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Abstract

Considettheoptimalcontrolof amanufcturingsystemconsistingof k£ stagesn whichasingleconsumablgood
is producedn arandomjump environment. At eachstageof the manuficturingprocessherearen workstations
thatcanfail andberepaired.Theworkstationsaareassumedo have differentoperatingparameterfor a givenstage.
The meantime to failure for a given workstation,on a given stage,is modeledasa function of the uptime of the
workstation.Theuptimeof theworkstationds amonotonéncreasingunction,which canberesetto alowerlevel by
preventive maintenanceThis formulationcombinedeaturesof flexible andmultistagemanufcturingsystems.The

goalis to schedulehe productionof the consumablgoodsubjectto randomeffectsandpreventive maintenance.

1. Introduction

A flexible manufcturingsystem(FMS) is a collection of workstationsthat producea family of relatedpartsthat
requiresimilar operations.A key featureof a FMS is the way in which raw materialsare routedinto andfinished
piecesare routedout of the FMS. In modelsfor FMS, a focusis given on how a given piecetravels throughthe
system.Thislocal perspectie of how the piecesmoveis notincludedin the multistagemanufcturingsystemMMS)
model. In a MMS the focusis on the overall throughputof the manugcturingsystem. Eachstageof a MMS may
be viewedasa FMS. The flow of piecesis modeledasa continuumandthe discretemodel of the FMS becomesa
fluid like model.KimemiaandGershwin[13] describahedifferencesandsimilaritiesbetweerFMS andMMS, while
presentinga hierarchicalschemeor modelingand providing an algorithmfor the operationakontrol of a FMS. A
suney of mary typesof realflexible manugcturingsystemss givenby Dupont-Gatelman{B]. WestmarandHanson
provide LQGP (Linear QuadraticGaussiarPoissonjand nonlinearmodelsfor the productionschedulingof a MMS
subjectto workstationfailureandrepair[16, 17, 20] aswell asstrikesandnaturaldisasterg21, 12].

For a FMS, Olsderand Suri [14], first proposedh stochastianodelutilizing a homogeneougimp Markov pro-
cessesto describeheevolution of the stateof theoperationa(or failed)workstations They statethattheusefulnessf

themodelis limited by theability to solve the Hamilton-Jacobi-BellmafHJB) partialdifferentialequatiorof dynamic
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programming.Thisis dueto the exponentialgrowth of computationahndmemoryresourceseededo solvetheHJIB
equatiornutilizing finite differencescommonlyreferredto asthe Curse of Dimensionality [2].

BoukasandHaurie[4] presenta modelfor a continuous-timestochastidlow controlfor productionscheduling
with preventive maintenancef the workstations. In this formulation, the meantime betweenfailuresfor a given
workstationis dependenbn the operationalageof the machine which is definedasthe time sincethe last restart
(repair or preventive maintenance).The transition betweenthe statesof a given workstation(operational failed,
preventive maintenanceformsanirreducibleMarkov chain. For N workstationsthereareatotal of 3V statesn the
Markov chainfor thedescriptiorof the operationattateof the FMS. Thevariablesfor the systemarethevectorfor the
cumulative productionsurplusandthe operationabgesfor all workstations A humericaimethodbasedn Kushners
methodis usedto approximatehesolutionfor thedynamicprogrammingproblem whichrequiresadiscretemesh.In
this method the meshselecteds finite andartificial boundaryconditionsareusedwhich introducesadditionalerror.
In the examplepresentedor 2 workstationsand 1 parttype, using21 pointsfor the meshof the productionsurplus
and operationakges the total numberof meshpointsis givenby (21 = 21 % 21) x 32 = 83,349. The additionof
anothemworkstationwould yield a needfor (21 * 21 * 21 * 21) * 3% = 5,250,987 meshpoints, clearly the Curse of
Dimensionality is presenin this method andthereforewould not be suitablefor alarge numberof workstations.

In this paper a hybrid modelof productionschedulingfor a manufcturingsystemis consideredhatis subject
to randomdisturbancesThe modelincorporatedocal featuresof a FMS with the global perspectie of a MMS. The
goal of the modelis generatehe optimal productionratesto achieve the desiredproductiondemandor profile while
compensatindor workstationrepair, failure, andpreventive maintenanceThelocal aspect®f a FMS areutilized to
describehe stateof theoperationaivorkstationsn themanuficturingsystemsubjectto repair, failure,andpreventive
maintenanceThisallowsfor agreaterealism sinceeachworkstationcanhave differentcharacteristicsgsopposedo
homogeneouassumptionsnadein mary othertreatmentgseefor example,[16, 17, 20, 21, 12]). Theglobalaspects
of aMMS areusedto modelthe throughpubf productionfor the manugcturingsystem.

In theformulationfor themanuhcturingsystenpresentedh this paperthecurseof dimensionalityis notpresent.
The problemformulationusedis a LQGP problem(see[16]) utilizing statedependenPoissonprocessegsee[19])
to modelthe failure, repair and preventive maintenancéor the workstations.The numericalmethodfor the LQGP
problemrequireghesolutionto acoupledsetof nonlinearrdinarydifferentialequationsn time only andthusdoesnot
suffer from the dimensionalityproblemsassociatedvith partialdifferentialequationssuchasthe HIB equation.The
solutionfor the dynamicprogrammingproblemrequiresthe multiplication of the statevalue by theseevolutionary
coeficients, and thereforeno discretemeshis necessary The amountof memoryrequiredto solve the systemis
approximatelyl’? whereV is the total numberof statevariables.The operationaktatefor all of the workstationsis
corvertedinto appropriatgparameteror the statedependenPoissorprocesses.

The paperis arrangedasfollows. In Section2., a summaryof the LQGP Problemwith statedependenPoisson
noiseis given.In Section3.,aLQGPproblem[16] utilizing statedependenPoissomprocessefl9] is usedto formulate

thedynamicalsystentor the manugcturingsystemandin Sectiond., anumericalexampleis presented.



2. LQGP Problem Formulation

For completenessve review in partthe canonicalform for the LQGP problemthat originally appearsn Westman
and Hanson[16], for the casewith stateindependenPoissonnoise,and[19] for statedependenPoissonnoise.
Additionally, considerationgor modelinga physicalsystemare presentecgswell, aswell asformal solutionto the
LQGP problem.

Thelinearlike dynamicakystenfor theLQGP problemis governedy thestochastidifferentialequation(SDE)

subjectto GaussiarandstatedependenPoissomoisedisturbancess givenby

dX(t) = [A®X() +BE)U{) + C@)]dt + GE)dW () + [Hy(t) - X()]dP1 (X (t), 1)
+  [H2(t) - U(t)]dP2(X(¢),t) + H3(t)dP3(X(t), 1), (1)

for generalMarkov processe# continuoustime, with m x 1 statevector X(t), n x 1 control vectorU(t), r x 1
GaussiamoisevectordW(t), andg, x 1 space-timeéPoissomoisevectorsdP,(X(¢),t), for £ = 1 to 3. Note that
theterm [H; (t) - X(t)]dP(X(t), t) is notlinearin the state. The dimensionf the respectre coeficient matrices
are: A(t) ism x m, B(t) ism x n, C(t) ism x 1, G(t) is m x r, while the H,(t) are dimensionedso that
[Hi(t) - x] = D) Huiji () Zklmxq [H2(t) - u] = 34 Haiji (t)Uk]mxg, @NdH3(t) = [Hzsi(t)]mxqs- Notethatthe
space-timéPoissontermsareformulatedto maintainthe linear natureof the dynamics but the first two areactually
bilinearin eitherX or U anddP, for £ = 1 or 2, respectiely.

The state dependent Poisson noise canbe viewed asa sequencef eventsthatis representedby its ith couple
{T;(X(T3)), M;(X(T;))}, for i = 1 to k, whereT;(X(T;)) is thetime for the occurrenceof the ith jump with state
dependentarkamplitudeM;(X(T;). Thisrepresentatioof the Poissorprocesgprovidesmorerealismandflexibility
for awiderrangeof stochasticontrolapplicationsincethearrival timesandamplitudesnaydepencdf thestateof the
system Additionally, thisformulationallowsfor simplerdynamicakystemmodelingof complex randomphenomena,
but the inclusionof statedependenc the Poissomoisemeanghatthe problemis not strictly a LQGP problemin
thedynamicsandsoit is assumedhatthis statedependencis notdominant.

ThestatedependentectorvaluedmarkedPoissomoisesarerelatedio the PoissorrandommeasurgseeGihman
andSkorohod[9] or Hansor11]) andaredefinedas

£,i

dPo(X(t),t) = [dPe,i(X(t),t)]g.x1 = [/Z ng,i(dz,X(t),dt)] , 2

qe X1
for £ = 1 to 3 which consistf ¢, independentlifferentialsof space-timd>oissorprocessethatarefunctionsof the
state X (t), wherez is thePoissorjump amplituderandomvariableor themarkof thed P, ;(X(t), t) Poissorprocess

wherel = 1to 3 andi = 1 to g¢,. Themeanor expectationis givenby

Mean[dP (X (t), )] = Ao(X(t), t)dt /Z 260 (2, X(1), t)dz = Ag(X (1), )Ze(X (L), t)dt, 3)



whereA,(X(t), t) is thediagonalmatrix representationf the statedependenPoissorratesh, ; (X (t), t) for £ =1 to
3andi = 1to g, Z¢(X(t), t) is themeanof thejump amplitudemarkvectorandg, ; (z, X(t), t) is thedensityof the

(¢,1)th amplitudemarkcomponentAssumingcomponent-wiséndependenceiP ,(X(t), t) hascovariancegivenby

Covar[dP(X(t),t),dP, (X(t),t)] = Ag(*)dt/z (2 —Zy(%))(z — Zy(%) " de(z, %)dz = Ag(x)o(¥)dt, 4)

with, for instanceg,(x) = 0¢(X(¢),t) = [0¢,:,j0i,j]q. xq. dENOtingthediagonalizeadovarianceof theamplitudemark
distribution for dP (X (t), t).

The Gaussiawhite noiseterm,dW (t), consistf r independentstandardVienerprocessedW;(t), fori = 1
to r. TheseGaussiartcomponentsiave zeroinfinitesimalmean MearfdW (¢)] = 0,1 andanddiagonalcovariance.
CovaldW (t),dW7T(t)] = I,dt. It is furtherassumedhatall of theindividualcomponentermsof the Gaussiamoise
areindependentf all of the Poissorprocesses.

The quadraticperformanceandex or costfunctionalthatis employedis quadraticwith respecto the stateand

controlcosts,is givenby the time-to-go or cost-to-go functionalform:

ty

VX, U, = %(XTSX)(tf)+ C(X(7),U(r), 1)dr, C(x,u,1) Z%[XTQ(t)x, RO, )

t

wherethe time horizonis (¢,tf), with S(ty) = Sy is the quadraticfinal costcoeficient matrix and C'(x, u, t) is
quadraticrunningcostfunction. In orderto minimize (5) requiresthat the quadraticcontrol costcoeficient R(t) is
assumedo be a symmetricpositive definiten x n array while the quadraticstatecontrol coeficient Q(¢) is assumed
to bea symmetricpositive semi-definiten x m array The LQGP problemis definedby (1, 5).

For the stochastiadynamicprogrammingormulation,the optimal, expected cost, is takento be

v(x,t) = Min Mean [V[X,U,t]|X(¢) =x,U() =], (6)
utt;) | P,WILty)
wherethe restrictionson the stateand control are thatthey belongto the admissibleclassedor the state,D,, and
control, Dy, respectrely. A final conditionon the optimal, expectedvalue,v(x,ts) = %xTSfx, for x € Dy, is
determinedrom thefinal costusing(6) with V[X, U, ¢;] in (5).
Uponapplyingthe principle of optimality to the optimal, expectedperformancendex, (6, 5) andthe chainrule
for Markov stochastiprocessem continuougime for the LQGP problemyields
v

0 = 57000+ Min [(A(px + B(t)u+ C(1) Valol(x,)

+ % (GGT) (t) : V[V, [v]](x,t) + %XTQ(t)x + %UTR(t)u

+ Z)q,k(x, t)/ [v(x + [H1(t) - X]gz,t) — 0(x,t)] ¢1,£(2, %, t)dz
k=1 z

1,k



+ Z)‘2:k(x’ t)/ [v(x + [Ha(t) - u]gz,t) — v(x,1t)] $2,k(2,x,1),t)dz
k=1 z

2,k

+ ‘123 A3 k(x,t) /z [v(x +H;s ()2, t) — v(x,t)] ¢3.1(2, %, t)dz| , (7)
k=1 3.k
wherethedoubledot productis definedby A : B =3, >, 4;;B;,; = TracdABT]. Thebackwardpartialdifferen-
tial equation(PDE) (7) is known asthe Hamilton-Jacobi-Bellma(HJB) equationandis subjectto a final condition.
Theargumentof theminimumis theoptimalcontrol,u*(x, t). Regularcontrol,u(x, t), is theoptimalcontrol prior
to the applicationof the controlconstraints.

To solve (7) subjecto thefinal condition,for the LQGPproblemamodificationof theformal statedecomposition

of thesolutionfor theusualLQG problem(for theusualLQG, seeBrysonandHo [6] or Doratoetal. [7]) is assumed:

1 1 [tr
v(x,t) = 5xT,S'(t)x +DT(t)x + E(t) + 3 / (GGT) (1) : S(r)dr. (8)
t
Theterminalconditionis satisfied providedthat
S(tf) = Sf, D(tf) =0, and E(tf) =0. (9)

TheansatZ8) would not, in generalpetruefor the statedependentase put would be applicableif the Poisson
noiseis locally stateindependentwhile globally statedependent. That is, the statedomainis decomposednto
subdomainsPy = J; D.,, Wherethe arrival ratesand momentsfor all the Poissonprocessesire constantin the
regionD,,, andcanbeexpressedsA(X(t),t) = A;(t), Z(X(t),t) = Z;(t) ando (X (t),t) = o;(t) for X(t) € D,,,
for all subdomaing. If thereareary explicit dependencen X(t) thenthe resulting systemwould then form a
LQGP/Uproblem(for moredetailsseeWestmarandHanson17, 18, 19, 2Q)).

AssumingtheansatZ8) holdstheregular, unconstrainedptimalcontrol,u* = u,g, is givenby

~

Ureg (1) = =R () BT () [S(t)x + D(t)]. (10)



Assumingregularcontrol, the coeficientsfor the optimalexpectedperformancg8) aregivenby

Omxm = S(t) + [ATS + SA+ Q] (t) + Tu(t) — [séfzfléf’s] (t), (11)
01 = D)+ [(A + (A Zy)THT)" D] (t) + [s (C + H3A3Zs) —SEE—IETD] ), (12)
0= E(t) + [(C + HyAsZs)" D] () + 1 [(H?,TSH3) - A5 775 — DTEﬁ—IETD] (), (13)
Ty (t) = [(HTLSIH; : MZZ:) ()], +2 [(AIZI)T HlTS] (t), (14)

To(t) = [([HF liS[Ha); : A2ZZs) (2)] (15)

nxn’

ZZ,(t) =o(t) + (zzzeT ) (t) = [00,i0i + Z1,iZ1,5] (16)

qeXqq
for ¢ = 1to 3 with R(t) = R(t) + L[2(t), B(t) = B(t) + ((A2Z)THT)(t), andT; = (T + I'T). Sincethe
matrix R is positive definite, R—1 existsandthensodoesR . Note (11) appearso have Riccati-like quadratidorm,
but in generalis highly nonlineardueto the S dependencen R throughT'2(¢). If Hy = [Hyi j,k)mxqe xme» then
H = [Hyjiklqxmxm,-

Due to uni-directionalcoupling of thesematrix differential equationsjt is assumedhat the nonlinearmatrix
differentialequation(11) for S(¢) is solved first and the resultfor S(¢) is substitutednto equation(12) for D(¢),
which is thensolved, andthenboth resultsfor S(t) andD(¢) aresubstitutednto equation(13) for the state-control
independentermE(t). Sincethequadratidormin (8) depend®nly onthesymmetrigpartof S(t), only atrianglepart
of S(t) needbesolved,or n - (n + 1)/2 componenequationsThus,for thewholecoeficientset{S(¢), D(t), E(t)},
onlyn-(n+1)/2+n+1 componenequationsieedo besolve, sothatfor largen thecountis O(n?/2), asymptotically

whichis thesameorderof effort in gettingthetriangularpartof S(¢).

3. Manufacturing System LQGP Problem Formulation

Considera manugcturingsystenthatproduceghe singleconsumableommoditythatrequiresalinearsequencef &
stageso assembléhefinishedproduct. Theplanninghorizonfor themanugcturingsysteis [0, ¢ /]. Themechanisms
by which the input, loading stage, of raw materialsandthe delivery of finishedproducts,unloading stage, are not
consideredhs stagesn the manufcturingsystem. The model presentechereusesfeaturesof FMS for the active
numberof workstationan which the momentdor the repair, failure,andpreventive maintenancarefunctionsof the
stateof thesystemjn particulartheoperationahgedor theworkstationsFor similar modelsfor FMS with variations
seeAkellaandKumar[1] far a treatmenbf optimalinventorylevels, aswell asBoukasandco-workers[4, 5] for a

treatmentvhich includespreventive maintenancandmachineagestructure.



3.1. Local Workstation State Equations

Assumethatthereareatotal of N, workstationdor stagek. Thedescriptiorof thestateequationgor theworkstations
is similar in natureto thatof a FMS. For workstationi, let M}; denotethe maximumnumberof piecesperunit time
thatcanbeproduced Theworkstationdor agivenstageareassumedo have differentoperationapropertiestherefore
themodelmustaccounfor eachworkstationseparatelyAll workstationswill producegoodsatthesameratec(t) for
agivenstagek, therebydistributing the workloadacrossall workstations.The productionrate, ¢ (t) is a utilization,
thatis thefractionof time busy, whichis a parameteof the systemandneedgo bedeterminedFor eachworkstation
onstagek, four statevariablesareusedto describehe statusof theworkstation they aretheoperationabtatuspy; (),
which describeghe failure and repair events, the preventive maintenancestatus,my;(t), the available production
capacityry;(t), andthe currentoperationakgefor the workstation,ay; (t). The statevariablesfor workstation: on

stagek is givenby:

xii(t) = | 0| (17)

Eachworkstationis subjectto failure and canbe repairedand preventive maintenanceés utilized to reducethe
numberof failures. The arrival rates,meantime till an eventoccurs,is a function of the operationaltime. This
impliesthatthe failure rateincreasesstime goeson, which makespreventive maintenancelesirable.It is assumed
that the costincurredfor preventve maintenanceand the resultingloss of production,is much lessthan that of
workstationfailure. The operationaland preventive maintenancestatusesvolve accordingto a purely stochastic
differential equationthat use statedependenPoissonprocesses.The statedependenPoissonprocessesillow for
eventsto occuronly whenthey are allowable, thus thereare no problemsat boundaries. The statusvaluestake
valueson the rangefrom [0, 1], which correspondo the percentagef available productioncapacity(the maximum
possibleratefor manufcturing). In this treatmentpreventive maintenanceoesnot have to disablethe production,
but mayjustlimit thethroughputof theworkstation.It is assumedhatfor ary time ¢, thateachworkstationis either
operationalfailed, or in maintenancethatis a machinemay not be listedin morethanonecateyory. The available
productioncapacityreflectsthe changesn the statusvariablesandis usedto determinethe overall piececountthat
canbeproduced.

Themeantime betweerfailuresandtherepairdurationis exponentiallydistributedandis afunctionof thecurrent

operationabge.Thedefiningequatiorfor the operationabtatusof workstationi on stagek is givenby:
dog;(t) = dPE(x4s(t), ) — dPL (xri(t), 1), (18)

whered PE (xx;(t), t) is usedto modelthefailure (F) procesgor theworkstationandd P% (x (t), t) is usedto model

therepair(R) processPreventive maintenancés performedon deterministicschedulghatis basednthe operational



ageof theworkstation.The definingequatiorfor the maintenancstatuss givenby:
dmyi(t) = dPE (x1i(t), 1) — dPH (xki(t), t), (19)

whered P (x(t), ) is usedto modelwhenthe workstationundegoespreventive maintenancendd P (x;(t), t)
is usedto modelthedurationfor the maintenance.
The eventsfor workstationfailure and preventive maintenancare mutually exclusive. Therefore the available

productioncapacitycanbe determinedy usinganindicatorfunctional,Iy;(t), givenby:
Iki (t) = Min[oki (t),mki (t)] (20)

However, this functionaldoesnot fit in the LQGP problemparadigm. To remedythis, a new statevariablefor the
availableproductioncapacity ry;(t), takingvalueson theinterval [0, 1] is utilized thatrelieson the mutualexclusive

propertiedor workstationfailureandpreventive maintenanceandis givenby:

driri(t) = dogi(t) + dmp(t)

AP (xpi(t),1) — AP (x4i(t), t) + dPg (xki(t), ) — AP (xps (1), 1). (21)

Thereforeattime t, workstationi of stagek hasa maximumproductioncapacityof piecesperunit time givenby
Mii(t) = Migras(t), (22)

thereforethe maximumproductionfor the stageis givenby

M (t) = M i (t), (23)

where

M1 Tk1 (t)
M; = , rk(t)= . (24)

Tka (t) Np x1

ThestatedependenPoissorprocessem (18),(19),and(21) consistof anarrival andamplitudeprocessesyhich
dependnthecurrentstateof theworkstation.The sojourntimesfor thefailure processesiPL; (x;(t), t), andrepair

processesiPR (x;(t), t), aregivenby

1 _ { TE — ar; (1), rri(t) =1 } 7 (25)

A (Xwi (1), 1) 0, otherwise



and

, (26)

1 7% ori(t) =0
)‘kR@ (in (t)7 t) 0, Oki (t) =1

whereT and T} arethe meantimesbetweerfailure andrepair respectiely. The amplitudesfor theseprocesses
are?,fi = 7,?1- = 1. The sojourntimesfor preventive maintenancerocesses¢P (xxi(t),t), andthe processes

correspondingo theduration,d P (xxi(t), t), aregivenby

TM — ari(t), () =1
- 1 _ ki ak ( ) Tk ( ) ’ (27)
Ari (Xki(t), 1) 0, otherwise
and
TP, 0 < my(t) <1
T LA 28)
A (ki (1), ) 0, mpi(t) =1

whereT and T2 arethe meantimesbetweenmaintenancandits duration,respectiely. The amplitudefor the
preventive maintenanceZ k]\f shouldbemodeledasthemeanpercenbf productioncapacitylostontheintenal [0, 1],
wherethevaluel is interpretedasfully disablingtheworkstation.Theamplitudefor the durationof the maintenance
shouldbethe sameasfor themaintenanceZy, = Zp; .

Thecurrentoperationabgeof aworkstationis amonotonancreasingunctionof time andthe numberof pieces
producedbasedon the productionrate ¢, (t). The operationalage of the workstationis resetto a lower value, for

simplicity 0, uponthe completionof workstationrepairor maintenancés givenby:
dayi(t) = f(cx(t),t)dt — Hiy (t)dP (x1i (), 1) — HE(£)dPE (xk: (), 1), (29)

whereH [ (t) and HE(t) arethe coeficientsthatareusedto reset(here,zeroout), the operationabhgedueto mainte-

nanceandrepait respectiely, with
ari(Tri) =0 (30)
wherery; is thetime of thelastreset.

3.2. Global Surplus State Equations

Thegoalof theglobalsurplusstateequationss trackthe productionfor eachstagek of the manugcturingsystento
aspecifieddemandunction,dy (t), which is expressedsthe numberof piecesperunit time. The statevariableused
for thistrackingproblemis the surplusaggreyatelevel, s;(t), which representghe surplus(if positive) or shortfll (if

negative) of the productionof piecesthat have successfulljcompletedstage: of the manufcturingprocesswhere



i = 1to k. Theidealfor the manufcturingsystemis to have s;(t) = 0 for all time ¢ in the productionhorizonfor

everystagei. Thecontroluy(t), expresse@sthe numberof piecesperunittime, is usedto adjustthe productionrates
to compensatéor all randomeffectsin the manufcturingsystemsuchasworkstationfailure, repair andpreventive
maintenancaswell assmalllocal effectsmodeledasa Gaussiamoisefor exampledefective pieces.In the uncon-
strainedcase the controlcanbe selectedsothatthe productiongoalfor all time s satisfiedfor all stagesthatis s;(¢).

However, theresultingproductionratesmaynotbe physicallyrealizable.

Thestateequationfor the surplusaggrejatelevel for stagei = 1 to k is givenby
dsi(t) = [M] ri(t)ci(t) + ui(t) — ds(t)] dt + gi(t)dWi(t). (31)

Thechangan the surplusaggreatelevel, ds;(t), is determinedy the numberof piecesthathave successfullycom-
pletedi stageof themanufcturingprocesgM, r;(t)c;(t)dt), thatarenot defectve, andarenot consumedy stage
i+1 (d;(t)dt). Thefirstterm,M, r;(t)c;(t)dt, ontheright handsideof (31) representthe quantityproducedvhich
dependson the numberof operationalworkstationsfor stagei. The termw;(t)dt is usedto adjustthe production
rate. Theterm, g;(t)dW;(t), is usedto modelthe randomfluctuationsin the numberof piecesproducedfor example
defectie pieces.Thedemandor consumptiorterm, d; (t)dt, is the consumptiorof the piecesproducedoy stage: by
stage: + 1.

The surplusaggreyatelevel, s;(t), for stagei is dependenbn the numberof operationalworkstations. The
processefor the failure, repair andpreventive maintenancéor the workstationds an embedded Markov chain (see
Taylor andKarlin [15], for instance)for the surplusaggrejatelevel. Theseeventsareusedto describethe sojourn
timesfor the discontinuougumpsin the surplusaggrejatelevel. Hence,the surplusaggrejatelevel is a piecavise
continuougrocesswhosediscontinuougumpsaredeterminedy the stochastiprocessesf theworkstations.

Thedemandated;(t) is the numberof partsneedederunit time to insurethatthe manufcturingprocesss a
continuousflow of work, sothatthe desirednumberof completedpiecesare produced.The demandratemustalso
take into accountbasedon pasthistory, a minimal buffer level sufficientto compensatéor defectve piecesaswell
asworkstationfailures,andto insurethatthe properstart-upsurplusaggreatelevelsarepresenfor the next planning

horizon.In orderfor the manufcturingsystemo bewell posedit is requiredfor all time ¢ that
0<di(t)<M (32)

wherethe minimum production(manufcturingbottleneckjs givenby

Ny
M = Min lz M,c,.] (33)

ko=

sothatthe productiongoal of the manufcturingsystemis attainable.

10



3.3. Cost Functional

Thecostfunctionusedis the standardime-to-go or cost-to-go form (5), thatis motivatedby a zero inventory or Just in
Time manufcturingdiscipline(seeHall [10] andBieleckiandKumar[3]) while utilizing minimumcontroleffort. In
this formulation,thesahagecost,S(¢y), is usedto imposea penaltyon surplusor short&ll of productionat the endof
theplanninghorizon. ThetermQ(t) is usedto penalizeshortfall andsurplusproductionduringthe planninghorizon,
this termis usedto maintaina strict regimenon whenthe consumableyoodsareto be produced.Theterm R(t) is

usedto enforcea minimumcontrol effort penalty

3.4. Manufacturing Model Outputs

To solve this problem,assumehe regular or unconstrained¢ontrol (10) andsolve the nonlinearsystemof ordinary

differentialequationg11,12,13).This allows the plantmanageif the manuficturingsystemto calculatethe desired
or ideal productionrateandthe physicallyrealizableproductionrate. With theseproductionrates the plantmanager
canprojectover theremainingproductionhorizonthe expecteddeviation from thefinal productiongoal.

Letn;(t) denotethe numberof operationalvorkstationson stage; andis givenby
ni(t) = 1Tr(t), (34)

wherel is a N x 1 vectorwhoseelementsarel. Theregularcontrolledproductionlevel for stagei anticipatesor

the stochastieffectsof workstationfailure, repair andmaintenancaswell asdefectve partsis givenby

=1 =0 (35)
c;8(t) = . u"E () . , 35
ci(t) + _z—M;rri(t) , ni(t) >0

wherew;*(t) is the regular control. Note that with the assumptiorof regular control, the surplusaggreyatelevel
will alwaysbe forcedto be zero,thereforethe regular controlledproductionlevel may not be physicallyrealizable.
The constrainedcontrolledproductionlevel, ¢} (¢), is the restrictionof the regular controlledproductionlevel to be

physicallyrealizableandis givenby

¢ (t) = min[¢]*8 (¢), ¢ ** (1)), (36)
wherec***(¢) is definedas
maz L i=1
@)= min[1, C;_l(tlz/ll\;ig)i_l(t)], 1<i<k [ 57

wherethe maximumproductionrate, ¢[***(t), is the minimum value of the physicalproductionrate, 1.00 or full

utilization, and productionlimitations that arisedue to a shortll of productionfrom the previous stagedueto ei-
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ther machinefailure, maintenancegr defective pieces. The constrainectontrolledproductionrateis usedto setthe

productionratefor the workstations.

4. Numerical Exampleof LQGP MMS

For numericalconcreteness;onsidera manuficturingsystemwith ¥ = 2 stageswith a planninghorizon of 80
hours. Let the initial surplusaggraatelevel for all stagese zero,the demandbe 162 piecesper hourfor all stages
(d1(t) = da(t) = 185), the total numberof workstations,N;, for eachstagebe 3 and 2, respectiely, the Gaussian
randomfluctuationsof productionis assumedibsent(g;(t) = 0 for i = 1 and2). The operationakharacteristics
for the workstationsare summarizedn the tablebelov. During preventive maintenancendworkstationfailure no
productionoccurs. Therefore the momentgor the momentdor the statedependenPoissorprocesse (18), (19),
(21),and(29) aregiven bykoi = 7; = 7,?,. = 7,1:5 = 1 with all covarianceseingO.

Assumethatwhenthe operationabgeof a workstation(29) is reseteitherdueto a repairor preventive mainte-
nancethe operationabgeof the workstationis setto zeroandthatthe agingprocesss basedon the amountof time

operationabnly. Thisimpliesthat,
flex(t),t)dt =1, HQ(t) = HE(t) = Thi — t — ani(Tri), (38)

wherery; is thetime of thelastreset(initial valueis 0) anday;(7x;) is viewed asa parametethatrepresentshe age

of theworkstationat thelastresetwhichis zerofor all 7; # 0 andis specifiedn thetablebelow for 7; = 0.

Production | Operational| MeanTimes(hours)
Stage| Workstation|| Capacity My; | Age,ax;(0)

k i (piecesthour)|  (hours) | TE | TR | TM | TR
1 1 60 10 120 6 | 70 | 1
1 2 70 60 140| 8 90 2
1 3 75 80 140| 7 90 2
2 1 120 10 120 8 | 95 | 2
2 2 110 0 120 6 | 85 | 2

This manufcturingsystemconsistof 20 local and2 global statevariablesfor a stateof dimension22. Define

thelocal statevectorsas

o11(t) m11(t) r11(t) a1 (t)
012(t) my2(t) r12(t) a12(t)
ot) = | o(t) |, mE)=| mis®) |, r&)=| riz(t) |, alt) =] ais(t) (39)
021 (1) ma1 (t) T21(t) az1(t)
i 022 (t) | I Mo (t) | I r92(t) | I as2(t) |

12



for the operationaktatus preventive maintenancstatusandcurrentoperationabge,respectrely. Definethe global

statevectorfor thesurplusaggreyatelevel as

s(t) = [ #1() ] . (40)

_ o .
m(t) ot
Xt =| r@) |, u(t)=[ ! ] (41)
ua(t)
a(t)
I s(t) |

The costfunctionalusedis (5) wherethe coeficientmatricesaregivenby

0 002 | 11000 0
S(tf) _ 20x20 20%x2 : Sf _ ’
02x20 Sy ] 0 18000

[ 2 0 ]
. R(t) = .
0 22

By comparingthe coeficientsof (1) with the stateequationdor the manufcturingsystem(18), (19), (21), (29),

and(31) thedeterministiccoeficientsaregivenby

020x20 0O20x2 9000 0
Q(t) = ) * ) Q2 =
0220 Q2 0 15000

O15%1
0 0 0 0 1
A(t) _ 20x10 20x5 207 7 B(t) _ 20x2 7 C(t) _ 5x1 7 (42)
O2x10 Ma(t) Oaxr Lya di (t)
da(t)
where
MA(t) _ Mncl(t) M1201 (t) Mlgcl(t) 0 0 ‘
0 0 0 lecz(t) MQQCQ(t)
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Theonly nonzero stochastigprocessandcorrespondingoeficient matrix givenby

dPRX (). 1) [ Isxs —Isxs  Osxs O5x5 ]
IPF(X(1).1) 05x5 055 Isxs  —Isxs
dP3(X(t),t) = PPX(M.1) | Hs(t) = Iixs  —Isxs  Isxs  —Isxs |
P (X(0).1) —HE(@®) Osx5 —HP(t) Osx5
| O2xs O2x5 O2x5 O2x5 |

with

711 —t —a11(m1)

T12 — t — a12(T12)

—H{(t) = —HP(t) = diag | 713 —t — a13(m13) | >
To1 — t — G21(T21)

(122) |

Tao — t — as2(T22

wherediag[v] = [v;0; ;]kx IS thediagonamatrixrepresentatioof thek x 1 vectorv andthestatedependenPoisson

processearegivenby
[ aPE (X(1),1) | [ dPL(X(1),1) |
dPf,(X(t), 1) dP{(X(t),1)
dPR(X(t),t) | dPR(X(t),t) |,  dPT(X(t),t) | dPE(X(t),t) |,
dPR (X (1), 1) dP3; (X(t), t)
| dPE(X(1),1) | | AP (X(),t) |
[ P (X(t),4) | [ P (X(),1) |
dPE(X(t), 1) dP{3(X(t),t)
dPP(X(t),t) | dPR(X(t),t) |,  dPM(X(t),t) | dPM(X(t),t)
dPR (X (t),?) dP3{ (X (t),1)
| dPR(X(1),1) | | dPR(X(1),t) |

Using the above numericalvaluesand assuminghe regular control the temporaldependentoeficients S(¢),
dD(t), and E(t) canbedeterminedrom (11,12,13) With thetemporalcoeficientsknown the regularcontrolcanbe

determinedrom (10) for ary statevalue. Finally, the regular controlandvaluefor the statecanbe usedto determine

the regular controlledproductionrate, ¢;° (t), and constrainectontrolledproductionrate, c; (), andthe deviation
from thetarmgetproductiongoal,s;(¢, t f). Thisinformationcanbe precompute@ndstoredin a databas¢hatcanthen
be usedto controlthe productionof anautomatednanugcturingsystem.

Considetthe samplepathtrajectorydescribedn thetablebelow.
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EventTime | Stage| Workstation Type Duration
(hours) (hours)
15 1 3 failure 7
30 1 2 maintenance 2
60 1 1 maintenance 2

The constrainedandregular controlledproductionratesfor the manufcturingsystemaregivenin Figurel. These
productionratesshowv the anticipationof workstationrepairand failure. In Figure 2, the percentrelative error is
given. At thefinal time of the planninghorizonthe percentrelative erroris (0.11183, —0.87636) T. Onedravback
of themodelis thatit only considerdeedforwardeffects. In this example,morepiecesareproducecn stagel then
consumedn stage2. The plantmanagesshouldadjustthe productionratesto consumehe excessproductionfrom
stagel, whichwouldresultin a0.11183 percenterrorfor manufcturingsystem.Theresultspresentedhererequired

66 CPUsecondaind68 wallclock secondgo completeon a SunUltra 5, with amemorydemandf 1.75megabytes.

Regular Controlled - Stage 1 Regular Controlled - Stage 2
14 T T T T T T T T T T T T T T
- -
13+ - i 0.7174 -
& ’ L -
5] - IS
X 112G - x -
.5 - '5 0.717 - E
8 1lilfp ] L5
> >
© e}
< 1F — S  0.7166 R
o a
09 | E
" 1 wd i i " 07162 - 1 1 1 1 1 1 o
0O 10 20 30 40 50 60 70 80 0O 10 20 30 40 50 60 70 80
Time into Planning Horizon (Days) Time into Planning Horizon (Days)
Constrained Controlled - Stage 1 Constrained Controlled - Stage 2
1 L L T T e T
2 2
& 0.95 - — b
c = 0.66F B
o o
g 09 1 E i
8 "é 0.62 - R
a a
0.85 - E -
0.58 - R
| d 1 mmmdw 1 1 1 1 1
0O 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time into Planning Horizon (Days) Time into Planning Horizon (Days)

Figurel: Regularandconstraineaontrolledproductionratesfor stagesl and?2.

5. Conclusions

The LQGP modelis an extensionof the continuoussamplepath LQG modelfor optimal stochasticcontrol theory
andis a benchmarkmodel for computationalkstochasticcontrol for hybrid systemsin which discontinuouspaths
are permitted. Herewe have relaxed the linear dynamicsassumptiorof LQGP by allowing the space-timeéPoisson

noiseto be statedependent.The someavhatgeneralform of the Poissontermsleadsto nonlinearextensionsfor the
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Percent Relative Error
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Figure2: Percentelative errorfor stagesl and?2.

standard_QG Riccatiequation.However, the Poissortermsandthe subsequentesultsaremoreinterestingfor more
realistic applicationswhich involve discreterandomjumpsin the samplepathsin continuoustime, but at the cost
of additionalcomputationatompleity. Preventive maintenancesan extendthe life of a workstationand thereby
insurethe stability of a manugcturingsystem.The inclusionof preventive maintenancén this model,which results
in discontinuougumpsin the statevalue, addsmore realismthat is much more importantthan thosemodeledby
continuousstatemodels andthentherearetheadditionaljumpsdueto therandomfailureandrepairof manugcturing
systemworkstations. Our computationalprocedureswill leadto systematicapproximationgo the manufcturing

systemmodelformulatedherefor preventive maintenancandotherrandomcatastrophi@vents.
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