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Abstract

Considera manufcturingsystemin which a singleconsumableyoodis fabricatedn a processhat consistsof
k stagedn anuncertainernvironment. On eachstage therearea numberof workstationsthat areassumedo have
differentoperatingparametershataresubjectto failure, repair andpreventive maintenancevhich generataliscrete
jumpsin thevalueof thestate A Just-In-Tme manufcturingdisciplineis assumedor theworkstationswith running
coststhat include penaltiesfor shortfll and surplusproduction. The formulation presentecherefor the optimal
productionschedulingfor the manufcturingsystemrequiresextensionsto the resultsof the LQGP problemwith
statedependenPoissonprocesse¢SDPP)by the inclusion of coeficients for the dynamicsandthe coststhatare
parameterizethy the value of the state. The costfunctionalusedis fully quadraticwhichis anenhancemerfor the
LQGP problem.Thefunctionality of this canonicaimodelis demonstrateavith a numericalexample.

I ntroduction

A manufcturingsystemcangenerallybe categgorizedasflexible (FMS) or multistage(MMS). The major difference
betweeranFMS andan MMS is the perspectie of how the manufcturingsystemworks. An FMS s concernedvith
local issuessuchashow individual piecesareroutedthroughthe system.Whereasan MMS hasthe global concern
of determininghow the productionratesfor the entire system. An MMS consistsof a numberof stagesat which
valueis addedto eachpiece. Eachstagemay be viewed asan FMS. Kimemia and Gershwin[12] describein detail

thedifferencesandsimilaritiesbetweer-MS andMMS while providing a hierarchicalschemendalgorithmfor the

operationatontrolof anFMS.

OlsderandSuri[14], proposed stochastianodelthatuseda homogeneougimp Markov processes to modelthe
transitionsof workstationdetweerthefailedandoperationabktates They statedheusefulnessf themodelis limited

by the ability to solve the Hamilton-Jacobi-BellmafHJB) partial differentialequationof dynamicprogramminggdue
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to theexponentialgrowth of computationahndmemoryresourcesieededo solve the HIB equationemploying finite
differencesgcommonlyreferredto asthe Curse of Dimensionality [2].

BoukasandHaurie[4] presenta modelfor a continuous-timestochastidlow control for productionscheduling
with preventive maintenanceln this treatmentthefailureandpreventive maintenanceatesdepencntheoperational
ageof theworkstationwhichis definedasthetime sincethelastrepairor preventvemaintenanceA controlvariableis
usedto determinavhento performpreventive maintenancn orderto avoid failuresin anoptimalway. An irreducible
Markov chainis usedto generatéhetransitionsbetweerthe operationalfailed,andpreventive maintenancstatesfor
the workstationswhich consistsof 3V statesfor N workstations.A numericalmethodbasedon Kushners Markov
ChainApproximation[13] is usedo approximatehesolutionfor thedynamicprogrammingroblem whichrequiresa
discretemesh.In this method the meshselecteds finite andartificial boundaryconditionsareusedwhich introduces
additionalerror. In the examplepresentedor 2 workstationsand 1 part type, using 21 pointsfor the meshof the
productionsurplusandoperationabgesfor theworkstationsthetotal numberof meshpointsis 213 x 32 = 83, 349. If
anothemworkstationis includedthe numberof meshpointsis 21# x 32 = 5, 250, 987, clearlydemonstratinghe Curse
of Dimensionality, andthereforewould not be suitablefor alarge numberof workstations.

In this paperwe extendthe productionschedulingmodel of Westmanand Hanson[22] and modify the Linear
QuadraticGaussiarPoissonLQGP) problem[16] with statedependenPoissorprocesse$éSDPP)[19] to modeland
solve the optimal control problem.The manufcturingsystemis a hybrid modelfor productionschedulingconsisting
of local concernsn managinghe statusof workstationsandglobal concerndor meetingthe demand.The manufc-
turing systemconsistsof k£ stages.The finishedproductof stagek is the baseinput for stagek + 1. On eachstage
therearea numberof workstationghatareassumedo have differentoperatingparametersandare subjectto failure
andrepaitr Eachworkstationcanundego preventive maintenanceo reducethe operationalageto a lower level so
thatfailuresrarely occur It is assumedhatthe preventive maintenancés beneficialin thatits costis muchlessthan
repairandtakeslesstime to perform.In [22], piecesareleft in buffersbetweerstagesothatthe plantmanagemust
manuallyadjustthe productionratesto consumehem,thisis notthecasehere.

In this paperthe LQGP problem[16] with statedependenPoissorprocesse$SDPP)[19] is revisedto include
a full quadraticform for the costfunctional. The coeficientsfor the costandthe dynamicsare parameterizedby
the value of the state. This formulation allows for a greaterability to model physicalreality in the dynamicsand
costconstraintsn a simpleway. Theformal solutionof the LQGP problemis derived which consistsof a systemof
unidirectionalcouplednonlinearordinarydifferentialequations.The LQGP problemdoesnot suffer from the Curse
of Dimensionality andrequiresO(n?/2) elementsn theasymptotidimit for largen, thedimensionof the statespace.
Thisformulationis appliedto productionschedulingpf amanufcturingsystenis usedto demonstratéheuseof these
refinements.

Thepapelis arrangedasfollows. In Section2.,the LQGP Problemwith statedependenPoissomoiseis extended
to accommodatstateparameterizedoeficientsandafull quadraticcostfunctionalwell asnumericalschemeo solve
the resultingcontrol problem. In Section3., a LQGP problem[16] utilizing statedependenPoissornprocesse§l 9]

is usedto formulatethe dynamicalsystemfor the manuficturingsystemandin Section4., a numericalexampleis



presented.

2. LQGP Problem Expansion

The canonicalform for the LQGP problemusedhereappearsn Westmanand Hanson[16], for the casewith state
independenPoissomoise,andin [19] for statedependenPoissorprocessesThe LQGP problemis characterizedyy
linear deterministicdynamicsquadratic costs,Gaussian noisedisturbanceandPoisson jumpsin the statevalue. In
thistreatmenthe LQGP problemis expandedvith the dynamicandcostcoeficientsto be parameterizely thevalue
of the state,i.e., a quasi-LQGP problem. This allows for greaterflexibility of modelingin a corvenientnotational
form. Additionally, the costfunctionalusedis thefull quadratidorm which extendsthe classicLQGP costfunctional.
Considerationfor modelingphysicalsystemsarepresentedaswell asformal solutionto the LQGP problem.

The quasi-lineadynamicalsystemfor the quasi-LQGPproblemis governedby the stochastidifferentialequa-

tion (SDE) subjectto GaussiarandstatedependenPoissorprocessedisturbancess givenby
dX(t) = [A{%X(®)X(@) + B(EX(#)U(H) + Ct; X(1))]dt + G (8 X(t))dW (2) @
+  [Hi(t:X(8))X(®)]dP1(X(2), 1) + [H2 (8 X(2))U(8)]dP2 (X (2), t) + Hs(t; X (1)) dP3(X(t), 1),

for generalMarkov processedn continuoustime, with m x 1 statevector X(t), n x 1 control vector U(t), » x 1
GaussiamoisevectordW (t), andg, x 1 space-timéPoissomoisevectorsdP,(X(t),t), for £ = 1 to 3. Notethatthe
term[Hy (¢; X(¢)) - X(t)]dP1 (X(t), t) is notlinearin the state.The dimensionf therespectre coeficient matrices
are: A(t; x) ism xm, B(t; x) ism xn, C(t; x) ism x 1, G(t; x) ism x r, while the H,(¢; x) aredimensionedsothat
[H1(t;x) - x] = [304 Huiji (8 X) Tl mxqrs [H2(t%) - u] = [0, Hojk (8 X)Us]mx g, @NAH3(t) = [Hz45(t;X)]mxgs -
The coeficientsfor the dynamicalsystemcandependon the value of the stateasa parameterandnumericallymust
beevaluatedirst, i.e., we assumehe coeficientsaresubdominanor arelocally in the state.Notethatthe space-time
Poissontermsareformulatedto maintainthe linear natureof the dynamics,but the first two areactuallybilinearin
eitherX(¢) or U(t) with dP, for £ = 1 or 2, respectiely.

The state dependent Poisson process canbe viewed asa sequencef eventsthatis representedy its ith couple
{T;(X(T3)), M;(X(T;))}, for i = 1 to k, whereT;(X(T;)) is thetime for the occurrenceof the ith jump with state
dependenmark amplitude M;(X(T;)). Theform for the SDPPallows for a greatdeal of realismto beincludedin
themodelfor deterministicandrandomjumpsin the evolution of the statevalues.A wider rangeof stochasticontrol
applicationscanbe accuratelymodeledsincethe arrival ratesand amplitudescan dependon the value of the state.
Additionally, this formulationallows for simplerdynamicalsystemmodelingof complex randomphenomenaThe
inclusionof statedependence the Poissomoisemeanghatthe quasi-LQGPdynamics(1) is nonlinearin the state
vector

ThestatedependentectorvaluedmarkedPoissomoisesarerelatedto the PoissorrandommeasurgseeGihman

andSkorohod[8] or Hanson10]) andaredefinedas

dP¢(X(t),t) = [dPe,i(X(t),1)]q x1 = l/z 2iPe,i(dzi, X (t), dt) . )

,i

gex1



for £ = 1 to 3 which consistof ¢, independentlifferentialsof space-timéoissorprocessethatarefunctionsof the
state X (t), wherez; is the Poissorjump amplituderandomvariableor themarkof thed P, ; (X (t), t) Poissorprocess

wheref = 1to 3 andi = 1 to ¢,. Themeanor expectationis givenby
Mean[dP¢(X(t),1)] = A(X(1),)dt / 2y(z, X (1), t)dz = A(X (1), ) Zo(X (1), t)dt, 3)
Z

whereA((X(t), t) is the diagonalmatrix representationf the statedependenPoissorarrival ratesh,,; (X(t), t) for
¢ =1to3andi = 1toq, ZX(t),t) is the meanof the jump amplitudemark vectorand ¢, ;(z;, X (t),t) is
the densityof the (¢, ¢)th amplitudemark component. Assumingcomponent-wisendependencedP,(X(t), t) has

covariancegivenby
Covar[dP(X(t),t),dP] (X(t),t)] = Ag(*)dt/z (2 —Zy(%))(z — Zy(%) T de(z, *)dz = Ag(¥)oe(¥)dt, (4)

with, for instanceg(x) = 0¢(X(t),t) = [0¢,i,;0i,j]4. xq. denotingthediagonalizedovarianceof theamplitudemark
distribution for dP,(X(t),t). Again, the mark vectoris not assumedo have a zeromean,i.e., Z; # 0, permitting
additionalmodelingcomplexity. Note, thatfor discretedistributionsthe above integralsneedto be replacedby the
appropriatesums. The Gaussianwhite noiseterm, dW (t), consistsof r independentstandardWiener processes
dW,;(t), for i = 1 to r. TheseGaussiarcomponentdiave zeroinfinitesimalmean,MearfdW (¢)] = 0,1 andand
diagonalcovariance CovalldW (t), dWT (t)] = I,.dt. It is furtherassumedhatall of theindividualcomponenterms
of the Gaussiamoiseareindependenof all of the Poissorprocesses.

The jth jump of the {¢, i}th space-timéoissorprocessattimet, ; ; with markamplitudez; = M, ; ; causeshe

following jump from i

tot], ; in thestate:
[Hi (i35 Xty ;)X )iMey, i £=1
[X](teig) = [Ha(tes: X (7, ;) Uty )iMeig, i €=2 0. ()

[H3(te,i,5; Xty ;))iMe,i g, if £=3

The costfunctionalor performancendex thatis usedis givenby thetime-to-go or cost-to-go functionalform:

VIX, U4 = 3XT(4)S)X(t) + [ OX(0), U(r),rdr ©)

wherethe time horizonis (¢,t¢), with S(t;) = S; is the quadraticfinal costcoeficient matrix and C'(x, u, t) is
quadraticrunningcostfunction. Thefinal cost,known asthe salvage cost, is givenby the quadraticform, x " Syx =
Sy :xx" = Trace[Syxx "], wherethe doubledot productis definedby A : B = 3=, 3>, A; ;B ; = Trac§AB ],

Theform for theinstantaneousostemployedhereis the general quasi-quadratiéorm:
1
C(x,u,t) = 2 [xTQ2 (t;x)x + u' R, (t;x)u+ x' Cy (t; x)u] + QlT(t; X)X + RlT(t; x)u + Co(t;x) @)

wherethe coeficient matricesare of the appropriatedimension. This form allows for a more robust form for the
performancédndex sincethe coeficientsare parameterizethy andassumedo be weakly dependenbn the statein a
generaluasi-quadratiform. In orderto minimize (6) with instantaneousostfunction (7) requireshatthe quadratic
control costcoeficient R»(t; x) is assumedo be a symmetricpositive definiten x n array while the quadraticstate
controlcoeficient Q2 (¢; x) is assumedo be a symmetricpositive semi-definiten x m array The LQGP problemis

definedby (1, 6, 7).



For the stochastiadynamicprogrammingormulation,the optimal, expected cost, is takento be

v(x,t) = Min Mean [V[X,U,t]|X(t) =x,U(t) =u]|, (8)
u[t,tf) P,W[t,tf)
wherethe restrictionson the stateand control are that they belongto the admissibleclassedor the state, Dy, and
control, Dy, respectiely. A final conditionon the optimal, expectedvalue,v(x,t;) = 1x'Syx, for x € Dx, is
determinedrom thefinal costusing(8) with V[X, U, t¢] in (6,7)is givenby

v(x,t5) = %XTSfX, for x € Dx. (9)
Uponapplyingtheprinciple of optimality to the optimal,expectedoerformancéndex, (8, 6, 7) andthechainrule

for Markov stochastigrocessem continuoudime for the LQGP problemyields

0 = 206ot)+ Min [(Atx)x + Bt u + Ot ) Valox,

£ 5 (667) (5%) : VAT, 1) + Clxu,)

+ Z)\l,k(x,t)/ [v(x + [H1(t; %) - X]k 2k, t) — v(X,t)] d1,k (28, X, t)d2p,
k=1 21k

+ Z)‘M(Xat)/ [v(x + [Ha(t;x) - ulkzk, t) — v(X,1)] b2,k (2k, X, t), ) d2g
k=1 2z

2,k

q3
3 Nas(xt) /Z [0(x + Ha (£ %) 28, 1) — 0(%, 8)] o (25, %, )z | (10)
k=1

3,k

Thebackwardpartialdifferentialequation(PDE) (10) is known asthe Hamilton-Jacobi-BellmafHJB) equation.The
argumentof the minimumis the optimal control, u* (x, t), with the regular control, u,e(x, ), definedasthe optimal
controlprior to theapplicationof thecontrolconstraintsTo solve (10) subjectto thefinal condition,(9), for the LQGP
problema modificationof the formal statedecompositiorof the solutionfor the usualLQG problem(for the usual

LQG, seeBrysonandHo [6] ) is assumed:

v(x,t) = %XTS(t)x +DT(t)x + E(t) + % /t v (GG™) (1) : S(7)dr. (11)

Theterminalcondition(9) is satisfied providedthatS(¢s) = Sy, D(t¢) = 0, andE(ts) = 0.

TheansatZ11)would not,in generalpetruefor the statedependentase put would beapplicablef the Poisson
processesgynamicand costcoeficientsarelocally stateindependentwhile globally statedependent.Thatis, the
statedomainis decomposeéhto subdomainsDy = | J; D.,, wherethe arrival ratesandmomentsor all the Poisson
processesareconstantandthe coeficientsfor the dynamicsandcostsareindependentf the statein the subdomains
D.,. If thereareary explicit dependencen X(t) thentheresultingsystemwould thenform aLQGP/Uproblem,i.e.,
in LQGP in controlonly (for moredetailsseeWestmanandHanson[17, 18, 19, 20]). Equation(11)would be only
approximatelyvalid in the caseof subdominan{small) dependencef the coeficientson the state.

Assumingtheansatz11), usingdomaindecompositionf neededholdstheregular, unconstraine@ptimal con-

trol, u* = u,g, for theregionD,, droppingthe subscriptg is givenby
treg () = — R (1) [B(tyx + D(1)] (12)

where Ry (t), given below, is relatedto R,(t) but with Poissorterm corrections. For the region D,,, droppingthe



subscripts andassumingegularcontrol,the coeficientsfor the optimalexpectedperformancég11) aregivenby

Omxm = S(t) + [ATS +SA+ Qo+ — ETE;IE] (1), (13)
Omx1 = D(t) + [(A + HIMZ1) D +Qu+ S (C+ HyAaZs) — ETﬁglﬁ] (), (14)
0=E(t) + [(C+ HsAsZs)" D+ Co + 4T - 1DTR;'D| (1), (15)

where
Ti(t) = [((EFLSIEL) : (MZZ1) ()], + 2 [(MZ0) T HTS] ),
Ta(t) = [([H1:S[Hz];) : (AeZ2s) (1)],,,.,,» Ts(t) = [(HI SHa) : (AsZ23)] (1), Te(t) = (Te +T7) (¢)
ZZt) = a0(t) + (2, ) (1) = (003815 + Z0,i703) g > B) = Balt) + T (1),

B(t) = [(B() + HAoZ2) " S + %c;]{ (1), D(t) = [(B®) + H:07,)" D + RIJ ),
3) appeardo have

for £ = 1 to 3. Sincethe matrix R, is positive definite, R, ' existsandthensodoesR; *. Note (
Riccati-like quadraticform, but in generais highly nonlineardueto the S(t) dependencen Ry (t) throughT(¢). If
Hy = [Hei jk)lmxgexomes theNHF = [H ji k]gescmxms -

Dueto uni-directionalcouplingof thesematrix differentialequationsit is assumedhatthe nonlineamatrix dif-
ferentialequation(13)for S(t) is solvedfirstandtheresultfor S(t) is substitutednto equation(14) for D(¢), whichis
thensolved,andthenbothresultsfor S(¢) andD(t) aresubstitutednto equation(15) for thestate-controindependent
term E(t). Sincethe quadraticform in (11) dependnly on the symmetricpartof S(t), only atrianglepartof S(t)
needbe solved, or n - (n + 1)/2 componenequations.Thus,for the whole coeficient set{S(¢), D(t), E(t)}, only
n-(n+1)/2+ n+ 1 componenequationsieedto be solve, sothatfor largen the countis O(n2/2), asymptotically

whichis thesameorderof effort in gettingthetriangularpartof S(t).

3. Production Scheduling M anufacturing System Model

Considera manufcturingprocesshat requiresk sequentiabtepsto fabricatea singleconsumableommodity The
planninghorizonfor the productionrunis [0, ¢¢] with a demandof d(t) piecesperunit time. In this formulation,the
loading andunloading stagesthe meansy which raw materialsareintroducedandfinishedgoodsexit themanufc-
turing systemyespectiely, arenot consideredThemodelutilizesFMS-like consideration$or theworkstationswvhile
employing MMS-lik e criteriafor determiningthe optimalproductionratesfor the eachworkstationon all stages.
Thistreatmenextendsthework of WestmarandHanson22] in theformulationfor themodelusingcoeficients
parameterizethy the valueof the state.Onedravbackof [22] is thatthe piecescanbeleft in the buffersandthatit is
left up to theplantmanageto decidehow to consumehesepieceswhichis notthe casehere.Additionally, a uniform
penaltywasimposedor not meetingthe desiredproductiongoalin termsof shortflls andsurplusproduction.Herea
differentdisciplineis usedfor the Just In Time [9] productionemploying differentpenaltiedor surplusandshortills
in productionfor all time ¢t € [0,¢;). The SDPPusedin this treatmentthat describethe changedn the statusof
the workstationsare modeledusing coeficientsthat are parameterizedby the state,this is alsothe casefor the cost

functional.



3.1. Local Workstation State Equations

For stagek, assumeahereare N;, workstationsthat have differentoperationalparameters Therefore the statusfor

eachworkstationis a setof statevariablesthat arerelated. The eventsfor the workstationsare repair, failure, and
preventive maintenancewhich are mutually exclusive. The trackingof theseeventsalongwith the operationalage
of the workstationarethe statevariablesfor a given workstationon a given stage. This leadsto a high dimensional
statespace,hawever sincethe modelis in the form of the expandedLQGP problempresentedn Section2. and
doesnot suffer from the Curse of Dimensionality. The statevariablesfor workstation: on stagek arethe available
productioncapacity rx; (t), the operationaktatus(repair/filure), o; (t), the preventive maintenancetatus my; (t),

andtheoperationabge,a;(t), andis denotedby

Xpi(t) = [rei(t), oki(t), mui(t), ari(t)]' . (16)

The productionfor a givenstageis distributedacrossall of the workstationsevenly. A parametefor eachstage
k is the productionrate, ¢ (t), which representshe utilization or the fraction of time busy. The goal of the optimal
control problemfor the productionschedulingis to determinethe productionratesfor eachstagefor the planning
horizon. The productionratesneedto compensatéor changesn the statusof the workstationswvhile maintainingthe
desiredconstraintson meetingthe productiondemandn the specifiedway.

Thearrival rate,meartimetill aneventoccursfor failuresis dependentnthe operationabgeof theworkstation.
Thisimpliesthatthe probability of afailureis anincreasingunctionof theoperationahgeof theworkstation.There-
fore, preventive maintenancés performedperiodicallybasedntheoperationabhgeof theworkstationwhichreduces
the operationahgeof theworkstationandtherebyreduceghe probabilityfor afailureto occur It is assumedhatthe
electionto performpreventive maintenancés rational,thatis the amountof time performpreventive maintenancés
muchlessthanthatof repairinga failed machineand/orthe costfor preventive maintenancés muchlessthanthat of
repait In this treatmentpreventive maintenanceeduceghe available productioncapacityfor the workstationby a
fixedpercentagassumedo be greatetthan0.

The operationaland preventive maintenancetatusvaluesevolve accordingto stochastiadifferentialequations
thataremodeledasSDPPwith coeficientsthatareparameterizety thevalueof thestate.Thesecoeficientspartition
the statespacanto regionsin which eventscanoccurbasecdn thevalueof the state.For example ,a workstationmust
be operationalfor a failure to occur, therebydisablingthe repairprocess.This formulation ensureghat eventscan
only occurwhenallowable,thusthereare no problemswith the stochastigprocessesroundboundaries.The status
valuesarein therange|0, 1] which representshe maximumpercentagef availableproductioncapacity

At time ¢, a givenworkstationcanbein oneof thefollowing statesoperationalunderrepair, or in maintenance.
Theseeventsare mutually exclusive, andtransitionsbetweenunderrepairandin maintenancere not allowed. The
availableproductioncapacityis anindicatorthatdetermineghatthe stateof a workstation. The available production
capacityfor workstationi onstagek shouldbegivenby ry;(t) = Min[og; (t), my:(t)], butunfortunatelythis nonlinear

expressionis not allowable underthe LQGP problem. Instead,using the mutually exclusiity of the events,we



introduceanothervariablefor the productionstateof eachworkstationdefinedby
dri(t) = dog;i(t) + dmp(t). 17)

Let My; representhe maximumnumberof piecesthatcanbe producedperunit time on workstation:, thenthetotal
numberof piecesthatcanbe producecbn stagek attimet is Mj, t) = Zﬁ\fl Myiryi(t) = M} i (2).

The meantime betweerfailuresandthe time for repairareassumedo be exponentiallydistributedanddepen-
denton the operationalageof the workstation. The form of the defining equationfor the operationalstatusof the
workstationss modeledfrom (1) asthefollowing term:
oui(1),0 0 dPE (xi(t), 1)

0 _5rki(t)71 deFi (Xk,' (t), t)
wherethe superscript®? and F' denoterepairandfailure processeggespectiely. The coeficientmatrix, Hs (t; X(t)),

doyi(t) = H3(t;Xpi(t))dP3(xxi(t),t) = (18)

is parameterizedby the stateso that only allowable eventsmay occurwhich partitionsthe statespaceinto regions.
The dP3(X(t),t) is the SDPPproviding the jumpsfor workstationrepairandfailure processesvith the following
properties 1 /AR (xk;(t),t) = TE, 1/XF (xki(t),t) = TE — ari(t), 7,@- = ZkFi = landof = of; = 0, whereT}
andTF; arethe meantimesbetweerrepairandfailure, respectiely. The operationaktatusformulatedherecaneither
have a valueof 1 which denotesan operationalworkstationor 0 which denotesa failed workstationnot capableof
production.

A similar formulationto the operationaktatusis usedfor the preventive maintenancetatus. Preventive main-
tenancds performedin a deterministicfashionthat dependson the operationalageof the workstation. The effects
of maintenancare considerednly if the maintenancevill be performedin the remainingproductionhorizon. It is
assumedhat preventive maintenanceeduceshe amountof available productioncapacity but doesnot necessarily
disableproduction. The SDPPsare usedto generatehe jumpsin the statefor the eventsof beginning maintenance
(denotedwith a superscripiof M) andfor the completionof maintenancédenotedwith a superscripof D). The
definingequationis givenby

dmaa(t) = 1= 8pi(t) 1 0 dPP (xi(t),1) 7 (19)

0 =t (t; ki ()6 ()1 dPM(xk;(t),t)
where

1, if  TM —ap(t) < ttg(t)

0, if TM —ap(t) > ttg(t)
is usedto ensurethat maintenanceoccurswith in the productionhorizon with the time-to-gofor the production

cri (G api(t)) = (20)

horizongivenby ttg(t) = T — t. The sojourntimesfor theseprocessesre givenby 1/AP (x;(t),t) = T and
1AM (x4 (t),t) = TM — ari(t), whereT} andT arethe averagedurationof the maintenanc@ndthe meantime
betweerpreventive maintenanceiespectiely. It is assumedhatpreventive maintenancahouldbe performedbefore
a failure which implies T < T. The momentsfor the SDPPfor preventive maintenanceshouldbe modeledas
the averagelossof productioncapacity 7%, andthe varianceof the lossof productioncapacityo}. Theduration
of preventive maintenanc@rocesgqD) is usedto restorethe valuefor the preventive maintenancetatusto 1 andhas

momentsgivenby Zy, = Zy; andol = 0.



The currentoperationabgeof the workstationis a monotoneincreasingfunction of time and of the numberof
piecesproducedwvhich canberesetto alower level by the performancef repairor preventive maintenanceTheage

of theworkstationevolvesaccordingto:
day;(t) = f(cr(t), t)dt — Hig (t; x5 (8)) AP (cri (8), 8) — High (85 x1i (1)) d Py (xxi (2), ), (21)

where HE (t; x4, (t)) and HE (t; xx;(t)) arethe coeficientsthat are usedto resetthe operationalagedue to main-
tenanceandrepairto a specifiedlower level, respectiely, with ag;(7x;) = a(7x;) wherery; is the time of the last

reset.

3.2. Global Surplus State Equation

Theglobalsurplusstateequatioris usedto trackthe productionof eachstagek to thatof thedemandexpressedsthe
numberof partsper unit time. The correspondinglobal statevariables(t), the surplusaggreyatelevel, represents
thesurplusif positive or shortfll if negative of the productionthathave successfullicompletedk stagesThe control,
ur(t), expressedasthe numberof partsper unit time, is usedto adjustthe productionratescy, (t) to compensatéor
changesn workstationstatusandsmalllocal effectsmodeledas Gaussiarprocess.The ideal for the manufcturing
systemis to have s;(t) = 0 for all £ andt which canbe donein the unconstrainedase. However, the resulting
productionratesmay not be physicallyrealizable thusresultingin a surplusor shortfll.

Thestateequationfor the surplusaggreatelevel for stagek is givenby
dsi(t) = [MTra(B)en(t) +ur(t) — di()] dt + g ()W (1) (22)

The changein the surplusaggreatelevel, ds(t), is determinedby the numberof piecesthat have successfully
completedk stagesof the manufcturingprocessthatarenot defective, andarenot consumeddy stagek + 1. The
firsttermon theright handsideof (22) representshe quantityproducedwvhich dependon the numberof operational
workstationsfor stagek. Thetermuy (t)dt is usedto adjustthe productionrate. Theterm, g, (t)dWy(¢), is usedto
modeltherandontluctuationsn thenumberof piecesproduced Theeffective demancbr consumptiorterm, dy, (t)dt,
is the consumptiorof the piecesproducedoy stagek by stagek + 1. Thesurplusaggreyatelevel, s, (t), is dependent
on the numberof operationalWworkstationswherethe processesor the failure, repair, and preventive maintenance
for the workstationds an embedded Markov chain (seeTaylor andKarlin [15], for instance).Theseeventsdescribe
the sojourntimesfor the discontinuougumpsin the surplusaggreyatelevel. Hence,the surplusaggreyatelevel is a
piecavise continuougprocessvhosediscontinuougumpsaredeterminedy the SDPPfor the workstations.
Themodelpresentedhereconsistf two tiers. Thetoptier, is the upperlevel of managemerthatis responsible
for determiningthe productionratesdy, (¢) for all £ stagesThebottomtier, is the plantmanagefor theassemblyloor
who is responsibldor maintainingthe workstations meetingthe productiongoal setby the top tier, andconsuming
piecesthatarein the buffers which is doneby augmentinghe productionratesdy, (¢). The plant managemeedsto
consumepiecesleft in the buffersin a specifiedway, for examplein a fixed amountof time or over the remaining
productionhorizon. The effective demandd, (t)dt, is usedto meetthe productiongoalsof bothtiers. Betweenstage

i ands + 1 thereis abuffer or storageareafor piecesproducedby stagei but not consumedy stagei + 1. Let b;(t)



denotethe numberof thesepieceswhich is determinedy
B fg [M;'—r, (T)ei(r) — ML_II‘1'+1(T)Ci+1 (7')] dr, if i<k

bi(t)
Jy M xs(7)ci(r) — di(r)] dr, it =k
notethatb;(t) > 0 for i < k by designdueto the constructiorof the productionratec(t). The effective demands

; (23)

usedto eliminatepiecesn the buffersin a specifiedway andis givenby:
. d;(t), if i=1
di(t) + bi(t)/7(t), if 2<i<k
wherer(t) is theamountbf time usedconsumehepiecesn thebuffersthatdoesnotdependnthestage Workstation

failurescanresultin large buffer values,so uponrepaira fixed amountof time is usedto consumethe piecesin the
buffers. At the endof thistime, a repairbuffer eventis generatedThe effective demandsaredeterminedvhenthere

is aneventwhichis a changen workstationstatusyepairbuffer, andthe startof the productionrun.

3.3. Cost Functional

The costfunctionalusedis thetime-to-go or cost-to- go form (6), usingthe stateparameterizeéull quadratidnstanta-
neouscost(7) thatis motivatedby a zero inventory or Just in Time manufcturingdiscipline(seeHall [9] andBielecki

andKumar[3]) while utilizing minimumcontroleffort. In this formulation,the costfunctionalemployedis:

ty
Vix;s,u,t] = % (s75s) (ts) + /t [%UTR2(t;X)u+Q1T(t;X)s dr (25)

with only thesurplusaggreyatelevel of the stateusedfor the cost. Thesalagecost,S(ty), is usedtio imposea penalty
on surplusor shortfll of productionat the endof the planningharizon. Thediagonalmatrix Q1 (¢; x) is the costused
to penalizeshortfall and surplusproductionduring the planninghorizon, maintaininga strict regimenon whenthe

consumablgoodsareto be producedandis parameterizely the stategivenby

—Qi., if sp(t)<0
Qurk(t;x) = Lk ; (26)

whereQ; , andek arepositive constantoeficients. Theterm Ry (¢; x) is usedto enforcea minimumcontroleffort

penaltysimilar to thatof (26).

3.4. Computational Considerations

To solvethis optimal controlproblem,assumeheregularor unconstrainedontrol (12). The statespaces partitioned

into locally stateindependensubdomainandthe solutionfor the nonlinearsystemof ordinarydifferentialequations
(13,14,15)is determinedThis allows the plantmanageof the manufcturingsystemto calculatethe desiredor ideal
productionrateandthe physicallyrealizableproductionrate. The productionrateusedis thephysicallyrealizablerate.
Let ny(t) denotethe numberof operationaklvorkstationson stagek andis givenby ny(t) = 17 rg(t), wherel

isa Ny x 1 vectorwhoseelementsreall 1. Theregularcontrolledproductionlevel for stagek anticipateghe effects

of workstationfailure,repair andmaintenancandsmalllocal effectsis givenby

0, if  n(t) =0 }

)

a5 (1) = ) ’ @)
cr() +u B (t)/ (M ri(t)), if  me(t) >0
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reg

wherew; ®(t) is the regular control. Note that with the assumptiorof regular control, the surplusaggreatelevel
will alwaysbe forcedto be zero,thereforethe regular controlledproductionlevel may not be physicallyrealizable.
The constrainectontrolledproductionlevel, ¢ (t), is the restrictionof the regular controlledproductionlevel to be

physicallyrealizableandis givenby
cx(t) = min[c} 8(¢), g (1)), (28)

wherecj***(t) is definedas
o 1, if k=1
e (t) = ) . . ) (29)
min [1, (c;_ ()M} re1(8) +0e(t)/7(t)) / (Mjxx(t))], if 1<k
for ng(t) > 0 wherethe maximumproductionrate, cj***(t), is the minimum value of the physicalproductionrate,

1.00 or full utilization, andproductionlimitations that arisedueto a shortfall of productionfrom the previous stage
dueto eithermachinefailure, maintenancegr defective piecesaswell asclearingpiecesn the buffers.

The computationahlgorithmfor solvingthe optimal control problemfor productionschedulingusestheregular
control. Firstthe statespaces partitionedinto locally stateindependensubdomainsDy = J, D, . It is assumedhat
theinitial statusfor all workstationsandthe surplusaggreyatelevel for all stagesareknown initially. The eventsof
startof production repairbuffer, workstationrepair, failure,andpreventive maintenanceareusedto determinewhen
the productionratesfor the manufcturingsystemneedto berecalculatedThefollowing stepsareusedto determine

theproductionratesandthe surplusaggrejatelevelsfor all stagedor a giventrajectorywhenaneventoccurs:

1. Basedonthecurrentstateof the systemtheappropriatdocally stateindependensubdomainis selectecandthe

coeficientsfor thedynamicsandcostfunctionalaredetermined.
2. Theeffective demandatesaredeterminedrom (24).
3. Thesystemof equationg13,14,15)s solvedto determineS(t), D(t) and E(t) respectiely.
4. Theregularcontrol,u,g is determinedrom (12).
5. Theregularcontrolledproductionratesaredeterminecy (27) for eachstage.
6. Theconstrainedontrolledproductionratesc; (t), aredeterminedy (28) for eachstage.

7. Thesurplusaggrayatelevel for eachstagek atthecurrenttimet is setto thecumulative differencebetweerthe

productionandthe demandwhichis givenby sy, (t) = fot Mt (T)ck (1) — di(1)] dr-

8. Theconstraineatontrolledproductionratesareusedasthenew ratesfor operationaivorkstationson eachstage,

thatis cx (t) = ¢ (t).

4. Numerical Examplefor Production Scheduling

For numericalconcretenessonsidera manugcturingsystemwith £ = 2 stageswith a planninghorizonof 7' = 80
hours. Let the initial surplusaggreyatelevel for all stagede zero,the demandbe 145 piecesper hour for all stages
(d1(t) = da(t) = 185), the total numberof workstations,V;, for eachstagebe 3 and 2, respectiely, the Gaussian

randomfluctuationsof productionis assumedabsent(g;(t) = 0 for i = 1 and2). The operationalcharacteristics
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for the workstationsare summarizedn the tablebelon. During preventive maintenanceindworkstationfailure no
productionoccurs. Therefore the momentsfor the momentdor the statedependenPoissonprocesses (18), (19),
(17), and (21) are given by EkFi = 75; = 72 = 7214- = 1 with all covariancesbeing0. Assumethatwhenthe
operationabgeof a workstation(21) is reseteitherdueto a repairor preventive maintenancéhe operationabgeof
theworkstationis setto zeroandthatthe agingprocessds basedn the amountof time operationabnly. Thisimplies
that, f (cx(t),t)dt = 1 andH[(t) = HE(t) = i — t — agi(7ri), Wherery,; is thetime of the lastreset(initial value
is 0) anday; (7y;) is viewedasa parametethatrepresentsheageof theworkstationatthelastresetwhichis zerofor
all 7,; # 0 andis specifiedn thetablebelow for 7; = 0. For repairbuffer eventslet (t) = 4, andr(¢t) = T = t for

all otherevents.

Production | Operational| MeanTimes(hours)
Stage| Workstation|| Capacity My; | Age,a;(0)

k i (pieces/hour)|  (hours) Y
1 1 65 13 170 | 6 85 2
1 2 70 60 180 | 8 90 2
1 3 75 0 220 6 | 110| 2
2 1 135 6 190| 8 95 2
2 2 115 50 170 7 85 2

This manufcturingsystemconsistsof 20 local and2 global statevariablesfor a stateof dimension22. Define
thelocal statevectorsas(t) = [x11(t), x12(), *13(£), %21 (), x22(£)] ', for the available productioncapacityx = r,
operationaktatusx = o, preventive maintenancetatus« = m, andcurrentoperationabgex = a. Definethe global

statevectorfor the surplusaggreyatelevel ass(t) = [sl(t),32(t)]T. Thetotal stateandcontrolvectorsaregivenby
X(1) = [x(), s(®)]" = [o(t), m(t), r(2), a(t), s®)] ,  ult) = [u (), ua(®)] - (30)

The costfunctionalusedis (25) wherethe coeficient matricesaregivenby

0.14 0 32000 0 — =012, = =0.14,
S(ty) = 55 = . RE)= , s
0 017 0 32000 QF, =008, QF, = 0.10,

By comparingthe coeficientsof (1) with the stateequationgor the manugcturingsystem(18), (19), (17), (21), and

(22) thedeterministiccoeficientsaregivenby

O15%1
0 0 0 020 x: 1
A(t) _ 20x10 20x5 207 , B(t) _ 20x2 , C(t) _ A5><1 7 (31)
O2x10  Ma(t) Oazxr Iryo di(t)
dy (t)
where
MA(t): Mncl(t) Mlzcl(t) M1361(t) 0 0 '
0 0 0 lecz (t) M22 Co (t)

Definethesety = {11, 12, 13, 21, 22} whichis anindex setfor the stageandworkstation,respectiely. Define

thediagonalmatrix A . suchthatthe (4,4) components givenby .. .. Theonly nonzero stochastigrocessand

12



correspondingoeficient matrix givenby

IPR(X(0).1) I Aoo —Ara 05 x5 Osx5 ]
IPF(X(1).1) O5x5 Osx5  Isxs —Am,, 1 —Ar 1
dP3(X(t),1) = PP | H3(t) = | A0 —Arpn Ioxs —Bmyn —Ana |
AP (X (1), 1) —HF(t)  Osxs —HP(t) O5x5
O2x5 O2x5 O2x5 O2x5

with —HF(t) = —HP(t) = diag [y, — t — a4, (7,)]5 5, Wherediag[v] = [v;d; j]rxx is the diagonalmatrix rep-

resentatiorof the k x 1 vectorv andthe statedependenPoissonprocesses$or « € {R, F, D, M} aregivenby
dP*(X(t),t) = [dP} (X(t),1)]

Usingtheabove numericalvaluesthealgorithmpresentedh Section3.4.canbeusedto determingheproduction

5x1°

ratesfor the manufcturingsystem.Considerthe samplepathtrajectorydescribedn thetablebelow.

EventTime | Stage| Workstation Event Duration
(hours) (hours)
15 2 2 failure 7
22 2 repairevent 4
30 1 2 maintenancg 2.5
72 1 1 maintenance 2

Theconstraine@ndregularcontrolledproductionratesfor themanugcturingsystemaregivenin Figurel. These

productionratesshow the anticipationof workstationrepair, failure,andmaintenanceln Figure2, thepercentelative

Regular Controlled - Stage 1 Regular Controlled - Stage 2

T T T T T T T 1.08 F T T T T T T T .
1.05 —

[} - Q

= - 5 098 E
© o097} 4
c : c

S § o088 i
S 089 4 g

3 3 o078f g
o o
a 081 B T

0.68 - - 4

0.73 | —
0.58 1
0O 10 20 30 40 50 60 70 80 0O 10 20 30 40 50 60 70 80
Time into Planning Horizon (Days) Time into Planning Horizon (Days)
Constrained Controlled - Stage 1 Constrained Controlled - Stage 2
1 T T M T T T IW 1 T T T T T T T

I N o S —

£ o0l 4 2 ot .
o4 o4

S ossf 4 & o84 .
s} ks}

3 082 4 3 076 1
< e

& o7el | & os6s8F ™ T

0.6 =

0 . 7 T | MMWWW 1 Bl P, 1 1 1 1
0O 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80

Time into Planning Horizon (Days) Time into Planning Horizon (Days)

Figurel: Regularandconstraineatontrolledproductionratesfor stagesl and?2.

erroris given. At the final time of the planninghorizonthe percentrelative erroris (0.2252,0.2252) 7. Theresults

presentedhererequiredapproximately30 wall clock second$o completeon a SunUltra 5, with amemorydemandbf

13



2.064megabytes.

Percent Relative Error

05} X ""% R
|

-0.5 - Stagel + ~
Stage2 x
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-15

1 1 1 1
0 10 20 30 40 50 60 70 80

Time into Planning Horizon (Days)

Figure2: Percentelative errorfor stagesl and?2.

5. Conclusions

The LQGP problemwith statedependenPoissonprocesse$orms a canonicaltheoreticaland computationamodel
thatdoesnotsuffer from thecurseof dimensionality Theinclusionof stateparameterizedoeficientsallow for greater
flexibility in the modelingof physicalsystemsTheextensionto afully quadratic stateparameterizedostfunctional
allows for thecontrolto beselectedn avery generalway. The productionschedulingpf the multistagemanugcturing
system(MMS) is a real physicalproblemthat exploits the functionality of the LQGP problemto solve a complex

control problemwith a large statespacewhich requiresa small amountof computationatime. The MMS example
illustratesthe paower andfunctionality of the LQGP problempresentedn this paper

References

[1] R. AkellaandP. R. Kumar, “Optimal Control of ProductionRatein a Failure ProneManufacturingSystent,
|EEE Trans. Autom. Control, vol. 31, pp.116-126 Februaryl986.

[2] R.E.Bellman,Dynamic Programming, PrincetonUniversity PressPrincetonNJ, 1957.

[3] T. Bielecki andP. R. Kumar, “Optimality of Zero-InventoryPoliciesfor Unreliable ManufacturingSystems,
Operations Research, vol. 36, pp.532-541 July-August1988.

[4] E. K. BoukasandA. Haurie, “ManufactureFlow Control and Preventive Maintenance:A StochasticControl
Approach, IEEE Trans. Autom. Control, vol. 35, pp. 1024-1031 Septembel990.

[5] E.K. BoukasandH. Yang,“Optimal Controlof ManufacturingFlow andPreventive Maintenancé,| EEE Trans.
Autom. Control, vol. 41, pp.881-885,Junel996.

[6] A. E.BrysonandY. Ho, Applied Optimal Control, Ginn, Waltham,1975.

14



[7] C. Dupont-Gatelmand;A Surwey of Flexible ManufacturingSystems, J. Manufacturing Systems, vol. 1, pp.
1-16,1982

[8] I. I. GihmanandA. V. Skorohod,Stochastic Differential Equations, SpringerVerlag,New York, 1972.
[9] R.W. Hall, Zero Inventories, Dow Jones-lrwin Homewood, lllinois, 1983.

[10] F. B. Hanson,"Techniquesn ComputationalStochastiddynamic Programmingd, Digital and Control System
Techniques and Applications, editedby C. T. LeondesAcademicPressNew York, pp.103-162,1996.

[11] F. B. HansonandJ.J.Westman;ComputationalStochastidViultistageManufacturingSystemswith Strikesand
Other AdverseRandomEvents; to appearin Proceedings of 14th International Conference on Mathematical
Theory of Networks and Systems, MTNS2000, 10 pages20 June2000.

[12] J.KimemiaandS.B. Gershwin,"An Algorithm for the ComputerControlof a Flexible ManufacturingSystent,
[1E Trans., vol. 15, pp.353-362,Decembe 983.

[13] H. J. Kushney Probability Methods for Approximation in Stochastic Control and for Elliptic Equations, Aca-
demicPressNew York, 1977.

[14] G.J.OlsderandR. Suri,“Time-OptimalControlof Parts-Routingn a ManufacturingSystemwith Failure-Prone
Machines, Proceedings of the 19th IEEE Conference on Decision and Control, pp.722-727,1980.

[15] H. M. TaylorandS.Karlin, An Introduction to Sochastic Modeling, AcademicPress SanDiego, 1984.

[16] J.J.WestmarandF. B. Hanson, The LQGP Problem:A ManufacturingApplication; Proceedings of the 1997
American Control Conference, vol. 1, pp.566-570,Junel997.

[17] J.J.WestmanandF. B. Hanson,"The NLQGP Problem: Applicationto a MultistageManufacturingSystent,
Proceedings of the 1998 American Control Conference,vol. 2, pp 1104-1108,Junel1998.

[18] J.J.WestmarandF. B. Hanson, ComputationaMethodfor NonlinearStochasti®ptimalControl; Proceedings
of the 1999 American Control Conference, pp 2798-2802,Junel999.

[19] J. J. Westmanand F. B. Hanson,"State DependentlumpModelsin Optimal Control; Proceedings of 38th
Conference on Decision and Control, pp.2378-2383Decemben1 999.

[20] J.J.WestmanandF. B. Hanson,"Nonlinear StateDynamics: ComputationaMethodsand ManufacturingEx-
ample’; International Journal of Control, vol. 73, pp.464-480 April 2000.

[21] J.J. WestmanandF. B. Hanson,"MMS ProductionSchedulingSubjectto Strikesin RandomEnvironments),
acceptedn Proceedings of 2000 American Control Conference, pp.2194-219828 June2000.

[22] J.J.WestmarandF. B. Hanson;'ManufacturingProductionSchedulingvith Preventive Maintenancén Random
Environments, to appearin Proceedings of 2000 |IEEE International Conference on Control Applications, 6
pagesn ms.,Septembe000.

15



