouncedhangesn the federalfundsdiscountrate. The
utility functionsi/(c) andi/;(w; @) areassumedo beincreasingconcae functions,i.e.,U'(c) > 0 andi/"’(c) < 0,

for example. The differencedrom Rishels [17] paperarethatparametewectora is includedin the terminalwealth
utility makinga genuinelyincludedin the modelandalsothe cumulative discountedunningutility for consumption
of wealthis partof the objectie.

Let the optimal expectedutilities of the portfolio be v(t, w; @) = maxig .y, 7)[V (¢, w, @, ¢; @)], subjectto the
non-ngative feasibility conditionson consumptionC(¢) > 0 andon wealthW(¢) > 0 making zerowealth an
absorbingstateto avoid the possibility of arbitrage[15], wherethe vectorparameteti = (a;, az) formsanextension
of the statespacefrom the wealth statew. Due to the non-anticipatingpropertiesof the Markov and deterministic
processeBellman’s Principleof optimality is valid in infinitesimalform as

o(t,w; @) = [E[t,mt) [u(c)dt + (1= Bdt)o(t + dt, w + dW (t); @ + dA‘(t))]] : (14)

max
{t,c}[t,t+dt)

for 0 <t < T, subjectto non-negyative consumptiorC'(¢) > 0, zerowealthabsorbingooundarycondition

o(t,0%5@) = e AT (0;@) + U0)(1 — e P T=1) /B, (15)



to accounftfor the non-ngative wealthcondition™ (¢t) > 0 assuminghatconsumptiormustbe zerowhenwealthis

zero,andsubjectto the bequesbr terminalwealthcondition

(T, w; @) = Us(w; @). (16)

Assumingthatu(t, w; @) = v(t, w; a1, a2) is continuouslydifferentiablen ¢, twice continuouslydifferentiablein
w andcontinuousn thevectorparameted betweerschedulegumps,thenstochastidynamicprogrammingequations
betweernschedulequmps (seeKushner{10], 1t6 [8], Gihmanand Skorohod[5], SryderandMiller [19] for the less

familiar Poissordriventerms)is

-,

0 = wilt;w;@) = folt,w;@) + max [u(c) + ((r + @ (@) - r)w — c) Vo (t, w; @) (17)

1
+ §ﬁTa(a)aT(a)aw2vw (t, w; @)

+ At /J (o0t (L4 @7 (8 G @)ws (1 + Jo(t, 513 @)ar, a2) = v(t, w3 @) @@)dﬁ] :

-,

= wtw;d@) — folt, w;@) + U + ((r + @) (@) — rD)w - ¢*) vy (t, w3 )

1
+5 (@) 0@ @T P vyt w; )

0 /J [t (1 + @)L 313 @)ws (1 + ot 15 @), a2) = v(t,w3 @) 61.Ga) i,

where@* = @*(t,w;ad) andc¢* = c*(t,w;d) arethe optimal controlsif they exist, v,, andv,,,, arethe partial

derivatives with respectto wealth,whenT>, < t < T3 ¢4+1, O in jump time notationT;,Q, <t< T, for

2,041

¢=N,...,1,0bybackwardcountingwith T5 n, 11 = Ty v, = T finally andT> = T;fo = Qinitially.
At the scheduledumps,backwardfrom ¢ = T;fz tot = T, ,, thevaluefunctionjumpsdueto the factthatthe
scheduleqump timesarenot averagedover asarethe unscheduledPoissorjumps(see[17] for asomevhatdifferent

formulation)andtakesits valuefrom the jump (8) in A, and(12)in wealth,

i

(T, w3 @) = {Iggflﬁ [/72 o(T5h,, (1+ (ﬁ;,e)Tj;(szg:.h;a))w;al; 1+ Jz,o(T{,g;jz,o;5))az)¢2(.7A2)dj/; ; (18)
for{ =1,2,.. .,Nz,’ wherei, , = @(T;,) sinceW(T;fe) =1+ ﬁT(T2f£)¢f2)W(T2fE), andj, = (jz,o,j'}), andthe
right continuity propertyalongwith theinstantaneougimp propertyhasbeenused.Sincedynamicprogrammings a
backwardformulationin time, (18)is a conditionfor v (75, ,, w; @) ratherthanv(T;,L,, w; @) givenby (17),althoughthe
argumentof the maximumis the optimalcontrolu*(T{,[, w; @), while thereis no correspondingaluefor the optimal
consumptiorat T;,ﬁ,Z in this equation. This jump conditionillustratesthat deterministicjumps are more difficult to
treatthan Poissonjumps. Here,the bond fraction hasbeeneliminatedby (10) in favor of the stockfractions,i.e.,
up=1-N,u; =1—a"T,wherel = [1]n, is thesummingvector

If theunconstrainethaximumin (17)is attainedoy theregularcontrolSiey(t, w; @) anderey(t), thenonTs o1 <

t < T, they implicitly satisfytheequations
ul(cr@(taw;a)) = UUJ(taw;c_i)) (19)

W20y (t, w5 d’)a(é’)oT(d)ﬁreg(t,w; d) = —wuy,(t, w; @) (E(a) — T‘T)

N - o SO (20)
=AOw [ Ji(t, j1; @)vw(t, (1 + Tigg(t, w; @) Ji (¢, 513 @))w; (1 + Ji0(t, j1;@))ar, az) 61 (j1)dii



for theoptimalconsumptiorandportfolio policieswith respecto theterminalwealthandinstantaneousonsumption
utilities (13).
At the schedulequmps,t = T> 4, the portfolio policy mustjump whenthe optimal portfolio valuejumps,but it

may be practicalto bring policy constraintsnto play sincethefirst derivative critical condition,
w /;/ Ty 0w (Tot (U4 (lg 5. 0) " Ty ws an, (14 Ty )an) da(52)djz = 0, (21)
2

for theargumenthemaximumin theoptimaljump condition(18), maynothave aregularor unconstrainedolutionfor

Ureg, €Speciallyif thevaluepolicy derivative,v,,, is norvanishing.Themathematicallydealinfinite investmentraction

control domainmay not be practical,so that a finite controldomainis considered.Here, 4, a),

= lireg (T2_,£’ w; @)

reg,2,¢
j;_g = fz(T{,g;ﬁ;ﬁ) andJ, , = Jo,0(T5 4, J2,05 @)
5. Constant Relative Risk-Aversion Utility Example
Whentheutility functionsappearingn the objective functional(13) arepower functions,
Ule) = /]y, ¢>0, 0<y<1,
Ur(w;@) = Uw)Ui(ar)Uz(az), w >0, (22)
uk(ak) = |ak|7k7 Yk 75 05 k= 152

Usingarbitrarypowersof consumptiorandwealthmeanghat,in orderto enforcerealvalueson the utility functions,
consumptiorandwealthmustbe non-ngjative. This is the caseof iso-elasticmaiginal utility or constantelative risk-
aversion(CRRA), sincetheelasticityof themarginal utility or relative risk-aversion(RRA) is theratio of themaminal
rateto the averageratefor the maminal utility. This alsoa specialsubcasef the HyperbolicAbsoluteRisk Aversion
(HARA) utility casetreatedby Merton[12, 13].

With thesepower utility functions,agoodguessor theform of thesolutionis by partialmultiplicative separation

of variables,
v(t, w; @) = Up(w; @)voe(t; @), (23)
wherethe separatedime function vy (¢; @) is to be determined.The absorbingooundarycondition(15) is nominally

satisfiedby (23) sincel/s(0; @) = 0 by (22). Substitutionof the solutionform (23), yields an explicit form for the

regularcontrolconsumptiorvaluesusing(19),
Creg(tyw; @) = wan (@) vy’ (8;d), (24)

provided v (t; @) # 0, wherega (@) = 1/ [Uy (a1)Ua (az)]l/(l_"’), provideday, # 0 for eachk. Also, animplicit form

for the stockfractionsusing(20),




where

. o LU+ T (1 @)0) + ~\
I'(@,t;a@) = Ji(t, j1; @) L Ui (1 + J1,0)0(t, 315 @) b1 (J1)dja, (26)
! J1 (1 + J_;T(tajl;a)ﬂ)
- (1 ;@
bt Fid) = vo(t; ( +J1,_0(t7J17a)611702)7 (27)
’U()(t,al,az)

andprovidedthatthe diffusion matrix, o(@)o ' (@), is invertible. Note thatie(t; @) is independenof the wealthw,
whichis acrucial propertyneededor partialseparability

Substitutionof the power solution ansatz(23) andthe regular controlsin (24-25)into the stochastiadynamic
programmingequation(17), leadsto an ordinarydifferentialequationdependingon the vectorparametei andthis

equationcanbe viewed asan implicit Bernoulli equationwith variablecoeficientsfor sufficiently small parameter

values,
0 = wh(t:@)+(1-) (€t D00 (t:0) + @2 @05 () (28)
Ghreg(t:8) = ﬁ -8+ (r+ @t D(E@ — D) + MO (Trg(B:7), 653 1) (29)
S (e ot (@) ().
h(d6a) = oy [ U+ (500 + ot ju D)t 5 8¢ () d), (30)

for t on [Tzfé_l, T,,) for£=N>+1...,2,1subinteralswith T o = 0 andTs,n,+1 = T'. Theformula(26) defin-
ing I,'(#, t; @) is the control gradientof I1(#,¢; @). In the presencef control constraintsconstrainegerturbations
of ¢1,re9(t; @), uponreplacingthe unconstrainedioy With the constrainecbptimal @*, force iterative perturbations
0N v rey(t; @) to yield approximationsof the constrainedscaledoptimal value vy (t; @). The advantageis that the
perturbations still independenof the stateof thewealth.

The partial separabilityassumptiorwhered still appearsn thetime functionwg (¢; @) is dueto the d-dependence
of the coeficientsof thevariances (@), themeanreturnu(@), andtheutilities Uy, (ay,). If thesecoeficientswereinde-
pendenof a@, thenthetime functioncould be heuristicallyreplacedy just v (). Otherwisetheimplicit dependence
on gb(t,fl;d‘) in Egs.(26,30)will requireiterative,interpolation,or otherapproximatesolutions.

Theimplicit Bernoulli equation(28) canbe formally transformedo aneasilyintegrablelinear differentialequa-
tion by thechangeof variablesd(t) = vg~ "/~ (t; @) = vt/ (t; @),

0=0'(t) + g} gt DO(E) + 2(@), (31)
which hasthe generakolutionwhich easilybe corvertedto the generakolutionfor the desiredtime function,
t 1—
wolt; @) = 0 (t;@) = [e—wew (Ko 0@ [ emgmdf)] , (32)
whereK), is aconstanbf integration. Sincewvy (¢; @) will beonly piece-wisecontinuouswvith jumpsatschedulegump
times, K will bedifferentondifferentintervalsbetweerschedulequmpswith separatgump conditions,i.e.,
Vo.e(t; @), Ty <t<Ty, £=Ny+1...,2,1

vo(t;@) = B ; (33)
Vou(Ts 3@, t=Tyyp £=Na,... 2,1

with semi-openintervals appropriatefor right continuouslimits andwhereT» o = 0 andT> n,+1 = T, arethe



specifiedstartingandstoppingtimes,respectiely.

Onthefinal time step,[T> n,, T'), theoptimalutility valuefunctionfinal condition,v(T', w; @) = Uy (w; @), using
(16) and(13), sothe partially separatedime function satisfiesghe reducedinal condition,vo (T'; @) = 1. Thus,using
(32),

1—v

T

vo(t; @) = Vo, Np41(8;8) = [e‘ql’feg(t”” (1 + qz(c'i)/ eql,feg(”a)drﬂ , (34)
t

setting g1,e9(7T;@) = 0 to fiX g1,re’S CONStantintegration, so that the solution for the optimal value function is

v(t,w; @) = Up(w; @) Vo, n,.+1(t; @) with optimal controls,@*(t; @), in absencef control constraintsusingsolutions

from (25), while if thereareconstrainton & suchascomponent-wiseonstraintsthen

Umin,i: Ureg,z'(t; 6) S Umin,z'
’U/;k (t, 6) = Ureg,z’(t§ 6)7 Umin,z' S Ureg,i(t§ C_i) S Umax,i (35)
Umax,z'a Umax,z' < Ureg,i(tQ C_i)
fori=1,2,...,N,and
*t .7 — t .7 — Vl/(l )
c ( ,w,a) —Creg( ,U),(l) —’Ll)(]z( )/ 0,Na+1 ( 7a)

Onearliertime steps[Tjefl,T;l) betweerschedulequmps,for £ = N, ..., 2,1, in thenaturalbackwardtime

of dynamicprogrammingthewq (¢; @) using(18) and(23) mustsatisfythelocalfinal jump conditionfor thatinterval,

Vou(Ts38) = DUy, Ty 45 @), (36)
where
BT, @ =7 | U+ (Jo0) T DU (1 + Ty WVoer (Lo ar, (1 + Jyg )an) g (2)dia, (37)
andthe correspondingontrolis givenby the optimalcontrol,
il (@) = [u;‘(T{’e;é’)]NXl = argmax (@1, 5a), (38)

with the maximizationover the constraineccontrol domain,taking the regular control vectorwhenthe constraints
aresatisfied. Also note that sincethe factor (1 + j;r %) arisesasa multiplying factorof wealthin the power utility
function,thereis in factanotherconstrainton thecombinedcontrol# andthe schedulegump ampIitudeJ_;, suchthat
(1+ Jy @) > 0 is anadditionalconditionon the selectionof .J, and*.

With localfinal conditionin (36) andthe generakolutionin (32),

T
e—a1.reg(t:d) <eq1,reg(T2,z;&') (o, )1/(1 ’Y)( :@) + q2(@ )/ eql,reg(r;fi)dT)
t

for theinterval [T2+£ 1. T5 ) whenl = N» +1,---,2,1 subinteralsbetweerschedulegumps,whereVg (T ,; @) is

1—v

vo(t; @) = Vou(t; @) = , (39)

givenby (36)with V 411 (T3 o e—15@) = Vo,e+1(T2,¢; @) by piece-wisecontinuityandright continuoudimits supplying

thevalueundertheintegral onthe RHS of (36) with £ + 1 replacedy ¢. Thecorrespondingptimal consumptioris
(T 0;8) = (T, w3 @) = wga(@)/ (Vo) (T53), (40)

whichis linearin the wealth,but piece-wisecontinuouswith jumpsat the schedulegump timesaccordingto on the

jumpsof vy(¢; @). Theoptimalcontrolon [T, "1, T ;) hasthe sameform asin (35) for [T5" "N,» 1), sinceit depends
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only onthediffusive volatility (&), themeanappreciatiorrate u(@) lesstheinterestrater, the jump amplitudesand

their distributions.

6. Further Computational Considerations

In the previoussection the optimal, expectedrunningconsumptiorandterminalwealthinvestmenportfolio problem
usingpower utilities reduceghe computationaproblemto a muchmorefeasibleform thanthatfor the moregeneral
problemin the Section4.. The main computationaldifficulty over the more standardGaussiamoise problemis
the numericaltreatmentf the marked Poissormprocesgelatedintegralsthat appeatin the reducedequationdor the
optimalcontrol @* (¢, w; @) in bothregularform (25) aswell asjump form (38), the growth rateg; re(t; @) in (29) for
the separatedime functionvg (¢; @)-equationandthe jump conditionsfor v, (¢; @) in (36).

HansorandWestmari21] have developednumericalproceduregor treatingthesemarkedPoissorjump integral
thatarevalid for arbitraryjump densities Theprocedurgeneralize$aussiamuadratureulesusingthedensityasthe
integral weightingfunction unrestrictedo normalor exponentialdistributions. Givena continuousdensity¢(z), say
d1 (}1), this Gaussian-Statisticquadmture for jump integrals approximateghe integralsover continuousfunctions
f(z) as

7= /J F2)6()dz = S wf (), (41)
k

wherethenodesz;, € 7 andcorrespondingveightsw;, arerelatedto thefirst few momentsf thedensityg(z), which
for the two point rule hascubic momentaccurag up to andincluding skewness. Piece-wiserules, with piece-wise
renormalizationwerealsoconstructedn [21]. In the casewherethe densityis not continuoussuchasfor discrete
distributions,interpolationcanbe usedon the resultingdiscretesumsat discretevalues,f (z;), for approximationsat
specifiedhodes.

The implicit equationsgoverning the regular or optimal controlsin (25) and the scheduledump controlsin
(38) requiresomeiteration proceduresuchas Newton’s methodor canbe be solved within the generalextrapolator
predictorcorrectorproceduresummarizedy Hanson[6] for computationaktochastiadynamicprogrammingprob-
lemsfor Markov noisein continuous-time.Also, the separatiorimperfectionfunction z/;(t,j’l; @) in (27) in general
requiresinterpolationto evaluatethe value function when (1 + J1 9)a: is not ana;-node. Also, interpolationis a

neededor theargument(1 + J;O’E)CLQ in themaximizationof thejumpintegral I, in (38).

7. Numerical Test M oddl

A simplejump modelhasbeenformulatedfor the purpose®f codedevelopment.t is assumedhe statespacehasthe
dimensionof onestock (/N = 1) andboth unscheduleqrandom)andscheduleddeterministic)jumpsresultin two

equallylikely, discreterandomjump amplitudemarksat eachjump time, i.e.,

N2
dS(t) = S(t) | ular,a)dt + odZ(t) + /J J1a(0)P(dt, djy) + > Jaa (o) dHR(t — To) | (42)
1 =1
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whereboththedrift (a1, a2) andvolatility o arescalamprocessesThesymbolHg(t — 1> ¢) representshedetermin-
istic stepfunctionjump procesghatis right continuousatjumptime 75 , andits differentialof alsoa stepfunctionin
pulseform. Thejump amplitudesareassumedo belinear (affine)in themarks,Ji, 1 (jk,1) = Jk,1,0 + Jk,2,6 - Jk,1, O
eachumptype,k = 1 or2 andarerealizedthroughtwo possiblemarksjy, 1 = 1,2, with probabilitiespy, 1 (jik,1) = 0.5.
For the schedulegrocesswhenk = 2, only thejump timesarescheduledbut theamplitudesj.e.,theresponsesre
random.

Sincethe stockdynamicsarisefrom a geometricjump-diffusion-deterministiprocessthe logarithmicprocess

by thegenerakhainrule satisfiegthe SDE,

din(S(t)) = [w(ar,a2) —0.50%)dt + 0dZ(t) + [ In(1+ Ji1(51))P(dt, djr) (43)
J1
N2
+ Z In(1 + J2,1(jo,¢))dHR(t — T ),
=1

which hasjumps
(n(S)(Tk,e) = In(1 + Ji,1 (Jk,e)) (44)

for unschedulegumpswhenk = 1 andschedulequmpswhenk = 2 with amplitudesdeterminedby the realized

marksjy ¢ atjumptime T}, .. Thetime averagedexpectatiorof thelogarithmoverthetime horizonof oneyear(T' = 1)

is
2 2
. N.
AVGI‘[E[IH(S(t))]] = u(al, a2) —0.502 + 0.5\ E ln(l -+ Jl,l(jl)) + 05?2 E ln(l + J2’1(j2)) (45)
ji=1 Ja=1
andthetime averagedvarianceis
2 2
N.
_ 2 2 : V2 2 .
Aver[Var[In(S(¢))]] = o* + 0.5/\j1§:1 In“(1+ J1,1(j1)) + 0.5 T j2§:1 In*(1 + J2,1(j2)). (46)

Thetime averagingis usedto smoothout the deterministigumpsin time sothefirst andsecondnomentsanbe used
to estimatemodelparameters.

In orderto getrealistic valuesfor the coeficients, the daily closingsof the S&P500stockindex from 1995-
1999(3] areusedasa large samplecompositeestimateof a stockmarket mutualfund. The S&P500datahasbeen
transformednto changesn the naturallogarithm of the index closingsfrom day to day asillustratedin Figure 1.
The useof higherordermomentdor determiningthe modelcoeficientsareavoideddueto the high ill-conditioning
in nonlinearcurve fitting. The Poissonrateis takenasA = 3 peryearasa rough estimateof numberof extreme
outliersin the datacorrespondingo the day to day changesn the logarithm of the index. Approximateextreme
valuesin the logarithmic changesdins(1) = —0.07 anddins(2) = 40.05 leadto the unschedulegump linear
coeficients J1 1,5 = exp(dins(2)) — exp(dins(1)) and Ji,1,, = exp(dins(1)) — 1 — Jy,1,5, USINgjump equation
(44). Taking lessextremevaluesfor scheduledumps, dins(1) = —0.05 anddins(2) = +0.03, similarly leads
to valuesfor Jy 15 and Js 1 o for the scheduledump coeficients. With the S&P500samplestandarddeviation of
0.01, the volatility o canbe found directly from (46), sinceall jump procesgparameterhave beenspecified. The
sampletime stephasbeentake as At = 1/365 yearsfor simplicity, ignoring weelendsandholidaysfor this simple
model. Finally with the volatility determinedthe leadingdrift x(0,0) coeficient follows from the expecteddrift

incrementin (45). The parameteprocesseda;, az), areassumedo effectonly thedrift andin alinearway, sothat

12



Fit:S&P500StockindexDailyClosingsDLog(SP)
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Figurel: Changesn thelogarithmof the S&P500stockindex from onedayto the next versustime of theyear Linearfit (light
solid line) is nearlyzeroandhorizontal. The confidencentervals for one(68%), two (95%) andthree(99%) standardeviations
arepresentedlight dashedines).

ulai,a1) = p(0,0)(1 — 0.1(a1 + a2)). Economicparameterarer = 0.070537 from the averageratefor Moody
AAA bondsandg = 0.046167 from theaveragediscountrate,bothfrom theFederaResere Bank[2] for 1995-1999.
The powersof the utility functionsweretakenasy = 0.20 and+y; = 0.01 = -, with N, = 12 schedulequmpsper
yearin the middle of the month. Otherparametersf the parameteprocessega; , a2) aretakento be J; o = —0.05
andJ, o = —0.05, similar to otherjump amplitudes.Control constraintsare Upin = —2.0 andUpax = +2.0, while
Cmax = +400.0 for consumption.

Preliminaryresultsfor thescaledvaluefunctionwvy(¢; @), the optimalexpectedvalueV (¢, w; @) whenw = 100.0,
the regular control u.ey,1 (¢; @) andthe optimal control v} (¢; @) areall presentedn the subfigures{ A, B, C, D} of
Figure2, respectiely. Here,the parameteprocessvaluesaresetasd = (1, 1). The numericalandgraphicalresults
weregeneratedisingthe MATLAB matrixlaboratorysystemFull Version5.3.1R11.716]. Theoptimalvalueappears
to be nearlylinearly decreasingvith time, exceptfor small jump decrementst scheduleqump times. The optimal
controlalsojumps,butin largersizeandasjumpincrementsThe optimalconsumptiorhassmalljump incrementsat

theschedulegump timeswhile the optimalvaluejump dowvnward.

8. Conclusions

In this paperthe portfolio optimizationmodelfor investmenivealthdependenbn externaljump eventsintroducedoy
Rishel[17] hasbeenimprovedandgeneralizedThe underlyingstockprice,randomscheduledanddeterministicun-
scheduledxternaljump processebave beenmodeledconsistentlyby Markov noisein continuougime andsimilarly
modeleddeterministicprocessesThe Markov noiseincludesboth Brownian motion andmarked Poissorprocesses,
while the deterministicprocessesre modeledby right continuousgeneralizedunctionsin the samespirit asthe

marked Poissonprocesseteadingto a moreintegratedapproach.The expectedterminalwealth utility objective of
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A. Jump Events: Separated Optimal Value vO(t,al,a2) B. Jump Events: Optimal Value v*(t,w;al,a2)
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Figure 2: NumericalResultsfor TestModel. A. Scaledoptimal value approximationvg(¢; 1, 1) (dashedine) versustime t.
B. OptimalexpectedvalueapproximatiorVy (¢, w;1,1) (solidline) versusimet atwealthw = 100. C. Regularoptimalcontrol
ureg,1(t; 1, 1) (dashedine) and constrainedptimal control u3(¢; 1, 1) (solid line) approximationsversustime ¢. D. Regular
optimalconsumptiorereg(t, 100; 1, 1) (dashedine) andc; (¢,100; 1,1) (solidline) versustime ¢.

Rishel[17] hasbeenextendedby includingthe schedulecindunschedulegump parametem a genuineway through
including themin the terminal utility, while consumptiorhasbeenaddedin termsof the cumulative instantaneous
utility. Discountinghasbeenincludedin theterminalobjective andtheinstantaneousr runningobjective aswould be
in ary policy stratgy sensitve to otheropportunitiegshatmight producea highergainor interest.Also, constraintsare
placedon the stockfraction controlsto make optimal controlcomputatiorfor the power utility, jump modelfinite and
well-posed.Formulaeare carefully worked out for the piece-wisecontinuoussolutionswith jump conditionsfor the
power utility modelsof the constantelative risk aversiontype. Overall, the modificationsmake the optimal portfolio
jump modelmorerealisticand computationallyfeasible. Furthercomputationatfecommendationare giventhatin-
cludegeneralizedsaussiamuadraturdor arbitraryjump amplitudedensityintegralsandpredictorcorrectormethods

for stochastiadynamicprogramming Preliminaryresultsaregivenfor amodeltestproblemwith two discreterandom
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jump amplitudesfor bothschedulecandunscheduledypejump events.
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