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Excerpted Section
A. MARKOV CHAIN APPROXIMATION

Anotherapproachto finite differenceds the well developedMarkov Chain Approximation (MCA) of Kushner
[3, 4]. Recentdevelopmentsaresurweyedandfurtheradvancedby Kushnel5], andby KushnerandDupuis[6], with
specialattentionto methodsfor jump andreflecteddiffusions. This methodappliesa Markov chainapproximation
to continuougime, continuousstatestochasticcontrol problemsby renormalizingfinite differencedormsasproper
Markov chaintransitionprobabilities. Thesetransitionprobabilitiesarisewhenderiving finite differenceversionsof
thedynamicprogrammingequation.An importantadvantageof this methodis thatthe Markov chainapproximation
facilitatescorvergenceproofsfor the numericalmethodsn termsof probabilisticarguments Probabilisticinterpreta-
tion of the approximatioris a major motivationfor the formulationof this method.Here,the MCA methodis given
a formal presentationin the spirit of the SDP notationandformulationto facilitatecomparison.The readershould
referto theabove referencesor the greaterdetail,especiallyjKushnermndDupuis[6] for amultitudeof variationsand
corvergenceproofs.

1. MCA DynamicProgrammingvodel Formulation
Considetthe stochastidiffusionwithout Poissorjumpsgovernedby the stochastidifferentialequation(SDE)
dX(t) = F(X,U,t)dt + G(X,t)dW (t), Q)

wherethe notationis the sameasin the full paper [2]. It is assumedhatdrift F and Gaussiarcoeficient G are
boundedgcontinuousandLipshitz continuousn the stateX, while F is uniformly soin thecontrolU. Further let the
expectedcostobjective functionalbe

Vixut) = Mean[ ttdeC(X(T)7U(X(T),T)7T)
2

| X(@) =x,U=ul|+ Z(x,t5),

1This sectionon Markov Chain Approximationappearedn the chapter: F. B. Hanson,“Techniquesn ComputationalStochasticDynamic
Programmingin Stochastic Digital Control System Techniques, within seriesControl and Dynamic Systems: Advancesin Theory and Applications,
vol. 76, (C. T. LeondesEditor), AcademicPressNew York, NY, pp. 103-162 April 1996.

2Supportedn partby NationalScienceFoundationGrantDMS 93-0117 NationalCenterfor Supercomputind\pplications,Pittsturgh Super
computingCentey and Los Alamos National Laboratorys AdvancedComputingLaboratory;written while on sabbaticaln Division of Applied
Mathematicsat Brown University Providence RI 02912
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with the samenotationasin the full paper [2]. It is assumedhattheinstantaneousostC' andthe sahagecostZ are
boundedandcontinuous Much alsomay dependon the boundaryconditions. Thefinal sideconditionis the sameas
thatin the full paper [2] for SDP

The optimal costsaredefinedas

v*(x,t) = inf [V(x,u,t)], (3)

usingtheinfimum (inf), insteadof thelessgeneraminimum (min) in the spirit of [6], over all admissiblecontrols.
Uponapplicationof theprincipleof optimality, thedynamicprogrammingequatiorfor the optimalexpecteccost
v*is

0 = of +L;[v*](x,1) (4)
= p +inf BT (e, )V [o] + 5(GGT) (x, 1) V. V]
+ C(x,u,t)].

Since(4) is a backward equationandsincewe wantto keepit simple,(4) is approximatedvith the Backward Euler
approximation

vi(x) + Atyg_1 -inf [Fi(x,u)V,[v}] (5)
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fork =1 to K, with v¥(x) ~ v*(x,t.), andsimilarly for F,, G, andC,, while t, = t,_1 + At,_1 istime
in termsof the forward index x. The final conditionis vk (x) = v*(x,t;) = Z (x,t;). (Thecorrelation,in the
caseof constantime incrementspetweerthe forwardindex « andthe backwardindex k usedin SDPis that7}, =
ty —k-AT = (K — k) - AT = tx_, = t«, sotheforwardandbackwardtime indicesarerelatedby k = K — k.
Hence Iy =ty = tx andTx = 0 = ¢y, arethefinal andinitial times,respectrely, in eithertime direction.) The
interpolationtime incremenis denotedoy At,_; = ¢, — tx—1 hereandhasimportantrolesto play for modelingand
for numericalcorvergence.

However, sincemuchof the literatureon MCA, correspondingo muchof the literatureon stochastiacontrol,
is formulatedasa stationary(time-independentproblem,the indicesk andx aretreatedasiterationindicesfor the
time-independemntroblem.Thetime-independergroblemmayarisefrom ergodicproblemsor exit time problemsor
infinite horizonproblemsfor example.

2. MCA Local Consisteng Conditions

The symbolh will indicatethe the orderof the spacingin the discretizatiornof the statespacefor the Markov
chaing,, for discretestepsk > 0 (notefor the chainwe usethe forwardtime index « insteadof the backwardtime
index k to give priority to the Markov chainpropertiesusuallydefinedin forwardtime, insteadof completelyforcing
thebackwardtime notionof SDP).TheMarkov chaintransitionprobabilitiesaredefinedby

p(&fﬁ"'“ﬁ) = Proq€n+1 = n|€]7uja.7 S K‘]

for transitionsof the Markov chainfrom stageg,, to stage§,,; = m undercontrol policy u,. Thesetransition
probabilitiesmust satisfy the non-neatiity (p > 0) andconseration (>_p = 1) of probability propertiesof ary
properprobability law. Thus,the chainis definedon a finite statespaceD, with discretetime parametek. Furthey
theMarkov chainapproximatiorincrementsA§,, = £, ,; —§,., with |A€,.| = O(h), mustsatisfythelocal consistency
conditions

E[AE,[€,, us] D (m—¢,) &, mlu)

n
= Aty - [Fn(fmum) + 0(1)]
and ©)
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CovafAg,. €., u]

D (n—¢, - EAE])(n - &, — E[AE,)T
(€, mluk)
= Aty [(GGE)(E,) +o(1)],

ash — 0%, fork = 0 to K — 1, consistentvith the usualconditionsfor thefirst two infinitesimalmomentsof the
stochastidiffusionapproximatiorcorrespondingo theSDE(1). In (6), theconditioningon earlierstatesandcontrols
{¢;,u5,j < k} hasbeensuppressetb simplify the notation,but is not meantto imply ary assumptioron earlier
variables.

Here, At is the local interpolationtime increment,suchthat At, — 0 ash — 0%, andsuchthat the
piecavise constaninterpolatecchainandcontrolwith continuoudime parametet are

£(t) =€, andu(t) = u, for t on [t,,t, + Aty),

which togethemwith thelocal consisteng conditions(6) aresatisfiedby the correspondingliscretetime chainallow
approximatiorof (1). For generality At,, = At,(€,.,us) is permitted.

3. MCA DynamicProgrammingd=quationand TransitionProbabilitiesConstructiorfrom Finite Differences

The MCA transition probabilitiesp(&, n|u) often are constructedrom the finite differencein spaceof the
parabolic,dynamicprogrammingequation(5) (finite elementscould be usedaswell). The usualmixed finite dif-
ferencesn spaceusedin [6] areupwinded(forwardandbackward)for first orderstatederivatives,

oV . V(x-‘rhiez,it)—V(x,t) , Fi(x,u(x,t),t) >0 @
a.’L'i 3 V(x,t)—Vh(:(—hiei,t)7 .FZ'(X, u(x, t), t) <0
andcentraldifferencedor the secondrderderivatives,
0%V V(x+ h;-e;t) —2V(x,t) + V(x—h; -e;,t
9.z (1) = ( ! 1(12 )+ 1 : ®)

with e; asthe unit vectorfor the ith statecomponentndh; = O(h) asthe sizeof theith step. Here,we assume
thatthe Gaussiamoiseis not correlated;i.e., we meanthe coeficientis assumedo be diagonal) sothecrosssecond
derivativesarenot needed Also, the upwindingon first derivativessacrificesaccurag (i.e., it hasO(h;) errorrather
thanthesmallerO(h?) errorof centraldifferencessh; — 0%, sothelargererror‘numericallypollutes"thesmaller)
for potentiallygreatemumericaktabilityin thecaseof corvectiondominatedlows (i.e., thedrift part| F; |/ h; is greater
thanthediffusionpart(GG™); ;/h?). However, mary refinementgo fix up theseproblemsarefoundin Kushnerand
Dupuis[6], suchashigherorderfinite differencesncludingthoseneededor crosssecondierivatives.

Uponsubstitutingthesefinite differencesthe dynamicprogrammingequation(5) becomes

(X, te—1) = inf [pe(X,x,|ug—1) - 0" (x,tx) (9)

+ ZPn(X,X + hi - eilue_1) - 0" (x + h;i - e, t,)

i=1
n
+ an(xax — hi - eilue—1) - 0" (x — h; - e, t,)
i=1
+ Atnfl . C(X7uh’/717tl‘é)] )
wherethetransitionprobabilitiesnow denotedoy

p(én—lv €n|uﬁ—1) = pn(€7 77|11n—1)
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andactivatedby the controlvectoru,_; fromt,_ tot,, aregivenby

| (GGT)jjn F "
pli?(x7 X, |uh‘,—1) = 1-— Atn—l ° Z [( h2)J o> | | 5 (10)
j=1
GGT 1 Z K
Pe(X, X+ hi-ejluc_1) = Atg_y- [( 2h3 ] (11)
GG ’l Z K
Pe(X,x — hj-e;lug1) = At q- [( 202 ] (12)

for sufficiently small At,,_; SOp,(x,x,|us—1) in (10) is non-n@ative. Here[F]+ = max[+F,0] > 0 (i.e.,[F]+ +
[F]l— = |F| and[F]4+ — [F]- = F). Thedrift componenis F; , = F;(x,u._1,t.) andthe diffusion coeficient
is Gii,r = Gii(x,ts), assuminghatonly the diagonalpartis needed.While the explicit time-dependencef the
dynamicalsystencoeficientsareevaluatedatthelatertimet, (thisis notacritical requirementaswould befrom the
Backward Euler approximationthe controlis evaluatedat the earliertime ¢,,_;. The procedureggenerateseedback
control at the discretelevel. This is becausehe control policy, whenknown, would be setat the beginning for the
periodin forwardtime, althoughthis controlpolicy is determinedy thedynamicprogramin backwardtime sequence.
KushnerandDupuis[6] call thistype of MCA anexplicit method but since,asabackwardprocedureit is explicit in
thecostsv; while implicit in thecontrolu,_4, it is really quasi-eplicit in the caseof the simpleapproximationsised
here.However, anumberof implicit methodsarealsopresentedby KushnermndDupuis[6].

In (10,11,12)thereallyimportantbenefitof upwindingis seenjn thatupwindingensureshatthedrift coeficient
F; ., only entersthe transitionprobabilitiesasanabsolutevalue,guaranteeinghe non-negativity propertyof the non-
selftransitionprobabilitiesin (11,12),and(10) aswell, providedtheinterpolationincrements sufficiently small. Note
thattherequirementhattheselftransitionterm(10) mustbenon-neyative asa probabilityputsrestrictionsonthetime
stepAt,_1,i.e.,

1
(GG | P
[+ ]

Atn—l S (13)

i=1

whichis somethindik e thegeneralize€CourantFriedrichsandLewy (CFL) conditionthe full paper [2] for SDP This
is morereadilyseenn theform:

OMCA = Aty,_1 - Z

i=1

2o h

2

[ GG )z i,K |E,n|:| S 1’ (14)

whichis morelikethe" £,” normversionof the* £," normversionof thegeneralizedCFL conditionin the full paper
[2]. Thusthe conditionsfor both methodsrequirethe sameorderof magnitudeof the time step. The differencesn
guasi-normss not significantgiventhe approximationsn bothmethods.

Onecancheckthatthetransitionprobabilitiesdo indeedsatisfythe MCA local consisteng conditions(6). For
instancethefirst infinitesimalmomentof the MCA is calculatecasfollows,

E[Ag, €, =x] = pu(xx[us1)-[0]

+ D P, X+ by eiftg ) - [hi - ]

i=1

+ Y pe(X,x = hi-eilug ) - [<h; - ej]
i=1

n

= Atnfl : Z ([Fi,n]+ - [F‘i,n]f) - €

i=1

n
= Atnfl . ZE,I‘C ce; = Atnfl . F(X7u571,t,€)7
i=1



F. B. Hanson, Computationatochasti®ynamicProgrammingMarkov ChainApproximationSection 5

demonstratinghatthe conditionis satisfiedfor the first moment.The consisteng conditioncanbe similarly demon-
stratedfor thesecondmoment.

In thecaseof astationarydynamicprogrammingequationj.e., theelliptic case suchasfor anexit time problem,
optimalstoppingproblemor infinite horizon,thenthe coeficientsfrom thefinite differenceformulaarerenormalized
to satisfypropertiesof transitionprobabilities.Renormalizatioris not essentiafor the non-stationargasedescribed
above. In the stationarycaserenormalizations computationallyusefulin thatit canhelp speedup the computation
if wisely done. Typically, the stationaryself-transitionterm p,.(x, x|u) is setto zeroandthe centralcostv*(x) is
solvedfor asa functionof the nontrivial transitioncosts,sotheinterpolationor iterationtime At is selectedo bethe
resultantcoeficient of the instantaneousostC'(x, u). For example,supposehatthefinal horizontimet; = 7., the
first exit time for thechainto reachto theboundarythenthe non-stationargaseequationg9,11,12)arereformulated
(presumablypeforetakingtheinfimum) for the stationarycaseastheiteration

Uiy(x) = inf [Zﬁ(x,x + hi - eilUzy1) - V5 (x + hi - €;) (15)

Ur+1 | 4=1
n
+ Zﬁ(x,x —h; - e,-|ﬁ,g+1) . 17};()( —h; - e,-)
=1
+ At-O(x, a,m)] :

A new iterationindex & replaceghe former x which losesits meaninga time index in the stationaryproblem. The
transitionprobabilitiesarenow denotedby

p(€k+1 ,&4lUa11) =~ Di (5&4—1 »&alUa11),

conditionedby thecontrolvectori; 1 from iterationsk to & + 1. The conditionprobabilitiesarenow givenby

ﬁ(xvxlﬁk‘i‘l) = 07
. ~ = [(GGT)ii | [F
px,x + hi-eiftizy1) = At- [( Zhg) iyl h]'+] ; (16)
. - = [GGT)ii | [F]-
P(x,x — hi-ejluzgp1) = At- [( 2h2) =+ [ h]~ ] . a7

The startinginterpolationtime incrementA¢ is given by the reciprocalof [1 — p(x,x|u)]/Atx—1 from the non-
stationarycaseas
— 1

At = > [(Gi;)j,j + %] ’

For this stationarycaseit is assumedhat the SDE coeficients are autonomousi.e., F; = F;(x,u) andG;; =

G;,:(x), for consisteng. The former non-stationarynterpolationtime incrementAt¢,,_; cancelsout of the discrete
time dynamicprogrammingequation(5).

4. MCA DynamicProgrammindgequationSolution

Thedynamicprogrammingequation(9) canbesolvedfor v} _; andsimultaneouslyor theoptimalcontrolvector
approximatiorfor MCA astheinfimum or minimumargument:

u*(x,tx—1) = arg llinf1 [P (X, X, [ug—1) - * (X, tx) (18)

n
+ an(x,x+ hi - eijue—1) - v*(x + h; - e, ty)

=1
n

+ an()gx — hi-ejlug_1) v (x — h; - e, ty)
=1

+ Atn_l . C(X, u,i_l,t,.i)] .
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KushnerandDupuis[6] discussnary computationamethoddor solvingproblemdik e (9), suchasPoint-Jacobi,
Gauss-SeideBuccessie-Ower-Relaxatioraccelerationdyiultigrid or Multilevel, andDomainDecomposition.They
alsodiscusdoththebenefitaanddisadwantage®f thesemethodsPleaseaeferto theirbookfor moreinformation.The
paperof KushnermndJarvis[7] givestherecentstateof MCA computationsisingparallelandvectorsupercomputers.
Quadratandcoworkers[1] have usedMCA in their expertsystemfor solvingstationaryoptimal controlproblems.

Jumpdiffusionsor Poissormprocessemcludedwith stochastidiffusionsonly requiresa smallamountof extra
effort to calculatethe modificationsof the transitionprobabilitiesfor MCA. Thechangesluediffusionandthejumps
areseparatelyaccountedor sinceoneis continuousandthe otherdiscontinuous.

Reflectingboundariesre handledfor reflectingdiffusionsandreflectingjump diffusionsby addinga borderof
extra discreteelementsaroundthe domain.The width of theborderelementss O (k). Any chainthatwindsupin the
borderelementif reflectedbackinto theinterior elementsn a way consistentvith the applicationandthe stochastic
noise,andlocally consistentvith the local directionof reflection. Non-normalreflectionsmay be difficult to handle
in multi-dimensions.The reflectionsare modeledby addedauxiliary stochastigorocesseso the SDE (1) andthese
auxiliary stochastigprocessesire only activatedwhena chain hits the borderelement. This seemsto be a proper
way to handlethe compleities of boundaryconditionsfor stochastigrocessesyhethemeflectingor otherwise.The
recentpaperof KushnerandYang[8] givesa clearexampleof the MCA methodwith reflectingboundaryconditions
for telecommunicationetworksin a heavy traffic environment.

5. SimilaritiesandDifferencebetweerMCA andSDP

TheobviousdifferencebetweerMCA andSDR aspresentedhere,is thatMCA is is primarily appliedto station-
ary problems n spitefor the dynamicmodelpresentatiomere. The MCA methodis extremelyadaptable Kushner
andDupuis[6] give variationsfor exit time problems.ermgodic problems jump diffusions,discountectosts,average
costs,optimalfiltering andmary otherapplications A majoradwantageor the methodis thatcorvergenceproofsare
facilitatedby the probabilisticframework, while they aregenerallydifficult or not availablefor traditionalnumerical
PDE methodspresentedor SDPhere.However, the MCA methoddoesintroducea indirectfeaturein the useof the
Markov chainto solve a continuougime, continuousstateoptimalcontrol problem.A principalsimilarity is thatboth
MCA andSDPbasicallyuseBellmans dynamicprogrammingequationsalthoughunderquite differentprobabilistic
andnumericalinterpretations.They areboth variantsof the stochasticddynamicprogrammingalgorithm. Although
thecontrolis usuallythe mostimportantoutputfor the controluser sometimeshe expectedoptimaltrajectoriesi.e.,
usingthe optimal control, are desiredto studythe behaior of the dynamicsystemin the optimal state. Theredoes
not appeato be a formulationof MCA thatcoversthe useof the forward equationdor this purposen Kushnerand
Dupuis[6], althoughsimulationsusingrandomnumbergeneratorsiresuggested.
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