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A. DIFFERENTIAL DYNAMIC PROGRAMMING

Differentialdynamicprogramming(DDP)is avariantof dynamicprogrammingin whichaquadraticapproxima-
tion of thecostabouta nominalstateandcontrolplaysanessentialrole. Themethodusessuccessiveapproximations
andexpansionsin differentialsor incrementsto obtaina solutionof optimalcontrolproblems.TheDDP methodis
dueto Mayne[11, 8]. DDP is primarily usedin deterministicproblemsin discretetime, althoughtherearemany
variations.Mayne[11] in his originalpaperdid give a straight-forwardextensionto continuoustimeproblems,while
JacobsonandMayne[8] presentseveralstochasticvariations.Themathematicalbasisfor DDP is givenby Maynein
[12], alongtherelationsbetweendynamicprogrammingandtheHamiltonianformulationof themaximumprinciple.
A concise,computationallyorientedsurvey of DDP developmentsis givenby Yakowitz [16] in anearliervolumeof
this seriesandthe outline for deterministiccontrol problemsin discretetime hereis roughly basedon that chapter.
Earlier, Yakowitz [15] surveys theuseof dynamicprogrammingin waterresourcesapplications,nicely placingDDP
in thelargerperspective of otherdynamicprogrammingvariants.Also, Jones,Willis andYeh[9], andYakowitz and
Rutherford[17] presentbrief helpfulsummarieswith particularemphasison thecomputationalaspectsof DDP.

1. DynamicProgrammingin DiscreteTime

Let � be the discreteforward time correspondingto
���	� ��
� �

with initial time
�������

or � ���
andfinal

time
������������� 
�� �

or � ���
so the stagesgo from � ���

to
�

in stepsof � (in oppositedirectionto the
backwardtime ��� ��� 
 �!� of SDP).Let " � �$# "&%(' �*),+.- � bethe / -dimensionalstatevectorand 0 � �1# 02%(' � )435- � be
the 6 -dimensionalcontrolvector. Thediscretetimedynamicsalongthestatetrajectoryis givenrecursively by" �87 � �:9 �.; " �.< 0 �>=�< for

�@? � ?A�CB � < (1)

wherediscreteplantfunction
9D�

is at leasttwicecontinuouslydifferentiablein bothstateandcontrolvectors.
Thetotalcostof thetrajectoryfrom � �E�

to
�

isF # " < 0HG � < � ) � �JI �K�8L��NM �O; " �.< 0 ��=�PRQS�T; " �5=U<
(2)V
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where M � ; " < 0 = is thediscrete-timecostfunction,assumedto bea leasttwice continuouslydifferentiablein thestate
andcontrolvectors.Implicit in (2) is thatthecostis separablewith regardto thestages� . Thefinal or salvagecostis
denotedby

Q � ; " � =
, assumedat leasttwicecontinuouslydifferentiable.

Theultimategoalis to seektheminimumtotal costFZY� ; " � = � []\_^`ba*c 'ededed ' afhg�ikj # F # " < 0HG � < � )_)*<
(3)

subjectto thedynamicrule (1). However, for enablingdynamicprogramminganalysis,thevariabletime-to-gocostF # " < 0HGl� < � ) � �JI �K % Lm�TM % ; " % < 0 % =�PAQ � ; " � =U<
(4)

andits minimization, FnY� ; " � = � []\o^`bap 'ededed ' afhg�ibj # F # " < 0HGl� < � )o)<
(5)

is considered,subjectto thefinal costconditionFZY� ; " = � Q � ; " =�< (6)

consistentwith thedefinitionthat q �JI �% Lm�sr %ht �
andwith salvagecostsassumedin (2).

Applying to thedynamicprogrammingprincipleof optimality,F Y� ; " � = �A[]\_^a pCu M � ; " � < 0 � =&P [T\_^`ka�p�v�i 'ededed ' a�fhg�ikj F # " < 0HGl� P � < � )owx<
decomposingtheoptimizationinto thatof thecurrentstepplusthatfor therestof thecost-to-go. Usingthedefinition
of time-to-gooptimalcost(5) andsubstitutingfor " �87 � from therecursivedynamicrule (1),F Y� ; " � < � = �E[]\_^a p1y M � ; " � < 0 � =�P F Y�z7 � ; 9D� ; " � < 0 � =k=�{}| (7)

Thecalculationof thisminimumsimultaneouslyproducestheoptimalcontrol,~ Y� ; " � = �:�*�b�}[]\_^a p1y M � ; " � < 0 � =&P F Y�87 � ; 9D� ; " � < 0 � =b=�{}< (8)

astheargumentof theminimization,for � �$��B � to
�

in backwardsteps(i.e.,
; B � = steps).Theequations(7,8)

comprisetheDP recursivebackward sweep. Here,thetermsweepis usedto indicateaniterationover all time steps,
reservingtheword stepfor eithertime or statesteps.Theuseof thetermsweepis not to beconfusedwith theusein
therelatedSuccessiveSweepMethodasin [5].

TheDP recursiveforward sweepusestheoptimalcontrol ~ Y� foundin thebackwardsweepin aforwardrecursion
of thedynamicalequation(1), " Y�z7 � �:9D� ; " Y� < 0 Y� ; " Y� =k=U< (9)

startingfrom theinitial state" Y� � " � andcalculationfutureoptimalstatesfor � ���
to

��B � in forwardstepsof �
up to thefinal state" Y� .

While thebackwardandforwardrecursionsof dynamicprogrammingseemto give a methodfor computinga
solutionto the discretetime controlproblem,they do not give any actualcomputationalmethodfor calculationthe
minimumor theoptimaltrajectorymotionthatwouldbeneededfor computationalimplementation.Theimplementa-
tion is especiallyunclearif theproblemis nonlinear(this is truealsoof thecontinuoustime case).In orderto make
theactualcomputationwell-posed,a quadraticapproximationcostateachDDPstage

�
is applied.

2. FinalTimeDDPBackwardSweep
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EachDDP iteratestartsout with a current,approximateiterate � for thestate-controlset �z"&�� < 02��n� of nearfinal
time

�
pairsof stateandcontrolvectors,satisfyingthediscretedynamics" � �87 � �:9D� ; " � � < 0 � � =U< (10)

for � ���
to

��B � . Sincedynamicprogrammingtakesbackward stepsfrom the final time, the startingiterate
is really the final time iterate. It is assumedthat thesecurrent,nominal iteratesare somewhat closeto the target
optimaltrajectoryto justify Taylor approximations.Theiterationsproceeduntil thetrajectoriesof successive iterates
aresufficiently close.

For thefinal time-to-gocost(thestartingstepfor eachbackwardDDPsweep),aTaylorapproximationaboutthe
currentiteratestate-controlset �8"&�� < 0h�� � up to quadratictermsleadsto theapproximateformulaF # " < 0HG � < � ) � M � ; " � < 0 � = t Q � ; " � =�E�F � ; " � < 0 � = t M � � P��T�� # M � ) 
z��" � P��T�� # M � ) 
z� 0 � (11)P �� ��" � � 
 � � � �� # M � ) 
���" � P � 0 � � 
 � � � �� # M � ) 
z��" �P �� � 0 � � 
 � � � �� # M � ) 
z� 0 � <
with increments��" � � " � B "&�� and � 0 � � 0 � B 02�� . Thefollowing arrayTaylor coefficientsareredefinedfor
computationalstorageas M � � t M �s� M � ; " � � < 0 � � =;�� � � = � t � �� # M �x) � � �� # M �J)�; " � � < 0 � � =;�� � � = � t � �� # M �x) � � �� # M �J)�; " � � < 0 � � =� � � t �� � � �T�� # M �D) � �� � � �T�� # M �D)�; " � � < 0 � � =

(12)� �� t � � � �� # M � ) � � � � �� # M � )�; " � � < 0 � � =� �� t �� � � � �� # M � ) � �� � � � �� # M � )�; " � � < 0 � � =�<
wherethenotation

� �
denotesthetransposeof array

�
,
� �

is thegradientin thestateand
� �

is thegradientin the
control. In this section,gradientsareevaluatedat thecurrentstate-controlsetfor thetime considered.It is assumed
that the set �z" � < 0 � � are variablepoints on a trajectorynearbyto the currentset �8"&�� < 02�� � . However, we will
not needthe " � statevaluesthemselvesexceptherefor the purposesof analysis,but only the coefficientsdefining
the functionalform of thequadraticapproximation(notetheanalogouspropertiesto thatof theclassicalLQ control
problem).

In absenceof constraints,the improvedapproximationto theoptimalcontrol is thenthecurrentapproximation
to theoptimalcontrolis obtainedfrom thecritical pointsof � F at � �E�

,� � # � F � )�; " � < �0 Y� = � � � � P � �� 
���" � P � 
 � �� 
z� �0 Y� (13)� �T�� # M � )nP�� � �T�� # M � ) 
8��" � P�� � �T�� # M � ) 
�� �0 Y�� � <
sothat � �0 Y� (14)� �0 Y� ; " � = B 0 � �� B �� � I �� 
 ;�� � � P � �� 
z��" ��=� B ;�� � �T�� # M �J)(= I � 
O  � � # M �D)ZP�� � �T�� # M �x) 
���" ��¡t ¢ � � P�£ �� 
z��" �@|
Thisalinearcontrollaw in thestateperturbation��" � with fixedcoefficient ¢¤�� andgaincoefficient

£ �� , providedthat
theinverse

� I �� � ; � �� = I �
is well defined(e.g.,

� �� � � � � � �� # M �x)
is positivedefiniteandhencenonsingular;how-

ever, positive definitenessis only neededneartheoptimaltrajectory).Sincetheexpansionin Taylor approximations
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with only a few termsis goodonly if both ��" � and � 0 � aresmall,aproblemin consistency arisesif thefixedpartof� 0 � , ¢¥�� , is notsmallin (14). However, nearbytheoptimaltrajectory, ¢J�� ��B ;�� � � �� # M � )¦= I � 
 � � # M � )
shouldbe

smallsince
� � # M � ) Y �:�

ontheoptimaltrajectoryat thefinal time. In thecasethat ¢ � � , aswhenthestartingguessin
not good,JacobsonandMayne[8] suggestmultiplying ¢¤�� by a sufficiently smallparameter§ until theiterationsare
closerto theoptimaltrajectory. Thesecommentsapplyon thetimehorizon,

�]? � ?A�
, not just for thetime � �:�

.
In thepresenceof constraints,thelinearcontrollaw (14)yieldsonly theregularcontrol,whichmustbemodified

for theconstraints,asin theprevioussectionfor SDP. However, for inequalityconstraints,theinconsistency problem
of non-small¢¤�� canarise,sopenaltyfunctionsmustbeusedto movetheconstraintsto theobjective functional.

The correspondingapproximationto the optimal costvaluefunction follows from substitutingthe currentap-
proximationof theoptimalcontrol:� F Y� ; " � = � �F � ; " � < �0 Y� ; " � =k=

(15)� ¨ �� P©;�ª �� =�� 
8��" � P ��" � � 
z« �� 
z��" � <
reducedto a quadraticfunctionin ��" � only. Uponcalculation,thecurrentcoefficientsaregivenby« �� � � � � B �¬ ; � �� = � � I �� � ��;�ª � � = � � ;(� � � = � B �� ;�� � � = � � I �� � �� (16)¨ �� � M � � B �¬ ;(� � � = � � I �� � � � |
The last, currentlyfixed coefficient

¨ �� is not essentialfor the iteration,unlessthe valueoptimal costneededasa
result.

3. GeneralDDPBackwardSweepin Time

The coefficientsat final time
�

definethe beginning of the DDP backward sweepfor the currentiteration � ,
while thecoefficientsfor theremainingiterationtimesarefoundby marchingbackwardfrom � ���B � to � ��
assumingthequadraticvalueinductionhypothesis,� FnY�z7 � ; " �87 � = �©¨ ��87 � P©;�ª ��z7 � =�� 
z��" �87 � P ��" � �87 � 
�« ��87 � 
z��" �87 � < (17)

basedon the formula (15) for � ���
, where ��" �87 � t�" �87 � B "&��87 � . Assumingboth " �87 � and "&��87 � obey the

dynamicsof (1) (if not, thecalculationis morecomplex andnotverysuitablefor implementation),thentheincrement
in thevectordynamicsis expandedasthequadratic,��" �87 � � 9D� ; " � < 0 � = B®9D� ; " � � < 0 � � =� 9D� ; " � � P ��" � < 0 � � P � 0 � = B	9D� ; " � � < 0 � � =� ;�� � 9 � � = � 
���" � P:;�� � 9 � � = � 
8� 0 � (18)P u �� ��" � � 
 ;�� � �@��2¯ %¦' � = 
���" � P � 0 � � 
 ;�� � �T��h¯ %(' � = 
z��" �P �� � 0 � � 
 ;�� � � �� ¯ %(' � = 
�� 0 � w +.- � <
which is similar to theexpansionof thescalarcost M �

in (11).
Next theargumentof theminimumof thePrincipleof Optimality in (7) is expandedby substitutingthequadratic

expansionsfor M �
in (11) and

9D�
in (18), while retainingonly termsup to quadraticorder(beingcarefulto expand

aboutthelatercurrentstate"&��87 � whenusing � F Y�z7 � ; " �87 � = asrequiredby theinductionhypothesis(17)), theargument
becomes � F # " < 0HGl� < � ) t M �°; " �O< 0 �>=&P �F Y�87 � ; 9 �°; " �O< 0 �>=k=�R�F �°; " �O< 0 �>= t ± �� P©;(� �� = � 
���" �¤P:;�� �� = � 
�� 0 � (19)P ��" � � 
 � � � 
���" �xP � 0 �� 
 � �� 
���" �xP � 0 �� 
 � �� 
z� 0 �O|
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This is thequadraticapproximationto theminimizationargumentin (7). Thecorrespondingcoefficientsare± �� � M � � P ¨ ��87 � <;(� � � = � � � �� # M �*)�; " � � < 0 � � =�P©;�� � 9 � � = � ; " � � < 0 � � =kª � �z7 � <;(� � � = � � � �� # M �*)�; " � � < 0 � � =�P©;�� � 9 � � = � ; " � � < 0 � � =bª � �87 � < (20)� � � � �� � � � �� # M � )ZP �� ;�� � � �� 9 � � =kª � �87 � P©;�� � 9 � � = « ��87 � 
 ;�� � 9 � � = �� �� � � � � �� # M � )ZP �� ;�� � � �� 9 � � =bª � �87 � P � ;�� � 9 � � = « ��z7 � 
 ;�� � 9 � � = �� �� � �� � � � �� # M �*)>P �� ;�� � � �� 9 � � =kª � �z7 � P:;�� � 9 � � = « ��z7 � 
 ;�� � 9 � � = �
whereargumentsof thegradientsat thecurrenttime in thelastthreecoefficientshavebeenomitted.

Minimizing thequadraticapproximationin (19),�!� ;�� � # � F � )¦= Y � � � � P � �� 
z��" � P � 
 � �� 
�� �0 Y� <
yieldsthecurrentapproximationto theoptimalcontrolat � ,� �0 Y� � ¢ � � P�£ �� 
8��" �Z< (21)

where ¢ � � t B �� � I �� 
 � � � and
£ �� t B �� � I �� 
 � �� | (22)

Theselattertwo coefficientsneedonly besavedfor thecurrentapproximateoptimalcontrolsincethey defineits linear
function in thestateincrement.Thequadraticapproximationis critical for thestraightforwarddeterminationof the
control, in this caseunconstrained.Recallthat in thecasewhere ¢J�� is not small, thena small coefficient canused
where ¢J�� is applied[11] (i.e., ¢¥�� is replacedby §²¢x�� with sufficiently small § until convergenceof the successive
approximationsto F Y� is assured).Thedifficulty ariseswhentheapproximationsaretoofarfrom theoptimaltrajectory,
but closeto theoptimal trajectory

� � � � � � # ³ �� ) shouldbesmall if
³µ´� is somepseudo-Hamiltonianto which the

minimumprincipleapplies.
Upon substitutingthe linear control law (21) into the bivariatequadraticapproximation(19), the formula for

inductionhypothesis(17) is obtainedfor time � giventheresultfor � P � ,� F Y� ; " � = �©¨ �� P©;�ª �� = � 
���" � P ��" � � 
z« �� 
���" � < (23)

proving theinductionpartof thecurrentbackwardsweep.Further, thestatedependentquadraticcoefficientsaregiven
in theprocedureas « �� � � � � P �� ; � �� = � £ ��;�ª � � = � � ;�� � � = � B �� ;�� � � = � £ �� (24)¨ �� � ± �� B �¬ ;(� � � =�� ¢ � � <
for � �¶�

to
�

in backwardsteps,includingthefinal conditionin (16) aswell. This concludesthebackwardsweep
for iterate� .

A primarypropertyof DDPis thatit is exact,in infinite precision,for theLQP(LinearQuadraticProblem),since
theTaylorapproximationswouldbeexactin theLQPcase[11].

4. DDPForwardSweep

In theforwardsweepfor iterate� , the � th backwardsweepapproximationfor theoptimalcontrol,�0 Y� � 0 � � P � �0 Y� � 0 � � P ¢ � � P�£ �� 
z��" �O< (25)
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givenin incrementform by (21) for all thetimes � �·�
to

�
, is usedto calculateimprovementsin theoptimalstate

trajectory. If ¢J�� is notsmall,then(25) is replacedby�0 Y� � 0 � � P §J
�¢ �� P�£ �� 
���" �.<
with

�]¸ § ? � selectedto fosterconvergenceuntil ¢ � � is smallagain[11, 17]. Thediscretedynamiclaw (1),�" Y�87 � �:9 �.; �" Y� < �0 Y� =U< (26)

canbe solvedrecursively for � �¹�
to

�ºB � in forwardstepssincethe linearcontrol law approximationis given.
Oncedone,thesuccessoriterateis definedas " � 7 �� � �" Y� < (27)

for � �:�
to

�
. However, for computationalstorageconsiderations,thenew iteratejustreplacestheold, "&� 7 �� B¼» "&�� ,

saving theold iterateonly for thenext checkof theiterationstoppingcriterion.
The combinedbackwardandforwardsweepiterationsendwhenan appropriatestoppingcriterion is reached,

suchas [½� ¾�À¿o¿ �F Y� ; " � 7 �� = B �F Y� ; " � � = ¿o¿ ? tol Á <
in somesuitablenorm.Thisvaluestoppingcriterionmayalsobesupplementedusingsuccessivestates,[½�²¾�Â¿_¿ " � 7 �� B " � � ¿o¿ ? tol

� <
or usingsuccessivecontrols, []�²¾�À¿_¿ 0 � 7 �� B 0 � � ¿_¿ ? tol

� <
wherethetolerancestol Ã areprescribed.

5. SimilaritiesandDifferencesbetweenDDPandSDP

The obvious differencebetweenDDP andSDP, aspresentedhere,is that DDP is primarily appliedto deter-
ministic problems,ratherthanstochasticasis SDP. However, JacobsonandMayne[8] andothersdo give stochastic
variants,includingformulationfor theLQGP(Linear, QuadraticandGaussianProblem).Theseauthorsalsopresent
thecontinuoustimecase,aswell asgiveestimatesfor theerrorscommittedin DDPandstep-sizeadjustments.

Anotherdifferenceis that the DDP iterationsareover the entire time horizonfor eachiterate,whereasSDP
iterationsin the backward sweeprangeover only a singletime stepfollowedby a backwardmarchin time for the
next setof iterations.Thatis, anDDP backwardsweepiterationrangesoverbothstateandtemporalspaces,whereas
theSDPbackwardsweeprangesover only thestatespaceandstopwhensuccessive valuesfor that time stepsatisfy
correctorstoppingcriterion. In contrast,an approximationfor all timesis found in DDP, beforeproceedingto the
next iteration.In termof thetimedomain,roughlyspeaking,DDPis somewhatanalogousto thepointJacobimethod,
while SDPis morelikeGauss-Seidel.

Also, a meshselectionratio recipeis availablein SDPfor selectingtheratio of thetime stepto anapproximate
measureof thespacestep.However, DDPdoesnotdiscretizeeitherthestate" or thecontrol 0 variables[17, 9] sothe
meshselectionratio is not relevant,while theSDPheredoesdiscretizethestatebut thecontrolis computedasoutput
with thevalue.Thecomputationalandstoragecostpertimestepof SDPis exponentialÄ ; /�
8Å + =

in (28) consistent
with thecurseof dimensionalityandwith Å finite differencenodesperstate.

Ä ; /Æ
�Å + = � Ä�Çz/È
zÉ + d Ê Ë Ì,Í@Î�Ï <
(28)

However, for DDPthecostperstageis thecostof computingthecoefficientarrayssuchas
� � � ,

� �� and
� �� from

theassociatedHessianarrays,aswell asthecontrollaw coefficients ¢¤�� and
£ �� , sothestoragecostis Ä ; / � P 6�
�/ =

or Ä ; / � P 6C
�/ � P 6 � 
�/ = if theHessianof thedynamicsvector
9 �

is storedfor thestageandthecomputational
costis Ä ; 6 � P 6 � 
8/ = for thecontrol law and Ä ; /�Ð P 6�
�/ � P 6 � 
z/ � = for

� � � ,
� �� and

� �� . dependinghow the
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multiplicationsin (20) arecomputed(seealso[17, 9] for a somewhat differentaccounting).The DDP managesto
keepthecurseof dimensionalityundercontrol. A major reductionin storageandcomputationoccursin DDP since
calculationsareconcentratedin theneighborhoodof anoptimaltrajectory, whereasSDPcoversthewholestatespace.

Theassumptionthatcostarequadraticin thecontrolfor SDPis somewhatsimilar to thequadraticassumptionin
DDP, exceptthat in DDP thequadraticis in bothcostsanddynamicswith respectto bothcontrolandstate.In SDP,
the critical calculationof the optimal control requiresonly that the costbe quadraticandthe dynamicsbe linear in
the control,which is morerealisticwherethe nonlinearityin the dynamicsis an essentialpart of the model. In the
versionof SDPpresentedhere,thequadraticcostswerepresentedanpartof themodelratherthanpartof themethod
of solution,althoughmorecomplex costanddynamicscouldbe treatedby a quadraticTaylor approximationof the
costanda linearTaylor approximationof thedynamicsto formulateaniterative procedureto solve themoregeneral
SDPproblem.In DDPcomputationis mainly thecomputationof thetemporalfunctionalcoefficients,whereasin the
SDPherethecomputationpermitsgeneralstateandtimedependence.

Quadraticconvergencefor DDP hasbeenshown by Murray andYakowitz [13]. For SDPin continuoustime,
NaimipourandHanson[14, 7] have a heuristiccomparisonargumentfor convergence,andtheconvergenceis linear,
in that, ± Ì Ã 7 � ÎÑ ' � B ± Ì_Ò�ÎÑ ' � �EÓ 
 Ç ± Ì Ã ÎÑ ' � B ± Ì,Ò�ÎÑ ' � Ï <
where Ô is thecorrectioncounterand

Ó
is thecorrectorconvergenceparameterfor which the Õ in (29) is anapproxi-

mation.

Õ � �@��
Ö××Ø Ù +K % L � � � %o%Ú �%�Û � P Ù +K % L � � %Ú % Û � ¸ � | (29)

Theforwardsweepsarequitedifferentin thetwo cases,dueto thedifferencein stochasticanddeterministicfor-
mulations.Theexplicit recursionin DDP is relatively trivial comparedto solvingtheforwardKolmogorov equations
for thestatedensitygiventhestochasticoptimalcontrolto gettheoptimalexpectedstatetrajectory.

6. DDPVariationsandApplications

Yakowitz [15, 16] hasgivena thoroughsurvey of thecomputationandtechniquesof differentialdynamicpro-
grammingin 1989.Liao andShoemaker[10] studiedconvergencein unconstrainedDDPmethodsandhavefoundthat
adaptive shifts in theHessianarevery robustandyield the fastestconvergencein thecasethat theproblemHessian
matrix is notpositivedefinite.Chang,ShoemakerandLiu [2] solvefor optimalpumpingratesto remediategroundwa-
ter pollution contaminationusingfinite elementsandhyperbolicpenaltyfunctionsto includeconstraintsin theDDP
method. Culver andShoemaker [3, 4] includeflexible managementperiodsinto the modelandusea fasterQuasi-
Newton versionof DDP. Earlier, Murray andYakowitz [13] hadcomparedDDP andNewton’s methodsto show that
DDP inheritedthe quadraticconvergenceof Newton’s method. Caffey, Liao andShoemaker [1] develop a parallel
implementationof DDPthatis speededupby reducingthenumberof synchronizationpointsover timesteps.
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