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l. INTRODUCTION

WhenBellmanintroduceddynamicprogrammingn his originalmonograph8], computersverenotaspowerful
ascurrentpersonactomputersHence his descriptionof the extremecomputationalemandssthe Curseof Dimen-
sionality[9] would nothave hadthe superandmassiely parallelprocessorsf todayin mind. However, massie and
supercomputersannot overcomehe Curseof Dimensionalityalone,but parallelandvectorcomputatiorcanpermit
the solutionof higherdimensionthanwaspreviously possibleandthuspermit morerealisticdynamicprogramming
applications.Todaysuchlarge problemsare called Grand and National Challenge problemg45, 46] in high perfor
mancecomputing.Today's availability of high performancerectorsupercomputerandmassiely parallelprocessors
have madeit possibleo computeoptimalpoliciesandvaluesof controlsystemdor muchlargerdimensionghanwas
possibleesarlier Advancesdn algorithmshave alsopaidalargerole.

In thischapterthefocuswill beonthestochasti@ynamicprogrammingn continuougime,yetrelatedoroblems
andmethodswill be discussedvhereappropriate.The primary stochastimoiseconsideredereis Markov noisein
continuougime, sincethistypeof noiseis separablén timejustastheoptimizationstepdn theprinciple of optimality.
Thus,the stochastiperturbationsreatedherewill be of the continuousput non-smoothGaussiartype or thediscon-
tinuous,randomlydistributed Poissontype. Dueto its continuity property Gaussiamoiseis suitablefor modeling
backgroundandomnesdn contrastPoissomoiseis suitablefor modelingthe catastrophictarerandomevents.For
somestochastienodelsrandomshockgo the systemaremoreimportantthanthe continuougperturbationsalthough
thecontinuouschangesremoreeasyto treat.

Unlike deterministicapplicationsof dynamicalprogrammingthe useof generalstochastimoisein continuous
time makesit difficult to usedifferentformulationsotherthanthepartialdifferentialequatiorof dynamicprogramming
or Bellmanequation For deterministiqgoroblemsn continuougime, thereis theoptionof applyingthemaximumprin-
cipleto formulatea dualsetof forwardandadjointbackwardordinarydifferentialequationsoupledwith information
on thecritical pointsof the Hamiltonian,sothe methodof solutionis quite differentfrom the dynamicprogramming
approachOthermethodawill bediscussedater

Numericalpartial differentialequation(PDE) methodshave beenmodifiedfor the nonstandaraharacteristics
of the PDE of stochasticdynamicprogramming. In orderto managethe large computationarequirementshigh
performancesupercomputersave beenemployed[17, 116 117, 118. Forinstancethe problemswith upto 5 states
and32 meshpointsperstatehave beensuccessfullysolvedusingfinite differencemethodq4116, 117, 58, 118 onboth
CrayandConnectiorMachines.Largerproblemsarepossiblewith recenthardwareandsoftwareadvances.
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Thefinite elemenmethodhascomputationahndmemoryadvantagesThis methodrequiresa smallemumberof
nodeshanthe correspondindinite differencemethodof similaraccurag. We have shavn [20] thatthefinite element
methodnot only helpsto alleviate Bellmans Curse of Dimensionalityin dynamicalprogrammingcomputationsy
permittingthe solutionof higherdimensionproblems put alsosaving supercomputestoragerequirements.

Thegenerakhimis to developfastandefficient parallelcomputationahlgorithmsanddatastructuregor optimal
feedbackcontrol of large scale,continuoustime, nonlinear stochastiadynamicalsystems.Sincethe finite element
procedurerequiresformulation of the meshdatastructuresijt is desirableto study the mappingfrom the problem
conceptuastructureto themachineconfiguratiorfor eitherCrayor ConnectioMachinecomputationainodelg116).

However, the computationakreatmentof Poissonnoiseis a particularly uniquefeatureof this chapter The
numericalapproachdirectly treatsthe partial differentialequationof stochastiadynamicprogramming.Resultsgive
the optimal feedbackcontrol variablesand the expectedoptimal performancendex in termsof statevariablesand
time.

For the stochasti@ptimalcontrolproblem,Monte Carloandothersimulationsusingrandomnumbergeneration
area primary alternatve for direct dynamicprogrammingcomputationsbut disadwantagesesultfrom determining
the sufficient samplesize (complicatedor generabproblems)andthereis a questionof maintainingfeedbackcontrol.
Furthermorefor simulationcalculationsyery complicatedMarkov processefave to be randomlygeneratecainda
tremendousumberof samplerajectoriesvould have to beaveragedwhereasn thestochastialynamicprogramming
approachtheaveragingoverthe stochastigprocessess built into the equationof dynamicprogrammingHence there
is agreatneedto developthe useof high performanceomputingtechniquesn stochastiddynamicprogrammingor
directsolutionsof stochastioptimalcontrolproblems.

Thereportof thepanelonthe Future Directionsin Contiol Theory[42] confirmstheneedfor advancedscientific
computing,both parallelizationandvectorizationjn control problems.The National Computinglnitiative [97] calls
stochastiadynamic programmingcomputationallydemanding put avoids the opportunityto classifyit asa Grand
Challenge alongwith otherproblemsof similar computationalemandssit shouldbe classified.

Applicationsof stochasticdynamicprogrammingarisein mary areas,suchas aerospacelynamics,financial
economicsresourcananagementpoboticsandpower generation Anothermaineffort in this area,in additionto our
own, hasbeenin France with Quadratandhis coworkers[1] at INRIA developingan expertsystemthat producesa
multitudeof resultsfor stochasti@ifferentialequationsvith Gaussiamoise providedthatdiscountings constanand
the problemcanbetransformedo a stationaryone. Dantasde Melo, CalvetandGarcia[13, 26] in Francehave used
the Cray-2multitaskingfor discretetime dynamicprogrammingproblems.

Kushnerandcoworkers[75, 76, 77] have recentlydescribednary numericalapproache$o stochastiaontrol,
with specialemphasi®n the well-developedMarkov chain approximationmethod. Also, muchtheoreticalprogress
hasbeenmadefor usingviscositysolutions[21, 108 22).

Shoemakr[79, 16, 24, 25] andcoworkershave appliedseveralvariantsof the deterministiaifferentialdynamic
programmingalgorithmgroundvaterapplications.Differentialdynamicprogrammings a modificationof dynamic
programmingbasedupon quadraticexpansionsin stateand control differentialsand was originally developedby
Mayne[91].

Luus[87, 88] hasdevelopedamethodfor deterministichigh dimensionatlynamicprogrammingproblemsusing
grid sizereductionin bothstateandcontrol,or in justcontrolalone,suchthatthe methodcorvergesto optimalcontrol
andstatetrajectoriesastheregionreductioniterationsproceed.

The authorand his co-workers have beendeveloping computationaimathematicsolutionsfor fairly general
stochastidynamicprogrammingproblemsn continuoudime usinghigh performanceomputingtechnique$51, 52,
55,54,17,18,19,57,116, 117, 58, 118 20, 102 60].

The presentatiornin this chapteris in the formal mannerof classicalappliedmathematicsn orderto focuson
the methodsandtheirimplementationln Sectionll computationastochastidynamicprogrammings discussedor
continuougtime problemsandadwancedtechniquesarediscussedn Sectionlll. In SectionlV, the direct stochastic
dynamicprogrammingapproachis comparedn somedetail with the algorithmmodelsof differentialdynamicpro-
grammingandthe Markov chainapproximationThesemethodsareselectedor comparisorin somedepthsincethat
they areactively usedto solve similartype optimalcontrolproblemsyratherthanpresent broadsurvey withoutmuch
depth. They arereformulatedin sucha way to facilitate comparison.In SectionV, researchdirectionsare briefly
mentioned.

. COMPUTATIONAL STOCHASTICDYNAMIC
PROGRAMMING IN CONTINUOUSTIME



F. B. Hanson, Computationatochasti®ynamicProgramming 3

The developmentof fastandefficient computationablgorithmsis the goalfor larger dimensionrelatively gen-
eral optimal feedbackcontrol of nonlineardynamicalsystemsperturbedby stochastiadiffusion and Poissonjump
processesThediffusionprocessesepresenthe continuoushackgrounctcomponenbf the perturbationssuchasthat
dueto fluctuatingpopulationdeathrates,randomlyvarying winds and other backgrouncenvironmentalnoise. The
Poissomprocesserepresenthediscontinuoustareeventprocessesuchasoccasionamasanortalities largerandom
weatherchangesr otherlarge ervironmentaleffects. The Poissonperturbationsnodelthe more disastrousdistur
bancesandthesedisastrouglisturbancearemoreimportantfor mary realisticmodelsthanthe phenomenanodeled
by continuoushut nonsmoothdisturbancesesultingfrom Markov diffusions.

Thetreatmenbf Poissomoiseis a majorfeaturehere.However, therehasbeenmuchmoreresearcton Markov
diffusions,andthisin undoubtedlydueto thefactthatthey aremucheasierto analyzethanthe discontinuoug’oisson
noise. Randomdeviations from deterministicresultstend to occurin regions of high costsand possiblefailure,
indicatingthe needfor fastalgorithmsfor large fluctuations.Our goalis thatour resultsshouldbein a practicalform
suitablefor applications.

Ourmotivationfor thisresearclttomedrom bioeconomianodeling,but theprocedureslevelopedareapplicable
to a wide rangeof biological, physical,chemical,and engineeringapplicationswith a stochastialynamicalsystem
governingthemotionor growth of thesystemandwith a performancer costfunctionthatneedgo beoptimized.Our
applicationssofar have beenprimarily the optimalharestingof fisheriesresourcesAthansetal. [6] analyzeaflight
dynamicsapplicationperturbedy Gaussiamoise,but this applicationcouldbetreatedwith themoregenerarandom
noisedescribechereto modelmorerealistictestconditions.Quadratandcoworkers[1] have madeapplicationgo the
control of electricpower systems.Oneemphasisereis the usehigh performanceeomputingtechniquen a wider
rangeof applications.

A. FORMULATION OF PDEFORSTOCHASTICDYNAMIC
PROGRAMMING

Dueto the factthat the mathematic®f stochastialynamicprogrammings not very accessiblat the level of
application,we presentherea relatively generalformulation. Much of this formulation, but not all, canbe gleaned
from Gihmanand Skorohod[43, 44] with somedifficulty, or from KushnermndDupuis[76], or from the mary other
accountgestrictedo justcontinuousGaussiamoise,suchasFlemingandRishel[38], andStenge[109]. Additional
informationon stochastidifferentialequationsanbe obtainedrom Arnold [3], Jazwinski67], andSchusg106).

Thelumpedcontinuousstatevariable X (¢), denotesinn x 1 vectorof positionsyelocities,orientationanglesor
otherimportantvariables The feedbackcontrolvariable, U (X(t), t), isanm x 1 vectorof otherregulatingdynamic
guantitiesor orientationvariables Thebasicformal stochastidifferentialis givenby;,

dX(t) = F(X, U, t)dt + GX,H)dW (1) + | H(X,Q,t)P(dt,dQ), @)
Dq

for X(to) = x0; 0 < to <t < ty; X in D, andU in D,,. In (1), dW (t) is thedifferentialof a standard--dimensional
vectorvaluedwienerprocesssoit hasindependenGaussiatomponentszeromeanandCovarldW, dW7] = I,.dt.
ThetermP(dt, dQ) is ag-dimensionaPoissorrandommeasureavith independentomponentsMearfP (dt, dQ)] =
¥(dQ)dt andCovaP, PT] = ¥(dQ)dt, where(dQ) is a g-dimensionaldistribution of the jump amplitudesin-
dexed by the mark @ in marker domainD,, A; = qu ¥;(dQ) is theith rateand ¥ = [1);0; |44 IS its diagonal
representationin addition,CovarlP, WT] = 0. ThecoeficientsF, G, and H arematricesvhosesizesarecompati-
ble with the multiplicationsindicatedabovein (1).

For the performanceriterionor objective functional,we assumehe Bolzatype,
ty
VX UPW.t) = [ dr X0, UK (), ), 7) + Z(X(21)) @
t

whereC'(x, u, t) is theinstantaneousostfunctionandZ is theterminalor salvagecostfunction. In (2), the variable
time ¢ is taken at the lower limit of the costintegral, ratherthat ¢y, to treatthe integral as a variableintegral for
necessaryurther analysis,understandinghatt, < t < ty. Obviously, otherforms could be usedin placeof (2)
withoutmuchdifferencein effort. Our objective is to optimizethe expectedperformancen thevariabletime horizon
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(t’ tf)'

v*(x,t) = min[Mean[V[X,U,P,W,{]|X(t) = x,U(t) = u]], 3)
v {pw}

in orderto minimize costsof production costsof extraction,fuel consumptionor lateralperturbation®f motion.

Dueto the Markov propertiesof P andW, the principle of optimalityholdsasit doesin the deterministiccase,
so bothminizationandconditionalexpectationoperationcanbe separatedhto the operationsover the currenttime
incrementt, t + dt) andthefuturetimeinterval [t + dt, t¢):

t-+dt
v*(x,t) = min Mean / dr C(X,U,7)
ult,t+dt) | {P,W}[t,t+dt) t

(4)
+or(X(t + db), t +db)|X () = x, U(t) = u” :

Next, it is assumedhattheformal SDE (1) is interpretecdunderltd integrationsrules,soanapplicationof the Itd
chainrule for Markov processes,

aB(X().6) = [8‘1’

F T FI(X,U,t) -V, ®(X,t) + %GGT : vagé] -dt
VIe(X,t) - G(X,t)dW(t) (5)

2/ [®(x + Hy(x, Q,1), ) — B(X(2), )] - Pe(dt, dQ),
¢ YDq

+

is required,whereH,(x, @, t) is the ¢th columnvectorof the jump amplitudematrix H, the scalarmatrix product
A : B = Tracd ABT] denoteghetraceof the matrix productAB7T, and AT denoteghetransposef matrix A. The
generalizedtd chainruleis givenin GihmanandSkorohod[43, 44]. SeeFlorentin[39], Dreyfus[33], Wonhanm[114],

andKushnerandDupuis[76] for combinednoiseproblemswith Poissonin additionto Gaussiamoise. Thesecom-
binedprocessearealsoreferredto asjumpdiffusions(cf., KushnermandDupuis[76] andSrnyderandandMiller [107]

for additionalreferences)FlemingandRishel[38] give treatmentgor the control of stochasticystemgerturbedoy

Gaussiamwhite noise.The Itd chainrule is basicallygeneralizatiorof the chainrule of differentiablefunctions,mod-
ified for the non-smoothnessf the diffusionprocesseandthejump discontinuitief the Poissorprocessesn fact,
thisgeneralizeadhainruleis probablymoreaboutdiscontinuitiesn valueandderivativesthanit is aboutstochasticity
In contrastto the ordinarychainrule in calculus,the non-smoothnessf the Gaussiarprocessesesultsin a second
orderHessiamatrix termfor &, while thejump discontinuitiesof the Poissorprocessesesultin thejump of & atall

Poissomprocesgumps,representet (5).

Finally, substitutiornof thechainrule (5) into the principle of optimality (4) resultin theoptimalexpectedoerfor
mancev* satisfyingthe Hamilton-Jacobi-Bellmapartial differentialequationof dynamicprogramming,

ov* "
0 = E +£r[v ](XJ)
|
= % + 5GGT Vo VEv* 4+ 8*(x,t) ©

+ ;/Dq "b((dQ)[’U*(X-i-Hg(x’Q’t)’t) _U*(X,t)]’

where0 < t < ty andx € D,. Thecontrolswitchingtermin (6) is givenby

S*(x,t) = min[S(x,u,t)] with

7
S(x,u,t) = CO(x,u,t) +FL(x,u,t)V0*(x,t). 0
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One adwantageof (6) is thatit is a deterministicpartial differential equation,in contrastto its origin in the
stochastigerformancecriterion (2) subjectto stochasticaveraging,minimizationand constraintsby the stochastic
ordinarydifferentialequation(1). Theoutputof aprogramfor (6) in thegenerahonlinearcaseis theoptimalexpected
performancey* (x, t), andthe optimal feedbackcontrol, u*(x, t), for arbitraryvaluesof (x,t). Knowledgeof the
controlis usuallythemostimportantresultanoutputfor applicationspecausé¢he optimalcontrolis inputrequiredoy
the controluseror manager

Thefinal conditionfor the optimal,expectedperformancendex is that

v*(x,tf) = Z (x,t;) = min[Mear{Z|X(t;) = x]| (8)

or sahagecosts.Thefinal valueproblem,ratherthaninitial valueproblem,propertyhereis dueto thefactthat(6) is
abackwardequatiorwith respecto time.

1. BoundaryConditions

Theboundaryconditionsdependnoreheavily onthe precisenatureof the stochastimoiseandthe natureof the
boundariesIn mary casesthereareno simpleboundaryspecificationsbhut natural,Dirichlet boundarywaluessome-
timescanbe obtainedby integratingthe Bellmanequationsalongthe boundarieslt shouldbe notedthat, unlike the
correspondindorward equationfor the optimaltrajectory the Dirichlet boundaryconditionsareimplicitly contained
in thebackward, Bellmanequationduethe conditioningof the optimal expectedperformancg3) andtheinhomoge-
neouspropertyof theequatiordueto theinstantaneousost,provided(1) accuratelyportraysthedynamicsandis valid
attheboundary Thisis dueto thefactthatthe Dirichlet boundaryconditionsby first principlesarecalculatedrom the
applicationof the boundaryvaluesto (3) alongwith (2). Clearly the boundaryversionof the Bellmanequationwill
bethesameastheinterior versionof the Bellmanequation(6) including (7) with the boundarwaluesapplied,except
in themostdegenerateasesin otherwords,theapplicationof the Dirichlet boundarwaluesandthederivationof the
Bellmanequationby the principle of optimality togethemwith the Itd’s rule canbe interchangedagainignoring very
exceptionalcases.

However, sometypesof boundaryconditionssuchasNeumanrtype boundaryconditionswill requirethe mod-
ification of the SDE (1) to accountor the boundaryprocesseaspartof themodelingprocedureln this case proper
treatment®f boundaryconditionsaregivenby KushnermndDupuis[76]. They construccompensatingrocessethat
areaddecto the unconstraine@rocessandforce boundaryconstraintssuchasusinga reflectingprocessn the case
of reflectingboundariesin the caseof singularcontrol,free boundariesareanothemproblemthatneedsconsideration
[85]. Propertreatmenbf boundarysolutionsis of majorimportance.

2. NearlyQuadraticCosts

The principaladvantageof the dynamicprogrammingformulation, (6), is thatthe optimizationstepis reduced
to minimizing the function argumentof the switchingterm (7) over the control, ratherthandirectly optimizing the
objectivefunctionalin (2) overall realizationsor pathsin the stateandcontrolspacesasin gradientandMonte Carlo-
like simulationmethodsThelatteroptimization,onthe original integral objective (2) is muchmoredifficult thanjust
optimizingthe puredeterministidunctionappearingn the agumentof the minimumin (7).

In orderto facilitatethe calculationof theminimumin (7), it is assumedhatthe costfunctionis quadratian the
control,

1
C(x,u,t) = Co(x,t) + CT(x,t)u + §uTC’2(x, t)u, 9)
andsimilarly thatthe dynamicsarelinearin the control,
F(x,u,t) = Fo(x,t) + Fi(x,t)u. (10)

In the caseof nearlyquadraticcostsandnearlylineardynamics(9—10)canbe consideredslocal approximationgor
theinstantaneousostfunctionanddynamicaldrift vector, respectiely.

The quadraticcostsassumptioris not uncommonin applicationssinceit may be morerealisticto have costs
grow fasterthana linearratein the controldueto increasednefficiencies,e.g.,aswith the inclusionof lessefficient
machineryor lessskilled workerswith therisein production.Also, a quadratic,or nearquadratic costsassumption
malkesthe controldeterminatiormorestraightforwardfor thealgorithmencoding.
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Notethatthisis nottheclassicalinearquadratiqLQ) problem,in generalpecausé¢heproblemcanbenonlinear
in thestatex. Restrictingthelineardynamicsandquadraticcostsassumptioronly to thecontrolpermitsmorerealism
at the modelingstage,sincethe complexities of the physicalapplicationusually determinethe statenonlinearities.
However, controlis aninputdeterminedy theusersothecontrolonly LQ assumptiompermitsbetterandsimpleruser
managemeraf controlinput.

Also, the properlinear control problemmay be approachedhroughthe cheapcontmwol limit asC, — 01 using
thesamemodel,especiallywhenthe determinatiorof linearcontrolandrelatedcorvexity conditionsarenot standard.
Thisis someavhatsimilarto the useof artificial viscosityin fluid models.

With control-onlyquadraticcostsandlineardynamicstheregularor unconstrainedontrolug canbecalculated
explicitly, using

Vu.S(x,u,t) =0,
toyield,

ug(x,t) = argmin[S(x,u,t)] = —C5* - (Cy + FV,0%), (11)

whereCs(x,t) is assumedo be symmetricand nonsingular For coeficient functions,F, G, H andC, with more
generakontroldependeng theregularcontrolmay be calculatedoy appropriatenethodsof nonlinearoptimization,
suchasNewton’s methodwith quadraticcostsasthefirst approximation.

Theoptimalfeedbackcontrolu(x, t) is calculatedastherestrictionof the regularcontrolug(x, t) to the setof
controlconstraintsD,,,

u: (X7 t) = min[Uma.X,h ma'X[Umin,iﬂ uR’i(Xv t)]]? (12)
asin theuseof component-wiser hypecubeconstraints,
Umin,i < Ui(X, t) < Umax,iy for i =1 to m,

for example.For symmetricCs, the switchtermhasthe simplifiedform,
S*(x,t) = S(x,u*,t) = Co + FoV,v* + %(u*)TCQ (u* = 2upR), (13)

which shavs thatthe switchterm(7) is quadratigor nearlyquadratidn theapproximatecase)in the optimal control
u for quadraticcosts. Also, sincetheregularcontrolug from (11) is linearin the solutiongradientV ,v* andsince
theoptimalcontrolu is a piecaviselinearfunction (includingconstanpieces)f ug from (12), the Bellmanequation
(6) is agenuinenonlinear functionalpartial differentialequation.Thiswill be elaboratedn later.

3. Forward Computationgor Optimal, Expectedlrajectory

In orderto obtainthe expectedtrajectoryof the dynamicalsystem,the solutionto the forward Kolmogoros
equation,

op*

oT

1
= —VIF*p)+ 5vgﬂvf :(GGTp*) — Ap*
(14)

—+

> [ veldQ)pr (X - H;(X,Q,T),T)

¢ /Da

-1
Det (I+(VtzfT(X—ﬁZ(X,Q,T),Q,T))T) ]

is neededusing the optimal feedbackcontrol u* (X, 7') foundin the backward dynamicprogrammingsweep. The
forwardequation(14)is theformaladjointof thecorrespondin@packwardKolmogoror equationto whichtheBellman
equationis related.Here,

p* = p* (Xv T) = p* (Xv T;x, t)
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is thedensityof the dynamicalprocesdor the stateX atforwardtime 7' andstartingat X (¢) = x usingthe optimal
controlu*(X, t). Also,

F*=F(X,T)=FX,u"(X,T),T)
is thevectordrift coeficientevaluatedat the optimalfeedbackcontrol.

The Poissortermis morecomplicatedsinceit is a jump process.Sincethe Poissontermis not describedwell
elsevhere thetransformationsiredescribedn moredetailthanusual. Thetotal jump intensityis

A=Ze:/\e=2€:/pq¢e(d62)-

Sinceforwardandbackward Kolmogoros equationsareadjoints,andsincethe new stateX + H, wherethe process
jumpedto appearn thebackwarddynamicprogrammingequation(6), theold stateY” — H} wheretheprocessumped
from appearsn theforwardequation(14). Sinceafteran/-jumpthenew stateis

Y =X+ Hi(X,Q,T) = I+ H)[X)Q,T).

Hence theinverseof thetransitionis
—~ -1 ~
X = (I+Hg) [Y] =Y + HI(Y,Q,T),

sotheequation,
Hi(Y,Q.7) = (1- (- A7) [Y)Q, ),

relategheinversgump amplitudevectorf{;f to thedirectjumpamplitudeoperatorﬁg‘ appearingn (14). TheJacobian
in (14) comesrom from thevectordifferential

dY = dX + (dX)"V.H;(X,Q,T) = (I + (V.H;"(X,Q,T))") dX,

with inverse )
dX = (I +(V,H;"(X,Q,T7))") " ay,
sothatthe Jacobiaris 3(X)
_ *T Ty~1
ary) =Pt [(I + (V.H;T(X,Q,T)7) ] ‘
Notethatwe mustsolve the backward equation(6) with (12) for u* beforewe cansolve the forward equation
(14) for the optimal density i.e., p*. Equation(14) is essentiallygivenin Gihmanand Skorohod[43], but herethe
unusualectorproductin the Poissorintegral is givenclearlyandexplicitly. SeealsoKushnerandDupuis[76]. The
diffusion contribution of this equationhasbeenmoreextensively investigatecandso is muchbetterunderstoodhan
the Poissorcontribution.

Finally, the optimalstatevectoris calculatedasthe first momentof p,

X+ (T) = X7(T; %, ) = Mear{X*(T)] = / dX p*(X, T)X, (15)

startingat X*(¢) = x, with similar expressiondor the varianceandthe othermomentf the statetrajectory Taking
thefirst moment,with respecto theith statecomponentX;, of bothsidesof the forward equation(14) resultsin an
ordinarydifferentialequation(ODE), in vectorrepresentation,

dX*(T)
T

=FA(T) + > AH (D), (16)
£

with meanoptimalvectordrift
F*(T) :/ dX p* (X, T)F*(X,T),
Dz
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andmeanoptimalvectorjump amplitude

H;(T)z%e /D D(dQ) /D dX p*(X, T)H; (X, Q. T),

averagingover both stateand mark spacesassumingthat p* andits derivatives vanishon the statespacebound-
ary 9D,. Thefirst momentwill satisfya linear equationif the optimalfeedbackcontrolu* (X, t¢), plantdynamics
F(X,u*(X,t),t), andthe componenjump amplitudeH,(X, @, T) arelinearin the stateX, with linear optimal
feedbackcontrol, with sufficient restrictionson the stochasticcoeficients, thenthe first momentwill simplify to a
linearequation.n general{16)will notbea closedsystemof equationsn thefirst momentX*, sothewholedensity
functionp* maybeneeded.

The primary resultsfor a givenapplicationarethe expectedcontrollaw andthe optimal expectedperformance
responsén time parametrizedby currentstatevariables.

B. COMPUTATIONAL APPROACH

For generahonlineadynamicsandperformancethebackwardpartialdifferentialequatiorof dynamicprogram-
ming, Eq. (6), togetherwith switchingterm, Eq. (7), cannot be solved exactly. Although specialformal solutions
for thelineardynamicsguadraticcriterionandGaussiamoisearewell known (the LQG problem,e.g.[12, 2]), they
requirethe numericalsolutionof matrix Ricatti equations.

1. ComputationaDifficulties

Two particularfeaturesmake numericalapproximatiorof (6) with (7) nonstandardThe Poissonintegral term,
in generalmakesthe problemthatof solvingafunctionaldifferentialequationwhile the particularcaseof a discrete
jump sizeleadsto a problemfor a delayeddifferentialequation.In eitherthe generalor the particularcase(Hanson,
[49)]), thefunctionalinverseimageof ary finite elementwill notin generabe existing finite elementsThetechnique
of trackingthe delayednodeswas usedby Hansonand co-workersfor a functionaldifferentialequation[63], for a
Galerkinapproximatiorof the Bellmanequation[61], andfor a finite differenceapproximatior[104]. We have had
a greatdealof experiencein the modeling,analysis,andcomputatiorof Poissormoisemodels. Meshrefinementbor
interpolationis requiredto preventnumericalpollution of thenumericalaccuray expectedf standard®DE methods.
Thereductionof this pollution problemis closelyrelatedto FeldsteinrandNeves’ [36] argumentconcerningheneed
for accuratedeterminationof the locationsof jump discontinuitieswhen applying higher order methodson delay
differentialequations.

The secondnonstandardeatureis the nonlinearcontrol switch term thatis more pertinentto the constrained
control problem,whetherstochasticor deterministic. Thefactthat V. [v*] appearsn the agumentof the minimum
of S meanghat .S is really a nonlinearfunctionalof V,[v*], andthat(6) is a nonlinearpartial differentialequation.
In the generalconstraineatontrol case the nonlinearPDE alsohasdiscontinuousoeficientswhenD,, is finite (see
NaimipourandHansor[96]), asit would bein mostpracticalapplicationsTheconstrained¢asethusleadsto switching
surfaceswherethe controlpasseshroughthe boundaryof D, [61].

It canbe shawn that the optimal switch term S* of (7) is a piecevise quadraticfunction of the shadev cost
V. [v*] with discontinuousoeficients. Here,the term piecevise quadraticincludespiecesthat are eitherconstant,
linear or quadratic. Although, the regular or unconstrainedontrol ug in (11) is a continuouslinear function of
V.[v*], providedthe quadraticcostandlinear dynamiccoeficientsare continuousthe optimal constrainectontrol
u* in (12)is a continuouspiecaviselinearfunctionof V,[v*], but with discontinuougoeficientswhendecomposed
ascoeficientsof V,[v*]. Thatis,

u = uj+ul- V[T, 17)
Umax,iv Umax,i < UR,i
— —1
us = - (02 (jl)z , Umin,z' <uUR; < Umax,i >
L Umin,ia UR,i < Umin,i mx1
[( O, Unmax,i < UR,;
_ —1 T
ui = —(C, ' F{ )” s Umin,i <UR; < Umax,i
L 07 UR,i < Umin,z'

mXn
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Clearly, thearraycoeficientsug andu] arediscontinuou®y componentor nontrivial costanddynamicsandhence
discontinuous.However,u* is continuousin stateandtime, while the decompositiorin (17) leadsto discontinuous
coeficientsuj anduj. Introducingthediscontinuousoeficientdecompositiorf theoptimalcontrolinto theoptimal

switchingtermyields

1
S* = SS‘—}-SIT-VE[U*]—F§V£[v*]~S§-Vz[v*],
1
Sy = 00+§u3T-c2.(u3—2C;1~01), (18)
1
S = F0+§u;T-cz-(ug—2C;1~cl)

1
+§(UT—QC§1'F1T’)T‘02'u37

1 * * —
§u1T'Cz'(u1—2021'F1T).

B
I

Thus, S* is piecavise quadraticin the costgradientV, [v*], but it inheritsthe discontinuousoeficientsof V,[v*]
from the decompositior{17), eventhoughS* is continuousn stateandtime.

Theappearancef V,[v*] in theargumentof theminimum, S*, alsomeanghatthecalculatedv , [v*] shouldbe
smoothenoughin x to make the minimum computationsvell-conditioned.Furthersignificanceof the genuinenon-
linearbehaior is thatit requiregredictorcorrectoror othernonlineartechniquegor (6). Predictorcorrectormethods
andrelatedmethodsn spacewill be usedto handlethe nonlinearaspectsandwith Crank-Nicolsorapproximations
usedin time for their enhancedccuray andstability properties.Our approachs basicallyan optimal control mod-
ification of the work on nonlinearparabolicequationsof Douglas[31, 32] andhis co-workers: Dupont,Hayesand
Percell.

2. Crank—NicolsonPredictorCorrectorfFinite DifferenceAlgorithm

The integrationof the Bellmanequation(6-7) is backward in time, because*(x, t) is specifiedfinally at the
final time t = t;, ratherthanat theinitial time. The finite differencediscretizationin statesandbackwardtime is
summarizedelov

x = Xj=[Xijlnxt = [Xa + (i — 1) - hilnxi,
J = Lljilax1, Wherej; =11to M, for i=1 to n;
t — Tty —Fk-AT, for k=0 to K
(X, Tr) — Vi (29)
vp (X5, Tx) — —ﬁ (Vik+1 — Vig);
Vm[?)*](Xj,Tk) — DVj,k;
VoVI0*)(X;,Tk) — DDVjy;
’U*(Xj + H[,j,Tk) —  VHg;k;
ur(X;,Tk) — URjx;
(X5, Te) — Ujpg;
Lo[v*](Xj, Thto.5) = Liktos

whereh; is themeshsizefor statei and AT is the stepsizein backwardtime.

The numericalalgorithmis a modificationof the Crank-Nicolson predictorcorrectormethodsfor nonlinear
parabolicPDEsin [31]. Modificationsare madefor the switch term and delayterm calculations. Derivatives are
approximatedvith anaccurayg thatis secondorderin the local truncationerror, O(h2), atall interior andboundary
points,whereh; = O(h).

The Poissoninducedfunctionalor delayterm, v*(x + Hy, t), changeghe local attribute of the usualPDE to
aglobalattribute, suchthatthe valueat a node[X + H,]; will, in generalnot beanode. Linearinterpolationwith
secondordererror maintainsthe numericalintegrity thatis compatiblewith the numericalaccurayg of the derivative
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approximationsEventhoughthe Bellmanequation(6-7)is a single PDE, the procesf solvingit not only produces
theoptimalexpectedvaluev*, but alsothe optimalexpectedcontrollaw w*.

Prior to calculatingthe values,V; 41, atthe new (k + 1)sttime stepfor £ = 0 to K — 1, theold values,
V. andVj,_;, areassumedo be known, with V; _; = V; o whentwo final startingconditionsare neededor
extrapolation.

Thealgorithmbeginswith ancorvergenceacceleratingxtrapolator (z) start

1
Vitros = 5 B Vik = Vi1, (20)

which arethenusedto computeupdatedvaluesof finite differencearrayssuchasthe gradientDV, the secondorder
derivatives DDV, the PoissonfunctionaltermsVH, the regular controlsUR, the optimal controlsU, and finally
the new value of the Bellman equationspatialfunctional £; »+0.5. Theseextrapolatorevaluationsare usedin the
extrapolatedpredictor(xp) step

X 1 X
Vi = Vik+ 5 - AT £ o5 (21)

which arethenusedin the predictorevaluation(xpe)step
xpe  _ 1 ()
Viktos = 3 (Vj,k+1 + V’,k) ) (22)
an approximatiorwhich preseresnumericalaccurag andwhich is usedto evaluateall termscomprisingL;. x+0.5-

Theevaluatedpredictionsareusedin the corrector(xpec)step

xpecy + 1 Xpec
VIPET T = v+ AT - LS (23)

for v = 0 t0 ymax until thestoppingcriterionis met,with correctorevaluation(xpece)step

xpecey +1) 1/  (xpegy + 1)
Vj,lc+0.5e7 =3 (Vj,lc+1 7 + V',k) . (24)

Thepredictedvalueis takenasthezero-th(y = 0) correction,

Vv (XPecen) _ /(xpe

J,k+0.5 — VY jk+0.5°

Uponsatisfyingthe correctorstoppingcriterion,thenthevaluefor the next time-stepis set:

XPeGymax
Vik+1 = V},keﬂw w),

The stoppingcriterionfor the correctionss formally derivedfrom a comparisonio a predictorcorrectorcorvergence
criterionfor alinearized,constantoeficientPDE[96, 59.

3. Finite ElementVersionof SolutionAlgorithm for SDP

Dueto potentialhigherorderinterpolationjt is possibleo reduceghenumberof statenodedy usingtheGalerkin
Finite ElementMethod(FEM) in placeof theFinite DifferenceMethodin dynamicprogrammingproblemg20], while
retainingthe samelevel of accuray. Thus,the Galerkinapproximatioris usedfor the optimalexpectedvalue

~

v (x, ) = V(x, 1) = > V5(t) - 65(x), (25)

Jj=

=

Where[¢>i(x)]1\7><1 is asetof J/\/I\Iinearlyindependentpiecarvisecontinuousbasisfunctions.Thebasisfunctionsha/e
thenormalizatiornpropertythat

¢;(Xi) = iy,
at elementodeX;, implying theinterpolationpropertyYA/(X,-,t) = 17j(t). As in [64] the basisor shapefunctions



F. B. Hanson, Computationatochasti®ynamicProgramming 11

could be taken as a setof multi-linearfunctions(productsof linear Lagrangeinterpolationfunctionsin eachstate
dimension)on hyperrectangulaelementgrectangulaelementsn two dimensions).

Theconditionsto determinetheoptimalcostsf/i(t) ateachnodeX; aregivenin theweaksensdy the Galerkin
variationalequatiorfor the residualsof the Bellmandynamicprogrammingequation(6) residualswith respecto the
basisfunctions¢; asweights:

ov* .
0= dx ¢;(x) W(x,t) + L [v*](x,1) ]|, (26)

Da

fori =1 to M. However, Dirichlet boundaryconditionnodesmustbe excludedfrom the setof weightsforming the
componenGalerkinequationg26), althoughthey remainin the appliedGalerkinapproximation(25), sinceknown
costsarespecifiedfor Dirichlet nodes.Beforethe Galerkinapproximatiorcanbe used the secondrdertermsof the
spatialoperatorl, [v*] mustbereducedo first orderby Greenstheoremj.e.,

1 1
E / dx $:(x)GGT : V, VT[] = —= / dx VI [$:GGTIV o [v"]
2 D, 2 D,
(27)
1
+ = ds ¢; - 0L GGTV 4 [v*],
2 Jop,
wheren is the unit outward normalto the statespaceéboundarydD,.. Now, substitutingthe controllineardynamics,
guadraticxostsmodel(6,13,27)into the Galerkinequation(26) yieldsthe matrix ODE for the costnodevector

V=i,
0= D)+ Be(t)+Bott) + Bu(t) + 3Ba(t) - V() (28)
+ C@) +8(@),
where
3 = [/Dmdxqm(x)qzsj(x)]ﬁxﬁ,
Br(t) = [/D dx@(x)FoT(x,t)vm[@(x)]]A B
= MxM
Bot) = —3|[ axVIoGET 000,00 .
» Mx M
Bu(t) = lg /D dx /D B(dQ)65(x) [6; (x + Hy(x, Q, 1))
- ¢,-<x>]]A R
MxM

o) = 3 |[, a0 BT 66T 0710 ] o
co = |[ m dx¢i(x>co<x7t>]ﬁxﬁ,
S1) = 1[Dmdx@(x)u*T(x,t)cz(xJ)(u*—2uR><x7t>]

2 [,

For generalcoeficients, like Fo, G, H and C, someapproximatequadrature suchas Simpsons rule or Gauss-
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Legendraules,is neededo evaluatethese-EM integralsof basisandcoeficientfunctions.However, theapproximate
quadraturenustbeatleastasaccuratasusingtheselectedasisfunctionsonthegivenelementse.g.,O(h"+2) where
the orderof the size of the elementss O(h) for suficiently small h using multi-linearbasison hyperrectangular
elementg$64]. Notethattheoptimalswitchterm§ implicitly dependsm\A/' in anonlineawaythroughtheoptimaland
regularcontrolvectorsu* andug, andthussubjecto calculationdike (11,12),exceptthattheGalerkinapproximation
(25)is usedfor v*.

The Crank—Nicolsonpredictorcorrectorschemeusedfor thefinite differenceformulationabove canbe mod-
ified for the finite elementmethodhere. The basicCrank—Nicolsoralgorithm, sometimedifficult to seefrom the
canonicaldiffusion equationexample,is the mid-pointquadraturdor the temporalintegral, followed by averagedo
approximatehemidpointsof theunknown variable while leaving themidpointvaluefor theexplicit time-dependence.
For the dynamicprogrammingequation specialmodificationsare neededo handlethe unknavn control vectorthat
augmentghe unknowvn optimal costvariableandto handlethe non—localfunctionaldependencédueto the Poisson
noisecontributions. Thus,Crank-Nicolsormodificationof the Galerkinequation(28) is

. . 1/~ ~ ~
- [Vk+1 - Vk] = AT- {5 (BF,k+0.5 + Bg k+0.5 + BH,k+0.5 (29)
+ 6BG,k+0.5) I:Vk+1 + \Afk] + ak+0.5 + §k+0.5} ,

where
t~Tp=ty—k-AT for k=0 to K,

V(Ty) = Vi, Vitos = 0.5 (Vipr + Vi),
Br (Thto0.5) = EF,k+0.5a Ba (Thto5) = §G,k+0.57
EH(Tk+O.5) = BH,k+0.57 @G(Tk+0.5) = 5EG,I¢+O.5a
C(Ti+0.5) = Crao.5, and S(Thros) ~ So.s.

An alternatve collectionof termsin (29) leadsto a form lesssusceptibldo catastrophicancellationn the caseof
smallbackwardtime stepsAT':

Apros - AVy = ABrros - Vi + AT - (C+ B) os (30)
where R R R
AVp =V = Vi,
ABjyos = —AT - (EF + Bg + By + 5-\30) 0
and

N 1 —
Aptos =0+ 3 “ABj0.5,

with bulk subscripthotationfor thetemporalmidpoint.

The form (30) is still implicit, but the useof extrapolation,predictionand correctionwill corvertit to a more
explicit form [20]. The procedureat this pointis similar to thatof thefinite differencemethod,exceptfor the evalu-
ation of the regularandoptimal control vectors,andthe more complicatedmatrix structureof the Galerkinequation
approximationsThestartingvaluesof the backwardtime iterationbeginswith theinterpolationof thefinal condition
(8) betweemodeggiventhe nodevector

Vo =[Viltp)l ., =2 Xi)lg., (31)
The extrapolationstepneedgwo startingvalues soa simpleexpedientis to usea post—finalvalue\A/Ll =V, to start
it off, althougha moreintelligentguesss desirable The extrapolated(x) acceleation stepsupplieshe evaluationfor
thenext temporalmidpoint:

Vs =05 (3 Vi = Vi), (32)
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for k = 0 to K — 1. Then,the costnodevectoris usedto computethe regularcontrolug in (11) andthe optimal
controlu* in (12), but basediponthe Galerkinapproximation25) atthetemporalmidpointt = Tj¢.5. Thispermits
evaluationof the nonlinearoptimizationterm S ~ S® leadingto a reducedextrapolatedpredictor (xp) Galerkin
equation

Apros - A‘A’g(p) = ABiyos - Vi + AT - (6 + §(X))k+0 . (33)
Whensolved,the solutionto (33) is usedin the predictorevaluation(xpe)step
VRS =V, +0.5-AVIP), (34)

which, again,in turn is usedto updatethe regular and optimal control vectors. Thenthereis a setof corrector
iterationsthat continueuntil the changeis sufficiently small to meetthe stoppingcriterion. The corrector (xpec)
Galerkinequationis

Apyos - AVIPEOHD _ XB oV + AT - (6 + §<Xpe°ev>)k+0 . (35)
coupledwith the correctorevaluation(xpece)step
VPO _ G, 4 0.5 AVIPEOTHY), (36)

wherethe predictorevaluationis the startingcorrection

{(xpecen) _ 35(xpe.

SeeChung,HansomandXu [20] for the analysisof the stability andconvergenceof this proceduraisingthe heuristic
comparisorequation(39), presentedn the next subsectiongxceptthataneigervalueanalysids usedin [20].

4. Bellman’s Curseof Dimensionality

The main difficulty in treatinglarge systemds the dimensionacomputationatompleity or Curse of Dimen-
sionality. The orderof magnitudeof this compleity cansimply be approximatedy assuminghat computationis
dominatedby computationof vectorfunctionssuchas the nonlinearityfunction F(x, u(x, t), t), the costgradient
V.[v*](x,t) and,in thecaseof uncorrelatechoise the diagonalizectostHessiararray[(6%v* /0x2)(x, t)]nx1. Their
computationgivesa fair representationf the orderof the computationabnd memoryrequirements For eitherthe
finite differenceor finite elementmethodq20], the orderof the numberof componenvectorfunctionevaluationsas
well the memoryrequirementst ary time stepcanbe calculated.Herethe Finite Differencerepresentatiomvill be
usedto motivatethis section.Sincetheith statecomponentvill have its own nodeindex j; in thefinite approximation
representation,

X = [Ti]nx1 — [Xi,ji]nxla
thecostgradientransformedrom continuousepresentatiol¥ ., [v*] to finite differencerepresentatioBV will depend
ontheall statecomponentsindall statefinite approximatiorindices,

VZ’ [U*](X7 Tk) — [DV"JI aj27~~~ajn]n><M1 xM2 x,,,an I (37)
for fixedtime-to-gostepk. Here,in the casethateachith statecomponenhasa commonnumberof nodesM; = M,
sothetotal numberof finite representatioarraycomponentsre

n
nay =n-[[ Mi =n-M",

=1

and similarly for othervectorfunctions. The order of the computationor storagerequirementswill thenbe some
multiple of this,

On-M™")=0 (n . e"'I“(M)) , (38)
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for i = 1 ton statesandfixedtime-to-gostepk. Hence the numberof nodesgrows exponentiallywith thedimension
of the statespacen or with the logarithm of the numberof the commonnumberof nodesper state M. Equation
(38) is ananalyticalrepresentationf Bellmans Curse of Dimensionality This exponentialgrowth of the Curse of
Dimensionalityis illustratedin Figurel. Sincetheamountof storagds a hardwarelimitation, theselectiorthenumber

O(H.en'log(M))
s "Cirse of
logo{ I, NOCI&S‘1 Dimensionality”

n, State Dimension 3

Figure1: Orderof magnituderepresentatiomf the computationabr storagerequirementsllustrating the curseof
dimensionalityfor stochastidynamicprogrammingor n statesM commonnodesper stateanduncorrelatedhoise.

of nodesgiventhe numberof stateswill typically bedeterminedo avoid memoryboundcomputationsisnodesare
chosento satisfyaccurag requirementsThe casen = 4 statesand M = 32 doubleprecisionnodesrequiresabout
48MW (wherelMW is 1 million words).

In the caseof correlatechoise,thena full, ratherthanthe diagonalof the Hessiararrayneedgo be calculated,
sotheHessiararrayis transformedrom continuousv, VI [v*] to finite DDV representatioas

vaf[v*](xv Tk) — [DD‘/;lyi%jlvaa---yjn]nanM1 X Mo X...x My, ?

increasinghe orderof the computationaturseof dimensionalityn timesto
O (TL2 . Mn) =0 (n2 . en-ln(M)) ,

for fixedtime-to-gostepk.

Thus, exponentialgrowth in computingand storagerequirementsre the main bottlenecksassociatedvith the
Curseof Dimensionality High performancecomputing(discussedn the next section)permitsthe solutionof larger
dimensiorproblemshanfor mainframecomputers.

C. ALGORITHMIC CONVERGENCE

An importantcomponenbdf our stochastigprogrammingcode hasbeenthe meshselectiorcriteriaby whichwe
canbeassuredhatthestochastiaynamicprogrammingsorrectionswill corverge[96, 59]. This criteriafollowsfrom
aheuristicallyconstructed linearized constant-coditient,comparisorPDE,

0:‘96—‘;+A:vzv§x7+B-vz177 (39)

thatmodelsthebehaior of theoriginalnonlinearstochastidynamicalprogramming®DE.Here, A is aconstant x n
diagonalmatrixandB is a constant-vector Thecomparisorequation(39) formally correspond$o the SDE,

dX =B -dt+v2-A-dW,
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providedit is interpretedn termsof theltd calculus.
Estimatesof the constantcoeficientsin (39) canbe appropriateboundson the contol optimizedinfinitesimal
momentf the diffusionapproximation:

B = max [MeanldX;(1)X(T) =x U = u]] /dT
b b q (40)
= (max)[Fi(x, u,t) + Z Hip(x,t) - Ay,
x,u,t
Y =1
and
Ay = =- (ma)jcﬂ) [Var[dXZ(t)|X(T) =x,U= 11]] /dT
o (41)

l\DI»—A

- max [ZG,kxt ezle (,t)-Ag],

for ¢ = 1 to n. However, othercoeficientestimatesouldbeusedin placeof (40,41).

A von Neumanriourieranalysisof the Crank-Nicolsonpredictorcorrectorfinite differencemethodappliedto
thelinearcomparisorequatioryieldsa generalizedime-spaceneshratio conditionthatis uniformin the parameters,
valid for bothparabolic-like (A # 0) or hyperbolic-like (A = 0) PDEforms

a:AT-\I<;2A:Z> (Zh> 42)

Also, sincethe drift appearsn the correctorcornvergencecriterion (42), upwindingschemego enhancestability by
compensatindpr drift in corvectiondominatedlow shouldnot be necessarySincethe predictorcorrectompartof the
methodis not neededor the linearcomparisorequation(39) itself, the applicationof the predictorcorrectorpart of
methodhasno utility for linear equationsby themseles. However, the samemethodsmustbe usedon both linear
comparisorandnonlinearequationsothe derivationof the correctorcorvergencecriterionfor the linearcomparison
equationis valid for thenonlinearPDE of interest(6).

Notethatif (42) is written asaveragesover the statespace(i.e., Q = % >, Q; for somestatequantity Q;),
then(42) becomes

o= AT \/@ATR2) + (B < =, (43)

n

On =

S|+

whereB/h = %Z?:l B;/h;, for instance. Hence,the root-sum-squad-mearcondition (43) basedon per state
averagess morestringentn thatz, < 1/n — 0%, asn becomedarge,i.e.,thehigherthe statedimensiorthesmaller
thetime meshAT hasto berelative to the meanmeasuref the statemeshj.e.,

1 1
AT < —-

n\J@A)? + BIhy

Whenthe measureof the statemeshsizeh (i.e., suchthath; = O(h)) is sufliciently small, or more precisely
2A/h? > |B|/h, the multidimensionalparabolicPDE meshratio condition for diffusion dominatedflows is ap-
proached:

oc—mn-AT-24/h% < 1.

However, in the oppositecase,whenthe measureof the statemeshsize h is sufficiently large, or more precisely
|B|/h > 2A/h?, themultidimensionalCourant-Friedrichs-Lwy (CFL) hyperbolicmeshratio conditionfor corvec-
tion dominatedlows is approached:

o —n-AT-[B[/h<1.

However, sincethefull PDEof stochastidynamicprogramming6) is nonlinearfor quadraticcoststhecorrector



16 ComputationaStochastiynamicProgramming, F. B. Hanson

cornvergencecriterionfor the full problemis to choosethetime stepAT relative to the statemeshsizeh in (42) so
thecorrectorconvergenceparameter is actuallyselectedo bea gooddeallessthanoneto accounfor nonlinearand
constrainectontroleffects.

In [20], similar resultswere obtainedfor thefinite elementmethod,but usingeigervaluemethodson the com-
parisonequation.

The corvergenceaspectof stochastiadynamicprogrammingcalculationsis extremelycritical, becausef the
ability to predetermineorvergence maximumecorrectionsandaccurag from the boundson the SDE coeficients.
Many otherattemptgo encodehe dynamicprogrammingsolutionalgorithmhave metwith failure dueto thelack of
adequateonvergencecriteria.

D. OTHERCOMPUTATIONAL METHODS

However, furtherimprovementsin the numericalaspectof dynamicprogrammingcan be madein the case
wherestorages morecritical thancomputation. Decreasinghe numberof nodeswhile maintainingglobalaccurag
usingmoreaccuratenodes suchashigherorderfinite elementrasescandecreasdoththe storagerequirementand
the exponentialdependencen the logarithmof the numberof nodes. Finite elementmethodsor Galerkinmethods
[110, 93], dependingon the type of basisfunctions,are usually more accuratethanfinite differencemethods,but
requiremorecostlyfunctionevaluations.

Multigrid or multilevel methodsof Brandt[10] (seealso[11, 89]) canalsoused,in conjunctionwith the finite
elementmethodor with othermethodsijn orderto reducethe necessarjmumberof nodesby successie useof fine
andcoarsemethodsto enhanceaccurag beyondthe accurag of suchgridswhenusedonly assinglegrids. Akian,
ChancelieandQuadraf1] have successfullyuseda variantof the multigrid for the stationarydynamicprogramming
problemandhave incorporatedt into the expert systemPandoe. Kushnerand Dupuis[76] discussthe useof the
multigrid methodsfor stochasticptimal control problems.In [77], Kushnerand Jarvisapply multigrid methodsto
solve telecommunicatiorrontrol problemsunderthe heavy traffic approximation.Hackhusch[48], andHortonand
Vandevalle [65] describeaparallelmultigrid methodfor parabolicequationghatsimultaneouslyreatshothspaceand
time grids.

The collocationmethodwill beusedasa comparatie benchmarkior the numericalperformancef othermeth-
ods. Ascher Christianserand Russell[4, 5] describean efficient codefor ODE boundaryvalueproblems.Dyksen,
Houstis,LynchandRice[34], andFlahertyandO’Malley [37] find thatcollocationtendsto out performthe Galerkin
methodin numericalexperiments.RabbaniandWarner[103] pointsout difficultieswith the finite elementformula-
tion whenits approximatiorpropertiesare not consistentvith flow propertiesn groundvatermodels. The Galerkin
proceduréhastheadvantagethatmoretheoreticakesultsareavailablefor it.

Othertechnique$iave beenappliedto optimalcontrolproblems.Polak[99, 10( suneysgradient-typeNewton-
type and other methods,mostly suitablefor a deterministicproblem. Mufti [94] also hassureyed computational
methodsin control. Larson[80, 81, 82] sureys dynamicalprogrammingmethods,discussesheir computational
requirementsand presentghe stateincrementdynamic programmingmethod. Jacobsorand Mayne [66] discuss
differentialdynamicprogrammingbasedupon successie approximationsand dynamicprogramming. They point
out that their methodis only suitablefor optimal openloop control when appliedto stochasticcontrol problems.
Shoemakrandco-workers[79, 15] have continuedo make progres®nthecornvergenceandparallelizatiorof discrete
time differentialdynamicprogramming GuanandLuh [47] have a paralleldifferentialdynamicprogrammingnethod
in which Lagrangemultipliersareusedto relax (parallelvariablemetric method)the couplingbetweerdiscretetime
interconnectegdubsystems.

Kushner[73, 74] developeda corvergent(in the sensethe weak convergence)finite differencemethodbased
on Markov chainapproximationsit hasadvantagesuchaswealenedsmoothnessequirementsindthe preseration
of probabilisticpropertiesof the stochastianodel. Kusher[75] andKushnerand Dupuis[76] cover the morerecent
developmentsn the Markov chainapproactsuchasapplicationgo jump andreflecteddiffusions. However, solving
by the Markov ChainApproximationmay be computationallyjengthyin someproblemsaccordingto Kushnei[74].
This methodis currentlybeingdevelopedfor parallelcomputatior{76, 77].

CrandallandLions [21], Souganidi§108] andCrandall,Ishii andLions [22] presentresultsfor vanishingvis-
cosity methodfinite differenceapproximationdor somavhat abstractHamilton-Jacobequations.Their resultsare
not usefulfor the applicationsthat we have modeled,dueto the unrealisticrestrictionthat the Hamiltonianbe con-
tinuous,but it is expectedthat viscositysolutionwill be shavn valid for the jump caseeventuallyif not already(N.
Barron, private communication).We have alreadymentionedhe discontinuouspropertieghatwould correspondo
the Hamiltonian,sincein mostapplicationghe controlsare boundedratherthanunbounded.Their approachusing
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vanishingviscosityis on theright track,andthe viscosityin our modelcanbe giveneithera stochastior numerical
interpretation Our ultimategoalis to be ableto treatPoissomoisewith fastandefficientalgorithms.Gaussiamoise
is relatively trivial to treatcomparedo Poissomoise.

In Ludwig [85] andLudwig andVarahs[86] numericalsolutionfor optimalcontrolof stochastidiffusionsthey
appliedcombination®f collocationandNewton’s method.

Our computationatesultshave emphasizedinite differencemethodq105, 50, 62, 53, 55, 54, 17, 18, 19, in
orderto facilitatethe developmentof optimal parallelandvectoralgorithms. Theseresultsbeganwith the onestate,
onecontrol case.Currently resultsareavailablefor up to five state five control problems put six stateproblemsare
potentiallycomputablewith the currentgeneratiorof parallelcomputers.Someapplicationsmay requiremore state
dimensions.

The applicationin [53] treateda two speciesnodelfor Lake Michiganandthatstrainedthe mainframesat that
time. However, it is importantto treatmoreinterspecificinteractions,especiallywith the high degreeof turnover
in speciesdominancein this lake. The complity of the interactionsboth biologically and economicallyrequire
very generakontrolmodels.Thisis justoneapplicationbut it hasa greatdealof compleity with markedly different
lumpedspeciegonepredatoandoneprey) anddifferenteconomicgonesportandonecommerciafishery). Complec
resourceapplicationsarea primarymotivationfor developingalgorithmsfor very generakontrolproblems.

lll. PARALLEL COMPUTATIONAL DYNAMIC
PROGRAMMING

Fast,parallelandvectoralgorithmsappropriatdor massve memorysupercomputerandmassiely parallelpro-
cessorarebeingdevelopedfor the modifiednumericalmethodsmentionedn the previous section. Thesemethods
areappliedto the partial differentialequationof dynamicprogrammingor stochastioptimal controlproblems.The
vectorform of thefinite differenceequationgpermitsadvantageso begainedfrom both parallelizatiorandvectoriza-
tion (or matrization). The methodsdiscussedesultin executionspeed-upsmakingit more practicalto numerically
solve dynamicprogrammingproblemsof higherdimensionghanwould be possibleon serialprocessorsThisis a
contritutiontowardrelieving Bellmans Curseof Dimensionality

A. HARDWARE ADVANCES

Our previoussupercomputingfforts[51, 52, 53, 55,54, 17, 18, 19] have beendirectedtowardimplementations
on the Alliant vector multiprocessot=X/8, on the Cray multiprocessorsX-MP/48, 2s/4-128and Y-MP/4-64, and
on the ConnectionMachinemassiely parallelprocessor&€M-2 and CM-200. Work is currentlyproceedingon the
ConnectiorMachineCM-5 massiely parallelprocessoandCrayvectormultiprocesso£90. Theseémplementations
greatlyenhancegerformancedy the removal of almostall datadependentelations[101, 57]. Fromthe Cray-1in
the1970sto thetoday'svectorsupercomputemndmassvely parallelprocessors,machimperformancdiasgonefrom
megaflops(millions of floating point operationsper seconds}o gigaflops(billions of floating point operationger
secondandheadingtowardsthe ultracomputinggoal of teraflops(trillions of floating point operationgper second)
[7]. Supercomputersave majordifferencesn architecture However, eachcompilerusessomevariantof Fortran90
[71, 72], sothatmary codeoptimizationsare portablefrom one machineto the next. Vectorizationcanbe viewed
asa basicform of parallelismimplementedy pipeliningandso sharesnary optimizationtechniquesvith multiple
processotypeof paralleloptimization.This alsomakesthe hardwareor architecturanoretransparento the user

The CM-2, CM-200andCM-5 with their distributedmemoryprocessindhave additionalFortran90 extensions
that enhancehe power of the computationsput which make them somevhat dissimilarto the sharedmemoryar-
chitecture.However, therehasbeena noticeablecorvergenceof Fortran90 extensions.Our methodsrequiresome
knowledgeof thearchitectureandthe compiler, sincethe bestoptimalcodemustfit thetemplatethe compileris writ-
tento optimize[56]. Themainthrustin thefuturewill beimplementatioron awide rangeof architecturé¢o maintain
portability and avoidanceof over-relianceon machinescurrently underdevelopmentthat will not survive the high
performanceomputingervironment.Gettingaccesso thecurrentgeneratiorof ultracomputes [ 7], suchasthe Cray
C90,CM-5 andIntel Paragon;s essentiafor solving large scalecomputingproblems.The largestproblemthatwe
have computeds 6 stateswith 16 nodesper state,usingabout60MW doubleprecisionmemorywith a total of 1M
nodes(i.e., onemillion discretestates).A dedicatedCray 2S has128MW (64 bit words), but this requiresspecial
requestandcostsmary extraunits. Similarly, the CM-2 has32KB perprocessqgror 64MW (64 bit word) for the 16K
processomachine 128MW for the 32K processomachineand256 MW (2GB) for the full 64K processomachine.
The new generationConnectionMachineCM-5 hasup to 1056 Sparcbasedprocessorsvith 32MB RAM memory
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and4 vectorunits each,with the propertythat 32 of theseCM-5 processorfiave the power of 2.8 Y-MPs. The new
generatiorCray C90 canhave up to 16 proprietaryprocessorandup to 256 MW RAM (MW meansone mega-word
of 64 bits length) per processqrwhile eachprocessois aspowerful as2.22 Y-MPs. In addition,Cray C90may have
a Cray T3D massvely parallel processoattachedvith up to 1024 processonodes,and 32 of theseT3D processor
nodeshave the power of 6.7 Y-MPs. WhenactualmaximalL INPACK performancg30] is usedasa benchmarkthen
the CM-5 performsaswell as6.8 Y-MPsper32 CM-5 processorghe Cray T3D performsaswell as11.8Y-MPsper
32 T3D processorsandthe C90performsaswell as3.2 Y-MPsperprocessar

A goalis thetreatmentf 6 or morestatevariablesin realisticmodelswith the presentevel of accurag. Five
stateswith 32 nodesper staterequiresabout32M total nodes put only about32K nodesif only 8 nodesper stateare
needed.

B. SOFTWARE ADVANCES:FASTERAND MORE EFFICIENT
NUMERICAL ALGORITHMS

Many of the advancesin high performancecomputingare due to the use of betternumericalalgorithmsor
software[111]. In orderto developalgorithmsfor higherdimensionaktatespacesa major future directionwill be
devising new methodsfor computationaktochastiadynamicprogrammingn continuougime. In placeof finite dif-
ferencemethodsit is foundthatusingmore powerful methodswvhich will requirea smallernumberof nodesfor the
samedevel of accurag. Someof thesemorepowerful methodsarethefinite elementGalerkin),the multigrid (multi-
level) andcollocationmethodsaspreviously mentioned Originally, our serialimplementatiorwaswith the Galerkin
method[61] aswell asourfirst parallelimplementatioron thefirst commerciaparallelprocessarthe DenelcorHER,
at ArgonneNationalLaboratory(Hanson,unpublishedresults),but we switchedto the finite differencemethodfor
easeof parallelimplementation.However, we have found that we neededo returnto the finite elementmethodto
reducememoryrequirement$20, 64].

Someof the earlywork on parallelalgorithmsfor dynamicprogrammingvasby LarsonandTse[83], andCasti,
RichardsorandLarson[14], but wasessentiallytheoreticabndfor discretetime.

JohnssomndMathur[90] discussadvancedorocedure$or programminghefinite elemenbnthemassiely par
allel ConnectiorMachineandalsorecommencefficient datastructuredor dataparallelcomputerg69]. Xirouchakis
andWang[115] sunwey the finite elementausing parallelarchitecturesaswell asother methodssuchasconjugate
gradientmultigrid anddomaindecompositionapplicableto control problems.Crow, Tylavsky andBosesuney the
solutionof dynamicpowersystemsy hybrid Newtonmethodon parallelprocessorf23]. FredericksomndMcBryan
[40] have founda supercorergentparallelmultigrid method but Decler [28] hasfoundthattheirmethods notreally
significantly more efficient thana good parallelversionof the standardmultigrid algorithm, althoughthey achieve
perfectprocessoutilization. We will focusontechniquegor mappinghigh dimensiorngridsto lowerdimensiongrids
for theparallelstochastiaynamicprogrammingalgorithm.

1. OtherAdvancedTechniqguesLoop Optimizations,
DecompositionsBroadcasting

Rearranging-ortran loops to eliminate datadependenciehasbeenvery importanttechniquefor gettingthe
most out of the so-calledautomaticoptimizing compilers. Someunderstandingf the optimizing compilers(i.e.,
the macine mode) is essentiato transformloopsinto a form recognizabléby the compiler Someloop reordering
techniquesare changingthe loop nestorderand changingvariables.A crucial objectve is putting mostof the loop
work in themostinnerloopsof a nest.Somesupercomputensill optimizeonly themostinnerloop suchastheCrays
in purevectormode,while othersmay parallelizeand/orvectorizemorethanoneloop. Recallthatvectorizationis
really a primitive kind of parallelizationwherethe parallelizationis carriedout by pipelineduseof vectorregisters,
somostoptimizationtechniqueswill work for both parallelizationandvectorization.Onetechniques the collapsing
of loopsinto a smallernumberby meging indicesso a smallernumberof indicesare usedto accomplishthe same
iterationtasks. The useof moreefficient datastructureso enhancecodeoptimizationwill be discussedn the next
subsectionMany of thesetechniquesarediscussedh [84, 56, 29|, for instance.

As we have alreadymentioned that most supercomputerasesimilar Fortran extensions,suchas Fortran 90
[71, 72], sotheuseof advancedcomputerfeaturescanbe greatlyfacilitated,thatcodescanbe very portableandthat
thehardwarecanbeessentiallyjtransparento theuser In addition,mostextensionsof the Unix languageC will have
mostof the optimizationsof Fortran90, includingtheloop optimizationtechniquegust discussed.

With mary of the distributedmemory massiely parallelprocessorshe userhasthe opportunityto spreadhe
workloadover the massve memorydistributedover mary processorsThis spreadingpropertyresultsin suppressing
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difficultiesdueto the growth in problemsize,makingmary algorithmssuchasdynamicprogrammingvery scalable
in thattheworkloadcanbedividedup into mary processor§l12).

We have shawvn that our parallel stochastiadynamicalgorithm exhibits scaledperformanceasthe size of the
problemincreaseg19]. Our CM-200 performancehasexceededhat of the Cray 2S for the 5 stateand 16 nodes
per stateproblem. The ConnectiorMachineshavs greatpromisefor applications providedthe compary makingit
remainsviable. We arestartingto developpurelyparallelalgorithmgi.e., algorithmsbeginningasparallelalgorithms).
The ConnectiorMachineperformsrecursionyerywell usingshift operationandsowe have madegooduseof these
operations We have usedoperatordecompositioechniquesbroadcastechniquesfront endmemorymanagement
[116, 117, FORALL loop structureg58], anddatavault methodgo enhanceperformance However, our datavault
work [118] hasbeenpreliminary andwe planto usethe successort this facility andthe CM-5 to be ableto do a
six stateapplication. With the introductionof the massiely parallelCray T3D runningon a vector multiprocessor
Cray C90 asa front end computey the advantageof massvely parallelprocessingand vector multiprocessingare
combined.

2. VectorversusHypercubeDataStructures

Oneof our biggestaccomplishmenthasbeento changethe naive hypercubeype datastructureto thatof thea
globalvectordatastructure55, 54]. In theusualhypercubdor hyperrectanglejyperepresentation

DV = [DViji ja,...rin] (44)

nX My XMaX...Xx My’
for finite differenceor finite elementrepresentationf componenterivativesthe optimalvaluegradientV ; [v*], par
allel codedevelopmentandgeneralityis hindered.Thisis becaus¢heremustbeahighly nesteddO-loopfor thestate
componentndex andindex for eachstates nodesfor example,

do 1l i=1,n
do 1 j1=1, M
do 1 j2=1,M
do 1 jn=1, Mh
DV(i,j1,j2,...,jn) = ........
1 conti nue

sowhenit is necessaryo corvertthe codeto a differentdimensiona gooddealof the existing codemustbe changed,
especiallystateDO-loopsand statesubscriptnumbers and statearray dimensioning. Further althoughthe overall
scaleof thestochastidynamicprogrammingproblemcanbeverylarge,thecall of thesubproblenfor eachcomponent
may not be very large out of respecffor the constraintscausedoy Curse of Dimensionalityfor the entire problem.
Hence,theremay not be sufficient workload on the componenbasisto achieve high load balanceon the parallelor
vectorprocessorandconsequentlyotachieve high efficiengy ontheadvancedarchitectureMany of theseadvanced
computerswill only parallelizeor vectorizethe mostinnerloop (e.g.,a Craywill only vectorizethe mostinnerloop
by default), sootherloopsin thenestwill notbehighly optimized,if atall.

Oneway aroundthis optimizationhinderingdatastructureis the useof a vectordatastructureto globally repre-
sentall of the statenodes.Thus,the hypercubedatastructureis replacecoy

W = Wi,]]ann ) (45)

in the caseof acommonnumberM; = M nodesperstate,so M™ is the total numberof nodesin the global, vector
datastructurewith index J = 1 to M™. Hencefor stateloopsinvolving the vectordatastructuregradientDV, the
nestdepthwill beonly betwo, the statenodeswill requireonly oneglobalsubscripandthearraydimensioningheed
only be changedoncein eachroutine,whenchangingdimension.For instancea typical stateloop would look have
theform,

do 2i=1,n
do 2 js=1,M*n
DV(i,js) = ........
2 conti nue
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Further alarge amountof theworkloadis thenin the global statenodeloop, promotingmoreefficient useof parallel
andvectorsupercomputerhroughloadbalancingandevenly spreadinghework load.
In thecaseof acommonnumberof nodesM , thevectordatastructurescalarindex J canbecomputedrom the
hypercuberectorindex
J = Uilnx1 = [, d2y - - Gn) "
by a Fortranlinear storageechniquehatcanbe usedto storetheindices,

J=JE) =1+ (Gi-1) M"Y,
i=1

givenagivenvectorindex j andwhereJ = 1 to M™ includesall the statenodedinearly. Also, theremustbe away
to go from the vectordatastructure backto the hypercubedatastructurefor computingboundaryconditions,state
component®f derivativesandsimilar quantities.This stateindex inversetransformatioris

(J=1) = S0 Gr(J) = 1) - M)

Ji=Ji(J) =1+ Int =D ;

fori = M to1 step(—1), assuminghe notationZiW:MH ar = 0. Thedirectandinversetransformationsnly have
to becomputedbnce,while theactualcodingis muchsimplerthatit seems.

The vectordatastructurehasalsobeenusedby KushnerandJarvis[77] for applicationsof controlledtelecom-
municationssystemsunderthe heavy traffic approximationIn addition,they have improvedtheindex representation
by atechniquecalledcompessedauxiliary array index wherespatialindicesarecompressethto a singlearrayand
bit operationsareusedto performindex operationsThey have foundenhancedectorizatiorandsimplified multigrid
calculations.

Thevectordatastructurewould alsobe usefulfor morestandard®DEsaswell, sincethe datastructureproblem
is mainly a PDE problem. Althoughtherearemary generalroutinesfor multi-dimensionalODEs, hardly any exist
for multi-dimensionaPDEs.

C. GraphicalVisualizationof MultidimensionalResults

Scientificvisualizationis essentiallyfor examiningsuperamountsof outputfrom supercomputecalculations.
A systemfor the visualizationof multidimensionakesultscalled /O View [102, 60], utilizing an Inner coordinate
systeminsideanOutercoordinatesystemhasbeendevelopedor controlapplications Althoughthedevelopmentvas
intendedfor an applicationof resourcemanagemenand control applicationin an uncertainervironmentto display
bothoptimalcostsandcomponentsf theoptimalcontrolvectoragainsthestatevectorcomponentsindparametrized
by otherquantitiesthe systemis applicableto almostany multidimensionabutput.

The managementf renevableresourcesuchas commercialandrecreationafisheriescanbe difficult dueto
lack of data,ervironmentaluncertaintyanda multitude of speciednteractions.The dataneededo managehe re-
sourcecanbe biologicalaswell aseconomicandervironmental.Biomathematicainodelingcanhelpfill in someof
the gapsin the data. Stochastianodelingcanapproximatehe effectsof environmentaluncertainty Supercomputing
enableghe handlingof a reasonableumberof interactingbiological species.However, electronicvisualizationis
essentiafor interpretingthe multidimensionabupercomputeresults.Further visualizationshows resourcenanager
how changesn managemerpolicy effectthe overalleconomigerformancef thefishery but alsoshovs how sensi-
tive the performancas with variationsin the poorly known dataparametersAn implementatiorof a world within a
world vision concept-einerandBesherg35] permitsvisualizationof a 3D solutionsurfacein aninnerworld, which
changeslongwith correspondinghangesn the parametersf a 3D outerworld.

Refinementsvere madein the original notion of inner and outerworlds to improve the implementation. For
example theinnerandoutercoordinatesystemsveredetachedotheouterworld parametersiould beeasilyreadable.
A detaileduserinterfacewas developedto allow rotationsandtranslationsof the image surface,aswell as mary
otherfeatures.This implementatiorallows the resourcenanageto visualizemultidimensionatesourceslongwith
parametesensitvity of optimalvalueandoptimalcontrols.

Our implementatioris called I/O View andis schematicallyrepresentedor a particularcasein Figure2. In
this figure, the optimalvaluesurfaceS; is representeih theinnerworld (I) coordinatesystemasa function of two
otherinner coordinatesthe independentstatesX; and X,. In the samerepresentatiofis the outerworld (O) in
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> X,

X1

Figure2: Schematiecepresentationf multidimensionakcientificvisualizationsystem.Seethetext for explanationof
the InnerandOuterWorlds.

which threeoutervariables,a third state X3, time ¢ anda parametetR, determiningthe size of the X, stateaxis.
Thelarge dot in the outerworld (O) representshe valuesof the threefixed outervariables-parametefs;, X3, t').
Thesethree parametergan be varied by moving the large dot by meansof the cursorwith the computedsolution
surfaceS; changingin responseo the changeof outervariablesto exhibit the evolution or parametesensitvity of
the optimal surface. Both inner and outersystemaxeshave coloredcodedattributesasadditionalvisual cuesin the
actualimplementatiorj102]. Uponnestingmoreouterworld coordinatesystemsmary morethanthesix dimensions
displayedn Figure2 canberepresented.

The visualizationwas originally developedon Silicon Graphicshardware [102], but is being portedto other
platformslike the NeXT [60] andimproving its performance.Originally, the interfaceFormsLibrary of Overmars
[98], designedor Silicon Graphicswasused.Remotesupercomputesutputis sentdirectly to thelocal visualizerby
datastreamingoetweersocletsusingthe ApplicationsCommunication&ibrary [68], thussimulatingnearrealtime
acces®f output.

D. NumericandSymbolicinterface

Akian, ChancelieandQuadra{1] describeaexpertsystencalledPandore thatdoesanextraordinarynumberof
tasksin additionto solving stationarystochastialynamicprogrammingproblemswith Gaussiamoiseperturbations.
This systemrelies heavily on symbolic processingo produceproofs of existenceof the solution, analysisof the
solution,graphsof the solutionsandsereral otherfeatureswvhich areall summarizedn a short IATeX paper

Wangandco-worker [113] have developeda symboliccomputingsystemcalled GENCRA thatautomatically
generatesgectorizableCray Fortrancode.GENCRA canalsogeneratgarallelCrayFortran.

Somefuturedirectionswill beto integratesymbolicandnumericalcomputationby usingsymboliccomputation
to simplify thedynamicprogrammingalgorithm,andalsoby generatingodethatwill remove generabdatadependen-
cieswhile beingportableto othermachinesTheFuture Directionsfor Resear ch in Symbolic Computationsreport
[41] emphasizethe numeric-symbolidnterfaceandtheincreasedole parallelandsupercomputerswill play in this
area.

IV. SOMERELATED METHODS

In this section,two relatedmethodsare presentedis competingmethodsto provide contrastfor stochastiay-
namicprogramming.Thesemethodshave somesimilaritiesto SDPor areusedto solve similar problems.Theseare
differentialdynamicprogrammingand Markov chainapproximation. Thereare mary othermethodsthat could be
included,but only thesetwo areusedto consere thescopeof this chapterIn addition,thesetwo arethe onesthatare
mostoftenmentionedn comparisorio stochastiadynamicprogramming.
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A. DIFFERENTIAL DYNAMIC PROGRAMMING

Differentialdynamicprogramming DDP)is a variantof dynamicprogrammingn whichaquadraticapproxima-
tion of the costabouta nominalstateandcontrolplaysanessentiatole. The methodusessuccessie approximations
andexpansionsn differentialsor incrementgo obtaina solutionof optimal control problems. The DDP methodis
dueto Mayne[91, 66]. DDP is primarily usedin deterministicproblemsin discretetime, althoughthereare mary
variations.Mayne[91] in his original paperdid give a straight-forvardextensionto continuougime problemswhile
JacobsomndMayne[66] presensereralstochastiovariations.Themathematicabasisfor DDP is givenby Maynein
[92], alongtherelationsbetweerdynamicprogrammingandthe Hamiltonianformulationof the maximumprinciple.
A concisecomputationallyorientedsurvey of DDP developmentss givenby Yakowitz [120] in anearliervolumeof
this seriesandthe outline for deterministiccontrol problemsin discretetime hereis roughly basedon that chapter
Earlier, Yakowitz [119] suneysthe useof dynamicprogrammingn waterresourcespplicationspicely placingDDP
in thelargerperspectie of otherdynamicprogrammingvariants.Also, JonesWillis andYeh[70], andYakowitz and
Rutherford[121] presenbrief helpful summariesvith particularemphasi®on the computationaaspectof DDP.

1. DynamicProgrammingn DiscreteTime

Let k bethe discreteforwardtime correspondindo t,, = « - At with initial time ¢ty = 0 or k = 0 andfinal
timetx =ty = K - At or k = K sothe stagesgo from x = 0 to K in stepsof 1 (in oppositedirectionto the
backwardtime T, = k - AT of SDP).Letx,, = [x; x]nx1 Dethen-dimensionaktatevectorandu, = [u; x]mx1 be
them-dimensionatontrolvector Thediscretetime dynamicsalongthe statetrajectoryis givenrecursvely by

X1 = Fr(xg,us), for 0< s < K -1, (46)

wherediscreteplantfunctionF ; is atleasttwice continuouslydifferentiablein bothstateandcontrolvectors.
Thetotal costof thetrajectoryfrom k = 0 to K is

K-1
o, 130, K] = > G, 1) + Zi (Xk), (47)

k=0

whereG . (x, u) is thediscrete-timecostfunction,assumedo be a leasttwice continuouslydifferentiablein the state
andcontrolvectors.Implicit in (47) is thatthe costis separablevith regardto the stages:. Thefinal or sahagecost
is denotedby Zx (xx ), assumeat leasttwice continuouslydifferentiable.

Theultimategoalis to seekthe minimumtotal cost

vy (%) = min [v[x,u;0, K]], (48)

{uo,-ug—1}

subjectto the dynamicrule (46). However, for enablingdynamicprogramminganalysisthevariabletime-to-gocost

K—1
oix,wsk, K] =Y Gi(xi,wi) + Zi(x), (49)
andits minimization,
vh(xy) = min [v[x,u; &, K]], (50)
uma"'vuK—l}

is consideredsubjectto thefinal costcondition
vk (%) = Zk(x), (51)

consistentvith thedefinitionthathi }(1 a; = 0 andwith sahagecostsassumedhn (47).
Applying to thedynamicprogrammingprinciple of optimality,

v (%) = min |Gy Xk, ux) + min v[x,u;k + 1, K]|,
u,. {ukt1,uK—1
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decomposinghe optimizationinto thatof the currentstepplusthatfor therestof the cost-to-go Usingthe definition
of time-to-gooptimal cost(50) andsubstitutingor x,,.; from therecursve dynamicrule (46),

Vi (X, k) = min [Gr(xp, i) + vy (Fro(xi,u0))] - (52)
The calculationof this minimumsimultaneouslyroduceghe optimal control,

uy(x,) = arg Hlllin [Gn (Xp,ug) + 'U;:+1(Fn (%x, un))] ) (53)

asthe argumentof the minimization,for k = K — 1 to 0 in backwardsteps(i.e., (—1) steps).Theequationg52,53)
comprisethe DP recursivebadkward sweep Here,thetermsweegs usedto indicateaniterationover all time steps,
reservingthe word stepfor eithertime or statesteps.The useof theterm sweepis notto be confusedwith theusein
therelatedSuccessiveweepMethodasin [27].

TheDP recussiveforward sweepisesheoptimalcontrolu}, foundin thebackwardsweepn aforwardrecursion
of thedynamicalequation(46),

X1 = Fe(x, ug(xy)), (54)
startingfrom theinitial statexj = xo andcalculationfuture optimalstatesor x = 0 to K — 1 in forward stepsof 1
upto thefinal statex;, .

While the backward andforward recursionsof dynamicprogrammingseemto give a methodfor computinga
solutionto the discretetime control problem,they do not give ary actualcomputationamethodfor calculationthe
minimumor the optimaltrajectorymotionthatwould be neededor computationaimplementationTheimplementa-
tion is especiallyunclearif the problemis nonlinear(this is true alsoof the continuougime case).In orderto make
theactualcomputationwell-poseda quadraticapproximatiorcostat eachDDP stagek is applied.

2. Final Time DDP Backward Sweep

EachDDP iteratestartsout with a current,approximateateratec for the state-controbet{x¢, u¢} of nearfinal
time K pairsof stateandcontrolvectors satisfyingthediscretedynamics
Xfe-i—l = Fﬂ(x27 uy )7 (55)

K

for k = 0 to K — 1. Sincedynamicprogrammingtakesbackward stepsfrom the final time, the startingiterate
is really the final time iterate. It is assumedhat thesecurrent,nominal iteratesare somavhat closeto the target
optimaltrajectoryto justify Taylor approximationsTheiterationsproceeduntil thetrajectoriesof successie iterates
aresuficiently close.

For thefinal time-to-gocost(the startingstepfor eachbackward DDP sweep) a Taylor approximatioraboutthe
currentiteratestate-controset{x¢., uj } upto quadratidermsleadsto theapproximatdormula

vx,u; K, K] = Gg(xXk,ux)=Zr(Xk)
~ Uk (xk,ug) = G5 + VI[Gk]-oxk + VI[Gk]- duk (56)

+ %5;& VL VT [Gr] - dxxc + 6uL - VoV [Gr] - 5xxc
4 %5u2~vuvf[GK]~auK,

with incrementsix g = xx — x% anddug = ugx — u$.. Thefollowing array Taylor coeficientsareredefinedor
computationastorageas

Gx = Gk =Gk(xk,uk)
(Ei)" = Vi[Gk]= V;[Gk](x%, uk)
(D))" = ViGk] = Vi[GK](x,uk)
1 1
A = 5V,EVZET[GK]zivwv{[a;(](xg{,ug{) (57)
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B = V.VI[Gk]=V.V][GK](x%, uk)
1 1
C;( = §VUV5[GK] = §VUV5[GK](X§(711§()7

wherethe notationA” denoteghetransposef array 4, V,, is thegradientin the stateandV,, is the gradientin the
control. In this section,gradientsare evaluatedat the currentstate-controketfor thetime consideredlt is assumed
that the set {xx, ux } arevariablepointson a trajectorynearbyto the currentset {x5;,u, }. However, we will
not needthe xy statevaluesthemselesexceptherefor the purpose®f analysis,but only the coeficientsdefining
the functionalform of the quadraticapproximationnotethe analogougpropertiego that of the classicalLQ control
problem).

In absencef constraintsthe improvedapproximatiorto the optimal controlis thenthe currentapproximation
to the optimalcontrolis obtainedrom thecritical pointsof v atk = K,

Vulok](xr, i) = E + B -0xi +2-C% - 0k (58)
VIGK] + VuVI[GK] - dxk + Vo VEI[GK] - 6t
= 0,

sothat

5 (59)
= () —
1
= 50K (B + B - oxx)
~(VuVIGK) ™ - (VulGi] + Vu VT [G] - 6xx)

= b + 5 - oxk.

Thisalinearcontrollaw in thestateperturbatioryx x with fixedcoeficienta, andgaincoeficient3¢., providedthat
theinverseC° = (C%) ! iswell defined(e.g.,C§ = 2V, VI [G k] is positive definiteandhencenonsingularhow-
ever, positive definitenesss only needechearthe optimaltrajectory). Sincethe expansionin Taylor approximations
with only afew termsis goodonly if bothdx i anddux aresmall,aproblemin consisteng arisesf thefixedpartof
dug, as, isnotsmallin (59). However, nearbytheoptimaltrajectory a$, = —(V,VE[Gk])™! - V4[G k] shouldbe
smallsinceV,[Gk]* = 0 ontheoptimaltrajectoryatthefinal time. In thecasethata§,, aswhenthestartingguessn
notgood,JacobsomndMayne[66] suggesmultiplying a$, by asufiiciently smallparametet until theiterationsare
closerto the optimaltrajectory Thesecommentsapplyonthetime horizon,0 < k < K, notjustfor thetimex = K.

In the presenc®f constraintsthelinearcontrollaw (59) yieldsonly theregularcontrol,which mustbe modified
for the constraintsasin the previoussectionfor SDR However, for inequalityconstraintstheinconsisteng problem
of non-smalla; canarise,sopenaltyfunctionsmustbe usedto move the constraintgo the objectve functional.

The correspondin@pproximationto the optimal costvalue function follows from substitutingthe currentap-
proximationof the optimal control:

~%

Uk (xKx) = Uk(XK,Uk(XK)) (60)
= RS+ (Q%)T - oxx + 0x% - P§ - 6xpc,

reducedo a quadratidunctionin éxx only. Uponcalculation the currentcoeficientsaregivenby

1 —C c
P = Aj - 7(Bi)"Cx"Bi
]' —C c
@)" = (®)" - ;D5 C B (61)
C C 1 C —C c
Ry = GK - Z(DK)TCK DY%-.

The last, currentlyfixed coeficient RS, is not essentiafor the iteration, unlessthe value optimal costneededasa
result.
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3. GeneraDDP Backward Sweepn Time

The coeficientsat final time K definethe beginning of the DDP backward sweepfor the currentiterationc,
while the coeficientsfor the remainingiterationtimesarefound by marchingbackwardfromx = K —1tox =0
assuminghe quadratiovalueinductionhypothesis,

67;+1(Xn+1) = R2+1 + (che+1)T “0Xpt1 + 5XZ+1 'P£+1 “0Xpt1, (62)

basedntheformula(60)for x = K, wheredx, 1 = xx41—X{ ;. Assumingoothx,; andxy,  ; obey thedynamics
of (46) (if not, the calculationis morecomplex andnot very suitablefor implementation)thenthe incrementn the
vectordynamicds expandedasthe quadratic,

0Xpy1 = Fn(xm un) - FN(Xme u;ce)

FH(XZ + (SXH, u,cg + (Sun) - Fn(xfm 112)

(VoFOT . 5%, + (Vo FDT . fu, (63)
1

+ §5x£ (VoVYIF,,) 0%, 4+ 0ul - (V,VIF; ) ox,

1R

1
+ 55115’ (VuVTF;,) - du, ,

nx1

whichis similar to the expansiorof the scalarcostG i in (56).

Next theagumenif theminimumof thePrincipleof Optimalityin (52)is expandedy substitutinghequadratic
expansiondor G, in (56) andF in (63), while retainingonly termsup to quadraticorder(beingcarefulto expand
aboutthelatercurrentstatexy, , ; whenusing@y, ,  (x.+1) asrequiredby theinductionhypothesig62)), theargument
becomes

Ux,w; K, K] = Gr(Xn,ux) + 05,1 (Fe(xs,us))
~ Ve (Xp, 1) = VEF (EOT 6%, + (DT - bu, (64)
+ oxL - AC-bx, 4 0ul - BS - 6%, + dul - CC - du,.

Thisis thequadraticapproximatiorto the minimizationargumentn (52). The correspondingoeficientsare

Vi = GL+ R,

(BT = VIIGA0c. 1) + (VoF D) (x5, u5) Qi

(DT = VG uS) + (VuFD)T (x5, u) Qi (65)
Ay = SVLTIG] + SV TFDQe 0 + (VoFD) Ly - (VFD)T
B = vuvf[Gn]+%(vuv§F£) 1 +2(V FI)PE, - (V,FI)T
Cf = VYT + 5 (VuVIFDQe + (VuFD)PL, - (VFD)

whereargumentf thegradientsatthe currenttime in thelastthreecoeficientshave beenomitted.
Minimizing the quadraticapproximatiorin (64),

0= (V,[o.])" =D + BE - 6%, +2- Cg - duy,
yieldsthe currentapproximatiorto the optimalcontrolat &,
ouy = ay + By - 0%y, (66)

where

= —%C;c DS and g = —~Co° . Be. (67)

8 :_5

C
K
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Thesdattertwo coeficientsneedonly be saredfor thecurrentapproximateptimalcontrolsincethey defineits linear
functionin the stateincrement.The quadraticapproximationis critical for the straightforward determinatiorof the
control, in this caseunconstrainedRecallthatin the casewhereas$ is not small, thena small coeficient canused
whereqa? is applied[9]] (i.e., a¢ is replacedby e with sufiiciently smalle until corvergenceof the successie
approximationso v}, is assured)Thedifficulty arisesvhentheapproximationsretoo farfrom theoptimaltrajectory
but closeto the optimal trajectoryD¢ = V,,[H¢] shouldbe smallif HS is somepseudo-Hamiltoniato which the
minimumprincipleapplies.

Upon substitutingthe linear control law (66) into the bivariatequadraticapproximation(64), the formula for
inductionhypothesig62) is obtainedor time « giventheresultfor x + 1,

V% (xx) = RS +(Q%)T - 6x,, 4 0x% - P - 6%, (68)

proving theinductionpartof thecurrentbackwardsweep Further the statedependentuadraticcoeficientsaregiven
in the procedureas
C — A 1 ce\T e
Pn_ n+§(Bn) ﬂn

Q)7 = (BT~ 2 (05)7 (69)

1
R = Vi - 1(D)"as,

for k = K to 0 in backwardsteps,ncludingthefinal conditionin (61) aswell. This concludeghe backward sweep

for iteratec.
A primarypropertyof DDPis thatit is exact,in infinite precisionfor the LQP (LinearQuadratid’roblem) since
the Taylor approximationsvould be exactin the LQP case91].

4. DDP Forward Sweep
In theforward sweepfor iteratec, thecth backwardsweepapproximatiorfor the optimalcontrol,
u;, = uj, +ou; = ul + a, + 45 - 0x,, (70)

givenin incrementform by (66) for all thetimesx = 0 to K, is usedto calculatemprovementsn the optimal state
trajectory If a¢ is notsmall,then(70)is replacedy

u; =ul +e-af + 0 - 0xs,
with 0 < e < 1 selectedo fostercorvergenceuntil a¢ is smallagain[91, 121]. Thediscretedynamiclaw (46),
§:+1 = Fn (i:7 ﬁ:)v (71)

canbe solvedrecursvely for k = 0 to K — 1 in forward stepssincethe linear control law approximationis given.
Oncedone thesuccessoiterateis definedas
xetl = x* (72)

K

for k = 0to K. However, for computationastorageconsiderationghenew iteratejustreplacesheold, x¢* — x¢,
saving theold iterateonly for the next checkof theiterationstoppingcriterion.

The combinedbackward and forward sweepiterationsend when an appropriatestoppingcriterion is reached,
suchas

~x% +1 ~%
max |[v (x") — T ()| < toly,
in somesuitablenorm. This valuestoppingcriterionmayalsobe supplementedsingsuccessie states,

mgx”xfj'l —x¢|| < tol,,
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or usingsuccessie controls,
c+1 c
m};ax”un —uf|| < tol,,
wherethetolerancesol, areprescribed.

5. SimilaritiesandDifferencedetweerDDP andSDP

The obviousdifferencebetweerDDP andSDR aspresentedhere,is that DDP is primarily appliedto determin-
istic problems,ratherthan stochasticasis SDP However, Jacobsorand Mayne [66] and othersdo give stochastic
variants,including formulationfor the LQGP (Linear, QuadraticandGaussiarProblem). Theseauthorsalsopresent
thecontinuougime caseaswell asgive estimategor the errorscommittedin DDP andstep-sizeadjustments.

Anotherdifferenceis that the DDP iterationsare over the entiretime horizonfor eachiterate,whereas SDP
iterationsin the backward sweeprangeover only a singletime stepfollowed by a backward marchin time for the
next setof iterations.Thatis, an DDP backward sweepiterationrangesover both stateandtemporalspaceswhereas
the SDP backward sweeprangesover only the statespaceandstopwhensuccessie valuesfor thattime stepsatisfy
correctorstoppingcriterion. In contrast,an approximationfor all timesis foundin DDP, beforeproceedingo the
next iteration.In termof thetime domain,roughly speakingDDP is somavhatanalogouso the point Jacobimethod,
while SDPis morelike Gauss-Seidel.

Also, ameshselectiorratio recipeis availablein SDPfor selectingthe ratio of the time stepto anapproximate
measureof the spacestep. However, DDP doesnot discretizeeitherthe statex or the controlu variableg121, 70]
so the meshselectionratio is not relevant, while the SDP heredoesdiscretizethe statebut the controlis computed
asoutputwith thevalue. The computationabndstoragecostpertime stepof SDPis exponentialO(n - M™) in (38)
consistentvith the curseof dimensionalityandwith M finite differencenodesper state.However, for DDP the cost
perstages the costof computingthecoeficientarrayssuchasA¢, BE andC¢ from theassociatetHessiararraysas
well asthecontrollaw coeficientsa’ and3¢, sothestoragecostis O(n? +m -n) or O(n® +m - n% + m?2 - n) if the
Hessiarof thedynamicsvectorF , is storedfor thestageandthe computationatostis O(m? +m? - n) for the control
law andO (n +m-n®+m?2-n?) for A¢, B¢ andC¢. dependindhow themultiplicationsin (65) arecomputedseealso
[121, 7] for asomeavhatdifferentaccounting) The DDP manageso keepthe curseof dimensionalityundercontrol.
A majorreductionin storageandcomputatioroccursin DDP sincecalculationsareconcentrateth the neighborhood
of anoptimaltrajectory whereasSDPcoversthewhole statespace.

Theassumptiorthatcostarequadratidn thecontrolfor SDPis someavhatsimilarto the quadraticassumptionn
DDP, exceptthatin DDP the quadratics in both costsanddynamicswith respecto both controlandstate.ln SDR
the critical calculationof the optimal control requiresonly thatthe costbe quadraticandthe dynamicsbe linearin
the control, which is morerealisticwherethe nonlinearityin the dynamicsis an essentiapart of the model. In the
versionof SDP presentedhere the quadraticcostswerepresentedn partof the modelratherthanpartof the method
of solution,althoughmore complex costanddynamicscould be treatedby a quadraticTaylor approximationof the
costanda linear Taylor approximatiorof the dynamicsto formulateaniterative procedureo solve the moregeneral
SDPproblem.In DDP computatioris mainly the computatiorof thetemporalfunctionalcoeficients,whereasin the
SDPherethe computatiorpermitsgeneraktateandtime dependence.

Quadraticcorvergencefor DDP hasbeenshavn by Murray and Yakowitz [95]. For SDPin continuoustime,
NaimipourandHansor96, 59] have a heuristiccomparisorargumentfor corvergenceandthe corvergences linear,
in that,

1 0 oo
HE-vE =e (2 - ).

where~ is the correctioncounterand@ is the correctorcorvergenceparametefor which the o in (42) is anapproxi-
mation.

Theforwardsweepsarequitedifferentin thetwo casesdueto thedifferencen stochasti@anddeterministidor-
mulations.Theexplicit recursionin DDP is relatively trivial comparedo solvingthe forward Kolmogorors equations
for the statedensitygiventhe stochasti@mptimal controlto getthe optimal expectedstatetrajectory

6. DDP VariationsandApplications

Yakowitz [119, 12Q hasgiven a thoroughsurwey of the computationand techniquesof differential dynamic
programmingn 1989.Liao andShoemakr[79] studiedcorvergencan unconstraine®DP methodsandhave found
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that adaptve shifts in the Hessianare very robust and yield the fastestcornvergencein the casethat the problem
Hessiamatrixis not positive definite. Chang,Shoemakr andLiu [16] solve for optimal pumpingratesto remediate
groundwater pollution contaminationusing finite elementsand hyperbolicpenaltyfunctionsto include constraints
in the DDP method. Culver and Shoemakr [24, 25] includeflexible managemenperiodsinto the modelandusea
fasterQuasi-Navtonversionof DDP. Earlier, Murray andYakowitz [95] hadcomparedDP andNewton’s methodgo
shav thatDDP inheritedthe quadraticcorvergenceof Newton’s method.Caffey, Liao andShoemakr[15] developa
parallelimplementatiorof DDP thatis speededip by reducingthe numberof synchronizatiompointsovertime steps.

B. MARKOV CHAIN APPROXIMATION

Anotherapproacho finite differenceds the well developedMarkov Chain Approximation(MCA) of Kushner
[73, 74). Recentdevelopmentaresuneyedandfurtheradvancedby Kushnel75], andby KushnermndDupuis[76],
with specialttentiorto methoddor jumpandreflecteddiffusions.ThismethodappliesaMarkov chainapproximation
to continuougime, continuousstatestochasticcontrol problemsby renormalizingfinite differencedormsasproper
Markov chaintransitionprobabilities. Thesetransitionprobabilitiesarisewhenderiving finite differenceversionsof
thedynamicprogrammingequation.An importantadvantageof this methodis thatthe Markov chainapproximation
facilitatescorvergenceproofsfor the numericalmethodsn termsof probabilisticarguments Probabilisticinterpreta-
tion of the approximatioris a major motivationfor the formulationof this method.Here,the MCA methodis given
a formal presentationin the spirit of the SDP notationandformulationto facilitatecomparison.The readershould
referto the above referencedor the greaterdetail, especiallyKushnerand Dupuis[76] for a multitude of variations
andcorvergenceproofs.

1. MCA DynamicProgrammindgvodel Formulation
Considetthe stochastidiffusionwithout Poissorjumpsgovernedby the stochastidifferentialequation(SDE)
dX(t) = FX, U, t)dt + G(X, t)dW (¢), (73)

wherethenotationis thesameasin (1). It is assumedhatdrift F andGaussiarcoeficientG areboundedgontinuous
and Lipshitz continuousin the stateX, while F is uniformly soin the control U. Further let the expectedcost
objective functionalbe

Vixut) = Mean[ Y e C(X (), UX(r).7).7)

' (74)

| X)) =x,U=u| + Z(x,ty),

with the samenotationasin (2). It is assumedhattheinstantaneousostC andthe salvagecostZ areboundedand
continuous Much alsomaydependn theboundaryconditions.Thefinal sideconditionis the sameasthatin (8) for
SDR

The optimalcostsaredefinedas

v*(x,t) = inf [V(x,u,t)], (75)

usingtheinfimum (inf), insteadof thelessgeneraminimum (min) in the spirit of [76], overall admissiblecontrols.
Uponapplicationof theprincipleof optimality, thedynamicprogrammingequatiorfor the optimalexpecteccost
v*is

0 = of +L[v*](x,1) (76)
= o +inf FT(x7u,t)Vz[v*]+%(GGT)(x,t) YV, VT [v"]
+ C(x,u,t)].

Since(76)is abackwardequationandsincewe wantto keepit simple,(76) is approximatedvith the Backward Euler



F. B. Hanson, Computationatochasti®ynamicProgramming 29

approximation
vi1(X) = 0g(%) + Aty - inf [FiO(x,u) Vo[vg] 77

. %(GGT)R(X):vwvf[vz]wtcn(x,u) ,

fork =1 to K, with v}(x) ~ v*(x,t.), andsimilarly for F,, G, andC,, while ¢, = t,_1 + At,_1 istime
in termsof the forward index . Thefinal conditionis v} (x) = v*(x,tf) = 7" (x, tr). (Thecorrelation,in the
caseof constantime incrementspetweerthe forwardindex « andthe backwardindex k usedin SDPis thatT}, =
ty —k-AT = (K — k) - AT = tg_, = t,, Sotheforwardandbackwardtime indicesarerelatedby x = K — k.
Hence Iy =ty = tx andTx = 0 = ¢y, arethefinal andinitial times,respectrely, in eithertime direction.) The
interpolationtime incremenis denoteddy At,_; = ¢, — tx—1 hereandhasimportantrolesto play for modelingand
for numericalcorvergence.

However, sincemuchof the literatureon MCA, correspondingo muchof the literatureon stochastiacontrol,
is formulatedasa stationary(time-independentproblem,the indicesk andx aretreatedasiterationindicesfor the
time-independemntroblem.Thetime-independergroblemmayarisefrom ergodicproblemsor exit time problemsor
infinite horizonproblemsfor example.

2. MCA Local Consisteng Conditions

The symbolh will indicatethe the orderof the spacingin the discretizatiorof the statespacefor the Markov
chaing,, for discretestepsk > 0 (notefor the chainwe usethe forwardtime index « insteadof the backwardtime
index k to give priority to the Markov chainpropertiesusuallydefinedin forwardtime, insteadof completelyforcing
thebackwardtime notionof SDP).TheMarkov chaintransitionprobabilitiesaredefinedby

p(ﬁ;ﬁ"'“ﬁ) = Proq€n+1 = n|€j7uj7j S K‘]

for transitionsof the Markov chainfrom stage¢, to stage§,,; = m undercontrol policy u,. Thesetransition
probabilitiesmust satisfy the non-ngatwity (p > 0) andconseration (> p = 1) of probability propertiesof ary
properprobability law. Thus,the chainis definedon a finite statespaceD, with discretetime parametek. Furthey
theMarkov chainapproximatiorincrementsA§,, = £, ; —§,., with [A€, | = O(h), mustsatisfythelocal consistency
conditions

E[A€n|€mum] = Z(’? _Sn) 'p(£n7n|un)
= Aty [Fe(€erue) +o(1)]
and (78)
CovafAg, €, u] = Y (n—§&.— E[AE))(n — &, — E[AE,)T
P&, mlus)

= Aty [(GLGT)(E,) +o(1)],

ash — 0T, fork = 0 to K — 1, consistenwith the usualconditionsfor the first two infinitesimalmomentsof
the stochastidiffusionapproximatiorcorrespondingo the SDE (73). In (78), the conditioningon earlierstatesand
controls{§;,u;,j < x} hasbeensuppressetb simplify the notation,but is not meantto imply ary assumptioron
earliervariables.

Here, At, is the local interpolationtime increment,suchthat At, — 0 ash — 0%, andsuchthat the
piecavise constaninterpolatecthainandcontrolwith continuoudime parametet are

E(t) =€, and u(t) = u, for ¢ on [te,ts + Aty),

whichtogethemwith thelocal consisteng conditions(78) aresatisfiedby the correspondingliscretetime chainallow
approximatiorof (73). For generality At,, = At, (€, u,) is permitted.

3. MCA DynamicProgramming=quationand TransitionProbabilitiesConstructiorfrom Finite Differences
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The MCA transition probabilitiesp(&, n|u) often are constructedrom the finite differencein spaceof the
parabolic,dynamicprogrammingequation(77) (finite elementxouldbe usedaswell). Theusualmixedfinite differ-
encesn spaceusedin [76] areupwinded(forwardandbackward)for first orderstatederivatives,

U Victhie) Vet - p(x u(x, t),t) > 0 79
X,t) ~ : ,
Ox; V(x’t)f‘;(:‘fh"e"’t), Fi(x,u(x,t),t) <0
andcentraldifferencedor the secondrderderivatives,
0V V(x+h;-e;t) —2V(x,t) + V(x — h; - e;,t
TV ey )2 2eet + T i (80)

with e; asthe unit vectorfor the ith statecomponentndh; = O(h) asthe sizeof theith step. Here,we assume
thatthe Gaussiamoiseis not correlated;i.e., we meanthe coeficientis assumedo be diagonal) sothecrosssecond
derivativesarenot needed Also, the upwindingon first derivativessacrificesaccurag (i.e., it hasO(h;) errorrather
thanthesmallerO(h?) errorof centraldifferencessh; — 0%, sothelargererror‘numericallypollutes"thesmaller)

for potentiallygreatemumericaktability in thecaseof corvectiondominatedlows (i.e., thedrift part| F; |/ h; is greater
thanthediffusionpart(GG™); ;/h?). However, mary refinementgo fix up theseproblemsarefoundin Kushnerand

Dupuis[76], suchashigherorderfinite differencesncludingthoseneededor crosssecondlerivatives.

Uponsubstitutingthesefinite differencesthe dynamicprogrammingequation(77) becomes

v (X,te—1) = inf [pe(X,X,|ug—1) - 0" (X, tx) (81)

Ug—1

n
+ an(x,x + h;-eiju,_1) -0 (x+ h; - e, ty)

i=1
n
+ me(x,x — hi - ejlug_1) v (x — h; - e, ty)
i=1
+ Atn—l : C(Xaun—lvtn)] )
wherethetransitionprobabilities,now denotedoy

p(€n—17 Snluﬂfl) ~ pﬂ(€7 77|un71)

andactivatedby the controlvectoru,_; from¢,_; to¢,, aregivenby

n T . .
Pr (X, X, (W1 — _Atn—l . (GG )Jy.ij/ + |F’N| , 82
3
j=1 h; h;
GGT)iin | [Fin
Pe(x +hiceilugy) = Aty [( 2h2’ e | f}.]+] ’ (®)
GGT)iin | [Finl-
Pu(X, X — hi-ejlug_1) = Aty_q1- [( 2h; == [ f;] ] , (84)

for sufficiently small At,_1 Sopk(x,x, |u,—1) in (82)is non-ngative. Here[F|+ = max[+F,0] > 0 (i.e.,[F]+ +
[F]l- = |F| and[F]+ — [F]- = F). Thedrift componenis F; , = F;(x,ux—1,t.) andthe diffusion coeficient
is Giix = Gii(x,ts), assuminghatonly the diagonalpartis needed.While the explicit time-dependencef the
dynamicalkystencoeficientsareevaluatedatthelatertimet,, (thisis notacritical requirementaswouldbefrom the
Backward Euler approximationthe controlis evaluatedat the earliertime ¢,,_;. The procedurggenerateseedback
control at the discretelevel. This is becausehe control policy, whenknown, would be setat the beginning for the
periodin forwardtime, althoughthis controlpolicy is determinedy thedynamicprogramin backwardtime sequence.
KushnerandDupuis[76] call this type of MCA anexplicit method,but since,asa backward procedureit is explicit
in the costsv}; while implicit in the controlu,_1, it is really quasi-aplicit in the caseof the simpleapproximations
usedhere.However, anumberof implicit methodsarealsopresentedhy KushnerandDupuis[76].
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In (82,83,84)thereallyimportantbenefitof upwindingis seenjn thatupwindingensureshatthedrift coeficient
F; ., only entersthe transitionprobabilitiesasanabsolutevalue,guaranteeinghe non-negativity propertyof the non-
selftransitionprobabilitiesin (83,84),and(82) aswell, providedtheinterpolationincrements sufficiently small. Note
thattherequirementhattheselftransitionterm(82) mustbenon-neyative asa probabilityputsrestrictionsonthetime
stepAt,_1, i.e.,

1

At < [(GG Jisiw | \Fm\]

(85)

i=1

which is somethinglike the generalizedCourantFriedrichsand Lewy (CFL) condition(42) for SDR This is more
readilyseenin theform:

(GG )1 1,K |-Fz nl
9 ) <
OMCA = Atx_1 - ; [ hi + h, <1, (86)
whichis morelike the* £;” normversionof the“L,” normversionof the generalizedCFL conditionin (42). Thus
the conditionsfor bothmethodsequirethe sameorderof magnitudeof thetime step.Thedifferencesn quasi-norms
is not significantgiventhe approximationsn bothmethods.

Onecancheckthatthetransitionprobabilitiesdo indeedsatisfythe MCA local consisteng conditions(78). For
instancethefirst infinitesimalmomentof the MCA is calculatecasfollows,

E[A€n|€n = X] = pn(X,X|u,€,1) : [0]

+ ) pe(x, X+ hi-eifug1) - [hi - e

i=1

+ ) Pel(X,X = hi-eifug-r) - [~hi - ej]
i=1
= Atwor- Y ([Finls = [Finl-) e

i=1

n
= Atg_1- ZE,H ce; = Aty_q - F(X7 un—lvtn)v
i=1

demonstratinghatthe conditionis satisfiedfor the first moment.The consisteng conditioncanbe similarly demon-
stratedfor the secondnoment.

In thecaseof astationarydynamicprogrammingequationj.e., theelliptic case suchasfor anexit time problem,
optimalstoppingproblemor infinite horizon,thenthe coeficientsfrom thefinite differenceformulaarerenormalized
to satisfypropertiesof transitionprobabilities.Renormalizatiorns not essentiafor the non-stationargasedescribed
above. In the stationarycaserenormalizations computationallyusefulin thatit canhelp speedup the computation
if wisely done. Typically, the stationaryself-transitionterm p,.(x, x|u) is setto zeroandthe centralcostv*(x) is
solvedfor asa functionof the nontrivial transitioncosts,sotheinterpolationor iterationtime At is selectedo bethe
resultantcoeficient of theinstantaneousostC(x, u). For example,supposehatthefinal horizontime ¢ty = 7, the
first exit timefor thechainto reachto theboundarythenthenon-stationargaseequationg81,83,84)arereformulated
(presumablypeforetakingtheinfimum) for the stationarycaseastheiteration

0, (x) = inf [prx+h - ei[Upy1) - UL(X+ Ry - €;) (87)

u'“+1 i=1

+ prx—h -e;|Uzy1) - UE(x — hj - €;)
i=1

+ At-O(x, am)] :
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A new iterationindex & replaceghe former « which losesits meaninga time index in the stationaryproblem. The
transitionprobabilitiesarenow denotedby

p(£k+1 »&4lUa11) ~ Dr (5&4—1 &alUa11),

conditionedby thecontrolvectori; 1 from iterationsk to & + 1. The conditionprobabilitiesarenow givenby

I/)\(X,Xlﬁfc+1) = 0,
. ~ = [(GGT)ii | [F;
p(x,x+ h; - ejftizy1) = At- [( 2h2) =+ [h]'+] ) (88)
- ~ = [GGT)ii | [F]-
p(x,x — h; - e;|[uayr1) = At [( th) =+ [ h]~ ] . (89)

The startinginterpolationtime incrementAt is given by the reciprocalof [1 — p(x,x|u)]/At,_1 from the non-

stationarycaseas
—~ 1

At = .
GGT); ; F;
E;:l [( h?)i,] + ‘hjl]
For this stationarycaseit is assumedhat the SDE coeficientsare autonomousi.e., F; = F;(x,u) andG;,; =

G;,:(x), for consisteng. The former non-stationarynterpolationtime incrementAt¢,,_, cancelsout of the discrete
time dynamicprogrammingequation(77).

4. MCA DynamicProgrammindgzquationSolution

The dynamicprogrammingequation(81) canbe solved for v’_; andsimultaneouslyfor the optimal control
vectorapproximatiorfor MCA astheinfimum or minimumargument:

u*(x,tk—1) = arg inf [pg(X,x,|ug_1) 0v*(x, 1) (90)
Ug—1

+ ) pe(x,x+ hi-eilug1) -0 (x + hi - i, ty)

i—1

+ ) pe(x,x — hi-eifux_1) - v (x — hi - e, ty)
i=1

+ Atnfl : C(X, Uk-—1, tn)] .

Kushnerand Dupuis[76] discussmary computationamethodsfor solving problemslike (81), suchasPoint-
JacobiGauss-Seideuccessie-Ower-Relaxatioraccelerationdylultigrid or Multilevel, andDomainDecomposition.
They alsodiscusshoththe benefitsanddisadwantage®f thesemethods.Pleaseeferto their bookfor moreinforma-
tion. The paperof KushnerandJarvis[77] givesthe recentstateof MCA computationaising paralleland vector
supercomputersQuadratand coworkers[1] have usedMCA in their expert systemfor solving stationaryoptimal
controlproblems.

Jumpdiffusionsor Poissormprocessemcludedwith stochastidiffusionsonly requiresa smallamountof extra
effort to calculatethe modificationsof the transitionprobabilitiesfor MCA. Thechangesluediffusionandthejumps
areseparatelyaccountedor sinceoneis continuousandthe otherdiscontinuous.

Reflectingboundariesre handledfor reflectingdiffusionsandreflectingjump diffusionsby addinga borderof
extradiscreteelementsroundthe domain.Thewidth of theborderelementds O(h). Any chainthatwindsupin the
borderelementif reflectedbackinto theinterior elementsn a way consistentvith the applicationandthe stochastic
noise,andlocally consistentvith the local directionof reflection. Non-normalreflectionsmay be difficult to handle
in multi-dimensions.The reflectionsaremodeledby addedauxiliary stochastiqrocesse$o the SDE (73) andthese
auxiliary stochastiprocesseareonly activatedwhena chainhits the borderelement.This seemgo be a properway
to handlethecompleities of boundaryconditionsfor stochastiprocessesyhetherreflectingor otherwise Therecent
paperof KushnerandYang[78] givesa clearexampleof the MCA methodwith reflectingboundaryconditionsfor
telecommunicatiometworksin a heavy traffic ervironment.
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5. SimilaritiesandDifferencedetweerMCA andSDP

TheolviousdifferencebetweerMCA andSDR aspresentedhere,is thatMCA is is primarily appliedto station-
ary problems,n spitefor the dynamicmodelpresentatiomere. The MCA methodis extremelyadaptable Kushner
andDupuis[76] give variationsfor exit time problems ergodic problemsjump diffusions,discountedcosts,average
costs,optimalfiltering andmary otherapplications A majoradwantageor the methodis thatcorvergenceproofsare
facilitatedby the probabilisticframework, while they aregenerallydifficult or not availablefor traditionalnumerical
PDE methodspresentedor SDPhere.However, the MCA methoddoesintroducea indirectfeaturein the useof the
Markov chainto solve a continuougime, continuousstateoptimal control problem.A principalsimilarity is thatboth
MCA andSDPbasicallyuseBellmans dynamicprogrammingequationsalthoughunderquite differentprobabilistic
andnumericalinterpretations.They are both variantsof the stochasticddynamicprogrammingalgorithm. Although
thecontrolis usuallythe mostimportantoutputfor the controluser sometimeshe expectedoptimaltrajectoriesi.e.,
usingthe optimal control, are desiredto studythe behaior of the dynamicsystemin the optimal state. Theredoes
not appeato be a formulationof MCA thatcoversthe useof the forward equationgor this purposen Kushnerand
Dupuis[76], althoughsimulationsusingrandomnumbergeneratorsresuggested.

V. RESEARCHDIRECTIONS

Futuredirectionscontinueto be improvementsn softwareandalgorithms. Therearealwaysbiggeror grander
challengingproblemsto solve and ary adwantageis welcomed. Increasingthe level of parallelismis desiredfor
dealingwith large scalecomputationabnd memoryrequirements.Algorithms that are able to parallelizedynamic
programmingproblemsover time suchastime-clusteringandthatreducethe statespacecomputatiorby targetingthe
neighborhooaf the optimaltrajectory Also desireds the useof accurataipwindingschemegor morestability and
the useof methoddik e multigrid which make corvergencdesssensitve to meshsizeby usingsmallandlarge mesh
gridsto filter outerrors.

A future researchdirectionis the directandfair comparisorof methoddike SDR DDP andMCA solvingthe
sameproblem. It shouldbe possibleto determinewhat featuresare more effective andto determinewhich methods
have robustconvergencepropertiesput alsowhich have fastemratesof corvergenceundertypical circumstancesRe-
gionrestrictingtechniquessuchasDDP effectively useswith its focuson the neighborhooaf the optimaltrajectory
will beimportant.Also, methodsl|ike multigrid, which do notdemandrery fine grid structuresill alsobeimportant
for reducingthe computationahndmemoryrequirements.
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