MATHEMATICAL SCIENCEPRELIMINARY EXAMIN ATION

Monday April 30,2001 1:00-4:00pm

The MathematicalSciencePreliminaryexaminationcoversthe areasof Applied Optimal Control,
ComputationaFinance and Mathematicof Fluid Dynamics. Studentslectto answerquestions
in two of theseareas.

This examis basedon questiondrom the areas:Applied Optimal Control and Computational
Finance. Thereare4 questionsn eacharea.Eachquestionis worth 20 points. All questionswill
be graded,but your scorefor the examinationwill be the sum of the scoresof your bestFIVE
questions.

Useaseparat@answeibookletfor eachquestionanddo not putyour nameontheanswetooklets,
insteadput the numberthatis on the envelopethe examwasin. Whenyou have completedthe
examination,insertall your answerbookletsin the ervelopeprovided. Thensealand print your
nameon the ervelope.



Computational Finance

. The price of anassetS(t) is modeledusinggeometricBrownian motion with meany and
volatility o.

(a) Statethestochastidifferentialequation(SDE)for the price S(t).

(b) Derive anSDEfor log S(t)

(c) UsingtheSDEin (b), find theprobabilitydensityfunctionthattheassepriceis S(1') =

S giventhatS(0) = S.

(d) ComputeE[log S(t)]?
. DerivethepricingequationBlack-Scholesype)for aEuropeamputoptiononanon-dvidend
payingassetvith price S(t), which follows a geometricBrownian motion with meany and

volatility o. Assumetherisk-freeinterestrateis ». Whenyou have completedhederivation
be sureto statecompletelythe problemfor pricing the put option.

. Considerthe price, ¢(S, t), of a Europearcall option on a non-dvidend payingassetwith
exerciseprice £ and expiration date7’. Let u be the meanreturnof the asset,c be the
volatility, andr betherisk-freerate.

(a) StatetheBlack-Scholegormula.
(b) Derive aonetermexpressiorfor thehedgeratio A.
(c) Compute}i_% Aif S(T) > E andtli_)n% A, if S(T) < E. Are thelimits consistentvith
hedgingthe option?
(d) Derivethelowerbound
¢(S,t) > S — Ee T

4. Derivetheput-callparity formulafor Europearoptionson non-dividendpayingassetsising
the Black-Scholesquation.(Hint: Form a portfolio of putsandcallsthatarecontainedn
the parity formula.)



Applied Optimal Control

5. Forthedeterministidinearfirst orderdynamics,
x(t) = az(t) + bu(t),t > 0, given z(0) =z9#0, a <0, b#0,

andquadratigperformanceneasure,
1 t
Ju] = 50/ fu2(t)dt, c>0,
0

find the optimal statetrajectoryandoptimal (unconstrainedgontrolto bring the statefrom
theinitial stateto theorigin in ¢t; secondsvhile minimizing the functional J[u] with respect
to the controlu, with the answerdependingn the parameteset{z,, ¢/, a, b, c}. Notethat
thefinal timeis free

6. Derivethepowerrulesfor theltd stochastiéntegrationfor thefollowing GaussiarmndPois-
sonnoiseintegrals:

(@) i W2(s)dW (s), W(0) = 0, in termsof Gaussiarprocess¥ (t) and f; W (s)ds;
(b) Jy P%(s)dP(s), P(0)=0,intermsof the PoissorprocessP(t).
usingltd stochastidifferentiationrulesgeneralizedo Poissorprocesses.
7. Solvetheltd lognormalSDEfor X (t),
dX (t) = p(t) X (t)dt + oo X ()dW, >0, X(0) =z, E[W(t)] =0, Var[W(t)] = t,
Usingthis solutionshaw that
(a) the expectationof thestateis E[X (t)] = zoe™, m(t) = /0 t pw(t)dt;
(b) thecorrespondingquaed coeficientof variationis Var[ X (¢)]/E2[X (¢)] = €% — 1.
Recallthatthe Gaussiar{Wiener)procesdV (t) is normally distributed.
8. For alinearquadraticGaussiar{LQG) problem,thelineardynamicss
dX(t) = (aX(t) + bU(t))dt + cX (t)dW(t), t >0, X(0) =z9, a #0, b#0, ¢ # 0,
wherethe controlprocesd/(t) in unconstrainedandthe quadraticcriterionis
JIX (1), U()] = %sfx%tf) + %/ttf (¢X2(t) + rUP(®) dt, q>0, r>0, S;>0,
(a) find the PDE of Stochastid®ynamicProgrammindor the optimalexpectedvalue:
v¥(,t) = min [E[J[X(2), U®)] |X () = 2, U(t) = u]],

and find the optimal (unconstrainedontrol v*(z,t) in termsof the shadowprice
vi(z,t);

(b) show thatthis PDE of SDPformally admitsa purequadraticform solutionv*(z,t) =
%S(t)yg2 by deriving theresultingfinal valueproblemfor a Riccatiequationthatdeter
minesthe coeficient S(¢) (do not solve) andfind the linear feedbak control law for
u*(z,t) in termsof z, S(t) andotherparameters.



Sample Questions
Mathematics of Fluid Dynamics
9. Considetthe Eulerequationdor thevelocity vectord(Z, t) andthe pressurescalarP (Z, t)

ov

5 T@E-V)i= VP, V.i=0

(a) Obtaintheequatiorfor thevorticity J = V x ¢/
(b) Provethatin 2 dimensions

o L=
(a +vU- V) w=20
(c) If initially & (&, 0) = 0, shaw thatthe streanmfunctiony) () satisfiesv21) = 0.
10. TheRayleighequatiorfor oscillationson a shearflow u(y) is

a’¢
dy?

kull
i (w—ku_kQ)(b:O’ ¢(0) = 0, ¢(1) = 0.

Construcainenepy integralto prove thatanecessargonditionfor w; # 0 isthatu” changes
signin (0,1). Herew = wg + iwr.



