
MATHEMATICAL SCIENCEPRELIMINARY EXAMIN ATION

Monday, April 30,2001 1:00-4:00pm

TheMathematicalSciencePreliminaryexaminationcoverstheareasof Applied OptimalControl,
ComputationalFinance,andMathematicsof Fluid Dynamics.Studentselectto answerquestions
in two of theseareas.

This examis basedon questionsfrom theareas:Applied Optimal Control andComputational
Finance. Thereare4 questionsin eacharea.Eachquestionis worth 20 points.All questionswill
be graded,but your scorefor the examinationwill be the sumof the scoresof your bestFIVE
questions.

Useaseparateanswerbookletfor eachquestion,anddonotputyournameontheanswerbooklets,
insteadput the numberthat is on the envelopethe exam wasin. Whenyou have completedthe
examination,insertall your answerbookletsin the envelopeprovided. Thensealandprint your
nameon theenvelope.
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Computational Finance

1. Theprice of an asset
�������

is modeledusinggeometricBrownian motion with mean� and
volatility � .

(a) Statethestochasticdifferentialequation(SDE)for theprice
�	�
���

.

(b) DeriveanSDEfor �
��� �	�
���
(c) UsingtheSDEin (b),find theprobabilitydensityfunctionthattheassetpriceis

�	���������
giventhat

�	���������
.

(d) ComputeE ���
��� �	������� ?
2. Derivethepricingequation(Black-Scholestype)for aEuropeanputoptiononanon-dividend

payingassetwith price
�������

, which followsa geometricBrownianmotionwith mean� and
volatility � . Assumetherisk-freeinterestrateis � . Whenyouhavecompletedthederivation
besureto statecompletelytheproblemfor pricing theputoption.

3. Considerthe price, � ���! "��� , of a Europeancall option on a non-dividendpayingassetwith
exerciseprice # andexpiration date

�
. Let � be the meanreturnof the asset,� be the

volatility, and � betherisk-freerate.

(a) StatetheBlack-Scholesformula.

(b) Deriveaonetermexpressionfor thehedgeratio $ .

(c) Compute�
%'&(*),+ $ , if
�	�����.- # and �
%
&(*),+ $ , if

�	�
�/�	0 #21 Are thelimits consistentwith

hedgingtheoption?

(d) Derive thelowerbound � ���! ����.34�65 #87:9<;"= + 9 (*>
4. Derivetheput-callparity formulafor Europeanoptionsonnon-dividendpayingassetsusing

theBlack-Scholesequation.(Hint: Form a portfolio of putsandcalls thatarecontainedin
theparity formula.)
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Applied Optimal Control

5. For thedeterministiclinearfirst orderdynamics,?@ �����A��B @ �
���DCFEHGI�
���J "�K-L�M ��%*N�OQP @ �����A� @SRUT���V WBX0Y�V ZE T�[�V 
andquadraticperformancemeasure,\ � G]�^�`_a �cb (*dR GSef������g��J � -L�M 
find theoptimalstatetrajectoryandoptimal (unconstrained)control to bring thestatefrom
theinitial stateto theorigin in

�ih
secondswhile minimizing thefunctional

\ � GS� with respect
to thecontrol

G
, with theanswerdependingon theparameterset j @SR  "�ih� HB] HEk �kl . Note that

thefinal time is free.

6. Derivethepowerrulesfor theItô stochasticintegrationfor thefollowing GaussianandPois-
sonnoiseintegrals:

(a) m (R�n e ��op�ig n ��of�q n �r����st�M 
in termsof Gaussianprocessn �����

and m (R�n ��of�igVo
;

(b) m (Rvu e ��of�ig u ��of�J u ������sw�V 
in termsof thePoissonprocessu ����� .

usingItô stochasticdifferentiationrulesgeneralizedto Poissonprocesses.

7. Solve theItô lognormalSDEfor x ����� ,g x �����A� � ����� x ������g��cC � R x �
���ig n  y�,-Y�M x ������� @SR  Wz � n �
���{�^���M �|~}�� � n �
�����S�4�J 
Usingthissolutionshow that

(a) theexpectationof thestateis
z ��x �
�����^� @SR 7��~= (*>  y���
���As b (R � �
���ig��J�

(b) thecorrespondingsquaredcoefficientof variation is
|~}:� � x �
���{���:z e � x �������^� 7��Q�� ( 5 _ 1

RecallthattheGaussian(Wiener)processn �����
is normallydistributed.

8. For a linearquadraticGaussian(LQG) problem,thelineardynamicsisg x �
�������rB x �
���cCFE��U�
������g��DC �Jx �
����g n �
���J y�,-��M x ������� @SR  �B T���V �E T���V � T�[�M 
wherethecontrolprocess

�U�����
in unconstrained,andthequadraticcriterionis\ � x �����q Q�U�
���{�^� _a ��h x e �
�ihp�cC _a b ( d( �"� x e �����cC � � e �
���i�~g��J � -��M � -��M W��h�-Y�M 

(a) find thePDEof StochasticDynamicProgrammingfor theoptimalexpectedvalue:��� � @  "���A� &2%
P� � z � \ ��x �����q Q�U��������� x �
���A� @  q����������G��'�� 
and find the optimal (unconstrained)control

G � � @  ���� in termsof the shadowprice� �� � @  "��� ;
(b) show that this PDEof SDPformally admitsa purequadraticform solution � � � @  �������e ������� @ e by deriving theresultingfinal valueproblemfor aRiccatiequationthatdeter-

minesthe coefficient
�������

(do not solve) andfind the linear feedback control law forG � � @  "��� in termsof @ ,
�	�
���

andotherparameters.
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Sample Questions
Mathematics of Fluid Dynamics

9. ConsidertheEulerequationsfor thevelocity vector �� � �@  "��� andthepressurescalaru � �@  "���� ��� � C[� ��¡ p¢ � �� �£5 ¢ u  ¢¤  �� ���
(a) Obtaintheequationfor thevorticity �¥ � ¢§¦ ��
(b) Prove thatin 2 dimensions ¨ �� � C ��8 p¢�© �¥ � ��
(c) If initially �¥ � �@  H����� �� , show thatthestreamfunction ª � �@ � satisfies¢ e ª ���

.

10. TheRayleighequationfor oscillationson ashearflow
GI�
«��

isg eH¬g�« e C ¨ ­ GS® ®¥ 5 ­ G 5 ­ e © ¬ ���V ¬ �r�����[�M ¬ � _ ����� 1
Constructanenergy integralto provethatanecessaryconditionfor ¥I¯8T���

is that
G]® ®

changes
signin

���M _ � . Here ¥ � ¥!° C²± ¥I¯ .
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