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P.O.Box 6079,station“centre-ville”
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Abstract

Considera manufacturingsystemin which a singleconsumablegoodis fabricatedin a processthat consistsof�
stagesin an uncertainenvironment. On eachstage,therearea numberof workstationsthat areassumedto have

differentoperatingparametersthataresubjectto failure,repair, andpreventive maintenancewhich generatediscrete
jumpsin thevalueof thestate.A Just-In-Timemanufacturingdisciplineis assumedfor theworkstationswith running
coststhat include penaltiesfor shortfall and surplusproduction. The formulation presentedherefor the optimal
productionschedulingfor the manufacturingsystemrequiresextensionsto the resultsof the LQGP problemwith
statedependentPoissonprocesses(SDPP)by the inclusionof coefficients for the dynamicsandthe coststhat are
parameterizedby thevalueof thestate.Thecostfunctionalusedis fully quadraticwhich is anenhancementfor the
LQGPproblem.Thefunctionalityof thiscanonicalmodelis demonstratedwith a numericalexample.

1. Introduction

A manufacturingsystemcangenerallybecategorizedasflexible (FMS) or multistage(MMS). Themajordifference

betweenanFMS andanMMS is theperspectiveof how themanufacturingsystemworks.An FMS is concernedwith

local issuessuchashow individual piecesareroutedthroughthe system.WhereasanMMS hasthe globalconcern

of determininghow the productionratesfor the entiresystem. An MMS consistsof a numberof stagesat which

valueis addedto eachpiece. Eachstagemaybe viewedasanFMS. KimemiaandGershwin[12] describein detail

thedifferencesandsimilaritiesbetweenFMS andMMS while providing a hierarchicalschemeandalgorithmfor the

operationalcontrolof anFMS.

OlsderandSuri [14], proposedastochasticmodelthatusedahomogeneousjump Markov processes to modelthe

transitionsof workstationsbetweenthefailedandoperationalstates.They statedtheusefulnessof themodelis limited

by theability to solve theHamilton-Jacobi-Bellman(HJB)partialdifferentialequationof dynamicprogramming,due�
Work supportedin partby theNationalScienceFoundationGrantDMS-99-73231.�
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to theexponentialgrowth of computationalandmemoryresourcesneededto solve theHJBequationemploying finite

differences,commonlyreferredto astheCurse of Dimensionality [2].

BoukasandHaurie[4] presenta modelfor a continuous-timestochasticflow control for productionscheduling

with preventivemaintenance.In this treatment,thefailureandpreventivemaintenanceratesdependontheoperational

ageof theworkstation,whichis definedasthetimesincethelastrepairorpreventivemaintenance.A controlvariableis

usedto determinewhento performpreventivemaintenancein orderto avoid failuresin anoptimalway. An irreducible

Markov chainis usedto generatethetransitionsbetweentheoperational,failed,andpreventivemaintenancestatesfor

theworkstations,which consistsof ��� statesfor 	 workstations.A numericalmethodbasedon Kushner’s Markov

ChainApproximation[13] is usedto approximatethesolutionfor thedynamicprogrammingproblem,whichrequiresa

discretemesh.In thismethod,themeshselectedis finite andartificial boundaryconditionsareusedwhich introduces

additionalerror. In the examplepresentedfor 2 workstationsand1 part type, using21 points for the meshof the

productionsurplusandoperationalagesfor theworkstations,thetotalnumberof meshpointsis 
���
�������������������� . If

anotherworkstationis includedthenumberof meshpointsis 
���� � ��
!�#"���
�"�$������&% , clearlydemonstratingtheCurse

of Dimensionality, andthereforewould not besuitablefor a largenumberof workstations.

In this paperwe extendthe productionschedulingmodelof WestmanandHanson[22] andmodify the Linear

QuadraticGaussianPoisson(LQGP)problem[16] with statedependentPoissonprocesses(SDPP)[19] to modeland

solve theoptimalcontrolproblem.Themanufacturingsystemis a hybridmodelfor productionschedulingconsisting

of local concernsin managingthestatusof workstationsandglobalconcernsfor meetingthedemand.Themanufac-

turing systemconsistsof ' stages.Thefinishedproductof stage' is thebaseinput for stage')(*� . On eachstage

therearea numberof workstationsthatareassumedto have differentoperatingparametersandaresubjectto failure

andrepair. Eachworkstationcanundergo preventive maintenanceto reducethe operationalageto a lower level so

that failuresrarelyoccur. It is assumedthat thepreventivemaintenanceis beneficialin that its costis muchlessthan

repairandtakeslesstime to perform.In [22], piecesareleft in buffersbetweenstagessothattheplantmanagermust

manuallyadjusttheproductionratesto consumethem,this is not thecasehere.

In this paper, theLQGPproblem[16] with statedependentPoissonprocesses(SDPP)[19] is revisedto include

a full quadraticform for the cost functional. The coefficients for the costand the dynamicsareparameterizedby

the valueof the state. This formulationallows for a greaterability to modelphysicalreality in the dynamicsand

costconstraintsin a simpleway. Theformal solutionof theLQGPproblemis derivedwhich consistsof a systemof

unidirectionalcouplednonlinearordinarydifferentialequations.TheLQGPproblemdoesnot suffer from theCurse

of Dimensionality andrequires+-,/.0��1�
�2 elementsin theasymptoticlimit for large . , thedimensionof thestatespace.

This formulationis appliedto productionschedulingof amanufacturingsystemis usedto demonstratetheuseof these

refinements.

Thepaperis arrangedasfollows. In Section2., theLQGPProblemwith statedependentPoissonnoiseis extended

to accommodatestateparameterizedcoefficientsandafull quadraticcostfunctionalwell asnumericalschemeto solve

the resultingcontrolproblem. In Section3., a LQGPproblem[16] utilizing statedependentPoissonprocesses[19]

is usedto formulatethe dynamicalsystemfor the manufacturingsystemandin Section4., a numericalexampleis
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presented.

2. LQGP Problem Expansion

The canonicalform for the LQGP problemusedhereappearsin WestmanandHanson[16], for the casewith state

independentPoissonnoise,andin [19] for statedependentPoissonprocesses.TheLQGPproblemis characterizedby

linear deterministicdynamics,quadratic costs,Gaussian noisedisturbance,andPoisson jumpsin thestatevalue. In

this treatmenttheLQGPproblemis expandedwith thedynamicandcostcoefficientsto beparameterizedby thevalue

of the state,i.e., a quasi-LQGP problem. This allows for greaterflexibility of modelingin a convenientnotational

form. Additionally, thecostfunctionalusedis thefull quadraticform whichextendstheclassicLQGPcostfunctional.

Considerationsfor modelingphysicalsystemsarepresented,aswell asformal solutionto theLQGPproblem.

Thequasi-lineardynamicalsystemfor thequasi-LQGPproblemis governedby thestochasticdifferentialequa-

tion (SDE)subjectto GaussianandstatedependentPoissonprocessesdisturbancesis givenby3&4 ,/5627� 8 9),/5;: 4 ,/562�2 4 ,/562�(=<-,>5;: 4 ,/562�2@?A,/562�(CBD,/5;: 4 ,/562�2FE 3 5�(HGI,/5;: 4 ,/562�2 3�J ,/562 (1)( 8 KMLN,>5;: 4 ,/562�2 4 ,>562FE 3�O L�, 4 ,/562P�6562�(#8 K � ,/5;: 4 ,>562Q26?R,>562FE 3�O � , 4 ,/562P�6562�(HK 
 ,>5;: 4 ,>562Q2 3�O 
 , 4 ,/562P�6562;�
for generalMarkov processesin continuoustime, with SUTC� statevectorX(t), .�T�� control vector U(t), VWT��
GaussiannoisevectordW(t), and X;Y!TA� space-timePoissonnoisevectors

3�O YN, 4 ,/562P�6562 , for Z!�[� to � . Notethatthe

term 8 K L ,/5;: 4 ,>562Q2]\ 4 ,>562FE 3�O L , 4 ,/562;�Q562 is not linearin thestate.Thedimensionsof therespectivecoefficientmatrices

are: 9),/5;:Q^_2 is S`TaS , <D,/5;:Q^_2 is S[Ta. , BD,/5;:Q^�2 is S`T)� , GI,>5;:6^_2 is S[TbV , while the K Y ,/5;:Q^_2 aredimensioned,sothat8 K L ,>5;:6^_2c\d^eE��f8 g#h]K L@ikj h ,>5;:6^_2@l h Enmpo�q@r , 8 K � ,/5;:Q^_2c\�s0E��t8 guh]K � ikj h ,>5;:6^_2@v h Enmpo�qFw and K 
 ,>562 �f8 K 
 ikj ,/5;:Q^�2FEnmpo�qFx .
Thecoefficientsfor thedynamicalsystemcandependon thevalueof thestateasa parameter, andnumericallymust

beevaluatedfirst, i.e.,weassumethecoefficientsaresubdominantor arelocally in thestate.Notethatthespace-time

Poissontermsareformulatedto maintainthe linear natureof the dynamics,but the first two areactuallybilinear in

either
4 ,/562 or ?A,/562 with

3&O Y for Z!�y� or 
 , respectively.

Thestate dependent Poisson process canbeviewedasa sequenceof eventsthat is representedby its z th couple{d| i6, 4 , | iF262P��}~iQ, 4 , | i�2Q2�� , for z!��� to ' , where
| i6, 4 , | iF262 is the time for theoccurrenceof the z th jump with state

dependentmarkamplitude } i , 4 , | i 262 . The form for the SDPPallows for a greatdealof realismto be includedin

themodelfor deterministicandrandomjumpsin theevolutionof thestatevalues.A wider rangeof stochasticcontrol

applicationscanbe accuratelymodeledsincethe arrival ratesandamplitudescandependon the valueof the state.

Additionally, this formulationallows for simplerdynamicalsystemmodelingof complex randomphenomena.The

inclusionof statedependencein thePoissonnoisemeansthat thequasi-LQGPdynamics(1) is nonlinearin thestate

vector.

ThestatedependentvectorvaluedmarkedPoissonnoisesarerelatedto thePoissonrandommeasure(seeGihman

andSkorohod[8] or Hanson[10]) andaredefinedas3&O Y , 4 ,>562;�Q562���8 3�� Y�� i , 4 ,/562P�6562�Enq���o L � �@��� �F� �&� i/� Y�� i , 3 � i � 4 ,>562;� 3 562F� q��do L � (2)

3



for Za�t� to � which consistsof XPY independentdifferentialsof space-timePoissonprocessesthatarefunctionsof the

state,
4 ,>562 , where� i is thePoissonjumpamplituderandomvariableor themarkof the

3�� YQ� iQ, 4 ,/562;�Q562 Poissonprocess

whereZ���� to � and zc��� to X;Y . Themeanor expectationis givenby���d��� 8 3&O Y�, 4 ,/562P�6562�E�� ��Y�, 4 ,>562;�Q562 3 5 ��� ����� YN, � � 4 ,>562;�6562 3 ��� ��Y�, 4 ,/562P�6562  �Y�, 4 ,/562P�6562 3 5;� (3)

where ��Y�, 4 ,/562P�6562 is thediagonalmatrix representationof thestatedependentPoissonarrival rates ¡�YQ� iQ, 4 ,>562;�Q562 forZ~�U� to � and z¢��� to XPY ,  cY�, 4 ,/562P�6562 is the meanof the jump amplitudemark vectorand � YQ� i�, � iQ� 4 ,/562;�Q562 is

the densityof the ,/Z��6z@2 th amplitudemark component.Assumingcomponent-wiseindependence,
3&O Y , 4 ,/562P�6562 has

covariancegivenby£ ¤N¥ ��¦ 8 3&O Y , 4 ,>562;�6562P� 3&Op§Y , 4 ,>562;�6562�E�� � Y ,���2 3 5 ��� � , �p¨   Y ,���262�, �©¨   Y ,���262 § � Y , � ����2 3 �)� � Y ,F��26ª Y ,F��2 3 5;� (4)

with, for instance,ª Y ,F��2��«ª Y , 4 ,>562;�Q562���8 ª Y�� i/� j�¬�i>� j Enq���o�q�� denotingthediagonalizedcovarianceof theamplitudemark

distribution for
3�O Y , 4 ,/562;�Q562 . Again, the mark vectoris not assumedto have a zeromean,i.e.,   YW­�®$ , permitting

additionalmodelingcomplexity. Note, that for discretedistributionsthe above integralsneedto be replacedby the

appropriatesums. The Gaussianwhite noiseterm,
3�J ,/562 , consistsof r independent,standardWiener processes3&¯ iQ,>562 , for z°�±� to V . TheseGaussiancomponentshave zeroinfinitesimalmean,Mean8 3�J ,/562FE��³²µ´ o L andand

diagonalcovariance.Covar8 3�J ,>562;� 3�J·¶ ,/562�Ee�«¸�´ 3 5 . It is furtherassumedthatall of theindividualcomponentterms

of theGaussiannoiseareindependentof all of thePoissonprocesses.

The ¹ th jumpof the
{ Z��Qz�� th space-timePoissonprocessat time 5FYQ� i>� j with markamplitude� i��u}AY�� i/� j causesthe

following jump from 5�ºYQ� i>� j to 5@»Y�� i/� j in thestate:

8 4 E�,/5FY�� i/� j�2��½¼¾¾¾¿ ¾¾¾À
8 K L ,/5 Y�� i/� j : 4 ,>5�ºYQ� i>� j 262 4 ,/5�ºY�� i>� j 2FE i } YQ� i>� j � ÁÃÂ Z!�y�8 K � ,/5 Y�� i/� j : 4 ,>5 ºYQ� i>� j 2626?R,>5 ºYQ� i>� j 2FE i } YQ� i>� j � ÁÃÂ Z!�«
8 K 
 ,>5 YQ� i>� j : 4 ,/5�ºY�� i/� j 2Q2FE i } Y�� i>� j � ÁÃÂ Z!���

Ä ¾¾¾Å¾¾¾ÆHÇ (5)

Thecostfunctionalor performanceindex thatis usedis givenby thetime-to-go or cost-to-go functionalform:È 8 4 ��?É�Q5FEÊ� �
 4 § ,>56Ë�2QÌÍ,/56ËÎ2 4 ,/56ËÎ20( �~ÏÑÐÏÓÒ , 4 ,>Ô�2;��?R,>Ô�2;�6Ô�2 3 Ô�� (6)

wherethe time horizon is ,/5;�656Ë&2 , with ÌÍ,/56Ë&2 � Ì0Ë is the quadraticfinal costcoefficient matrix and Ò ,>^c�Qs �6562 is

quadraticrunningcostfunction. Thefinal cost,known asthesalvage cost, is givenby thequadraticform, ^ § Ì0Ë�^Õ�Ì0ËWÖ�^Ê^ § �[× ¦���ØP� 8 Ì0Ë�^Ê^ § EF� wherethedoubledot productis definedby 9®Öµ<³� g i g j 9ai/� j�<bi>� jÙ� Trace8 9!< § E .
Theform for theinstantaneouscostemployedhereis thegeneral,quasi-quadraticform:Ò ,/^c��s��Q562�� �
RÚ ^ §�Û � ,>5;:6^�26^-(Üs §cÝ � ,/5;:Q^�26s¢(~^ § Ò � ,/5;:Q^�26s�Þ�( Ûp§L ,>5;:6^�26^-( Ý©§L ,/5;:Q^�26sß( Ò à ,/5;:6^�2 (7)

wherethe coefficient matricesareof the appropriatedimension. This form allows for a more robust form for the

performanceindex sincethecoefficientsareparameterizedby andassumedto beweaklydependenton thestatein a

generalquasi-quadraticform. In orderto minimize(6) with instantaneouscostfunction(7) requiresthatthequadratic

controlcostcoefficient
Ý � ,/5;:6^�2 is assumedto bea symmetricpositive definite .~T¢. array, while thequadraticstate

controlcoefficient
Û � ,/5;:6^�2 is assumedto bea symmetricpositive semi-definiteSáTßS array. TheLQGPproblemis

definedby (1, 6, 7).
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For thestochasticdynamicprogrammingformulation,theoptimal, expected cost, is takento beâ ,/^c�Q562 � � Á �ã�ä Ï � ÏÑÐ;åDæç �W�����è � é ä Ï � ÏÑÐ;å 8 È 8 4 ��?É�Q5FE]ê 4 ,/562��«^c�Q?A,/562��#s�Eìëí�� (8)

wherethe restrictionson the stateandcontrol are that they belongto the admissibleclassesfor the state, î©ï , and

control, î ã , respectively. A final conditionon the optimal, expectedvalue, â ,/^c�656ËÎ2p� L� ^ § Ì�Ë�^c�CÂ ¤ ¦ ^*ðHî©ï , is

determinedfrom thefinal costusing(8) with
È 8 4 �Q?R�656Ë�E in (6,7) is givenbyâ ,>^c�656ËÎ2�� �
 ^ § Ì0Ë�^c�¢Â ¤ ¦ ^Rð¢î©ï Ç (9)

Uponapplyingtheprincipleof optimality to theoptimal,expectedperformanceindex, (8, 6, 7) andthechainrule

for Markov stochasticprocessesin continuoustime for theLQGPproblemyields$ � ñ âñ 5 ,/^c�Q562�( � Á �ã ò ,Ñ9Ù,>5;:6^�26^M(H<-,>5;:6^�2QsD(CB-,>5;:6^�2�2 ¶)ó)ô 8 â E�,/^c�6562( �
Wõ G©G ¶�ö ,>5;:6^�2÷Ö ó ô 8 ó §ô 8 â EÃE�,/^c�Q562�( Ò ,>^c�Qs �6562( q røh;ù L ¡�L;� h ,/^c�Q562 � � r � ú 8 â ,>^D(«8 KMLN,>5;:6^�2]\d^eE h � h �Q562 ¨ â ,/^c�Q562FE � L�� h , � h �6^c�Q562 3 � h( qFwøh;ù L ¡ � � h ,/^c�Q562 ��� w � ú 8 â ,>^D(«8 K � ,>5;:6^�2]\�s0E h � h �6562 ¨ â ,/^c�6562�E � � � h , � h �Q^c�6562P�6562 3 � h( q xøh;ù L ¡ 
 � h ,/^c�Q562 � � x � ú 8 â ,>^D(Üû 
 � h ,/5;:Q^�2 � h �Q562 ¨ â ,/^c�Q562FE � 
 � h , � h �6^c�Q562 3 � h � Ç (10)

Thebackwardpartialdifferentialequation(PDE)(10) is known astheHamilton-Jacobi-Bellman(HJB)equation.The

argumentof theminimumis theoptimalcontrol, scü�,>^c�6562 , with theregularcontrol, s reg ,/^c�Q562 , definedastheoptimal

controlprior to theapplicationof thecontrolconstraints.To solve(10)subjectto thefinal condition,(9), for theLQGP

problema modificationof the formal statedecompositionof the solutionfor the usualLQG problem(for the usual

LQG, seeBrysonandHo [6] ) is assumed:â ,/^c�6562 � �
 ^ ¶ ÌÍ,>562�^-(Üý ¶ ,>562�^D(HþM,/562_( �
 �ÜÏÑÐÏ õ G©G ¶ ö ,>Ô�2ÍÖ�Ì�,/Ô�2 3 Ô Ç (11)

Theterminalcondition(9) is satisfied,providedthat Ì�,/5 Ë 2��#Ì Ë , ýA,/5 Ë 2��u² , and þM,/5 Ë 2���$ .
Theansatz(11)wouldnot, in general,betruefor thestatedependentcase,but wouldbeapplicableif thePoisson

processes,dynamicandcostcoefficientsare locally stateindependent,while globally statedependent.That is, the

statedomainis decomposedinto subdomains,î©ïD��ÿ i î ô � , wherethearrival ratesandmomentsfor all thePoisson

processesareconstantandthecoefficientsfor thedynamicsandcostsareindependentof thestatein thesubdomainsî ô � . If thereareany explicit dependenceon
4 ,>562 thentheresultingsystemwould thenform aLQGP/Uproblem,i.e.,

in LQGPin controlonly (for moredetailsseeWestmanandHanson[17, 18, 19, 20]). Equation(11) would beonly

approximatelyvalid in thecaseof subdominant(small)dependenceof thecoefficientson thestate.

Assumingtheansatz(11),usingdomaindecompositionif needed,holdstheregular, unconstrainedoptimalcon-

trol, scü��«s������ , for theregion î ô � droppingthesubscriptsz is givenbys������Î,/562�� ¨ �Ý º L� ,>562 ò �<-,>562�^-( �ýA,>562 � � (12)

where
�Ý � ,/562 , given below, is relatedto

Ý � ,/562 but with Poissonterm corrections.For the region î ô � , droppingthe

5



subscriptsz andassumingregularcontrol,thecoefficientsfor theoptimalexpectedperformance(11)aregivenby$ mpo�m �
	Ì÷,/562�( ò 9 § Ìß(=Ìc9=( Û � ( �� L ¨ �< § �Ý º L� �< � ,>562;� (13)²µm©o L � 	ýÕ,/562_( ò õ 9=(ÜK §L � L   L ö § ý (
� L (HÌ õ B#(HK 
 � 
   
 ö ¨ �< § �Ý º L� �ý � ,/562P� (14)$p� 	þM,>562�( ò õ B*(ÜK 
 � 
   
 ö ¶ ýf( Ò à ( L� � � 
 ¨ L� �ý § �Ý º L� �ý � ,/562P� (15)

where � LN,>562 � Ú6õ 8 K ¶L EniÑÌÍ8 KML�EÃj ö Ö õ �÷L ���aL ö ,/562FÞ mpo�m (H
 ò õ �ÍL   L ö ¶ K ¶L Ì � ,>562;�� � ,/562 � Ú6õ 8 K ¶� E i ÌÍ8 K � E j ö Ö õ � � ��� � ö ,>562 Þ�� o � � � 
 ,/562 � Ú6õ K ¶
 ÌcK 
 ö Ö õ � 
 ��� 
 ö Þ ,>562;� �� Y ,>562 � õ � Y ( � ¶Y ö ,>562��� Y ,>562 � ª Y ,/562�(��   Y   ¶Y�� ,/562�� Ú ª Y�� i>¬di/� j ( � Y�� i � YQ� jPÞ q��do�q�� � �Ý � ,/562 � Ý � ,/562�( �� � ,/562P��<-,>562 � ò õ <-,/562�(ÜK � � �   � ö ¶ Ì�( L� Ò §� � ,>562;� �ýR,>562 � ò õ <-,>562�(ÜK � � �   � ö ¶ ýt(
�¢L � ,/562P�
for Z°�f� to 3. Sincethematrix

Ý � is positive definite,
Ý º L� existsandthensodoes

�Ý º L� . Note(13) appearsto have

Riccati-like quadraticform, but in generalis highly nonlineardueto the ÌÍ,>562 dependenceon
�Ý � ,>562 through

� � ,/562 . IfK Y �`8 K Y�� i>� jQ� h Enm©o�q��do�m � , then K ¶Y ��8 K YQ� j�� i/� h E/q���o�mpo�m � .
Dueto uni-directionalcouplingof thesematrixdifferentialequations,it is assumedthatthenonlinearmatrixdif-

ferentialequation(13) for ÌÍ,/562 is solvedfirst andtheresultfor ÌÍ,/562 is substitutedinto equation(14) for ýR,>562 , which is

thensolved,andthenbothresultsfor ÌÍ,/562 and ýR,>562 aresubstitutedinto equation(15)for thestate-controlindependent

term þM,/562 . Sincethequadraticform in (11) dependsonly on thesymmetricpartof ÌÍ,>562 , only a trianglepartof ÌÍ,/562
needbesolved,or .É\�,/.¢(*��2Q1�
 componentequations.Thus,for thewholecoefficient set

{ ÌÍ,>562;��ýR,>562;�Qþ-,/562�� , only.I\�,>.)(=��2�1�
 (R.)(=� componentequationsneedto besolve,sothatfor large . thecountis +-,/.0�N1�
�2 , asymptotically,

which is thesameorderof effort in gettingthetriangularpartof ÌÍ,/562 .
3. Production Scheduling Manufacturing System Model

Considera manufacturingprocessthat requires' sequentialstepsto fabricatea singleconsumablecommodity. The

planninghorizonfor theproductionrun is 8 $��Q56Ë�E with a demandof
3 ,>562 piecesperunit time. In this formulation,the

loading andunloading stages,themeansby which raw materialsareintroducedandfinishedgoodsexit themanufac-

turingsystem,respectively, arenotconsidered.ThemodelutilizesFMS-likeconsiderationsfor theworkstationswhile

employing MMS-likecriteriafor determiningtheoptimalproductionratesfor theeachworkstationonall stages.

This treatmentextendsthework of WestmanandHanson[22] in theformulationfor themodelusingcoefficients

parameterizedby thevalueof thestate.Onedrawbackof [22] is thatthepiecescanbeleft in thebuffersandthatit is

left up to theplantmanagerto decidehow to consumethesepieceswhich is not thecasehere.Additionally, auniform

penaltywasimposedfor notmeetingthedesiredproductiongoalin termsof shortfallsandsurplusproduction.Herea

differentdisciplineis usedfor theJust In Time [9] productionemploying differentpenaltiesfor surplusandshortfalls

in productionfor all time 5¢ð�8 $��Q56Ë�2 . The SDPPusedin this treatmentthat describethe changesin the statusof

the workstationsaremodeledusingcoefficientsthatareparameterizedby the state,this is alsothe casefor the cost

functional.
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3.1. Local Workstation State Equations

For stage' , assumethereare 	 h workstationsthat have differentoperationalparameters.Therefore,the statusfor

eachworkstationis a setof statevariablesthat arerelated. The eventsfor the workstationsarerepair, failure, and

preventive maintenance,which aremutually exclusive. The trackingof theseeventsalongwith the operationalage

of the workstationarethe statevariablesfor a givenworkstationon a givenstage.This leadsto a high dimensional

statespace,however sincethe model is in the form of the expandedLQGP problempresentedin Section2. and

doesnot suffer from the Curse of Dimensionality. The statevariablesfor workstationz on stage' arethe available

productioncapacity, V h i�,/562 , theoperationalstatus(repair/failure), � h i�,>562 , the preventive maintenancestatus,S h i�,/562 ,
andtheoperationalage,� h i�,/562 , andis denotedby^ h i�,/562��`8 V h i�,/562;��� h i�,/562P�ßS h i�,/562P��� h i�,>562FE § Ç (16)

Theproductionfor a givenstageis distributedacrossall of theworkstationsevenly. A parameterfor eachstage' is theproductionrate, � h ,>562 , which representstheutilization or the fractionof time busy. Thegoalof theoptimal

control problemfor the productionschedulingis to determinethe productionratesfor eachstagefor the planning

horizon.Theproductionratesneedto compensatefor changesin thestatusof theworkstationswhile maintainingthe

desiredconstraintson meetingtheproductiondemandin thespecifiedway.

Thearrival rate,meantimetill aneventoccurs,for failuresis dependentontheoperationalageof theworkstation.

This impliesthattheprobabilityof a failureis anincreasingfunctionof theoperationalageof theworkstation.There-

fore,preventivemaintenanceis performedperiodicallybasedontheoperationalageof theworkstation,whichreduces

theoperationalageof theworkstationandtherebyreducestheprobabilityfor a failureto occur. It is assumedthatthe

electionto performpreventivemaintenanceis rational,that is theamountof time performpreventivemaintenanceis

muchlessthanthatof repairinga failedmachineand/orthecostfor preventivemaintenanceis muchlessthanthatof

repair. In this treatment,preventive maintenancereducesthe availableproductioncapacityfor the workstationby a

fixedpercentageassumedto begreaterthan $ .
The operationalandpreventive maintenancestatusvaluesevolve accordingto stochasticdifferentialequations

thataremodeledasSDPPwith coefficientsthatareparameterizedby thevalueof thestate.Thesecoefficientspartition

thestatespaceinto regionsin whicheventscanoccurbasedon thevalueof thestate.For example,aworkstationmust

be operationalfor a failure to occur, therebydisablingthe repairprocess.This formulationensuresthat eventscan

only occurwhenallowable,thusthereareno problemswith the stochasticprocessesaroundboundaries.The status

valuesarein therange 8 $�����E which representsthemaximumpercentageof availableproductioncapacity.

At time 5 , a givenworkstationcanbein oneof thefollowing statesoperational,underrepair, or in maintenance.

Theseeventsaremutually exclusive, andtransitionsbetweenunderrepairandin maintenancearenot allowed. The

availableproductioncapacityis anindicatorthatdeterminesthat thestateof a workstation.Theavailableproduction

capacityfor workstationz onstage' shouldbegivenby V h i�,/562�� � Á � 8 � h i�,/562;�QS h i�,>562FE , but unfortunatelythisnonlinear

expressionis not allowable under the LQGP problem. Instead,using the mutually exclusivity of the events,we

7



introduceanothervariablefor theproductionstateof eachworkstationdefinedby3 V h i�,>562 � 3 � h i�,/562_( 3 S h iQ,>562 Ç (17)

Let } h i representthemaximumnumberof piecesthatcanbeproducedperunit time on workstationz , thenthetotal

numberof piecesthatcanbeproducedonstage' at time 5 is �} h ,/562�� g � úi ù L } h iÑV h i�,/562 ��� §h � h ,>562 ÇThemeantime betweenfailuresandthe time for repairareassumedto beexponentiallydistributedanddepen-

denton the operationalageof the workstation. The form of the definingequationfor the operationalstatusof the

workstationsis modeledfrom (1) asthefollowing term:3 � h i�,/562��#K 
 ,/5;:Q^ h i�,/562Q2 3&O 
 ,>^ h i�,/562;�Q562�� æç ¬"! ú@��# Ï/å � à $$ ¨ ¬ ´ ú@� # Ï/å � L ëí æç 3&O%$ h i ,/^ h i�,>562;�Q5623&O%& h i ,/^ h i ,>562;�Q562 ëí � (18)

wherethesuperscripts
Ý

and ' denoterepairandfailureprocesses,respectively. Thecoefficientmatrix, K 
 ,/5;: 4 ,/562�2 ,
is parameterizedby the stateso that only allowableeventsmay occurwhich partitionsthe statespaceinto regions.

The
3&O 
 , 4 ,/562P�6562 is the SDPPproviding the jumpsfor workstationrepairandfailure processeswith the following

properties,��1�¡ $ ,>^ h i ,/562;�Q562!� | $h i , �N1�¡ & ,/^ h i ,>562;�6562a� | &h i ¨ � h i ,/562 , � $ h i � � & h i �®� and ª $h i �`ª &h i �[$ , where
| $h i

and
| &h i arethemeantimesbetweenrepairandfailure,respectively. Theoperationalstatusformulatedherecaneither

have a valueof � which denotesan operationalworkstationor $ which denotesa failed workstationnot capableof

production.

A similar formulationto the operationalstatusis usedfor the preventive maintenancestatus.Preventive main-

tenanceis performedin a deterministicfashionthat dependson the operationalageof the workstation. The effects

of maintenanceareconsideredonly if themaintenancewill beperformedin the remainingproductionhorizon. It is

assumedthat preventive maintenancereducesthe amountof availableproductioncapacity, but doesnot necessarily

disableproduction.TheSDPPsareusedto generatethe jumpsin the statefor the eventsof beginningmaintenance

(denotedwith a superscriptof } ) andfor the completionof maintenance(denotedwith a superscriptof ( ). The

definingequationis givenby3 S h i�,/562�� æç � ¨ ¬ ´ ú@�)# Ï/å � L $$ ¨ ��*h i ,>5;:+� h i ,/562Q2 ¬ ´ ú@� # Ï/å � L ëí æç 3�O%, h i ,>^ h i�,/562P�65623�O *h i ,>^ h i ,/562;�Q562 ëí � (19)

where

� *h i ,/5;:-� h iQ,>56262�� ¼¿ À ��� ÁìÂ | *h i ¨ � h iQ,>562/.H5�5)0Ê,/562$�� ÁìÂ | *h i ¨ � h iQ,>562/1H5�5)0Ê,/562
Ä ÅÆ (20)

is usedto ensurethat maintenanceoccurswith in the productionhorizon with the time-to-gofor the production

horizongiven by 5�5)0Ê,/562M� | ¨ 5 Ç The sojourntimes for theseprocessesaregiven by ��1�¡ , ,/^ h i�,>562;�6562M� | ,h i and��1�¡2*R,/^ h i�,/562P�6562÷� | *h i ¨ � h i�,/562 , where
| ,h i and

| *h i aretheaveragedurationof themaintenanceandthemeantime

betweenpreventivemaintenance,respectively. It is assumedthatpreventivemaintenanceshouldbeperformedbefore

a failure which implies
| *h i . | &h i . The momentsfor the SDPPfor preventive maintenanceshouldbe modeledas

the averagelossof productioncapacity, � *h i , andthe varianceof the lossof productioncapacityª3*h i . Theduration

of preventivemaintenanceprocess(D) is usedto restorethevaluefor thepreventivemaintenancestatusto � andhas

momentsgivenby � , h i � � *h i and ª ,h i �«$ .
8



Thecurrentoperationalageof the workstationis a monotoneincreasingfunctionof time andof thenumberof

piecesproducedwhich canberesetto a lower level by theperformanceof repairor preventivemaintenance.Theage

of theworkstationevolvesaccordingto:3 � h i ,>562���4],5� h ,/562P�6562 3 5 ¨ K ,h i ,/5;:Q^ h i ,/56262 3�� ,h i ,/^ h i ,/562P�6562 ¨ K $h i ,/5;:Q^ h i ,/56262 3�� $h i ,>^ h i ,/562P�6562;� (21)

where K ,h i ,/5;:Q^ h i ,/562Q2 and K $h i ,/5;:Q^ h i ,/562Q2 are the coefficientsthat areusedto resetthe operationalagedueto main-

tenanceandrepair to a specifiedlower level, respectively, with � h i ,/Ô h i 2�� �e,/Ô h i 2 where Ô h i is the time of the last

reset.

3.2. Global Surplus State Equation

Theglobalsurplusstateequationis usedto tracktheproductionof eachstage' to thatof thedemandexpressedasthe

numberof partsperunit time. Thecorrespondingglobal statevariable 6 h ,/562 , the surplusaggregatelevel, represents

thesurplusif positiveor shortfall if negativeof theproductionthathavesuccessfullycompleted' stages.Thecontrol,v h ,>562 , expressedasthenumberof partsperunit time, is usedto adjustthe productionrates � h ,>562 to compensatefor

changesin workstationstatusandsmall local effectsmodeledasGaussianprocess.The ideal for themanufacturing

systemis to have 6 h ,/562-�·$ for all ' and 5 which canbe donein the unconstrainedcase. However, the resulting

productionratesmaynot bephysicallyrealizable,thusresultingin a surplusor shortfall.

Thestateequationfor thesurplusaggregatelevel for stage' is givenby3 6 h ,/562�� ò � §h � h ,>5627� h ,>562�(Üv h ,>562 ¨983 h ,>562 � 3 5�(:0 h ,/562 3&¯ h ,>562 Ç (22)

The changein the surplusaggregatelevel,
3 6 h ,/562 , is determinedby the numberof piecesthat have successfully

completed' stagesof themanufacturingprocess,thatarenot defective, andarenot consumedby stage')(y� . The

first termon theright handsideof (22) representsthequantityproducedwhich dependson thenumberof operational

workstationsfor stage' . The term v h ,/562 3 5 is usedto adjustthe productionrate. The term, 0 h ,/562 3Î¯ h ,/562 , is usedto

modeltherandomfluctuationsin thenumberof piecesproduced.Theeffectivedemandor consumptionterm, 83 h ,/562 3 5 ,
is theconsumptionof thepiecesproducedby stage' by stage'p(«� . Thesurplusaggregatelevel, 6 h ,/562 , is dependent

on the numberof operationalworkstations,wherethe processesfor the failure, repair, andpreventive maintenance

for theworkstationsis anembedded Markov chain (seeTaylor andKarlin [15], for instance).Theseeventsdescribe

thesojourntimesfor thediscontinuousjumpsin thesurplusaggregatelevel. Hence,thesurplusaggregatelevel is a

piecewisecontinuousprocesswhosediscontinuousjumpsaredeterminedby theSDPPfor theworkstations.

Themodelpresentedhereconsistsof two tiers.Thetop tier, is theupperlevel of managementthatis responsible

for determiningtheproductionrates
3 h ,/562 for all ' stages.Thebottomtier, is theplantmanagerfor theassemblyfloor

who is responsiblefor maintainingtheworkstations,meetingtheproductiongoalsetby the top tier, andconsuming

piecesthat are in the buffers which is doneby augmentingthe productionrates
3 h ,/562 Ç The plant managerneedsto

consumepiecesleft in the buffers in a specifiedway, for examplein a fixed amountof time or over the remaining

productionhorizon.Theeffectivedemand, 83 h ,/562 3 5 , is usedto meettheproductiongoalsof bothtiers. Betweenstagez and z0(#� thereis a buffer or storageareafor piecesproducedby stagez but not consumedby stagezÊ(#� . Let ;;iQ,/562
9



denotethenumberof thesepieceswhich is determinedby

;;i6,>562�� ¼¿ À
< Ïà Ú � §i � i�,/Ô�27��i�,>Ô�2 ¨=� §i » L � i » L�,>Ô�27�Pi » L�,/Ô�2 Þ 3 Ô�� ÁÃÂ z>. '< Ïà Ú � §i � i�,/Ô�27��i�,>Ô�2 ¨ 3 i�,/Ô�2�Þ 3 Ô�� ÁÃÂ z]�#' Ä ÅÆ � (23)

notethat ;;i�,/562?1[$ for z%.`' by designdueto theconstructionof the productionrate ��,/562 Ç Theeffective demandis

usedto eliminatepiecesin thebuffersin a specifiedwayandis givenby:

83 i ,/562�� ¼¿ À
3 i ,>562;� ÁìÂ z����3 i ,/562_(@; i ,/562�1�Ô0,/562P� ÁìÂ 
?ACz>A ' Ä ÅÆ � (24)

whereÔ0,/562 is theamountof timeusedconsumethepiecesin thebuffersthatdoesnotdependonthestage.Workstation

failurescanresult in largebuffer values,souponrepaira fixedamountof time is usedto consumethe piecesin the

buffers. At theendof this time, a repairbuffer eventis generated.Theeffective demandsaredeterminedwhenthere

is aneventwhich is a changein workstationstatus,repairbuffer, andthestartof theproductionrun.

3.3. Cost Functional

Thecostfunctionalusedis thetime-to-go or cost-to- go form (6), usingthestateparameterizedfull quadraticinstanta-

neouscost(7) thatis motivatedby a zero inventory or Just in Time manufacturingdiscipline(seeHall [9] andBielecki

andKumar[3]) while utilizing minimumcontroleffort. In this formulation,thecostfunctionalemployedis:È 8 ^c�+B��Qs �65FEÊ� �
ßõ B § ÌCB ö ,/5 Ë 20( �ÜÏ ÐÏ D �
 s § Ý � ,/5;:Q^�26sß( Û § L ,/5;:6^�2+B�E 3 Ô (25)

with only thesurplusaggregatelevel of thestateusedfor thecost.Thesalvagecost, ÌÍ,/5 Ë 2 , is usedto imposeapenalty

on surplusor shortfall of productionat theendof theplanninghorizon.Thediagonalmatrix
Û L�,/5;:Q^�2 is thecostused

to penalizeshortfall andsurplusproductionduring the planninghorizon,maintaininga strict regimenon whenthe

consumablegoodsareto beproducedandis parameterizedby thestategivenbyÛ L�� h�h ,/5;:Q^�2�� ¼¿ À ¨ Û ºL�� h&� ÁìÂ 6 h ,/562F. $Û » L;� hÎ� ÁìÂ 6 h ,/562F1 $ Ä ÅÆ � (26)

where
Û ºL;� h and

Û » L;� h arepositiveconstantcoefficients.Theterm
Ý � ,>5;:6^�2 is usedto enforceaminimumcontroleffort

penaltysimilar to thatof (26).

3.4. Computational Considerations

To solvethisoptimalcontrolproblem,assumetheregularor unconstrainedcontrol(12). Thestatespaceis partitioned

into locally stateindependentsubdomainsandthesolutionfor thenonlinearsystemof ordinarydifferentialequations

(13,14,15)is determined.This allows theplantmanagerof themanufacturingsystemto calculatethedesiredor ideal

productionrateandthephysicallyrealizableproductionrate.Theproductionrateusedis thephysicallyrealizablerate.

Let . h ,/562 denotethenumberof operationalworkstationson stage' andis givenby . h ,/562��HG § � h ,/562;� where G
is a 	 h TR� vectorwhoseelementsareall � . Theregularcontrolledproductionlevel for stage' anticipatestheeffects

of workstationfailure,repair, andmaintenanceandsmalllocaleffectsis givenby

� �����h ,/562�� ¼¿ À $�� ÁÃÂ . h ,>562��#$� h ,>562�(~v �����h ,/562Q1�, � §h � h ,/56262P� ÁÃÂ . h ,>562/I $ Ä ÅÆ � (27)
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where v �����h³,>562 is the regular control. Note that with the assumptionof regular control, the surplusaggregatelevel

will alwaysbe forcedto be zero,thereforethe regular controlledproductionlevel may not be physicallyrealizable.

The constrainedcontrolledproductionlevel, �düh ,/562 , is the restrictionof the regular controlledproductionlevel to be

physicallyrealizableandis givenby � üh ,/562��KJ Á � 8 � �����h ,/562P�+� mML ôh ,/562FEF� (28)

where � m/L ôh ,/562 is definedas

� m/L ôh ,/562�� ¼¿ À ��� ÁÃÂ 'I���J�Á � Ú ��� õ �düh º L ,/562 � §h º L � h º L�,>562�(@; h ,/562�1�Ô0,/562 ö 1 õ � §h � h ,>562 ö Þ]� ÁÃÂ �%.C' Ä ÅÆ (29)

for . h ,>562?It$ wherethe maximumproductionrate, � mML ôh ,/562 , is the minimumvalueof thephysicalproductionrate,� Ç $�$ or full utilization, andproductionlimitations thatarisedueto a shortfall of productionfrom the previousstage

dueto eithermachinefailure,maintenance,or defectivepiecesaswell asclearingpiecesin thebuffers.

Thecomputationalalgorithmfor solvingtheoptimalcontrolproblemfor productionschedulingusestheregular

control.First thestatespaceis partitionedinto locally stateindependentsubdomains,î©ï�� ÿ i î ô � . It is assumedthat

the initial statusfor all workstationsandthesurplusaggregatelevel for all stagesareknown initially. Theeventsof

startof production,repairbuffer, workstationrepair, failure,andpreventivemaintenanceareusedto determinewhen

theproductionratesfor themanufacturingsystemneedto berecalculated.Thefollowing stepsareusedto determine

theproductionratesandthesurplusaggregatelevelsfor all stagesfor a giventrajectorywhenaneventoccurs:

1. Basedon thecurrentstateof thesystemtheappropriatelocally stateindependentsubdomainis selectedandthe

coefficientsfor thedynamicsandcostfunctionalaredetermined.

2. Theeffectivedemandratesaredeterminedfrom (24).

3. Thesystemof equations(13,14,15)is solvedto determineÌÍ,/562 , ýA,/562 and þM,/562 respectively.

4. Theregularcontrol, s ����� is determinedfrom (12).

5. Theregularcontrolledproductionratesaredeterminedby (27) for eachstage.

6. Theconstrainedcontrolledproductionrates,�düh ,>562 , aredeterminedby (28) for eachstage.

7. Thesurplusaggregatelevel for eachstage' at thecurrenttime 5 is setto thecumulativedifferencebetweenthe

productionandthedemandwhich is givenby 6 h ,/562�� < Ïà Ú � §h � h ,/Ô�27� h ,/Ô�2 ¨ 3 h ,>Ô�2 Þ 3 Ô Ç
8. Theconstrainedcontrolledproductionratesareusedasthenew ratesfor operationalworkstationsoneachstage,

thatis � h ,/562����düh ,>562 .
4. Numerical Example for Production Scheduling

For numericalconcreteness,considera manufacturingsystemwith 'W�`
 stageswith a planninghorizonof
| �`��$

hours.Let the initial surplusaggregatelevel for all stagesbezero,thedemandbe ���&" piecesperhour for all stages

(
3 L ,>562p� 3 � ,/562p� �d�&" ), the total numberof workstations,	 i , for eachstagebe 3 and2, respectively, the Gaussian

randomfluctuationsof productionis assumedabsent( 0�iQ,/562I� $ for z � � and 
 ). The operationalcharacteristics
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for the workstationsaresummarizedin the tablebelow. During preventive maintenanceandworkstationfailure no

productionoccurs.Therefore,themomentsfor themomentsfor thestatedependentPoissonprocessesin (18), (19),

(17), and(21) aregiven by � & h i � � $ h i � � , h i � � *h i � � with all covariancesbeing0. Assumethat when the

operationalageof a workstation(21) is reseteitherdueto a repairor preventive maintenancetheoperationalageof

theworkstationis setto zeroandthattheagingprocessis basedon theamountof timeoperationalonly. This implies

that, 4],N� h ,/562;�Q562 3 5��[� and K ,h i ,>562��«K $h i ,/562 �«Ô h i ¨ 5 ¨ � h i�,/Ô h iF2P� whereÔ h i is thetimeof thelastreset(initial value

is 0) and � h i�,>Ô h iF2 is viewedasaparameterthatrepresentstheageof theworkstationat thelastreset,which is zerofor

all Ô h i ­�u$ andis specifiedin thetablebelow for Ô h i��#$ . For repairbuffer eventslet Ô0,>562 �«��� and Ô0,>562 � | �«5 for

all otherevents.

Production Operational MeanTimes(hours)
Stage Workstation Capacity, } h i Age, � h i ,>$�2' z (pieces/hour) (hours)

| &h i | $h i | *h i | ,h i
1 1 65 13 170 6 85 2
1 2 70 60 180 8 90 2
1 3 75 0 220 6 110 2

2 1 135 6 190 8 95 2
2 2 115 50 170 7 85 2

This manufacturingsystemconsistsof 
�$ local and 
 globalstatevariablesfor a stateof dimension
�
 . Define

the local statevectorsas �Î,>562!� 8 ��LQL�,>562;�;��L � ,>562;����L 
 ,/562P��� � LN,>562;�;� ��� ,>562FE § , for theavailableproductioncapacity�I�`V ,
operationalstatus�Ù�O� , preventivemaintenancestatus�Ù�yS , andcurrentoperationalage �)�P� . Definetheglobal

statevectorfor thesurplusaggregatelevel as B�,>562��[8 6 L ,>562;�-6 � ,/562�E § . Thetotal stateandcontrolvectorsaregivenby4 ,>562��[8 ^�,/562P��B&,/562�E § �[8 Q�,/562P��R#,/562;� � ,/562;�CS0,>562;� B�,>562FE § � s ,/562 �[8 v L ,/562;�]v � ,/562�E § Ç (30)

Thecostfunctionalusedis (25)wherethecoefficientmatricesaregivenbyÌÍ,/56Ë&2��#Ì0ËÙ� æç $ Ç ��� $$ $ Ç �N% ëí � Ý ,>562�� æç ��
�$�$�$ $$ ��
�$�$�$ ëí � Û ºL�� L �#$ Ç ��
��Û » L�� L �#$ Ç $����
Û ºL;� � �«$ Ç �d���Û » L;� � �«$ Ç ��$ ÇBy comparingthecoefficientsof (1) with thestateequationsfor themanufacturingsystem(18), (19), (17), (21), and

(22) thedeterministiccoefficientsaregivenby

9Ù,/562 � æç $ � à o L à $ � à oUT $ � à oWV$ � o L à }:X÷,/562 $ � oUV ëí�� <-,/562 � æç $ � à o �¸ � o � ëí�� Ò ,/562�� æYYYYYYç
²eL TNo LG TNo L
83 L�,/56283 � ,/562

ë[ZZZZZZí � (31)

where }\X ,>562�� æç } L�L � L ,/5627} L � � L ,/562½} L 
 � L ,>562 $ $$ $ $ } � L � � ,/562½} ��� � � ,/562 ëí Ç
Definethe set ] � { ��������
��a�d���÷
���� 
�
�� which is an index setfor the stageandworkstation,respectively. Define

thediagonalmatrix ^ ü`_ � � a suchthat the ,>z��6z@2 componentis givenby ¬ ü`_ � � a Ç Theonly nonzero stochasticprocessand
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correspondingcoefficientmatrixgivenby

3�O 
 , 4 ,/562P�6562�� æYYYYYYç
3&O%$ , 4 ,/562P�65623&O%& , 4 ,/562P�65623�O%, , 4 ,>562;�Q5623&O *A, 4 ,/562;�Q562

ë[ZZZZZZí � K 
 ,>562�� æYYYYYYYYYç
^ ! _ � � à ¨ ^ ´ _ � � L $ TNoUT $ T�oWT$ T�oWT $ T�oWT ¸ T�oWT ¨ ^ m _ � � L ¨ ^)´ _ � � L^ ! _ � � à ¨ ^ ´ _ � � L ¸ T�oWT ¨ ^ m _ � � L ¨ ^)´ _ � � L¨ K $
 ,/562 $ T�oWT ¨ K ,
 ,/562 $ T�oWT$ � oWT $ � oWT $ � oUT $ � oWT

ë ZZZZZZZZZí �
with ¨ K $
 ,>562p� ¨ K ,
 ,>562p�cb�Á �ed 8 Ôgf � ¨ 5 ¨ �hf � ,/Ôgf � 2FE T�oWT , where b�Á �id 8 jÊE÷� 8 â i�¬�i>� j E h o h is the diagonalmatrix rep-

resentationof the 'RT=� vector j andthe statedependentPoissonprocessesfor �Að { Ý �/'÷�k(W��}t� aregiven by3�O ü�, 4 ,/562P�6562�� Ú 3�O üf � , 4 ,>562;�6562 Þ TNo L .
Usingtheabovenumericalvaluesthealgorithmpresentedin Section3.4.canbeusedto determinetheproduction

ratesfor themanufacturingsystem.Considerthesamplepathtrajectorydescribedin thetablebelow.

EventTime Stage Workstation Event Duration
(hours) (hours)

15 2 2 failure 7
22 2 repairevent 4
30 1 2 maintenance 2.5
72 1 1 maintenance 2

Theconstrainedandregularcontrolledproductionratesfor themanufacturingsystemaregivenin Figure1. These

productionratesshow theanticipationof workstationrepair, failure,andmaintenance.In Figure2, thepercentrelative
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Figure1: Regularandconstrainedcontrolledproductionratesfor stages1 and2.

error is given. At the final time of the planninghorizonthe percentrelative error is ,Ñ$ Ç 
�
�"�
���$ Ç 
�
�"�
�2 § . The results

presentedhererequiredapproximately30wall clocksecondsto completeonaSunUltra 5, with amemorydemandof
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2.064megabytes.
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Figure2: Percentrelativeerrorfor stages1 and2.

5. Conclusions

The LQGPproblemwith statedependentPoissonprocessesformsa canonicaltheoreticalandcomputationalmodel

thatdoesnotsuffer from thecurseof dimensionality. Theinclusionof stateparameterizedcoefficientsallow for greater

flexibility in themodelingof physicalsystems.Theextensionto a fully quadratic,stateparameterizedcostfunctional

allowsfor thecontrolto beselectedin averygeneralway. Theproductionschedulingof themultistagemanufacturing

system(MMS) is a real physicalproblemthat exploits the functionality of the LQGP problemto solve a complex

control problemwith a largestatespacewhich requiresa small amountof computationaltime. The MMS example

illustratesthepowerandfunctionalityof theLQGPproblempresentedin this paper.
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