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A. DIFFERENTIAL DYNAMIC PROGRAMMING

Differentialdynamicprogramming DDP)is avariantof dynamicprogrammingn whichaquadraticapproxima-
tion of the costabouta nominalstateandcontrolplaysanessentiatole. The methodusessuccessie approximations
andexpansionsn differentialsor incrementgo obtaina solutionof optimal control problems.The DDP methodis
dueto Mayne[11, 8]. DDP is primarily usedin deterministicproblemsin discretetime, althoughthereare mary
variations.Mayne[11] in his original paperdid give a straight-forvardextensionto continuougime problemswhile
JacobsorandMayne[8] presenseveralstochastivariations. The mathematicabasisfor DDP is givenby Maynein
[12], alongtherelationsbetweendynamicprogrammingandthe Hamiltonianformulationof the maximumprinciple.
A concise computationallyorientedsurwey of DDP developmentss givenby Yakowitz [16] in anearliervolumeof
this seriesandthe outline for deterministiccontrol problemsin discretetime hereis roughly basedon that chapter
Earlier, Yakowitz [15] suneys the useof dynamicprogrammingn waterresourcespplicationsnicely placingDDP
in the larger perspectie of otherdynamicprogrammingvariants.Also, JonesWillis andYeh[9], andYakowitz and
Rutherford[17] presenbrief helpful summariesvith particularemphasi®n the computationahspect®f DDP.

1. DynamicProgrammingn DiscreteTime

Let xk bethediscreteforward time correspondindo t,, = & - At with initial timety = 0 or « = 0 andfinal
timetx = t; = K - At or k = K sothe stagesgo from x = 0 to K in stepsof 1 (in oppositedirectionto the
backwardtime T, = k - AT of SDP).Letx,, = [X;,x]nx1 Dethen-dimensionabktatevectorandu, = [u; x]mx1 be
them-dimensionatontrolvector Thediscretetime dynamicsalongthe statetrajectoryis givenrecursvely by

Xp+1 = Fr(xg,ug), for 0< kK <K -1, (1)
wherediscreteplantfunctionF ,; is atleasttwice continuouslydifferentiablein bothstateandcontrolvectors.
Thetotal costof thetrajectoryfrom k = 0 to K is

K-1

v[x,u;0,K] = Z Go(xe,u,) + Zx (xK), 2

k=0
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whereG(x, u) is thediscrete-timeostfunction,assumedo be a leasttwice continuouslydifferentiablein the state
andcontrolvectors.Implicit in (2) is thatthe costis separablavith regardto thestages:. Thefinal or sahagecostis
denotedvy Zk (xk ), assumedat leasttwice continuouslydifferentiable.

Theultimategoalis to seekthe minimumtotal cost

vy(xx) = min  [u[x,u;0,K]], (3)

up, -, UK —1

subjectto the dynamicrule (1). However, for enablingdynamicprogramminganalysisthevariabletime-to-gocost

K—1
vix, ik, K] =Y Gi(xi,wi) + Zi (xk), 4)
i=K
andits minimization,
vh(xXy) = min [v[x,u; &, K]], (5)
uma"'vuK—l}

is consideredsubjectto thefinal costcondition
vk (x) = Zk(x), (6)

consistentvith thedefinitionthatzfi }(1 a; = 0 andwith sahagecostsassumedhn (2).
Applying to thedynamicprogrammingprinciple of optimality,

vh(x,) = min |G (X, ug) + min v[x,u;k+1,K]|,
Uk {uxt1,ur—1}

decomposinghe optimizationinto thatof the currentstepplusthatfor therestof the cost-to-go Usingthe definition
of time-to-gooptimal cost(5) andsubstitutingfor x,; from therecursve dynamicrule (1),

vk (X, k) = min [Gﬂ(xn,un) + v:_i_l(Fn(xmun))] . @)

Ug

The calculationof this minimumsimultaneouslyroduceghe optimal control,
up(xx) = argnlllin [G,i(xmun) + 1},’2+1(Fn(xmuﬁ))] , (8)

asthe argumentof the minimization,for x = K — 1 to 0 in backwardsteps(i.e., (—1) steps).The equationg7,8)
comprisethe DP recursivebadkward sweep Here,thetermsweeps usedto indicateaniterationover all time steps,
reservingthe word stepfor eithertime or statesteps.The useof theterm sweepis notto be confusedwith theusein
therelatedSuccessivBweepMethodasin [5].

TheDP recussiveforward sweepisesheoptimalcontrolu, foundin thebackwardsweepn aforwardrecursion
of thedynamicalequation(1),

X:—i-l = FH(X:vu:(X:))7 (9)

startingfrom theinitial statexj = xo andcalculationfuture optimalstatesor x = 0 to K — 1 in forward stepsof 1
upto thefinal statex,.

While the backward andforward recursionsof dynamicprogrammingseemto give a methodfor computinga
solutionto the discretetime control problem,they do not give ary actualcomputationamethodfor calculationthe
minimumor the optimaltrajectorymotionthatwould be neededor computationaimplementationTheimplementa-
tion is especiallyunclearif the problemis nonlinear(this is true alsoof the continuougime case).In orderto make
theactualcomputatiorwell-poseda quadraticapproximatiorcostat eachDDP stagek is applied.

2. Final Time DDP Backward Sweep
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EachDDP iteratestartsout with a current,approximatateratec for the state-controbet{x¢, u¢} of nearfinal
time K pairsof stateandcontrolvectors satisfyingthediscretedynamics

Xf;—i-l =F, (chw 112), (10)

fork = 0 to K — 1. Sincedynamicprogrammingtakes backward stepsfrom the final time, the startingiterate
is really the final time iterate. It is assumedhat thesecurrent,nominal iteratesare somevhat closeto the tamget
optimaltrajectoryto justify Taylor approximationsThe iterationsproceeduntil thetrajectoriesof successie iterates

aresuficiently close.
For thefinal time-to-gocost(the startingstepfor eachbackward DDP sweep) a Taylor approximatioraboutthe
currentiteratestate-controset{x$, uj } upto quadratidermsleadsto theapproximatdormula

vx,u; K, K] = Gg(xXk,ux)= Zr(Xk)
~Uk(xk,ug) = G5 + VI[Gk]-oxx +VI[Gk]- duk (11)

1

+ §5x£-vwvf[GK]-6XK+6U£-VUVZ [Gk]- 6xK
1

+ §5u§-vuvf[GK]-5uK,

with increment9x g = xx — x5 anddug = ug — u$.. Thefollowing array Taylor coeficientsareredefinedor
computationastorageas

Gy = Gk =Gk(xj,uf)
(E%)" = VilGk]= V;[Gk](x%, uk)
D)7 = VIGk] = VIGK] (xS, u)
1 1
By = VuV,[Gk] = V.V, [Gk](x%,ufk)
1 1
Ci = §VUV5[GK] = §VUV5[GK](X§(711§()7

wherethe notationA” denoteghetransposef array 4, V,, is thegradientin the stateandV,, is the gradientin the
control. In this section,gradientsare evaluatedat the currentstate-controketfor thetime consideredlt is assumed
that the set {xx, ux } arevariablepointson a trajectorynearbyto the currentset {x5;,u% }. However, we will
not needthe xy statevaluesthemselesexceptherefor the purposeof analysis,but only the coeficientsdefining
the functionalform of the quadraticapproximationnotethe analogougpropertiego that of the classicalLQ control
problem).

In absencef constraintsthe improvedapproximatiorto the optimal controlis thenthe currentapproximation
to the optimalcontrolis obtainedrom thecritical pointsof v atk = K,

Vulok|(xk,u) = E§ + By -6xkx +2-Ck -duy (13)
= VIGk]+ VuVT[Gk] - 6xx + V VT [Gk] - ot
= 0,
sothat
ouy (14)

= Wic(xx) — e
1
—(VoVEIGK]) ™ - (VulGk] + Vo VL [GK] - 6xK)
= af + Pk - 0Xk.

Thisalinearcontrollaw in thestateperturbatioryx i with fixedcoeficienta, andgaincoeficient3¢,, providedthat
theinverseCx® = (C%)~! iswell defined(e.g.,C§ = 2V, VI [G ] is positive definiteandhencenonsingularhow-
ever, positive definitenesss only needechearthe optimaltrajectory). Sincethe expansionin Taylor approximations
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with only afew termsis goodonly if bothdx anddug aresmall,aproblemin consisteng arisesf thefixedpartof
dug, as, isnotsmallin (14). However, nearbytheoptimaltrajectory e, = —(V,V1[Gk]) ! - V4[G k] shouldbe
smallsinceV,[Gk]* = 0 ontheoptimaltrajectoryatthefinal time. In thecasethatas$,, aswhenthestartingguessn
notgood,JacobsormndMayne|[8] suggestnultiplying a$, by asufiiciently smallparametee until theiterationsare
closerto the optimaltrajectory Thesecommentsapplyonthetime horizon,0 < k < K, notjustfor thetimex = K.

In the presenc®f constraintsthelinearcontrollaw (14) yieldsonly theregularcontrol,which mustbe modified
for the constraintsasin the previoussectionfor SDP However, for inequalityconstraintstheinconsisteng problem
of non-smalla§; canarise,sopenaltyfunctionsmustbe usedto move the constraintgo the objective functional.

The correspondin@pproximationto the optimal costvalue function follows from substitutingthe currentap-
proximationof the optimalcontrol:

Ef{(xK) = r'[)'K(xKﬂNl;((XK)) (15)
= R+ (Q%)T - 0xx + 6xk - PE - 0x,

reducedo a quadratidunctionin éxx only. Uponcalculation the currentcoeficientsaregivenby

1 —C c
Pi = A - (B C By
]' —C c
(@7 = (B5)T - 5(D5)TCL By (16)
]' —C c
Ry = G- 1(D5)TCR D5

The last, currentlyfixed coeficient RS, is not essentiafor the iteration, unlessthe value optimal costneededasa
result.

3. GeneraDDP Backward Sweepn Time

The coeficientsat final time K definethe beginning of the DDP backward sweepfor the currentiteratione,
while the coeficientsfor the remainingiterationtimesarefound by marchingbackwardfromx = K —1tox = 0
assuminghe quadratiovalueinductionhypothesis,

Vg1 (Xet1) = Rpyq + (QZ-H)T “0Xpt1 + 5Xf+1 “Pyq - 0Xpq1, (17)

basedon the formula (15) for k = K, wheredx,41 = Xx41 — X5 . Assumingbothx,; andx¢,,; obey the
dynamicof (1) (if not,the calculationis morecomplex andnotvery suitablefor implementation)thentheincrement
in thevectordynamicss expandedasthe quadratic,

6XK,+1 = Fy, (er un) —F, (Xfm u,cg)
= F.(x + 0x4,uf + ou,) — F (x5, uf)
~ (V.FDOT . 6x, + (Vo FD)T . $u, (18)

1
+ |30 (VaViFip) 0%+ 0ug - (VuVFix) - 0%

LSl (VYT F) - 6us|

—ou, -
2 nx1

+

whichis similar to the expansionof the scalarcostG i in (11).

Next theargumentof theminimumof the Principleof Optimalityin (7) is expandedyy substitutinghe quadratic
expansiondor G, in (11) andF,, in (18), while retainingonly termsup to quadraticorder(beingcarefulto expand
aboutthelatercurrentstatexy, , ; whenusingv;, , ; (x.+1) asrequiredby theinductionhypothesig17)), theargument
becomes

ox,uik, K] = Gre(Xe,us) + 05 (Fe(x,u,))
Vi + (Efc)T 0%, + (Dﬁ)T -du, (19)
+ 0xL. AC . 6x, + 6ul - BE 6%, + oul - CC - Su,.

I

~ Uk (X, Ug)



F. B. Hanson, = Computationatochasti®ynamicProgrammingDDP Section 5

Thisis thequadraticapproximatiorto the minimizationargumentn (7). Thecorrespondingoeficientsare

Vnc = chs"‘R,cH—p

BT = VG0, ul) + (Vo FD)T (x5, u0) Q.
D)7 = VIGu(x,ug) + (VuFD)T (x5, u8) Q. (20)
1 1
45 = SVLVIGH + S(VaVIFDQL, + (VaFD)PL, - (V. FD)T
1
By = VuVIGH + 5(VuVEFD)QS,, + 2VuF) Py, - (V. FD)T
1 1
Cs = SVuVEGH + 5 (VuVEFDQS + (VuFDPE, - (VuFD)T

whereargumentf thegradientsatthe currenttime in thelastthreecoeficientshave beenomitted.
Minimizing thequadraticapproximatiorin (19),
0= (V.[o.])" =D + BE - 6%, +2-C¢ - duy,

K

yieldsthe currentapproximatiorto the optimalcontrolat x,
ouy = af + B - 0%y, (21)

where

cx;’gz—%C',;C'Dfi and g¢ E—%C;C-Bg. (22)
Thesdattertwo coeficientsneedonly be saredfor thecurrentapproximateptimalcontrolsincethey defineits linear
functionin the stateincrement.The quadraticapproximationis critical for the straightforward determinatiorof the
control, in this caseunconstrainedRecallthatin the casewhereas, is not small, thena small coeficient canused
whereqs, is applied[11] (i.e., a¢ is replacedby e with sufiiciently smalle until corvergenceof the successie
approximationso v}, is assured)Thedifficulty arisesvhentheapproximationsretoo farfrom theoptimaltrajectory
but closeto the optimal trajectoryD¢, = V,,[H¢] shouldbe smallif HS is somepseudo-Hamiltoniato which the
minimumprincipleapplies.
Upon substitutingthe linear control law (21) into the bivariatequadraticapproximation(19), the formula for
inductionhypothesig17)is obtainedfor time x giventheresultfor  + 1,

v (xx) = RS+ (Q)T - 0%, + 0%~ - P - x4, (23)

proving theinductionpartof thecurrentbackwardsweep Further the statedependentuadraticcoeficientsaregiven
in the procedureas

1
P = A+ (BB

Q)" = (B)" ~ S(DY)7 5% (24)
1
4

for kK = K to 0 in backwardsteps,ncludingthefinal conditionin (16) aswell. This concludeghe backward sweep
for iteratec.

A primarypropertyof DDPis thatit is exact,in infinite precisionfor the LQP (LinearQuadratid’roblem)since
the Taylor approximationsvould be exactin the LQP case[11].

R = Vi = (D5 e,

4. DDP Forward Sweep
In theforward sweepfor iteratec, the cth backward sweepapproximatiorfor the optimalcontrol,

u; = ul +ou, = ul, + a, + 65 - 0xy, (25)
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givenin incrementform by (21) for all thetimesx = 0 to K, is usedto calculateimprovementsn the optimal state
trajectory If ¢ is notsmall,then(25)is replacedoy

uy =u +e-al + 05 - 0xy,
with 0 < e < 1 selectedo fostercorvergenceuntil o€ is smallagain[11, 17]. Thediscretedynamiclaw (1),
i:-l—l = Fn(i;7 ﬁ;:)a (26)

canbe solvedrecursvely for k = 0 to K — 1 in forward stepssincethe linear control law approximationis given.
Oncedone thesuccessotterateis definedas

xeH = xx (27)
for k = 0to K. However, for computationastorageconsiderationghenew iteratejustreplacesheold, x¢* — x¢,
saving theold iterateonly for the next checkof theiterationstoppingcriterion.

The combinedbackward and forward sweepiterationsend when an appropriatestoppingcriterion is reached,
suchas

max |[5y (x5 ) — 07 (x7)]| < toly,
K

in somesuitablenorm. This valuestoppingcriterionmayalsobe supplementedsingsuccessie states,

mﬂax”xi"‘l —x%|| <tolg,

or usingsuccessie controls,

mgx”uf‘l —uf|| < tol,,

wherethetolerancesgol,, areprescribed.
5. SimilaritiesandDifferencebetweerDDP andSDP

The obvious differencebetweenDDP and SDR as presentechere,is that DDP is primarily appliedto deter
ministic problems ratherthanstochasti@sis SDP However, JacobsorandMayne[8] andothersdo give stochastic
variants,includingformulationfor the LQGP (Linear, QuadraticandGaussiarProblem). Theseauthorsalsopresent
thecontinuougime caseaswell asgive estimatedor the errorscommittedin DDP andstep-sizeadjustments.

Anotherdifferenceis that the DDP iterationsare over the entire time horizonfor eachiterate,whereas SDP
iterationsin the backward sweeprangeover only a singletime stepfollowed by a backward marchin time for the
next setof iterations.Thatis, an DDP backward sweepiterationrangesover both stateandtemporalspaceswhereas
the SDP backward sweeprangesover only the statespaceandstopwhensuccessie valuesfor thattime stepsatisfy
correctorstoppingcriterion. In contrast,an approximationfor all timesis foundin DDP, beforeproceedingo the
next iteration.In termof thetime domain,roughly speakingDDP is somavhatanalogouso the point Jacobimethod,
while SDPis morelike Gauss-Seidel.

Also, ameshselectiornratio recipeis availablein SDPfor selectingthe ratio of the time stepto anapproximate
measuref the spacestep.However, DDP doesnotdiscretizeeitherthe statex or thecontrolu variableg17, 9] sothe
meshselectiorratiois notrelevant, while the SDPheredoesdiscretizethe statebut the controlis computedasoutput
with thevalue. The computationahndstoragecostpertime stepof SDPis exponentialO(n - M™) in (28) consistent
with the curseof dimensionalityandwith A finite differencenodesperstate.

Om-M™")=0 (n-e"'ln(M)) , (28)

However, for DDP the costperstageis the costof computingthe coeficientarrayssuchasA¢, BS andC¢ from
theassociatetHessiararrays aswell asthe controllaw coeficientsaé, and3¢, sothe storagecostis O(n* + m - n)
or O(n® + m - n? + m? - n) if the Hessianof the dynamicsvectorF . is storedfor the stageandthe computational
costis O(m? + m? - n) for the controllaw andO(n* + m - n® + m? - n?) for AS, B¢ andC¢. dependinghow the
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multiplicationsin (20) are computed(seealso[17, 9] for a someavhat differentaccounting). The DDP managego
keepthe curseof dimensionalityundercontrol. A majorreductionin storageandcomputationoccursin DDP since
calculationsareconcentrateth theneighborhooaf anoptimaltrajectory whereassDPcoversthewhole statespace.

Theassumptiorthatcostarequadratidn thecontrolfor SDPis someavhatsimilarto the quadratiassumptionn
DDP, exceptthatin DDP the quadratics in both costsanddynamicswith respecto both controlandstate.ln SDR
the critical calculationof the optimal control requiresonly thatthe costbe quadraticandthe dynamicsbe linearin
the control, which is morerealisticwherethe nonlinearityin the dynamicsis an essentiapart of the model. In the
versionof SDP presentedhere the quadraticcostswerepresentedn partof the modelratherthanpartof the method
of solution,althoughmore complex costand dynamicscould be treatedby a quadraticTaylor approximationof the
costanda linear Taylor approximatiorof the dynamicsto formulateaniterative procedureo solve the moregeneral
SDPproblem.In DDP computatioris mainly the computatiorof thetemporalfunctionalcoeficients,whereasin the
SDPherethe computatiorpermitsgeneraktateandtime dependence.

Quadraticcorvergencefor DDP hasbeenshavn by Murray and Yakowitz [13]. For SDPin continuoustime,
NaimipourandHanson[14, 7] have a heuristiccomparisorargumentfor corvergence andthe corvergences linear,
in that,

+1
wE - = e (W %),

where~ is the correctioncounterand@ is the correctorcorvergenceparametefor which the o in (29) is anapproxi-

mation.
" o4\ (LB
o=AT- <Z h?) +<;h—> <1 (29)

i=1 g

Theforwardsweepsarequitedifferentin thetwo casesdueto thedifferencen stochasti@anddeterministidor-
mulations.Theexplicit recursionin DDP is relatively trivial comparedo solvingthe forward Kolmogoros equations
for the statedensitygiventhe stochasti@mptimal controlto getthe optimal expectedstatetrajectory

6. DDP VariationsandApplications

Yakowitz [15, 16] hasgivena thoroughsurwey of the computatiorandtechniquef differentialdynamicpro-
grammingin 1989.Liao andShoemakr[10] studiedcornvergencan unconstraine@®@DP methodsandhave foundthat
adaptve shiftsin the Hessiamarevery robustandyield the fastesicorvergencen the casethatthe problemHessian
matrix s not positive definite. Chang,ShoemakrandLiu [2] solvefor optimalpumpingratesto remediategroundva-
ter pollution contaminatiorusingfinite elementsand hyperbolicpenaltyfunctionsto include constraintsn the DDP
method. Culver and Shoemakr [3, 4] includeflexible managemenperiodsinto the modeland usea fasterQuasi-
Newton versionof DDP. Earlier, Murray and Yakowitz [13] hadcompareddDP andNewton’s methodgo shaw that
DDP inheritedthe quadraticcorvergenceof Newton’s method. Caffey, Liao and Shoemakr [1] develop a parallel
implementatiorof DDP thatis speededip by reducingthe numberof synchronizatiormpointsovertime steps.
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