MATHEMATICAL SCIENCE PRELIMINARY EXAMINATION

Friday, April 26, 2002 1:00-4:00pm

The exam is based on questions from the ar€&sd Dynamics and Computational Finance
There are 4 questions in each area. Each question is worth 20 points. All questions will be graded,
but your score for the examination will be the sum of the scores of youlHbe& questions.

Use a separate answer booklet for each question, and do not put your name on the answer booklets,
instead put the number that is on the envelope the exam was in. When you have completed the
examination, insert all your answer booklets in the envelope provided. Then seal and print your
name on the envelope.



Computational Finance

1. The price of a non-dividend paying ass#t) is modelled by the SDE:
dS = u(S,t)dt + o SdW

wherelV () is Brownian motion,. is the real world return, and is the volatility. Also,
assume is the risk-free interest rate.

(a) Derive a Black-Scholes type equation fafS, ¢), the price of a European call option
on this asset with expiratioi and strike priceF’. Be sure to state the final pricing

problem completely.

(b) If you need to replicate the call option using the asset and bonds, give the amount of
each that is needed at timéo be perfectly hedged.

(c) Ifthe asset pays a continuous yieldoflerive a new Black-Scholes equation that takes
this into account.

2. Let X be normal with meam: and variancer*t. Compute E*]. Note: This is a common
calculation in computational finance.

3. The risk-neutral dynamics of a stock priSét) is given by

dS = rSdt + o SdW

wherelV (t) is Brownian motiong is the volatility, and- is the constant risk-free rate. Let
M (t) be the value of a money market account with{0) = 1, i.e. $1 is invested initially at
time 0, which earns the risk-free rate

(a) Find the SDE for the relative price of the stock,, using the money market account
M (t) as thenumeraire

(b) Let V; be the value at timeé of a contingent claim or¥ with payoff V- at timeT'. If
Z is the relative price of the contingent claim using the money marigteraire then
state a formula for the price of the claimtah terms of an expectation of the payoff at

T.
(c) Explain the general principle used in the pricing formula in the previous part.

4. Consider the SDE:
dX =oXdW, X(0)=uxzg
wherel¥ () is Brownian motion.

(a) Find thestrong solutiorof the SDE with the given initial condition.

(b) Constructthe conditional probability density functigix, ¢; xo)dx = P{X (t) € (z, x+
dx)| X (0) = x).

(c) Whatis BX ()| X (0) = x0]?



Fluid Dynamics

5. The Euler equations for the velocity vectér, ¢) of an incompressible, inviscid fluid are
ov
ot

(a) Obtain the equations for the vorticity = curl v

+(F-V)i=—-VP, V- 7=0

(b) Explain why in 2-dimensions the velocity can be written as the perpendicular gradient
of a scalar field)(z1, x5, 1).

(c) Write the vorticity equation in terms af.

(d) Show that any function(z, zo) such thatv2y = f(v) satisfies thesteadyvorticity
equation.

6. Consider the Euler equations in the previous question. Prove Kelvin’'s circulation theorem,
namely in 3-dimensions
dr
dt
wherel’ = ¢, ,, 7ds and? is the velocity which is a function of space and time and) is
a closed curve that moves with the fluid.

0

7. The speed(y, t) of a viscous fluid satisfies tHeoundary layerquation

ov
ot~ oy?
with
v(y,0) =0, y >0, att =0
v(0,t) =V, v(oo,t) =0, ¢t>0.

Use the similarity variable = y/(yt)'/? to solve this problem foo = f(n). Herey andV’
are constants.

8. Consider the system of ODEs that govern the evolution of a high frequency perturbation of

a steady flowi(Z):
7 N\ T
dk_ (2 ¢
dt 0x

db A\ - AN

di (a) ' Km) ] P
In the case of a 2-dimensional flqvwvith stream function) = x;2z,. Show that there exists
a solution to this system such that = ¢’. Hence explain why this flow is unstable(gﬁ)

denotes the matrix with entrie(%) 1.
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