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Abstract

The standardproblemof groundvaterpollutantremediation
by well pumpingis modeledasadiscrete-timd QG stochas-
tic optimal control problem. The controlis approximatedy

usingavariationof differentialdynamicprogramming DDP)

that includessystematicperturbations. Kalman filtering is

usedto estimatethe partially obsened statevariablesin a

tractableformat. This is a filtering applicationof the DDP

methodusedby the authordn anearlierperturbatiorpaper

1. Intr oduction

Well pumpingis the currentstandardnethodfor groundva-
terpollutantremediatiorj7]. Onewayit canbemodeleds as
a partially obsenred discrete-timestochasticoptimal control
system.The systemis approximatedn this paperby system-
atic perturbationglueto small stochasticoise. The analysis
of the problemis a variation on that usedby Kitanidis and
co-workers[6], for approximatesolutionsto the optimalcon-
trol, utilizing differentialdynamicprogrammingDDP)[4] to
find an analyticsolutionfor the discrete-timeproblemwith-
out searchingthe whole statespace. However, calculations
usedherefollow the systematigerturbationof the optimal
controlproblem with correctionsgivenin anearlierpapetby
KernandHansor5], andarebriefly reviewedin Section2.

The motivation for the groundvaterapplicationis also
influencedby an exampleof Culver and Shoemakr [1]. A
key variationis thatthey donotconsidemary stochasti@vents
in theirmodel,while themodelusedhereincludesa Gaussian
randomprocess.Thereare otherdifferencesn the objective
andstatetransitionequationsaswell. While themodelused
herehasa limited numberof variables,DDP lendsitself to
larger scaleproblemsin applicationssuchasresenoir man-
agemen{6] andgroundvaterquality remediation3, 1] that
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otherwiserisk computationatompleity dueto alargenum-
berof variableq2].

A three stage stochasticoptimal control problem in
discrete-timeaxampleis formulatedin Section3. The reg-
ular controlfor eachstages foundin Section4.

The presencef white noisein both stateand obsera-
tions make an accurateestimationof the statemoredifficult.
An accurateapproximationfor the stateat a particularmo-
ment,giveninformationupto thattime step,shouldminimize
theinfluenceof the stochastiprocessesThe Kalmanfilter-
ing equationglo exactly this by minimizing the spreacf the
errorestimateprobabilitydensity[8]. Thestateestimatdilter
will beexaminedin Section5.

2. General Control Problemand StochasticPerturbation

Thegeneraliscrete-timestochastioptimal control problem
hasthe expectedotal costfunction,
N -1
fn@En) + ck (L, Ur) |
k=1
wherefn is thespecifiedfinal costfunctionande, is the kth
stagecostfunctionfork = 1,..., N — 1. Theexpectatiornop-
erator B, = II,_' E.,,, denoteghe expectationover inde-
pendentiscrete-timenoisew, SO By, is separabl&etween
stages.Theoptimalobjectie is to minimizethe expectedo-
tal costfunction(1) subjectto thelinearstatetransitionequa-
tion [6],

Thp1 = PrZh + Yty + fix + Wk, k=1,...,N —1,

U] = Eqw) D)

@
where®; and¥; areknown stateandcontrolcoeficientma-
trices,respectiely; thestateof thesystemz;, isan x 1 vector;
the control 4@y, is am x 1 vector; i isan x 1 known input
vector;andwy, is anormallydistributed,n x 1 randonmvectot,
suchthat

Bu, [@]=0, Eg)ldnd]=Qudu, (3)

for k,1 =1,...,N — 1, wheredy; is the Kronecler delta. In
contrasto [5], @, ratherthand;. 1, is appliedhereat stagek.



Theoptimalexpectedotal costis

N-1

min [J] = mln Eqwy fN(:I:N +ch xk,uk)]], 4)
k=1

whereming,, = II"";' min, ,, satisfyingthe Principleof Op-

timality separabilityproperty of the minimization operator
neededo apply deterministicdynamicprogrammingwhile

separabilityof the expectationoperatorover the stagegper

mits stochastialynamicprogramming.Thefinal costcondi-
tionis v = fwv(&nv) = Iy (@~), Wherethe “x” denoteghe
optimalvalue. Usingthe Principle of Optimality andsubsti-
tuting for #x from the statetransitionequationtherecursve

decompositiorior stage(V — 1) is

JN_I(fN_hﬁN—l) = J;V(fN)'f‘CN—l(fN_hﬁN_l)
= £V(¢N—15N—1+\I’N_16N_1
+ fAN-1+Tn—1 (5)

+ CN—l(fN—l,ﬁN—l))

However, the optimal cost-to-gofunctionfor the kth stageis
usedfor therecursion:

@) = J(Fx)
= Hul;n (B, [ fr+1(Zrt1) + cr (Zx, @)
= rﬁn (B, [ fetr1(Pr@r + Yrily + fix + Tr)
+Ck(fk,ﬁk)]]. (6)

Therefore,the cost-to-goat stagek is minimized given the
cost-to-goat(k + 1)st stagehasbeencomputed.

Sincein (2) the controlaffectsthe stateat the kth stage,
both4, andz, areexpandedo orders?,

@ = @0 +oid)) +oi +0(c”), 7
& = 0 +od) +0%77) +0(c?), (8)

whereg is the cwariancescalingfacto: o® = TracgQy] with

0 < o < 1 for smallnoiseandw, = o\, Substitutingnto
thetransitionequation(2),

~(0)

Thtr = q)k% +‘I’ku ‘Hﬂm 9)
gl = <1>kf<1>+xpm1>+w,§>, (10)
2l = o) + v, (12)

uponequatingcoeficientsof ¢, ¢! ando?, respectiely.

For the minimization in (6), the partial derivative of
fx(Zr) with respectto @ is setequalto zeroto determine
theminimum:

0 = E“’k [qlgvl’k+1[fk+l]( _»fc-&-l +Gf§cl-£1 +02i"§(2_£1)
+Vu, [ck] (f,(co) + U;'z:’,(cl) +o ;1:(2) _’(0) + o "(1)
+otal))+ 0%, (12)

usingthe expansionq7, 8). Note that condition (12) lacks

constraintssoleadsto regularoptimalcontrolﬁr%g wforj=1

to N which is emphasizedherefor brevity, ratherthanmore
generalandcomputationallycomplex optimal control. Also,
sincethe statedepend®n the controlfrom (2), # — &) ,.
but here,the state“reg” subscriptis suppressedo keepthe

subscriptgelatively simple.

Next, Taylor approximationsare used,assumingsuffi-
cient differentiability of f11 andcx, aboutz|”, for f. and
aboutz” and#” for ;. Applying the expectationopera-
tor, notingthat s, = o', andcollectingtermsof the same
order theleadingorderequationsare

ordi¢®): 0 = \IlszHl[ka](fﬁ)rl)
+Vu len (@ T ) (13)
ordc!): 0 = (\IJTVZWVZHl[ka]( AL
+V0, VT L)@, 38 k)) 29 @4
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Y VE ) ) ) g
The zerothorderequationfor the regular control, i.e. ﬁ% .

is genuinelyimplicit andnonlinearsincec;, is nonlineatin .

Theord(c') equationis placedin operatomotation:
6: gok' (1)+Ho k‘ﬁ(r;?ky (15)
where
-0) (0

go,k = go( o ufé k)

= UiV Vo lfin]@)®e (16)
+Vuk Va:k [Ck] (fEQO)ﬂ ﬁr(&; k)
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sothatH, , is the Hessiarmatrix with respecto the control
vector This notationhelpsto simplify theord(¢” ) equation:

0 = go,kf}f)—i-?-lo,kﬁ%,k
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where“A : B” is the trace of the matrix product AB7,
andQ® = B, [@.@]]/o*. We cansolve for the regular
controlirey, , provided?, is invertible.

3. Example Control Problem Formulation

As statedpreviously, the motivation for this examplecomes
from [1]. Modifying thecontinuousmodelin [3], aquadratic
final costanda small quadraticterm addedto the stagecost
functionareincludedhere,changinghe examplefrom a sin-

gular control problemto an LQG problem(linear dynamics,
quadraticcostsand Gaussiamoise). Here,a more concrete
examplefor the costfunctionsis usedthanin [5]. For the

momentconsidertthethree(N = 3) stagecase.

Thediscrete-timestochastioptimalcontrolproblemhas
thecostobjective

0= Bpuy | f5(3) + > cu (@ i) |
k=1

(19)

wheref;(#3) = 143 S373 is the specifiedquadratidinal cost,
with S7 =S5 andSs > 0, and

S o - T, 1 p,
ek (Zr,Ur) = (a — Hkﬂ_) U + ieuguk,

is the kth stagequadraticcostfor k£ = 1, 2, with smallparam-
etere, wherea; = 1.1 x 10~ ? is thetreatmentostcoeficient,
andg; =107° is the pumpingcostcoeficient,for i = 1to 2.

The objective will be minimized subjectto the linear
statetransitionequation(2) with N = 3, and &, Uy, uy, are
definedfrom the groundwater equations. The statez;, is a
2 x 1 vectordefinedas:

S Hy
- 2]

whereH, is the hydraulicheadandC, the pollutantconcen-
trationatthe obsenationwells for stagek. A singleobsenra-
tion well is assumedo be locatedat the samesite asone of

two pumpingwells. Thecontrolis assumedo bethepumping
ratein liters persecondat eachpumpingwell, sothe control
is a2 x 1 vector The control constraintfor the kth stageis

0< up,; <25.3,fori,k =11t02. Thevalue25.3 waschosen
basedon valuesfrom Table 2 in Culver and Shoemakr [1],

p.828.

(20)

Theexampleoptimalexpectedotal costis

min[J] = r?%l {E{w} [%f§S3f3 (22)

+3 (@-ma) e+ %eﬁ{ak)H .
k=1

f3(@s) = K (5).

Thefinal costconditionis denoteddy Js =

4. Finding the Control

The equationsfrom Section2 will be usedto find the regu-
lar controlfor this problem. The resultsfollow thoseof the
generafeedbackcontrolfor the LQG problem.

Stage2 Control. Recallthe cost-to-gdrom (6) is

fo(@2) = min[E., [fs(PoFs + Yois + 2 + W2)

Us

tea(Fs, i@2)]] - (22)
Making the appropriatesubstitutionsnto (13) gives
0= 0% S3(®28s”) 4+ Waitl® + jin) + @ — HVF +ed® (23)

sothati?, , = L@, + K, where
L2 = —H;égo,z, K2= —H;,;(\IJQTSsﬁz + a),
Hoo = U S3Wy + €y, Goo = (U3 S3Py —3)7
~_ B 0 B S
=108 - 1 a.

andI isthe2 x 2 identity matrix,assuming,» is invertible.
Theord(!) equation(15)andord(c2) equation(19) have the
sameform:

0=0o,2

for j = 1 to 2, noting that third derivatives are zero here.
Notethatall threeordersfor theregularcontrolhavethesame
affine form with the samelinear coeficient .. Thus, the
optimalvaluefor this stagefrom (6) is

_,(J) + Mo, ‘*(J) = ﬁr(ég)zz =L29?§]), (24)

S 1 o 0 (0T
(i) = 5ﬁe§;353-ﬁeg;3+a$r(eg);3s3
(<I>2x D+ Wil s +0 (<I> B+ Woilte) ))
o 1) e (D)
+753 : ((‘I’gd)z +\112ureg,2)
T
(sz(l)-f-\llzﬁ(l) ) +Q(0))
2 reg,2 2
+(a-pa") o
0)T (1 (2
o (~ig2 (a0 40

+ (a - ﬂf(o) +e_'(0) ) (ﬁﬁé&

(25)
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wherezig) , = ®2& + iy , + fiz, andthe controlis given
by theregularopnmalcontrol

2
Treg,2(&2) = K2+ Z Ujszg) +0(?)
i=0

sz + Lo&s + 0(0'3),

= j—
Ureg2 =

(26)

consistentith the linear (affine) feedbackcontrol form for
the LQG problem.



Stagel Control. The expectation,expansionand op-
timization of the O(¢°) equation,using (6), (26) and (26),
yields

0= oid;5 (521_7§0) +ﬁ2) - ‘P?BT( 2 _'(0) +’C2)

ol LT (62 - @z;@) +euTLT (Lza?g‘” + 162)

+a — B0 + e, 27)
where®, = &, + ¥,L, and fa = jia + ¥2Ks. Assuming
invertibility of 74, ,, thecoeficientof ) in (27),then

ey = Li#\ + K1, (28)
where
Hoy = VTOTS30,0,— 0T (B’TLZJFL;FE) o,
Je (I +¥ LT Ly¥),
L, = —Ho_,ll (‘I’T6553$2¢1—\I/¥1 (ﬁLz"‘L?E) P,
10l L Lo®1 ) ,
K = —'H;ll (\I/{:fgSs (62/71 + ,172) (29)
_‘I’T (,@TLQ + Lgﬁ) i+ ‘I’?Lg&
TXT > T ,T — 4 —
VU1 3 Ka+e¥ Lo (Lzul +’C2) +Oé) .
Similarly, dg , = I, 7" andifgy, = L7, so
treg1 = K1+ L1id1 + O(0®), (30)

729 + oV + %7 + 0(6®). Notethatif

assumingz, = o
= 0.

#=2"is speciﬂedihenﬁr(eg L= ﬁﬁgg .
5. Filtering: Finding the StateVariables

Thehydraulicheadandpollutantconcentrationi.e., the state
variables,at a given stageare found during the final part of
dynamic programming,the forward sweep. However, the
stochastiprocessepresentn thestatetransitionequation(2)
meanthat substitutionduring the forward sweepcould lead
to inadequateesults. This problemlendsitself to filtering,
which minimizesthe spreadf the errorestimateprobability
density thuslimiting the effect of the randomprocesson the
stateestimatgStengel8], p. 342).

The statetransitionandobsenationequationsare
(31)
(32)

wherez, is theobsenationvector 1, is theinformationma-
trix, and, is a discrete-timeGaussiamoise,assumednde-
pendentsuchthat

Q4 Ty + Vi up + fix + Wk,

Zy = MpZy + Uy,

Tht1 =

-

E’Ulc[’l_jk] = 03
R0 = 0®R? by,
0 for k,1 =1,2 and k #1.

Epylad'] =

L, T
E{wk,vl}[wkvl ] =

Stengel[8], p.343pointsout that the Kalman filtering
equationonly work for acontrolvectorknown withouterror.
Hence,we will usethe earlierdynamicprogrammingesults
thatgave anaffine feedbacloptimalcontroli, = LZx + Kk,
neglectingtheO (¢*) perturbations.

TheKalmanfilter equationg8] are

(Pr 14+ Y 1 L 1) T 4 + Bk

T, =

= 51«_1 :/1:\,:_1 +ﬁk—1, (33)
Pr = By Bj‘_l?{;;‘f_l +Qr—1, (34)
Ki = PyMT (MyPyMT+R) ", (35)
T = T + Kk (Zi—- My ), (36)
Py = (I- K.M) Py, @37

wherez,_; is the estimatedstatevariable. The plus or mi-
nus indicatespre-updateor post-updatdor that time stage,
respectiely, suchthat the state estimateerror is given by
Tt = #, — 7. The stateerrorestimatecovariance,P;, is
definedasp = EzF 7i").

Stage?2 State Estimate. This stageis crucial in ary
multi-stage Kalman filter becauseit involves calculations
with the initial state. It is reasonabléo assumethat there
is a stochastigartto the initial condition. In orderthatthe
problembeworkablenumerically aninitial guesds needed:
7 = El&) = 7% = 2\”*. Note thatthereare no higher
orderterms. The error on this estimateis preciselyz, =
# — 71 = oz, Theerror estimatecovariancefor the ini-
tial stageis by assumption

E [5:!:5:!:T]

0; PV =

2P(2)i 2A(2)7é0

0; P1(3)i:0; RPN

PE =

=p° = (38)
givenA{?, assumingonsisteng with the smallnoisetransi-
tion andobsenationequationrmodels.

Usingthe asymptoticallyexpandedstate(8), eachorder
will befound separatelyPuttingtheinitial estimateinto the
stateestimateextrapolation(33) gives

75 =%+ (39)

The pre-updatestateestimategnoting that {*’ = 7, above)
are

ORI R OSSN ORI S OR (40)

Sincethe initial covariancematricesfor the stateerror
andstatenoiseareboth O(g> ? the stateerror covarianceex-
trapolation(34) becomesP!>~ = ,A 3T + @'*, andall
other higher order coeficients are zero. Another result of
equation(38) is that the Kalman gain matrix also hasonly
onetermthatis non-zero,

-1
K® =P My (M PP M +R(Z>) =K»  (41)



Also, the covarianceupdatetermis
PPt = (I - KMy PP~

(I — KsM,) ($1A52>$1T + Q?)) . 42

andall otherhigherordercoeficientsarezero.

Theinnovationprocessn the stateupdateequation(36)
canalsobereducedy appropriatesubstitutionsgielding

52—M252 :szz-i—o'vz —szz—Mz:L’z-{—U’U(l). (43)

The stateerror for stagetwo, unlike the previous stage,has
additionalhigherorderterms: z, = oz{" + 02z{" + O(0?),
therebeingno termof O(¢?), sinceby equat|or(39)

FO+_ 300 _ g0 (g ~(0 )++ﬁ1) -G (44)

Therefore the innovation processdoesnot effect the largest
orderequatiorandthedeterministidermof thestateestimate

"% = (9~ is unchangedby filtering. The stateupdatefor
thenext two orderterms,using(40), are

30" 4K, (ggﬁ _Mﬁgj)—) — K2, (45)
for j = 1 and2, dependingnly onthe secondstageobsena-
tionsamplifiedby the secondstagegain.

Stage3 State Estimate. The stateerror covariancefor
thethird stage,P; = ,P”’T®7 + Q,, is onceagainasingle
term of ordero?, sincePy = o>PP" andQ, = «2Q%.
Therefore the Kalmangain matrix onceagainconsistsof a
singleterm:

—1
KO = P ME (M3P§2)‘MT+ R(z)) =K. (46)

The pre updatestateestimatés z; = .7} + i, where
~0) _
My = /Lz,

307 23,50% 47, 397 = 3,30 =8, K, 29,

for j = 1 and2. The erroronthls estimateis at mostO(o)
sinceby equation(44),

Ego)— — fg’o)_ (52@0)4_*‘/72) :<AI>2§E§0)+:(T. (47)

Thereforetheinnovationprocesss zerofor this orderis

-

Ks (z*;” M3~ ) = K3 M3("™ =10,

andhencehelargestordertermof theestimatdor stagehree
is unefectedby filtering, 7O+ = 20~ = @,2* + 7. The
remainingtermsof the stagethreestateestimataare

39 1K, (%]) Mz~ )

Kg,géj) =+ (I — K3M3) C/ﬁgng_';j),

i\gj)Jr

(48)

foryj = 1 and 2, dependenton both the secondand
third stageobsenations,given gainsand modelcoeficients,
with the only updated covariance term being P{»* =
(I — K3Ms) P~

6. Conclusions

Theadditionof a Gaussiarstochastiprocessith systematic
noiseperturbationgo a varianton anexampleof Culver and
Shoemakr[1] suggestshe useof filtering to obtainareason-
ablestateestimate . The Kalmanfilter usedheregivesa more
tractableestimatefor the statethan simply using the state
transitionequation. When combinedwith the DDP approx-
imationfor theregularcontrol,a goodapproximatiorfor the
optimal controlpolicy andthe minimum costscanbe found.
The regular control hasthe form of thatfor a generalLQG
feedbaclcontrolpolicy. As expectedfiltering doesnoteffect
thelargestordertermof the stateestimatewhichis determin-
istic. Futuredirectionsinvolve the developmentof efficient
computationaprocedures.
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