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Excerpted Section

A. MARKOV CHAIN APPROXIMATION

Anotherapproachto finite differencesis the well developedMarkov Chain Approximation (MCA) of Kushner
[3, 4]. Recentdevelopmentsaresurveyedandfurtheradvancedby Kushner[5], andby KushnerandDupuis[6], with
specialattentionto methodsfor jump andreflecteddiffusions. This methodappliesa Markov chainapproximation
to continuoustime, continuousstatestochasticcontrolproblemsby renormalizingfinite differencesformsasproper
Markov chaintransitionprobabilities.Thesetransitionprobabilitiesarisewhenderiving finite differenceversionsof
thedynamicprogrammingequation.An importantadvantageof this methodis thattheMarkov chainapproximation
facilitatesconvergenceproofsfor thenumericalmethodsin termsof probabilisticarguments.Probabilisticinterpreta-
tion of theapproximationis a majormotivationfor theformulationof this method.Here,theMCA methodis given
a formal presentation,in thespirit of theSDPnotationandformulationto facilitatecomparison.The readershould
referto theabovereferencesfor thegreaterdetail,especiallyKushnerandDupuis[6] for amultitudeof variationsand
convergenceproofs.

1. MCA DynamicProgrammingModelFormulation

ConsiderthestochasticdiffusionwithoutPoissonjumpsgovernedby thestochasticdifferentialequation(SDE)�������
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wherethe notationis the sameas in the full paper [2]. It is assumedthat drift
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This sectionon Markov ChainApproximationappearedin the chapter:F. B. Hanson,“Techniquesin ComputationalStochasticDynamic
Programming”in Stochastic Digital Control System Techniques, within seriesControl and Dynamic Systems: Advances in Theory and Applications,
vol. 76,(C. T. Leondes,Editor),AcademicPress,New York, NY, pp. 103-162,April 1996.?

Supportedin partby NationalScienceFoundationGrantDMS 93-0117,NationalCenterfor SupercomputingApplications,Pittsburgh Super-
computingCenter, andLos AlamosNationalLaboratory’s AdvancedComputingLaboratory;written while on sabbaticalin Division of Applied
MathematicsatBrown University, Providence,RI 02912



2 ComputationalStochasticDynamicProgramming:Markov ChainApproximationSection, F. B. Hanson

with thesamenotationasin the full paper [2]. It is assumedthattheinstantaneouscost
-

andthesalvagecost
:

are
boundedandcontinuous.Much alsomaydependon theboundaryconditions.Thefinal sideconditionis thesameas
thatin the full paper [2] for SDP.

Theoptimalcostsaredefinedas @BA �2"#�1�
	C�EDGFBHI6J ! �2"#��$%���
	LKC�
(3)

usingtheinfimum(
DGFBH

), insteadof thelessgeneralminimum( M DGF
) in thespirit of [6], overall admissiblecontrols.

Uponapplicationof theprincipleof optimality, thedynamicprogrammingequationfor theoptimalexpectedcost
@ A

is N � @ A) �PORQTS @ AVU �2"#�1�
	
(4)� @BA) �PDGFBHI ' 
XW%�2"#��$%���
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Since(4) is a backwardequationandsincewe want to keepit simple,(4) is approximatedwith theBackwardEuler
approximation @_Aa�b � ��"c	&� @_Aa �2"c	���d.� a�b �Re DfFBHI J 
XWa �2"#�1$]	
Y Q S @BAa U (5)� Z\ ����� W 	 a �2"c	R^�Y.Q�Y WQ S @ Aa U ��- a �2"#��$#	hg��
for i � Z to j , with

@ Aa ��"c	�k @ A ��"#��� a 	 , andsimilarly for

 a ,

� a and
- a , while

� a �l� a�b � �md.� a�b � is time
in termsof the forward index i . The final conditionis

@ An �2"c	�� @ A �2"#�1� < 	/� : A �2"#�1� < 	
. (The correlation,in the

caseof constanttime increments,betweenthe forward index i andthebackward index o usedin SDPis that prq �� <;s o e d p �t� j s o 	 e d p �u� n b q �u� a , sotheforwardandbackwardtime indicesarerelatedby i � j s o .
Hence,pwv �x��<y�z� n and p n � N �z� v , arethefinal andinitial times,respectively, in eithertime direction.) The
interpolationtime incrementis denotedby

d.� a�b � �m� a s � a{b � hereandhasimportantrolesto play for modelingand
for numericalconvergence.

However, sincemuchof the literatureon MCA, correspondingto muchof the literatureon stochasticcontrol,
is formulatedasa stationary(time-independent)problem,the indices o and i aretreatedasiterationindicesfor the
time-independentproblem.Thetime-independentproblemmayarisefrom ergodicproblemsor exit timeproblemsor
infinite horizonproblems,for example.

2. MCA LocalConsistency Conditions

Thesymbol | will indicatethe the orderof the spacingin the discretizationof the statespacefor theMarkov
chain } a for discretestepsi�~ N

(notefor thechainwe usethe forwardtime index i insteadof thebackwardtime
index o to givepriority to theMarkov chainpropertiesusuallydefinedin forwardtime, insteadof completelyforcing
thebackwardtimenotionof SDP).TheMarkov chaintransitionprobabilitiesaredefinedby� � } a �
� 4 $ a 	#�

Prob
S } a�� � �5� 4 }=� ��$ � �h��� i U

for transitionsof the Markov chain from stage} a to stage} a�� � ���
undercontrol policy

$ a . Thesetransition
probabilitiesmustsatisfy the non-negativity (� ~ N

) andconservation ( � � � Z ) of probability propertiesof any
properprobability law. Thus,thechainis definedon a finite statespace��� with discretetime parameteri . Further,
theMarkov chainapproximationincrements

d } a;� } a�� � s } a , with
4 d } a 4 ����� | 	 , mustsatisfythelocal consistency

conditions � S d } a 4 } a �1$ a U � �{� ��� s } a 	 e � � } a ��� 4 $ a 	� d.� a e S 
 a � } a �1$ a 	r�*�B� Z 	 U
and (6)
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Covar
S d } a 4 } a �1$ a U � � � ��� s } a s � S d } a U 	V�2� s } a s � S d } a U 	 We � � } a �
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as | s�� N �
, for i � N

to j s Z , consistentwith theusualconditionsfor thefirst two infinitesimalmomentsof the
stochasticdiffusionapproximationcorrespondingto theSDE(1). In (6), theconditioningonearlierstatesandcontrols� } � ��$ � �h��� i8� hasbeensuppressedto simplify the notation,but is not meantto imply any assumptionon earlier
variables.

Here,
d.� a is the local interpolationtime increment,suchthat

d.� a sw� N
as | s�� N �

, and suchthat the
piecewiseconstantinterpolatedchainandcontrolwith continuoustimeparameter

�
are} ���
	 � } a and

$R���
	 � $ a for
�

on
S � a �1� a ��d�� a 	3�

which togetherwith the local consistency conditions(6) aresatisfiedby thecorrespondingdiscretetime chainallow
approximationof (1). For generality,

d.� a �md.� a � } a ��$ a 	 is permitted.

3. MCA DynamicProgrammingEquationandTransitionProbabilitiesConstructionfrom FiniteDifferences

The MCA transitionprobabilities � � } ��� 4 $]	
often are constructedfrom the finite differencein spaceof the

parabolic,dynamicprogrammingequation(5) (finite elementscould be usedaswell). The usualmixed finite dif-
ferencesin spaceusedin [6] areupwinded(forwardandbackward)for first orderstatederivatives,� !���0� �2"#���
	�kz���c f¡ ��¢�£¥¤3£L¦ )2§ b �] ¨¡ ¦ )2§¢�£ �ª© � �2"#�1$%��"#���
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andcentraldifferencesfor thesecondorderderivatives,� � !��� �� �2"#�1�
	Ck ! �2"²� | � e�³ � ���
	 s \ ! �2"#�1�
	�� ! �2" s | � e´³ � �1�
	| �� �
(8)

with ³ � asthe unit vectorfor the µ th statecomponentand | � �¶�9� | 	 asthe sizeof the µ th step. Here,we assume
thattheGaussiannoiseis not correlated(i.e.,wemeanthecoefficient is assumedto bediagonal),sothecrosssecond
derivativesarenot needed.Also, theupwindingon first derivativessacrificesaccuracy (i.e., it has

��� | � 	 errorrather
thanthesmaller

��� | �� 	 errorof centraldifferencesas | � s�� N �
, sothelargererror“numericallypollutes”thesmaller)

for potentiallygreaternumericalstabilityin thecaseof convectiondominatedflows(i.e.,thedrift part
4 © � 4 · | � is greater

thanthediffusionpart
����� W 	 � ¦ � · | �� ). However, many refinementsto fix up theseproblemsarefoundin Kushnerand

Dupuis[6], suchashigherorderfinite differencesincludingthoseneededfor crosssecondderivatives.

Uponsubstitutingthesefinite differences,thedynamicprogrammingequation(5) becomes@BA �2"#�1� a�b � 	¸� DGFBHI�¹´º�» S � a �2"#��"#� 4 $ a�b � 	 e @BA �2"#�1� a 	 (9)� ¼� �G½ � � a �2"#��"9� | � e¾³ � 4 $ a{b � 	 e @ A �2"�� | � e´³ � �1� a 	� ¼� �G½ � � a �2"#��" s | � e¾³ � 4 $ a{b � 	 e @BA �2" s | � e´³ � �1� a 	� d.� a�b � e -/��"#��$ a�b � ��� a 	 U �
wherethetransitionprobabilities,now denotedby� � } a�b � � } a 4 $ a�b � 	Ck � a � } �
� 4 $ a�b � 	
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andactivatedby thecontrolvector
$ a�b � from

� a{b � to
� a , aregivenby� a ��"#�
"#� 4 $ a{b � 	¿� Z s d�� a�b �%e ¼�� ½ �.À ����� W 	 � ¦ � ¦ a| �� � 4 © � ¦ a 4| � 7��

(10)� a �2"#��"²� | � e´³ � 4 $ a�b � 	¿� d.� a�b � e ' ����� W 	 � ¦ � ¦ a\ | �� � S © � ¦ a U �| � gÁ�
(11)� a �2"#��" s | � e´³ � 4 $ a�b � 	¿� d.� a�b � e ' ����� W 	 � ¦ � ¦ a\ | �� � S © � ¦ a U b| � gÂ�
(12)

for sufficiently small
d.� a�b � so � a ��"#�
"#� 4 $ a�b � 	 in (10) is non-negative. Here

S © U¥Ã � M�ÄÆÅ SÈÇÂ©¯� N U ~ N
(i.e.,

S © U � �S © U b � 4 © 4
and

S © U � s S © U b �t©
). The drift componentis

© � ¦ a �6© � �2"#�1$ a�b � ��� a 	 andthe diffusion coefficient
is

� � ¦ � ¦ a �É� � ¦ � ��"#��� a 	 , assumingthat only the diagonalpart is needed.While the explicit time-dependenceof the
dynamicalsystemcoefficientsareevaluatedat thelatertime

� a (this is notacritical requirement)aswouldbefrom the
BackwardEulerapproximation,thecontrol is evaluatedat theearliertime

� a{b � . Theproceduregeneratesfeedback
control at the discretelevel. This is becausethe control policy, whenknown, would be setat the beginning for the
periodin forwardtime,althoughthiscontrolpolicy is determinedby thedynamicprogramin backwardtimesequence.
KushnerandDupuis[6] call this typeof MCA anexplicit method,but since,asa backwardprocedure,it is explicit in
thecosts

@ Aa while implicit in thecontrol
$ a{b � , it is reallyquasi-explicit in thecaseof thesimpleapproximationsused

here.However, a numberof implicit methodsarealsopresentedby KushnerandDupuis[6].

In (10,11,12),thereallyimportantbenefitof upwindingis seen,in thatupwindingensuresthatthedrift coefficient© � ¦ a only entersthetransitionprobabilitiesasanabsolutevalue,guaranteeingthenon-negativity propertyof thenon-
self transitionprobabilitiesin (11,12),and(10)aswell, providedtheinterpolationincrementis sufficientlysmall.Note
thattherequirementthattheself transitionterm(10)mustbenon-negativeasaprobabilityputsrestrictionsonthetime
step

d�� a�b � , i.e., d.� a�b � � Z� ¼�G½ �ËÊ  GÌ�ÌcÍ § £¥Î £¥Î ¹¢�Ï£ �tÐ Ñ £2Î ¹ Ð¢¾£�Ò �
(13)

whichis somethinglike thegeneralizedCourantFriedrichsandLewy (CFL) conditionthe full paper [2] for SDP. This
is morereadilyseenin theform:Ó

MCA
��d.� a�b � e ¼� �f½ � ' ����� W 	 � ¦ � ¦ a| �� � 4 © � ¦ a 4| � g²� Z � (14)

which is morelike the“
O � ” normversionof the“

O � ” normversionof thegeneralizedCFL conditionin the full paper
[2]. Thustheconditionsfor bothmethodsrequirethesameorderof magnitudeof the time step. Thedifferencesin
quasi-normsis notsignificantgiventheapproximationsin bothmethods.

Onecancheckthat thetransitionprobabilitiesdo indeedsatisfytheMCA local consistency conditions(6). For
instance,thefirst infinitesimalmomentof theMCA is calculatedasfollows,� S d } a 4 } a �5" U � � a ��"#�
" 4 $ a�b � 	 e S N U� ¼� �G½ � � a �2"#��"�� | � e´³ � 4 $ a�b � 	 e S | � e�³ � U� ¼� �G½ � � a �2"#��" s | � e´³ � 4 $ a�b � 	 e S s | � e´³ � U� d.� a�b � e ¼� �f½ � ��S © � ¦ a U � s S © � ¦ a U b 	 e¾³ �� d.� a�b �Re ¼� �f½ � © � ¦ a e´³ � �Ôd.� a{b �%e 
���"#��$ a{b � �1� a 	3�
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demonstratingthattheconditionis satisfiedfor thefirst moment.Theconsistency conditioncanbesimilarly demon-
stratedfor thesecondmoment.

In thecaseof astationarydynamicprogrammingequation,i.e.,theelliptic case,suchasfor anexit timeproblem,
optimalstoppingproblemor infinite horizon,thenthecoefficientsfrom thefinite differenceformulaarerenormalized
to satisfypropertiesof transitionprobabilities.Renormalizationis not essentialfor thenon-stationarycasedescribed
above. In thestationarycase,renormalizationis computationallyusefulin that it canhelpspeedup thecomputation
if wisely done. Typically, the stationaryself-transitionterm Õ� a �2"#��" 4 $#	

is set to zeroandthe centralcost

@ A �2"c	
is

solvedfor asa functionof thenontrivial transitioncosts,sotheinterpolationor iterationtime Öd.�
is selectedto bethe

resultantcoefficientof theinstantaneouscost
-/��"#��$#	

. For example,supposethatthefinal horizontime
� < �×,´Ø

, the
first exit time for thechainto reachto theboundary, thenthenon-stationarycaseequations(9,11,12)arereformulated
(presumablybeforetakingtheinfimum) for thestationarycaseastheiterationÕ @_A Ùa�� � ��"c	&� DfFBHÕ I�Ú¹ Û�» À ¼� �f½ � Õ� ��"#�
"�� | � e�³ � 4 Õ$ Ùa�� � 	 e Õ @_A Ùa �2"�� | � e¾³ � 	 (15)� ¼� �f½ � Õ� �2"#��" s | � e´³ � 4 Õ$ Ùa¾� � 	 e Õ@_A Ùa �2" s | � e´³ � 	� Öd�� e -/��"#� Õ$ ÙaÜ� � 	 Ò `
A new iterationindex Ýi replacesthe former i which losesits meaninga time index in thestationaryproblem. The
transitionprobabilitiesarenow denotedby� � } Ùa�� � � } Ùa 4 Õ$ Ùa�� � 	�k Õ� Ùa � } Ùa�� � � } Ùa 4 Õ$ Ùa�� � 	3�
conditionedby thecontrolvector Õ$ Ùa¾� � from iterations Ýi to Ýi � Z . Theconditionprobabilitiesarenow givenbyÕ� �2"#��" 4 Õ$ ÙaÜ� � 	 � N �Õ� ��"#�
"�� | � e�³ � 4 Õ$ Ùa�� � 	¿� Öd.� e ' ����� W 	 � ¦ �\ | �� � S © � U �| � g��

(16)Õ� ��"#�
" s | � e�³ � 4 Õ$ Ùa�� � 	¿� Öd.� e ' ����� W 	 � ¦ �\ | �� � S © � U b| � g `
(17)

The startinginterpolationtime increment Öd.�
is given by the reciprocalof

S Z s � ��"#�
" 4 $]	 U · d�� a{b � from the non-
stationarycaseas Öd��#� Z� ¼� ½ � Ê  GÌ�Ì Í §2Þ Î Þ¢�ÏÞ � Ð Ñ Þ Ð¢ Þ Ò `
For this stationarycaseit is assumedthat the SDE coefficientsare autonomous,i.e.,

© � �ß© � ��"#��$#	
and

� � ¦ � �� � ¦ � �2"c	
, for consistency. The formernon-stationaryinterpolationtime increment

d.� a�b � cancelsout of the discrete
timedynamicprogrammingequation(5).

4. MCA DynamicProgrammingEquationSolution

Thedynamicprogrammingequation(9) canbesolvedfor

@ Aa�b � andsimultaneouslyfor theoptimalcontrolvector
approximationfor MCA astheinfimumor minimumargument:$ A �2"#�1� a�b � 	¿� Ä{à1á DGFBHI�¹Vº�» S � a ��"#�
"#� 4 $ a{b � 	 e @BA �2"#�1� a 	 (18)� ¼� �G½ � � a �2"#��"9� | � e´³ � 4 $ a{b � 	 e @BA �2"�� | � e´³ � �1� a 	� ¼� �G½ � � a �2"#��" s | � e´³ � 4 $ a{b � 	 e @ A �2" s | � e´³ � �1� a 	� d.� a�b � e -/��"#��$ a�b � ��� a 	 U�`
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KushnerandDupuis[6] discussmany computationalmethodsfor solvingproblemslike(9),suchasPoint-Jacobi,
Gauss-Seidel,Successive-Over-Relaxationaccelerations,Multigrid or Multilevel, andDomainDecomposition.They
alsodiscussboththebenefitsanddisadvantagesof thesemethods.Pleasereferto theirbookfor moreinformation.The
paperof KushnerandJarvis[7] givestherecentstateof MCA computationsusingparallelandvectorsupercomputers.
Quadratandcoworkers[1] haveusedMCA in theirexpertsystemfor solvingstationaryoptimalcontrolproblems.

Jumpdiffusionsor Poissonprocessesincludedwith stochasticdiffusionsonly requiresa smallamountof extra
effort to calculatethemodificationsof thetransitionprobabilitiesfor MCA. Thechangesduediffusionandthejumps
areseparatelyaccountedfor sinceoneis continuousandtheotherdiscontinuous.

Reflectingboundariesarehandledfor reflectingdiffusionsandreflectingjump diffusionsby addinga borderof
extradiscreteelementsaroundthedomain.Thewidth of theborderelementsis

�²� | 	 . Any chainthatwindsup in the
borderelementif reflectedbackinto the interior elementsin a way consistentwith theapplicationandthestochastic
noise,andlocally consistentwith the local directionof reflection.Non-normalreflectionsmaybedifficult to handle
in multi-dimensions.The reflectionsaremodeledby addedauxiliary stochasticprocessesto the SDE (1) andthese
auxiliary stochasticprocessesareonly activatedwhena chainhits the borderelement. This seemsto be a proper
way to handlethecomplexitiesof boundaryconditionsfor stochasticprocesses,whetherreflectingor otherwise.The
recentpaperof KushnerandYang[8] givesa clearexampleof theMCA methodwith reflectingboundaryconditions
for telecommunicationnetworksin a heavy traffic environment.

5. SimilaritiesandDifferencesbetweenMCA andSDP

TheobviousdifferencebetweenMCA andSDP, aspresentedhere,is thatMCA is is primarily appliedto station-
ary problems,in spitefor thedynamicmodelpresentationhere.TheMCA methodis extremelyadaptable.Kushner
andDupuis[6] give variationsfor exit time problems,ergodicproblems,jump diffusions,discountedcosts,average
costs,optimalfiltering andmany otherapplications.A majoradvantageor themethodis thatconvergenceproofsare
facilitatedby theprobabilisticframework, while they aregenerallydifficult or not availablefor traditionalnumerical
PDEmethodspresentedfor SDPhere.However, theMCA methoddoesintroducea indirect featurein theuseof the
Markov chainto solveacontinuoustime,continuousstateoptimalcontrolproblem.A principalsimilarity is thatboth
MCA andSDPbasicallyuseBellman’sdynamicprogrammingequations,althoughunderquitedifferentprobabilistic
andnumericalinterpretations.They areboth variantsof the stochasticdynamicprogrammingalgorithm. Although
thecontrolis usuallythemostimportantoutputfor thecontroluser, sometimestheexpectedoptimaltrajectories,i.e.,
usingtheoptimal control,aredesiredto studythebehavior of thedynamicsystemin theoptimalstate.Theredoes
not appearto bea formulationof MCA thatcoverstheuseof theforwardequationsfor this purposein Kushnerand
Dupuis[6], althoughsimulationsusingrandomnumbergeneratorsaresuggested.
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